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A B S T R A C T A novel transport survey code has been developed and is being used to
study the sensitivity of stellarator reactor performance to various transport assumptions.
Instead of following one of the usual approaches (0-D model or 1-D time-dependent
solution to the energy transport equations), the steady-state transport equations are
solved in integral form using the spectral collocation method. This approach effectively
combines the computational efficiency of global models with the general nature of 1-D
solutions.

A compact torsatron reactor test case was used to study the convergence properties and
flexibility of the new method. The heat transport model combined Shaing's model for
ripple-induced neoclassical transport, the Chang-Hinton model for axisymmetric neo-
classical transport, and neoalcator scaling for anomalous electron heat flux. Alpha par-
ticle heating, radiation losses, classical electron-ion heat flow, and external heating
were included. For the test problem, the method exhibited some remarkable convergence
properties. As the number of basis functions was increased, the maximum pointwise
error in the integrated power balance decayed exponentially until the numerical noise
level was reached f=s 25 basis functions). Better than 10% accuracy in the globally-
averaged quantities was achieved with only 5 basis functions; better than 1% accuracy
was achieved with 10 basis functions. The numerical method was also found to be very
general. Extreme temperature gradients at the plasma edge which sometimes arise from
the neoclassical models and are difficult to resolve with finite-difference methods were
easily resolved. Constraints on the temperature gradients were also introduced without
causing any numerical instabilities.

Transport survey calculations such as those used in studies of fusion reactors or new

experiments have traditionally employed one of two basic approaches: global (0-D)

models or one-dimensional (1-D) solutions to the transport equations. In the global

approach (e.g. Ref. 1), the differential equations which describe local energy transport

are integrated over the plasma volume with the assumption of fixed temperature and

density profile shapes. The resulting algebraic equations are then solved for average

temperatures and densities. This is an efficient approach; a large number of cases can

be examined quickly so that the underlying sensitivities can be easily identified.
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The disadvantage of the global approach is that it requires an a priori assumption
about the profile shape. This is not a serious disadvantage for tokamaks since the
experimental data base indicates that the range of accessible profile shapes is limited
(profile consistency). For stellarators however, the experimental data base of confine-
ment results is smaller, and a larger variety of profile shapes are possible. In this case,
1-D solutions to the energy transport equations are necessary. Although sophisticated
time-dependent codes2'3'4 exist for solving these equations, these codes are computa-
tionally intensive and require long computing times on large computers.

An accurate and computationaly efficient transport survey code is being developed.
This code solves the 1-D steady-state transport equations in integral form using the
spectral collocation method5. This approach combines the computational efficiency of
the global approach with the general nature of 1-D solutions.

THE TRANSPORT EQUATIONS

A self-consistent treatment of the transport problem requires solutions to the parti-
cle and power balance equations for both electrons and ions with the ambipolarity
constraint to determine the radial electric field. The numerical approach described in
this paper is, in principle, capable of treating the self-consistent problem. However,
the density ?,nd electric field profiles are determined by transport processes that are
not well understood. To avoid this uncertainty, the particle density and radial electric
field profiles are fixed while the electron and ion power balance equations are solved.
Sensitivity to the profile assumptions will be addressed.

With these assumptions the steady-state energy transport equations in integral form

are
= / Sa(p)pdp, (1)

Jo
where a = e(t) for electrons (ions), p is the normalized radial variable, and 5 is the
total (external plus internal) heat source including alpha particle heating, radiation
losses, inter-species coupling, and external heating. For stellarators the heat flux q{p)
can be written as



where na is the density of species a, Ta is the temperature of species a, $ is the electric

potential, and the x ' s are the various heat diffusivities. Shaing's model is used for the

neoclassical ripple contribution to the diagonal and off-diagonal diffusion coefficients for

electrons and ions, the Chang-Hinton model is used for the axisymmetric neoclassical

contribution to \i (diagonal term only), and the neoalcator scaling is used for the

anomalous contribution to xT- The integrals in Shaing's model are approximated by

10 point Gauss-Laguerre quadrature.

The integral form of the equations is used for two reasons. The heat flux q is in general

a complicated function of temperature, may not be available in closed-form, and is

more expensive to compute than the total heat source S. Also, global quantities such

as the average temperature are of most interest here; using the integral form causes

these global quantities to converge faster.

THE CHEBYSHEV COLLOCATION METHOD

Although the assumption of fixed density and electric field profiles simplifies the system

(Eq. 1) compared to the self-consistent problem, the equations are in general severely

non-linear since the source depends non-linearly on the dependent variables (electron

and ion temperature) and the heat flux can depend non-linearly on the temperatures

and the temperature gradients. The usual solution approach would be to apply the

finite-difference approximation to the spatial derivatives and evolve the time-dependent

equations until the steady-state is reached. This approach is inefficent, especially since

only steady-state quantities are of interest here.

The Chebyshev collocation method is a more efficient approach. In this method the

dependent variable (temperature in this case) is expressed as a series expansion in

Chebyshev polynomials (Tj)

T(P) =

where y = 2p-l. The expansion coeficients Aj are determined by requiring the original

system of equations to be satisfied on a discrete set of points {pj), the collocation points,

which are the interior extrema of the highest order basis function



Applying this method to the integrodifferential system (Eq. 1) and rearranging yields

the following algebraic system

[Pi
= / Sa{p)pdP.

