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Chapter 1

General introduction

One of the important goals in nuclear physics is to develop a consistent micro-
scopic description of the nucleus, such that fundamental observables like the
nuclear electromagnetic form factors and response functions can be derived from
a theory, which essentially treats the nuclear constituents and their mutual in-
teractions on the same footing. Moreover, these models must be necessarily
relativistic to meet the general requirements of Lorentz invariance and gauge in-
variance. Much effort is put in developing such a consistent nuclear model, but
except for the two-nucleon system and the case of nuclear matter, no significant
progress has been made. Consequently, one is forced to study nuclear structure
with conventional nuclear models based on phenomenological nucleon-nucleon
interactions. Unfortunately, this leads to the ambiguous situation that part of
the non-nucleonic degrees of freedom is absorbed in the interaction, whereas the
nuclear constituents are purely nucleonic. The general consensus in interpreting
the experimental data is to explain any deviation from the theoretical predic-
tion obtained with the conventional model as a manifestation of non-nucleonic
degrees of freedom inside the nucleus. For example, deuteron threshold electro-
disintegration data [2] are partially ascribed to the presence of meson-exchange
currents. Elastic electron-scattering data for the mirror three-body nuclei [39]
(3H and 3He) have raised questions about the relative role of mesons and possible
signatures of nucleon substructure. Recently, experimental data on the separa-
tion of longitudinal-transverse nuclear structure of eLi and 12C [61] are claimed
to provide clear evidence for the modification of the electromagnetic properties
of the nucleon inside the nucleus. In theoretical analysis, West [65] proposed
the t/-scaling formalism to test the validity of the conventional model, y-scaling
predicts that nuclear response data observed in inclusive inelastic electron scat- i

tering, in the limit of large momentum transfer essentially can be described in $
terms of a one-variable function. A deviation from this scaling law should be |
attributed to the existence of non-nucleonic degrees of freedom. Although much :|
controversy exists about the precise form of the scaling variable [60,29,57], it is '%
generally assumed that the data violate the scaling law. '

Motivated by the experimental evidence for the breakdown of the conven-
tional theory a number of exotic models [8,53,52] and [23,12,9] has been formu-
lated. Although some of these attempts lead to adequate descriptions of the



experimental data, this way of theoretical progress suffers from two drawbacks.
First, it is not clear at all how one can incorporate medium modifications on
subnucleonic structure, or the presence of six-quark or nine-quark clusters [55]
inside the nucleus, in a theory which is essentially nonrelativistic. Second, at
present there exist no quantitative predictions about the failure of the conven-
tional description, except for the deuteron system, and consequently any model
to explain the observed deviations is at most qualitatively.

In this perspective the trinucleon system is of particular interest. An exact
three-body analysis is, in principle, feasible and consequently the trinucleon
system offers an excellent opportunity to draw definite conclusions about the
limits of validity of the conventional description in terms of nucleonic degrees of
freedom only.

In this work we present an exact analysis of the electromagnetic breakup
process of the trinucleon system. Nucleonic final state interactions (FSI) are
fully accounted for by solving the Faddeev equations for the relevant scattering
states. The nuclear dynamics are treated non-relativistically and the nucleon-
nucleon interactions are restricted to the. S-wave channel.

The electron is considered as the ideal probe to study the precise dynamical
behavior of nucleons inside the nucleus for two reasons. The electromagnetic
interaction is well known and the nuclear structure is only weakly affected by
it. In the last decade, considerable progress has been made in the single-nucleon
knock-out reaction in inelastic electron scattering [19]. Accurate and interesting
coincidence data for the (e,e'p)-reaction of the 3He-nucleus have been measured
in Saclay [35] and at NIKHEF, Amsterdam [40,41]. In theoretical analysis it
is customary to assume that the active nucleon is directly knocked out, leaving
the residual pair in a deuteron state or an unbound, but correlated state. In
the plane wave impulse approximation (PWIA), the experimental data fall well
below the available theoretical predictions, in which the trinucleon bound state
was calculated by a Faddeev [50] or variational [10] technique. This discrepancy
is usually ascribed to inadequacies of the bound state wave function. However,
in principle the mechanism of direct nucleon knock-out is not correct and final
state interactions between the nucleons after the photon is absorbed have to be
analysed before reliable physical information from the breakup experiments can
be extracted. It is stressed that the generally accepted conjecture that the size
of final state effects is small and can be neglected in good approximation, at
least at low missing momenta, has not been confirmed by an explicit theoretical
study. Final state effects have been accounted for in an approximate way by
Laget [44,45], who calculates the coincidence cross section from the first few
terms of a diagrammatic expansion of the full transition amplitude. In addition
to the FSI corrections Laget also includes meson exchange current (MEC) effects.
His results seem to give an adequate description of the data, unfortunately his
treatment is not systematic in terms of a conventional nuclear model.

