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Abstract

External boundaries influence the spatial and temporal structure of

evolution of dynamic systems governed by reaction-diflusion equations.

Critical limits, i.e. thresholds for explosive growth or onset of diffusion domi-

nated decay, are found to be caused by the presence of the boundary and to

depend on:

(i) the position of the boundary, where the density is assumed to be zero

at any instant of time;

(ii) the mutual weights (coefficients) and powers of the nonlinear

reaction and diffusion processes

(iii) the initial spatial distribution.
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However, for particular relations between the nonlinear powers of the

reaction and diffusion terms (p = 8+1) the critical limits do not depend on the

initial conditions. In those cases (p = 5+1) the spatial distributions tend,

asymptotically in time, towards solutions for which the quantity nP, where n

denotes the density, satisfies a linear differential equation.

The results are obtained by simulation experiments for one, two and

three dimensions.

Trends in the dynamic evolution of the system with an external

boundary imposed are compared with the corresponding analytic results

obtained for a free boundary.

Interesting applications are found in various areas, e.g. in the field of

high temperature fusion plasmas where the evolution of the temperature

profile for the so-called H-mode (constant plasma density) is described.



- 3 -

1. Introduction

For the evolution of dynamic systems the effects of sin.ultaneous dif-

fusion and reaction processes are attracting a considerable interest [1-12].

The equations used in describing such systems, i.e. the reaction-diffusion

equations, exhibit many challenging features from a conceptual point of view

and a variety of applications are found in various fields like plasma and solid

state physics, chemistry, medicine and biology. For an improved under-

standing of the dynamic properties of reaction-diffusion equations further

analytical studies as well as simulation experiments are needed.

In spite of the fact that appreciable progress has recently been made

and several exact solutions have been found [2-8] it seems that the problem

of the influence of external boundary conditions has not attracted sufficient

attention. This problem is indeed a fundamental one and of considerable

interest for many applications.

It is the purpose of the present investigation to study the effects in-

troduced by the presence of finite boundaries in one, two and three dimen-

sions, limiting the domain of evolution to the region between two parallel

walls for one dimension and to the interior regions of radially symmetric

cylinders and spheres for two and three dimensions. In all cases it is as-

sumed that the values of the density is zero on the wall.

2 . Basic equations and boundary conditions

Consider the equation for n(x,t)

with
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n(O.t) = n(l,t) = O. (1-D) (2a)

n(l,t) = O, (2.D.3-D) (2b)

for any instant of time and

n(x,0) = no(x), no(x)>0 (3)

as initial distribution.

In Eq. (1) the diffusion coefficient is denoted by D and is assumed to

be of the form

= an S , (4)

where a and 5, as well as a and p in the Eq. (1) are constants (p* l ) The

quantity y is related to the dimension d, (d = Y+l), and x denotes the spatial

coordinate, x -» r for radially symmetric cylindrical and spherical cases

3 . Solutions for an unbounded domain

For comparison and as a prerequisite to the following discussion it

should be remarked that in the absence of an external boundary, and nor-

malizing ou-»t, (a/a)"2 x-• x the Eq. (1) has for p = 8+1 the particu.ar solution

[5,8]:

(5)

4>ocosK(x/LK)1 (6)

where
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L p —i J
(6a,

*-•&¥• m

(6c,

It should be noted that for y = 0, i.e. for the 1-D case the solution is

exact whereas for y = 1, 2, i.e. for the 2-D and 3-D cases it satisfies the Eq. (1)

to order x2 for small x.

The solution (5), (6) may correspond to a localized solution if the

initial state is defined in such a way that <j>(x) = 0 for Ixl > xt>, and as given by

the relation (6) for [xl < Xb, where, e.g. when p = 2, y = 0, K = 2, L,c = 2-«/2 one

may take xb = LKit/2=«V2"to obtain one single localized "bell-shaped" structure

(singleton) with $00^0 for an values of x. If instead one takes xb = 3rcV2 the

initial profile will contain three consequetive bumps and the solution will

develop in time accordingly with a relative shape-preservation in space at

any instant of the evolution. For an infinitely extended periodic structure in

the initial state one consequently obtains a periodic solution (polyton) with

explosively growing amplitude as described by the expression (5). The

concepts of singleton and polyton could be extended naturally to two and

three dimensions.

