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1 Introduction 
There is currently much interest in the gravitational fields and the sta

bility of cosmic strings. In dealing with extended objects in flat spacetime, 
including strings or vortices, it has been found extremely fruitful to establish 
certain lower bounds for the energy of the system in terms of topological 
charges. These inequalities, often called "Bogomol'nyi bounds" after an in
fluential paper by that author [1], take the form of an expression for the 
total energy of an arbitrary initial configuration (which will in general not 
correspond to a time independent solution) in terms of some conserved topo
logical charge of the system plus a volume integral of a positive semi-definite 
expression constructed from the fields and their first spatial derivatives. The 
Bogomol 'nyi bound is then saturated if certain first order equations (called 
"BogomoPnyi equations") hold. The Bogomol'nyi equations imply the sec
ond order time indépendant equations of motion and their solutions fre
quently possess in addition other remarkable properties such as self-duality 
or supersymmetry. It may be that the Bogomol'nyi equations cannot be 
satisfied and hence that the Bogomol'nyi bound cannot be obtained, except 
for the trivial zero energy configuration. Borrowing a term from condensed 
matter physics we may refer to such a system as being frustrated. Such frus
tration may sometimes be relieved by passing to a curved background on 
which the Bogomol'nyi equations admit non-trivial solutions. This happens 
in the case of Skyrmions for instance [2]. 

Because the notion of energy in General Relativity is rather more subtle 
than in Special Relativity these general ideas have received only a partial 
application to self-gravitating systems. It has proved possible to establish 
a Bogomol'nyi inequality in some special static background metric for the 
total energy of a Yang-Mills-Higgs system [3] but this bound did not take 
into account Einstein equations and the associated Bogomol'nyi equations 
did not imply the static Einstein equations. 

The difficulty of establishing gravitational Bogomol'nyi type inequalities 
is not surprizing in view of the non-local nature of gravitational energy. 
There is, in general, no expression for the total mass of an asymptotically 
flat spacetime as an integral of a manifestly positive integrand constructed 
from the metric alone. The nearest thing one has in general is a Witten 
expression [4] in terms of an auxiliary spinor field which satisfies an ap
propriate " Witten condition". In the case of Einstein-Maxwell theory this 
leads to a lower bound for the mass of a spacetime in terms of its total 
electric charge [5,6] and allows the determination of all spacetimes attaining 
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the bound [7]. 
In this paper, by contrast we shall establish conventional Bogomol'nyi 

type inequalities for the total energy per unit length of a system of one or 
more cosmic strings in terms of the total topological charge. We shall show 
that the bound is achieved precisely for static configurations and in one case 
-that of (7-model strings- we are able to solve the associated Bogomol'nyi 
equations completely to give an exact static multi-string solution in closed 
form. In the other case we deal with - the Abelian-Higgs or Nielsen-Olesen 
case- we are not able to solve the Bogomol'nyi equations exactly but we can 
reduce them to a single generalized Liouville equation which is similar, but 
more complicated than the generalized Liouville equation one obtains in flat 
spacetime. We note that even in flat spacetime no exact solution for this 
equation is known. 

We should point out that the results of this paper are proven for time-
symmetric initial data (i.e. with vanishing kinetic energy). In flat spacetime 
it is usually obvious that the inclusion of kinetic energy can only increase the 
energy . In General Relativity this is not completely obvious and certainly 
the proofs we shall give do not go through if the time-symmetric restriction 
is relaxed. It seems, nevertheless, extremely likely that our results continue 
to hold. 

It is interesting to note that simple local expressions for gravitational 
energy density have been encountered previously in the literature of General 
Relativity. In 1959 Brill [8j gave such an expression for time-symmetric 
asymptotically flat axisymmetric spacetimes and in 1965 Thome [9] gave an 
expression for what he called the C-energy of a spacetime which was both 
axisymmetric and cylindrically symmetric. His C-energy is essentially the 
same as the quantity we use as the energy per unit length and has recently 
been used by Gregory [10] in stability studies of cosmic strings. In all cases 
we have an extra symmetry which effectively reduces the problem to one in 
a smeller number of dimensions. It is tempting to speculate that the reason 
that one can find such expressions is that in 3 or fewer spacetime dimensions 
the gravitational field has no true degrees of freedom. 