J Pi- 1
/
Pi- 1

These equations plus equations coming from boundary conditions and auxiliary condi-

tions on the solution are solved by iteration.

This method resembles the finite element method but is more efficient since the con-

tinuity conditions at the element interfaces are intrinsically satisfied. The collocation

method is significantly more accurate (for a given grid size) than the finite difference

method particularly when the solution is changing rapidly near one of the boundaries.

Boundary layers are treated efficiently since the collocation points are more closely

spaced near the boundary (grid spacing near the boundary is =s ^ where N is the

truncation order).

CONVERGENCE STUDIES

An ignited compact torsatron reactor8 test case was used to determine the convergence

properties of the collocation method. This is a single-helicity stellarator with aspect

ratio 5, helical ripple 0.2, and major radius 10 m. The density and electric poten-

tial $ profiles are both parabolic squared with a central density of 3xlO20 m~J and

e<f>0/Te0 = - 2 .

Profiles of electron temperature and ion temperature obtained for the test case are

shown in Fig. 1. The residual power (error in the integrated power balance) normalized

to the total alpha-particle heating is shown versus radius p in Fig. 2 for TV = 25.

The residual power is small over most of the plasma region but peaks near the plasma

boundary. This peak is due to interpolation errors in the temperature gradients between

collocation points. However, the nature of the collocation method prevents this type

of error from propagating away from the offending point.

If the spike in the residual power near the plasma boundary is excluded, the residual

power decreases rapidly with increasing number of basis functions. The maximum error

in the integrated power balance defined as

Rza = max pq, XP) - JJsa{p.)p.dP\



is shown versus the number of basis functions in Fig. 3. The nearly straight line on

the log-linear plot indicates that the convergence is essentially exponential. Only 25

basis functions are required before the residual error reaches the level of numerical

noise in this single precision calculation. The average quantities converge even more

rapidly. In Fig. 4 the average electron and ion temperatures at ignition are shown

versus the number of basis functions. One percent accuracy is obtained with 10 basis

functions, and ten percent accuracy is obtained with only 5 basis functions. The rapid

convergence of the global quantities is a direct consequence of solving the equations in

integral form.

The computational time required is shown versus the number of basis functions in Fig.

5. By comparing Fig. 4 and Fig. 5 one can see that less than 2 CPU seconds on a

Digital Equipment VAX 8700 are required for 1% accuracy in the average quantities.

NUMERICAL EXAMPLES

In order to illustrate the versatility of the collocation method for this problem, some

example profiles of electron and ion temperatures are shown in Fig. 6. These profiles

are for the same compact torsatron reactor discussed earlier, but here the average

temperature is fixed at 10 keV and the amount of external heating power required to

maintain the steady-state is solved for. The profile of the external heating power Px is

parabolic in all cases, with one-half of the power going to electrons and one-half going

to ions. The cases on the left-hand side have e$o/Teo = -2. Those on the right-hand

side have e$o/TeO =+2 .

In Fig. 6a and Fig. 6b, the $ profiles are parabolic squared. Positive values of $

(electric field vector pointing outward) leads to broader ion temperature profiles and

larger values of Px to maintain the steady-state (19 MW for e$0/Te0 =-2, 385 MW

for e^o/TeQ = + 2) . Electron temperatures remain peaked in both cases due to the

influence of the neoalcator term. In Fig. 6c and Fig. 6d, the $ profiles are parabolic

so that the radial electric field is largest at the plasma edge. In both cases the ion

temperature profile is hollow with extremely steep gradients near the plasma edge. 38

MW's are required to maintain steady-state in the case represented in Fig. 6c, 263

MW's are required in Fig. 6d.



The pressure profiles associated with the profiles in Fig. 6c and 6d would probably

be unstable to ideal MHD modes. Unstable profiles can be prevented by defining a

gradient-limiting-diffusivity

XGL =
/ /

+ exp{ 1}

where p refers to the plasma pressure, the prime indicates the derivative with respect

to the radial variable, XBohm is the Bohm value for the diffusivity, and e is a small

number. The critical pressure gradient p'crit should be determined from MHD stability

considerations; simple expressions for pcrit are being investigated. A constant value,

Zzm = 10, is used in Fig. 6e and 6f to illustrate the effect of introducing this constraint.

The amount of external heating power required increases dramatically compared to the

unconstrained cases. 198 MW are required in Fig. 6e and 755 MW are required in Fig.

6f.

The numerical method described in this paper provides an accurate and efficient means

for obtaining steady-state solutions to the fluid-equations describing energy transport

in fusion plasmas. The collocation method could also be extended to treat the time-

dependent problem with self-consistent determination of the density profiles and the

radial electric-field. The efficiency of detailed time-dependent transport simulations

could also be improved by the use of this method.
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Fig. 1. Profiles of electron temperature (dashed line)
and i^n temperature (solid line) for the ignited com-
pact torsatron test case. Temperatures are in units of
10 keV.
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Fig. 6. Example profiles of electron temperature (dashed lines) and ion temperature

(solid lines) for the compact torsatron reactor lest case. Temperatures are in unit!

of 10 keV. The various cases are explained in the text.