For more general initial distributions the problem becomes consider-

ably more complicated and no analytic solutions are available for arbitrary

initial conditions. Recently, however, results have been obtained [7,8] which

demonstrate that the particular solutions for p = 8+1 have attractor-like

properties, i.e. states which are initially "near-by" are attracted to the par-

ticular shape, characteristic for, e.g. a singleton [7]. It has also been shown

by computer experiments that an asymptotic confluence with the particular
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solutions can occur even if the initial profile deviates rather drastically from

the shape of the particular solution [9].

It has, furthermore, been shown that for particular combinations of

the values of the constants a and p and considering also the influence of an

external boundary the solutions for n with p = 8+1 have the property that

the quantity nP asymptotically approaches functions which satisfy linear

differential equations [13].

Also for cases where p*8+l a convenient technique of approach, con-

sidering the evolution in time of the amplitude and phase of a general "bell-

shaped" structure, has been derived which allows for description of phenom-

ena like collapse (p > 5+1), anti-collapse (p < 8+1), etc. [8,9].

The solution of the form (5), (6, 6a-c) can also be used to study cases

where p is not an integer. An interesting case of this type has recently been

considered for p = 1/2 and a negative with 5 = -1/2, (p = 8+1), [11,12]. An

equation of the form (1) will then govern the evolution of the temperature of

a magnetized plasma, where the density is considered constant in space and

time, where the diffusion occurs transversely to the magnetic field and

where the "reaction" term represents bremsstrahlung losses. For this case

the solution is obtained from expressions (S) and (6, 6a-c) by the substitu-

tions t-»-t , X - M X where i is the imaginary unit. The spatial distribution

thus obtained as a solution exhibits attractor-like behaviour [12].

The problem of stimulated diffusion for simultaneous reaction and

diffusion processes has recently been studied [14]. The results indicate that

interesting transitions may occur between different characteristic states

when the density increases as a function of time and modifies the structure

of the diffusion coefficient so that higher order terms become important.
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There are accordingly interesting phenomena that are governed by a

reaction-diffusion equation of the form (1).

As far as is known to the authors no simulation studies of the equa-

tion (1) taking into account also an external boundary are, however, avail-

able so far, neither for annihilating reactions (a < 0) nor for explosive cases

(a > 0).

4. Results of numerical calculations for explosive cases and

finite boundary

For positive values of the coefficient a and p£l+5, (4), the Eq. (1) has

free solutions of explosive type [8]. These solutions tend to infinity in a

finite time. In the particular case where p = 1+5 the explosive growth occurs

without change of the spatial distribution, provided the initial profile has a

certain shape [5,7-9]. This shape is determined by a particular solution of

Eq. (1), [5,8]. If a certain boundary condition is imposed the solution will

differ from the particular solution and depend on the position of the bound-

ary as well as on the nature of the boundary condition. The solution will,

furthermore, depend on the initial distribution in space.

It is the purpose of this section to report on numerical results ob-

tained with boundary and initial conditions given by (2a, b) and (3).

In order to perform the calculations it has been necessary to develop

a new numerical scheme, which takes into account the fact that the solutions

tend to infinity within a finite time. The details of this scheme is reported in

Appendix I.

Some results of the computations for y = 2, i.e. 3-D, are presented in

Figs. 1-4. Fig. 1 demonstrates that a double-humped initial distribution for p

= 3, 8 = 2 with a = 9 explodes into a single-humped smooth profile in a finite
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time. This resembles the results for a free boundary [9]. However, if the

value of a is taken smaller one reaches a limiting value a = ai = 3.1 for which

no explosive growth occurs as seen in Fig. 2. This limit does not depend on

the shape of the initial profile as p = 5+1, and the spatial distribution tends

asymptotically in time towards a solution, which satisfies a linear differential

equation for n3, [13]. For values of a < ai the solutions wiU decrease in time

as shown in Fig. 3, where a = 2.

In Fig. 4 is plotted the explosive growth of the solution for p = 3, 5 = 1,

i.e. p > 5+1, with a = 9. The corresponding solution for the unlimited bound-

ary case would have a collapse nature [8,9]. One also notices the differences

in the evolution of the profiles in Fig. 4 and Fig. 1. For p = 3, 5 = 1, corre-

sponding to Fig. 4, there exists a limit of a for which no explosion occurs.