The organization of this paper is as follows : in section 2 we shall de
scribe the class of spacetimes we wish to consider (cylindrically symmetric 
and asymptotically locally flat or CALF) and define the appropriate notion 
of energy per unit length which will be shown to be non-negative for sources 
with positive energy density. In section 3 we shall discuss vortex solutions. 
In section 4 we shall give the Bogomol'nyi bound for vortices and the gener
alized Liouville equation. In section 5 we give the corresponding discussion 
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for ff-model strings and give some exact solutions in the case of the CPt 

o-model. In section 6 we will explain the relation of the a-model strings to 
Bupergravity and in particular to the so called "quantization of Newton's 
constant" discovered by Witten and Bagger. Finally in section 7 we exhibit 
exact expressions for fermion modes coupled to the cr-model string. 

Part of the stimulus for this work came from a paper by Linet [11] whose 
results on the Abelian-Higgs model in the circularly symmetric case can be 
viewed as special case of ours. We would like to thank him for discussions 
and for informing us of his current work on multi-vortex solutions [28]. 
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2 Definition and Positivity of Energy per unit 
length for cylindrically symmetric spacetim.es 

The metric of an infinitely long single static cosmic string is invariant 
under translations and reflections in a plane orthogonal to the translations 
together with rotations about an axis of symmetric and reflections in planes 
through the axis (i.e. to have "whole cylinder-symmetry"). In addition it 
is usually assumed to be invariant under boosts along the direction of the 
string. The vacuum Einstein equations then imply that far from the core of 
the string the metric has either the Levi-Civita [12] form 

A : ds2 = dt2 - ( d i 3 ) 2 - dp2 - B V < t y 2 (2.1) 

or the Levi-Civita form : 

B : ds2 = p4(di2 - (dx3)2) - p'dp2 - ^f- (2.2) 
P 

where 0 < <j> < 2ir and B is a positive constant. Strings of type A are 
usually called local strings while strings of type B are usually called global 
strings. Roughly speaking local strings have finite energy per unit length 
while global strings have infinite energy per unit length. In this paper we 
shall be concerned with local strings. Asymptotically the 2 metric orthog
onal to the world sheet of a local string tends to that of a flat cone with 
deficit angle 6 = (1 - B)2JT. It is implicit in the work of Fierz (quoted in 
[13]) that j^ç may be taken as a measure of the gravitational energy per 
unit length of any cylindrically symmetric metric which tends at large radial 
distances to the form A. Note that we need not assume that the metric is 
necessarily circularly symmetric in order to define energy per unit length 
in this way, merely that the metric tends to a circularly symmetric form at 
large distances. Thus S should be well defined for a system of more than one 
parallel string which would certainly not be exactly circularly symmetric. 
The exact static solution for N such parallel strings in the zero thickness 
limit is given, for example, by the locally flat metric [14,15] 

ds2 = dt2 - {dx3)2 - ' f i |* - * , | 2 ( B ' - ! ' dz dz (2.3) 
i = i 

where z = x + iy is a complex position coordinate and the ith string is 
located at z = *, with deficit angle Si = 2JT(1 - Bj). If N = 1 we obtain 
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(2.1) by setting p = 5 \z\B. The total energy per unit length is obviously : 

»=i 

since asymptotically (2.3) tends to the form (2.1) with 

N 
0 = 1 + ^ ( 3 ^ - 1 ) 

t=i 

The existence of this solution is due to the fact that local cosmic strings 
exert no long range gravitational interactions and in the zero thickness limit 
all non-gravitational interactions have zero range. 

If one does assume that the metric is exactly circularly symmetric S/8nG 
is related to the C-energy" discussed by Thome [9] by 

_J_ = J L ( 1 _ «.-ice, 
8xG 4GV ' 

As long as no (cylindrical) gravitational radiation is emitted or absorbed : 
S/8nG will be constant in time but as pointed out by Fierz it may increase 
or decrease due to incoming or outgoing radiation respectively. See [31] for 
a more recent discussion 

We shall now demonstrate that for systems with a moment of time sym
metry that the total deficit angle is positive and vanishes only for the flat 
metric provided that the energy density T§ is non-negative and vanishes 
only in vacuo. Consider a cylindrically symmetric Cauchy surface £ about 
which the spacetime is time symmetric. The initial value constraint (i.e. the 
00 component of the Einstein equations) reads 

3R - 16*GTg (2.4) 

where SR is the Ricci scalar of the 3-metric on £ . If the 3-metric on the 
Cauchy surface £ is cylindrically symmetric it may be written as : 

ds* = e2a(dxs + Uidx')7 + gtj dx'dx' (2.5) 

i — 1,2 where <r, uii and j , ; - are independent of a 3 . One has 

3R = 2K-- HijH" - 2ViVV - 2{Vio)[Vio) (2.6) 
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where K is the Gauss curvature of j y , V, is the covariant derivative with 
respect to J,J and 

Hi, = diWj - djWi (2.7) 

The space of translation orbits 5 whose metric is j y will usually have 
the topology of a 2-disc. However in what follows we shall, for the sake of 
generality, contemplate the possibility that it has the topology of a disc with 
p handles. The Gauss-Bonnet theorem thus gives 

[ Ks/gd2x = 6-4Trp (2.8) 

Now if we assume that <r, 9, Wj tend sufficiently rapidly to zero at infinity 
so that boundary terms can be neglected we have 

6 = 4TTP + J y/gd2x[&nGT$ + \HijHij + (V,-«r)(VV)) (2.9) 

The positive energy theorem now follows and evidently the only zero energy 
configuration is flat. It is amusing to note that handles contribute positively 
to the energy. 
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3 Vortices 

Clearly metric (2.1) cannot be valid everywhere since, if S ^ 0, it has a 
singularity at p = 0. As pointed out by Marder [16] and Vilenkin [17] this 
singularity corresponds to a distributional source, the non-vanishing energy-
momentum tensor components of which are : 

Ti=n=l-^-s\PA) (3.i) 

where 6 2(p, tf>) is a covariant delta function with support at the origin (see 
also [18] for a discussion of distributional sources in this context). In effect 
the metric (2.3) is a " Regge-Calculus" [30] approximation with sources. 

In practice the source of the string is the energy momentum tensor of 
a field theory. A convenient model is provided by the generally covariant 
Ginsburg-Landau model whose Lagrangian is 

where 
£V* = d„- ieAfl (3.3) 

In the broken symmetric phase with | $ | = IJ the photon acquires a mass 
mv = erj and the Higgs field $ a mass mu = r/ySX. The static Einstein 
equations with this source and for whole cylinder symmetry have been stud
ied by Garfinkle [19], The energy density falls exponentially to zero with 
length scales determined by m~ ' and m ^ 1 . Gregory [10] has studied the 
C-energy of these systems and used it to construct a stability proof. The 
only known exact solution is the limiting case when m u = 0. The Higgs 
field then decouples and we are left with the Einstein-Maxwell equations. 
The relevant solution is due to Melvin [20]. At large distances the metric 
tends to form (2.2) (see [21] for a discussion of this special limit). Recently 
Linet [11] has discussed another interesting case : that corresponding to the 
equality of the Higgs mass ran and the vector mass mv, i.e. to 

e 2 = 8A . 

In flat spacetime this system, which corresponds to the boundary between 
type I superconductivity e 2 > 8A) and type II superconductivity e 2 < 8A), is 
known to admit many interesting properties. There is a Bogomol'nyi bound 
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[lj and the Bogomol'nyi equations admit static solutions representing n-
vortices placed at arbitrary positions in the plane [22]. The system is thus in 
a state of equipoise , the repulsion due to vector exchange exactly balancing 
the attraction due to Higgs exchange. The system is also known to admit a 
supersymmetric extension [23]. If the repulsion exceeds the attraction, i.e. 
if A > e ! / 8 or mu > mv one can still establish a Bogomol'nyi bound but the 
system is frustrated - the bound cannot be attained because the repulsive 
forces act to push the system apart. 
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4 Bogomol'nyi bound and Bogomol'nyi 
equations for vortices 

In this section we shall generalize and extend some of the results of [11]. 
We begin by noting that we may introduce on S, the space of translation 
orbits, the covariantly constant tensor field ty = -£,,- normalized so that 

«i <•* = -St (4.1) 