However, since for this case p*5+l the limiting value of a depends on the

shape of the initial profile, contrary to the situation in Fig. 2.

It should be added that for p = 2, 5 = 1 the curves are very much the

same as those shown in Figs. 1-3. Also, the results obtained for y = 0, 1, i.e.

for dimensions 1-D and 2-D, have the same characteristic features as those

here plotted for 3-D.

The results of this section indicate that there is a competition between

the natural tendency of the solution to explode and an influence of the

boundary condition to prevent the explosion, which may eventually lead to

diminishing the density. When the two effects balance each other one ob-

tains the limit of Fig. 2, which is characteristic for the case with an external

boundary and which is absent for the free solution, [8, 9].
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5 . Results for lossy cases. Evolution of plasma temperature

profiles for finite boundary

So far only cases with S > 1, p>l+5 with p and q integer numbers have

been considered here and at the same time a > 0. The analysis leading to the

results (5) and (6) is, however, valid for the case of an unbounded domain

also when p and q are non-integers, which could be positive or negative,

(p*l), and when a < 0, [12]. Detailed numerical solutions can also be

obtained in these cases, including the effects of an external boundary, as

described in Appendix II.

Since with a < 0 the right-hand side of Eq. (1) would contain a term in

addition to the diffusion term it might be of interest to consider also an

additional source term. As a result, competition between creative and

destructive effects would still remain.

Interesting applications are found in the field of hot magnetized

fusion plasmas, where in certain cases the evolution of a temperature profile

could be described by means of such an equation. For fusion applications,

where the density is constant, or approximately constant, the transport

equation simplifies considerably, since the only dependent variable will be

the temperature T. In fact, for tokamak plasmas in the state known as the

H-mode (high confinement mode), [15], recent experiments show that the

density may remain nearly constant.

Assuming the plasma density approximately constant in space and

time a model equation for the electron temperature T may be written

(7)
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where, again, 7 determines the dimension, d = 1+y, assuming here radially

symmetric cases (y ~ 1, 2, x-»r for 2-D and 3-D).

In Eq. (7) one may chose 8 = -1/2 for perpendicular diffusion across a

strong magnetic field, and furthermore a < 0, p = 1/2 to represent

bremsstrahlung losses. In the absence of a source term, i.e. for g(t)sO, the

remaining equation becomes

(8)

or in normalized variables (*-»Vla|/ax;

A particular solution of Eq. (9) for the unlimited boundary case can be

written, [12],

(10)

where

<t>0={3/[2(2-Y)]}2, (10a)

(10b)

(10c)

which means that the temperature in the absence of a source term will relax

to zero when t tends to a critical finite time tc. Also initial distributions of

other forms than (10) will relax to the form (10) as t -He [12].
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For various practical situations the coefficient 5, the power of the

temperature T and the diffusion coefficient could take quite different

values, from 5 = -1/2 to 5 = 2 or higher. In the source term the power could

be q = -3/2 for ohmic heating with g(t) constant, or might be q = 1 or q = 2

for external or alpha particle heating. For g(t) one may choose

g(t) = g0exp(hot), (11)

in order to simulate an enhancement, with ho > 0, or a saturation, with ho < 0,

of the heating, g0 > 0.

In Eq. (7) the quantity y takes the values 1 or 2, for 2-D or 3-D,

respectively. The y has been left unspecified, since for a large tokamak, for

example JET, the configuration is neither a straight cylinder nor a sphere.

One might even<simulate the effects of plasma temperature evolution for a

toroidal configuration by taking 1 < y < 2, for example y = 3/2.

In the numerical calculations represented by the following graphs y

has been chosen equal to one, corresponding to 2-D, except for a single

example, represented in Fig. 16, where y = 3/2.

In Figs. 5-8 cases with p = 1/2, 5 = -1/2, q = 1, a = -1, y = 1, ho = 0 and

increasing values of g0 from g0 = 1 to g0 = 8 have been depicted. For g0 = 1

in Fig. 5 there is a continuous decrease in T as a function of time. As one in-

creases the value g0 one reaches a limiting spatial profile of T for g0 = 7.93 in

Fig. 6. A slight increase of go to g0 = 7.96 immediately changes the situation

so that, as seen in Fig. 7, the temperature T will increase with a long duration

passage across the region of the limiting curve. The passage in Fig. 8 is more

rapid for the slightly higher value go = 8. For the case g0 = 7.96 but with a

slight saturation of the heating, corresponding to h0 = -0.01, one reaches

again a limiting profile as seen in Fig. 9.
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Changing now from q = 1 to q = 2, i.e. considering a heating term pro-

portional to T 2 , simulating alpha particle heating, one finds in Fig. 10 a limit

for go = 2.4007, which will develop into an explosive growth when g0 is

increased slightly to g0 = 2.410 in Fig. 11. A slight saturation effect obtained

by taking h0 = - 0.0013690 will decrease the growth-rate as seen in Fig. 12,

and a further very slight change to ho = - 0.0013696 will lead to a new limit

in Fig. 13. A change in h0 to ho = - 0.0014 will cause a continuous decay

from the limit as seen in Fig. 14.

A stronger dependence of the diffusion coefficient on the temperature

T with 5 = 2, i.e. D ~ T2, and for q = 2, i.e. q < 5+1, will lead to a limiting profile,

cf. [13], which resembles the one obtained in Fig. 2 with p = 3, 5 = 2, i.e. p =

5+1 for a particular value of a.

In Fig. 16 is plotted a particular 2 1/2-D case, y = 3/2, where p = 1/2, 5

= -1/2, q= 2, a = - 0.8, .go = 2.8849586, h0 = 0. In this case the initial distribu-

tion develops into a limiting profile. It turns out that in general the profiles

for Y = 3/2, i.e. 2 1/2-D, are more peaked than those for y = 1, i.e. 2-D, cases.

The results plotted in Figs. 5-16 illustrate the interesting role which

the heating could play for the evolution of temperature profiles in the pres-

ence of an external boundary. They also prove the existence of specific

limiting forms of the temperature profiles, which occur for particular mutual

strengths of the competing processes of diffusion, heating a n d

bremsstrahlung in the presence of a limiting boundary.

6. Concluding remarks

The presence of an external boundary is found to have interesting

effects on the nonlinear evolution of densities (or temperatures) governed

by simultaneous diffusion and reaction processes. For the case of a creative

reaction term, which for an unlimited boundary would always lead to
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explosive instabilities [5, 7-9] a finite external boundary will have a tenden-

cy to prevent the explosion. As a result, a competition will occur between

the influence of the boundary and the natural tendency of the solution to

explode in the absence of a finite boundary. In the limit where the two

effects balance each other one obtains a characteristic limiting profile. This

occurs only for a particular relative value of the coefficient of the creative

nonlinear term.

For the case of an annihilating reaction term the diffusion as well as

the reaction tend to diminish the profile. This tendency is also supported by

the influence of a finite boundary. For various applications it is of interest to

consider the effects of a source term. Such a creative contribution will set up

a competition with the diffusion and annihilating processes as well as with

the effects of the boundary. For a certain value of the coefficient of the

source term one reaches a situation, where the source balances all the other

effects. As a result one obtains a limiting profile of a certain characteristic

shape. Applications are found, for example, in the field of high temperature

magnetic confinement fusion plasmas.

The results obtained by analytic as well as simulation studies of the

reaction-diffusion equations are fundamental to the basic understanding of

the propenies of these equations. They are also useful for interpretation

and prediction of various phenomena as well as for providing check-points

for more extensive computer schemes developed in different areas of appli-

cation. The results obtained offer challenges for further studies of these

equations and their applications to various fields of interest.
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Figure Captions

Fig. 1. Explosive evolution from a double-humped initial profile for p = 3,

5 = 2 with a = 9 for 3-D.

Fig. 2. Limiting case where no explosive growth occurs for p = 3, 8 = 2

with a = ai = 3.1 for 3-D.

Fig. 3. Decreasing evolution for p = 3, 8 = 2 with a = 2 < ai for 3-D.

Fig. 4. Explosive growth for p = 3, 8 = 1, i.e. p > 5+1 with a = 9 for 3-D.