As is well known, any 2-dimensional metric is Kâhler and e,y is the Kahler 
form, f' the complex structure. In a local complex coordinate patch we have 

gijdx'dx' = tfdzdz , (4.2) 

Cijdx* A dx> - -irfdz A dz . (4.3) 

We are assuming time symmetry, so all first derivatives with respect to 
time vanish and all derivatives with respect to X3 vanUh. T\ir*h?r we assume 
that A3 = 0. Under these assumptions : 

T° = \Di*&9' + \Fa F> + j(|<!>|2 - V2)2 + (A - y ) ( | * | 2 - r , 2 ) 2 . (4.4) 

Using the fact that ty is covariantly constant we may follow the steps given 
in [1] and rearrange (4.4) to give 

7? =\ ^ ± W - „ » ) 
2 2 

+\ \D{* ± ifatf + (A - ^)(|4.|2 - „ 2) 2 ( 4 > 5 ) 

± V , ( e ' V 3 ) 

with 
4 Jj = 2eri2Aj - 1*' D,-& + I*JD,-** (4.6) 

Integration of (4.5) over S yields the desired bound if A > y i.e. 

éa * 'W (4-7) 

where the topological number N is defined by 

el Aido{ = 1*N (4.8) 
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the integral being taken over a circle at infinity. 
The bound is attained if A = e 2/8 and 

^ ' = = F f ( l * | 2 - V ) (4-9) 

D,-*=Tt'«J/?y* (4.10) 

which are the covariant Bogomol'nyi equations together with the Einstein 
equations 

V,<7 = 0 (4.11) 

Ha = 0 (4.12) 

and 
K = ±8irGVj(f y Jj) (4.13) 

Taken together equations (4.9)-(4.13) imply that the static Einstein 
equations hold, 

T° = 7 Ï (4.14) 

and 
Tij = 0 (4.15) 

so that Eq.(4.12) implies that coordinates may be chosen so that u;,- = 0 and 
the 4-metric takes the form : 

ds2 = dt2 - (dx5)2 - fî 2 ({dx1)2 + {dx2)2) (4.16) 

In this system of conformai coordinates eqs (4.2), (4.10) now read 

a1Ai-a2Al = = F § n 2 ( | * | 2 - r, 2) (4.17) 

3 i * i + e/li*2 = ± ( 3 2 $ 2 - e^2*i) (4.18) 

d i * 2 - e / l i * i = ^ ( a z $ i + eA 2*2) (4.19) 

(4.18), (4.20) can be solved for the electromagnetic field. 

Ai = ±^4di l o S l*| 2 + \di arg * (4.20) 

From (4.6) and (4.10) we obtain 

Ji=e-y*i*ydim2 (4-21) 
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Hence, when the lower bound is saturated, we can reexpress the local energy 
density in terms of the Higgs field alone. 

„2 A | * i 2 

T0° = ± f " c V , = - ^ A log | * | ! + -±± (4.22) 

In conformai coordinates the Gauss curvature K is given by 

* = " è A l o g n 2 - (4-23) 

Hence the remaining Einstein equation (4.13) becomes 

A( logn 2 + 4JTGS>2 - 47rGf|2logS>2) = 0 (4.24) 

It has to be supplemented with the equation for the Higgs obtained from 
(4.17), (4.20) 

A l o g | $ | 2 = e 2 n 2 ( | $ | 2 - 1) (4.25) 

For an N vortex solution, we expect $ to have N zeros a; (i = \,N) such 
that 

| * | ~ f f | z - a < | i f * — - a , (4.26) 

It then follows from eq.(4.24) and (4.26) that 

l ogn 2 + 4 * G | $ | 2 - 4 7 r V l o g - J ^ (4.27) 
FIi=i \ z - ail 2 

is harmonic and bounded, hence is a constant. In particular this implies 
thp.t the conformai factor has the following behavior at infinity 

n 2 —. \zz\-*'GNi1 as \z\ - oo (4.28) 

Comparing with (2.3) we obtain the total deficit angle 

S = 8n2GNr,2 (4.29) 

This result can also be obtained directly from eq.(4.29) 