Fig. 5. Continuous decrease for T from initial profile for p = 1/2, 8 = -1/2,

q = 1, ho = 0, go = l with a = -1 for 2-D.

Fig. 6. Limiting case where T reaches a final profile for p = 1/2, 8 = -1/2,

q = 1, ho = 0, go = 7.93 with a = -1 for 2-D.

Fig. 7. Increase in T after a long passage across the region of the limiting

profile for p = 1/2, 8 = -1/2, q = 1, h0 = 0, g0 = 7.96 with a = -1 for

2-D.

Fig. 8. Increase in T after a less long passage across the region of the

limiting profile for p = 1/2, 5 = -1/2, q = 1, ho = 0, go = 8 with a = -

-1 for 2-D.

Fig. 9. Limiting case for T obtained by a slight saturation of the heating

for p = 1/2, 6 = -1/2, q = 1, h0 = -0.01, g0 = 7.96 with a = -1 for 2-

D.

Fig. 10. Limiting case for p = 1/2, 5 = -1/2, q = 2, h0 = 0, g0 = 2.4007 with

a = -1 for 2-D.
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Fig. 11. Explosive growth for p = i/2, 5 = -1/2, q = 2, ho = 0, g0 = 2.401

with a = -1 for 2-D.

Fig. 12. Less explosive growth for p = 1/2, 8 = -1/2, q = 2, ho = 0.0013690,

go = 2.401 with a = -1 for 2-D.

Fig. 13. Saturation induced limit for p = 1/2, 5 = -1/2, q = 2,

ho = -0.0013696, g0 = 2.401 with a = -1 for 2-D.

Fig. 14. Saturation induced decay for p = 1/2, 5 = -1/2, q = 2, ho = -0.0014,

go = 2.401 with a = -1 for 2-D.

Fig. 15. Limiting case for p = 1/2, 8 = 2, q = 2, ho = 0, g0 = 1 with a = -1 for

2-D.

Fig, 16, Limiting case for p = 1/2, 5 = - 1/2, q = 2, ho = 0, g0 = 2.8849586

with a = - 0.8 for 2 1/2-D.



Appendix I: Numerical solution of eq (1) with boundary

conditions and 5>0.

For certain values of 5, p, a, eq (1) has explosive solutions;

then, in order to compute a numerical solution, it is necessary to use

a scheme which can admit solutions which can become Infinite in a

finite time .

It Is convenient to introduce the function v=n ; v is solution

of the problem:

with

1

1+6

6

1+6 av

at

v(0.t)

a

1+5

= v(

v(l

1

X*

l.t)

.t)

—( :
ax

= 0

= 0

<* ^ )
ax

(l-D)

(2-D)

P

1+6
+ (W

.(3-D)

(AI

(AI.

(AI.

-1)

2a)

2b)

and

1+5
v(x.O) = V Q(X) = nQ (x) >0 (AI.3)

The approximate value v of v(t ) at the time level t =k At (At
k k k

denotes the time increment) Is the positive solution of the problem:

t) If 3>0,

1

5
Vk

V

6

1+6

At

_ _5_

1+6

Vi
i+5 x* ax ax

p-1-ö

1+5
(AI.4a)



11) if 5=0,

v - v a 9 3v p-1
— — = (x* — - ) + a v v

r * K 1At xr 3x 9
with the boundary conditions :

v (0) = v (1) = 0
k k

(1-D)

v (1) = 0 (2-D),(3-D)
k

(AI. 4b)

(AI.5a)

(AI.5b)

Then, If 5>0, at each time step, we have to solve a nonlinear

problem;that is done by using an Iterative method: we define a sequence

k,J
starting with v =v and v satisfies the equation:

° k,0 k-1 k.J

1+3

5
k-1

l

1+3
)v

a At 1 3 3
_ ( x » _ v

1+6 x r ax a x k>J

with the boundary conditions (AI.5).

(AI.6)

If the following condition :

El
1 - a 5 At v.1*5 (x) t 0, Osxsl, (AI.7a)

is, satisfied, this problem has a unique positive solution and the

sequence v converges to v . If the condition (AI.7a) is not
k, J k

satisfied, it is possible to reduce the time step.