S = 8»rG f y/gtPxTg (4.30) 

using (4.8) and (4.22). 
Since the remaining Einstein equation can integrated explicitly, we are 

thus left with a single equation for the Higgs field 

A l o g | * | 2 = e 2 f i 2 ( | * | 2 - V ) (4.31) 

where fi2 is determined from eq.4.27. Unfortunately, as in the flat case 
G = 0 we have not been able to find analytical solutions. 
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5 cr-model strings 

Bogomol'nyi's trick of rearranging the expression for the energy density into 
the form of a perfect square plus total derivative works for the 2-dimensional 
non-linear tr-model with target manifold a Kâhler metric (see [24] for a 
recent application). Thus if 4>A(xi) is a map from S into a 2n-dimensional 
Kâhler manifold M with metric GAB(^) and complex structure Jg[<l>), A = 
1,2,. . . ,n we have : 

4 
GAB (W T Jc€i JJ) \~dx7 T Jpe'T^Jg 

1 dèÂ déB •• 

The quantity (i~l is a coupling constant with dimensions of length intro
duced since we are taking the fields <I>A to be dimensionless. Now 

JAB-£~- -£jdx' Adx> ox' dtp 

is the pull back to S of the Kâhler form on the target manifold M. Since JAB 
is closed on M the integral of the last term in (5.2) over 5 is a topological 
invariant which depends only on the homotopy class of the map $A. If we 
demand that 4>A tends to a fixed map at infinity then it may be regarded 
as giving the topological charge of the map. The lowest energy solutions in 
each topological sector evidently satisfy the equation 

Jé-±Jcfi~dlï ( 5 3 ) 

which has the significance that the maps are holomorphic (or antiholomor-
phic). 

As an example consider the CP\ model. This has one complex valued 
field u such that 

(1 + uu)1 

is the metric on the unit sphere. We take the metric gij on S to be 

gij dx'dx' = rfdzdz (5.5) 
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Thus 

£ 3 = (al^l1

 + (|H p _ |? | 5 ) \ _ * (5.6) 
4 /*2 I \dz\ \az dz dz dz/ J (1 + u u j ' 

The first term inside the brace in (5.6) vanishes for homomorphic inapt. 
The second reduces to Igjl 2 . Consider a rational map of degree 1 eg. 

u = a+—— (5.8) 
z - z0 

with no loss of generality one may set a = 0, zo = 0. 

4 M 2 ~ ( W 2 + |/?I 2) 2 l j 

integrating we find that 

y r 0 ° v ^ d 2 i = 4 ^ 2 (5.10) 

Thus the BogomoFnyi inequality reads 

^ > 4 * W (5-11) 

where JV is the topological charge. The remaining Einstein equations may 
be solved by noting that : 

Substitution of (5.9) in the relation 

K = 8nGT$ (5.13) 

which follows from (2.4) and (2.6) allows us to infer that 

-8ir<V 
n = Cste ( H 2 + | / 5 | 2 ) "" (5.14) 

Comparison with (2.3) shows that asymptotically the metric agrees with the 
locally flat metric (2.3) with TV = 1 but in contrast to (2.3) the metric (5.13) 
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is regular at the origin, the conical singularity being replaced a smooth core 
of radius ~ \/3\. 

As in the case of vortices it is worth noticing that the Einstein equation 
can be integrated explicitly. 

For holomorphic maps the energy density (5.7) takes the form 

n2r0° é , „ 
4 / i 2 dzdz 

Hence log H(l + uû) 8 * 0 ' 1 is harmonic. For an N instanton solution of the 
form 

we obtain by the same argument as in the previous section 

r N i - 8 T G I ^ 

n = Cste f[\z- *,-|*(l + ufl) 

Therefore, in accordance with equation (5.11) the deficit angle is 6 = Z2ir'lGn2N. 
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6 Supersymmetry 
The «r-model admits a global supersymmetric extension (to N = 1 super-
symmetry in 4-dimensions) if the target metric is Kâhler. The coupling 
to N = 1 supergravity was worked out by Cremmer and Scherk (25] and 
Cremmer et al. [26]. Subsequently Witten and Bagger [27] pointed out that 
for consistency the Kàhler metric had to be "of restricted type", sometimes 
known as a Hodge manifold. This in turn can lead to what they referred to 
as a "quantization of Newton's constant". In particular they showed that 
the Lagrangian (in their conventions) 