If 3=0, v is the solution of a linear problem which has a unique

solution if the following condition is satisfied:
p-1

1 - a 3 At v (x) * 0 , Osxsl (AI.7b)

Remark: If the initial condition n is not strictly positive on ]0,1[,

we use the backward Euler method to compute v , the approximate value

of v at the time level t :

v|+a - v
1

_

!*8
i a av.

(x* - 1 ) + a At v
r

P

i+3
(AI.8)

1+3 xr 3x

with the boundary conditions (AI.5).

The solution v of (AI.8) Is strictly positive on ]0,l[, then we

can apply the first method to compute v (ks2). This second method



works less rapidly than the first ( we solve eq. (AI.8) by using a

nonlinear Gauss-Siedel method); besides, it cannot give an infinite

value of the solution in a finite time .this the reason why we use it

only on the beginning.

In the case p=5+l, we obtain the following results:

we denote by X the first eigenvalue of the operator - ( x — )
1 x7dx ax

with the boundary conditions (AI.5), ( that Is:

I d 7 dtp
(x —-) = \.<p for some positive function <p

x7 dx 9x

sat isfying(AI.5)).

Then for a«t = , the function n tends asymptotically to
1+5 k

zero when k is growing to infinity.

For <x=a , the function n approaches asymptotically a function

ji <p, where fi is a constant depending on the initial condition n and

for <x>a , there exists some k <+« depending on n such that the function

n is infinite in one point,
o

If p>6+l, there also exists a critical value a , which depends on
•

the initial condition such that for a<a , n tends to zero; for

a=a ,the function n tends to a stationary function and for a>a .there

exists k <+« (depending on n ) such that n is infinite.
o

If p<5+l, the function n tends to an asymptotic function,

solution of a nonlinear eigenvalue problem.



Appendix II: Numerical of eq (1) with boundary

conditions and -l<5<0, a<0.

An equation of the form (1) with -l<5<0 and a<0 governs the

evolution of the temperature T:

SI = a -1 2- U7 T5 * ) + a TP + g(t) ̂  (AII.l)
at x7 dx dx

with the boundary conditions (2)-

The function g is positive and q is a positive parameter.

To compute T, we Introduce the function v=T .Then the function

v satisfies the equation :

5 p q

J_ v 1* 5r = JL !_ L. ( x* £ , + a yi+5 + g(t) yi+5 ( A H 2)

i+5 at l+a x7 dx ax

with the boundary conditions (AI.2).

Because the parameter 5 is between 0 and 1, the solution has the

particularity than It can decay to zero in a finite time; in order to

compute this solution v, we generalize a scheme used in [16]; the

approximate value v of v(t ) at the time level t =k Åt is the solution

of the problem:
6 6

1+5 _ v 1+5 a 3 v

k At 1+5 x7 dx dx

p-1-6 q-1-5

1+5 ,. , 1+5

Then v. is the positive solution of a nonlinear problem which Is

again solved by an iterative method: Starting with the initial value

v =v , we define a sequence v (JsO) and v satisfies the linear
k, 0 k*"l kf J k, J
equation:



1 f 1 1+5

5

1+5

1+5
- a

q-1-5 q-1-5

1 „ .. 1+5 1+5

— "Vi" " Vi
1+5 K

Vi

k.J

a At 1 , 7 k, J .
- — i x j

i+5 ax ax

1

5

1

1+5
Vk,j-1 "

q-1-5

1

5(1+5)

_

"Vi"

5

1+5

where IIv II = Max v (x).
0^x51

(All.4)

The sequence v (J^O) converges to the function v .

Remark:If the initial condition is not strictly positive on ]0,l[,we

again use the backward Euler method to compute v .

In the numerical experiments, WP choose g(t)=g e where g and

h are two positive constants. We obtain the following results:

If h =0 , there is a critical value g depending on the initial

condition T such that for g <g , the solution T decays to zero in ao . o o
finite time ; for g =g , T approachs an asymptotic function; and for

g >g , the amplitude is growing to Infinity.

If h >0, there is no value of the parameter g for which we

obtain a stationary solution: there is a critical value g depending on

T such that if g <g the solution decays to zero in a finite time and

if 8 a8 t the solution T is growing to infinity.
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