1 " *-#*?£ («-I) &nGN (1 + z ' z ) 2 

would only be consistently supersymmetrized if 

GN = n / 4 * F 2 (6.2) 

where n is an even integer. Actually their GN is twice the conventional 
Newton's constant. In our conventions the Lagrangian is 

_ - g - + 8 ^ ^ " g " " ( 6 . 3 ) 

16*rG T M (1 + u s ) ' l ' 

Thus the consistency condition becomes : 

8nGfi2 = meZ (6.4) 

from (5.11) it follows that the deficit angle S satisfies 

S > 4nm\N\ (6.5) 

A deficit angle greater than 2n means that at infinity the space 5 is closing 
up with a conical singularity which is at a finite proper distance. This is 
clear from the metric (2.3) with N = 1. A deficit angle of 2»r means that the 
space is like a cylinder at infinity. The space S can only close up smoothly 
if the deficit angle S equals An. Thus from (6.5) the only regular solution if 
condition (6.4) holds is with N — m - 1. The metric fftJ (given by (5.14)) 
is then clearly (by comparison with (5.4)) that of a sphere. Another way 
to say this is to say that if SnG/i2 = 1 the field equations coming from the 
Lagrangian (6.3) admit a solution of the form S 2 x i î ' 1 ' 1 ) where /f'1 , 1' is two 
dimensional Minkowski spacetime and in which the internal space of the 
a-model and the space of orbits S are identified. The radius of this space is 
a free parameter (related to |/?|). 
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7 Fermion zero-modes 
So far we have only discussed models involving bosonic fields. In this 

section we will study how fermions can be coupled selfconsistently to the 
previous a field solution. For simplicity we will consider massless fermions ; 
since the external field is cylindrically symmetric we consider solutions of the 
form ip = e , E ' (0 i (z , y), ^2(1, y)). Hence the restricted problem is essentially 
two dimensional. Moreover we assume that the fermionic coupling is realized 
through the supersymmetric extension of the CP n _i model [25,28]. 

The non-linear <r-model can be expressed using inhomogeneous coordi
nates of CP\ 

2(m + im) „ M2 - 1 , 7 1 v 
n i + m 2 " 1 + H 2 , B ï " N î T ï ( 7 I ) 

or equivalently in terms of a constrained complex field 

= [^kT^/vTTw) (7'2) 

such that 4><j> = 1. the coupling of fermions then arises through the J/(l) 
gauge field. 

Ai = -i(j>di4> = (u 25,U] - tii<3iU2)/(l + W?) 

For holomorphic maps, this is a vortex type field of the form 

^ = ^ . ; ^ l o g ( l + H 2 ) (7.3) 

In conformai coordinates we introduce the tetrad e£ = US^ and the spin 
connection TM = \inipdp\ogQ.. The 2 dimensional Dirac operator then 

^ = <SV(^-'A + r,x) (7.4) 

Choosing as basis 71 = ffi, 72 = aï a "d setting z = x + t'y, we obtain : 

£((i + M'j'/W/*»,] = f n3/J(i + kl 2) 1/ 2*, (7.5) 

~\(\ + lul 2)- 1^ 1/ 2*!) = ^n 3 / 2 ( l + |„|»)-i/*»a (7.6) 
The two dimensional zero modes 

* ! = / ( Z ) ( y ) , / 2 (-) 
j . _ g(*) / - a * 

2 " n«/»(i + |u|»)»/» l ' 
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are given in terms of two arbitrary holomorphic (anti-holomorphic) func
tions, only restricted by the requirement of normalisability. 

The complete spectrum is obtained after decoupling from the second 
order differential operator 

4 4(i + M») a i i \a 
&d*d* n a,\n(i + \u\*)) ax (9> 

As an example we consider the charge one solution u(z) = z. The corre
sponding metric is 

fî = (1 + zi)-8""70 (7.10) 

In the special case BirG/i1 = 1 discussed in the previous section, the dif
ferential operator reduces to the ordinary laplacian. The full spectrum 
E2 = £(£ + 1) thus leads to an infinite number of four dimensional zero 
modes coupled selfconsistently to the gravitational field and to the u field. 
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