Recently very accurate nuclear response data have been measured for both



trinucleon systems [15,16]. In the inclusive inelastic experiments only the out-
going electron is detected. In theoretical analysis the knowledge of the complete
spectrum of scattering states of the trinucleon system is required in order to give
an exact description of the nuclear response observables. In addition to the N-d
scattering states also the 3N-scattering states need to be determined. In this
work we present results for the response functions as a function of the energy
transfer at one specific value of the momentum transfer. Two different theoreti-
cal descriptions of this process are available at present. PWIA type calculations,
including D-state components in the nuclear states, have been performed, based
on either a Faddeev technique [50] or a variational approach [10]. Recently, a
completely different account was presented by Schiavilla et al. [50], who used the
method of correlated basis states to calculate the renormalization of the longitu-
dinal response due to final state effects. The basis functions used to describe the
final state form an orthogonal set and respect the proper spin | antisymmetry.
However, they are not eigenstates of the three-nucleon Hamiltonian and in that
aspect this approach is not exact, in contrast to our descriptions in terms of the
solutions of the Faddeev equations.

Finally, we like to mention that the first exact three-body calculation was
presented by Barbovir and Philips [4], almost two decades ago, in order to ac-
count for final state effects in low energy photodisintegration. Later Lehman et
al. [46] were the first to calculate the electron induced two-body breakup pro-
cess including FSI, using a nonrelativistic expression for the nucleon current. In
both calculations the Faddeev equations were solved, employing a simple non-
realistic separable potential. The lack of accurate exclusive electron scattering
data hampered the continuation of the latter exact type of trinucleon studies.

The organization of the thesis is as follows.
In chapter 2 the one-photon exchange formalism is reviewed. The relevant com-
ponents of the nuclear current are discussed and the off-shell one-body current
matrix elements are derived to accomodate the evaluation of the trinucleon nu-
clear structure functions.
In chapter 3 the Faddeev equations are introduced. To facilitate the numerical
evaluations the unitary pole expansion (UPE) is employed to describe a local

v S-wave spin-dependent interaction in a series of separable potential terms. The
UPE convergence properties for the trinucleon bound state as well for the N-N
and N-d scattering observables are investigated. In view of the electromagnetic
two-body and three-body breakup analysis the half off-shell wave functions for
3N —» Nd and 3N —> 3N scattering are calculated.
In chapter 4 the nuclear structure functions of the electromagnetic two-body
breakup process are derived and exactly calculated. Results are presented and

• discussed for several kinematic configurations studied experimentally in recent
; years.

In chapter 5 the nuclear response functions of the trinucleon breakup process are
j calculated for a momentum transfer Q = 500 MeV/c. The results are compared



with recent experimental data for the longitudinal and transverse response of
both trinucleon systems. The three-body contributions to the response func-
tions result from an essentially fourfold numerical integration of the invariant
electromagnetic three-body breakup amplitude. A detailed derivation of this
amplitude is presented, and the treatment of the subsequent integrations is dis-
cussed.
In chapter 6, at last, an extension is formulated to include D-state components in
the trinucleon bound state as well as in the disconnected final state components
for the two-body breakup process. One kinematic situation which turns out to
be particularly sensitive for addition of final state effects is studied with the
D-state extension. For the three-body breakup process only the PWIA response
is determined with D-state components in the wave functions.
The notation of the three-particle states is defined in the Appendix, together
with the relevant three-particle spin-isospin recoupling coefficients.
The references present throughout this work are collected and listed in alphabetic
order after the Appendix.



Chapter 2

Electro-nuclear reactions

In this work, we study the electromagnetic breakup reaction of the A = 3 nucleus
at intermediate energies. The electron scattering is considered to be quasi-elastic,
i.e. the reaction mechanism is determined by the process of single-nucleon knock-
out. The virtual photon transfers all its momentum to an individual nucleon
such that the final nuclear state consists of one nucleon and a A —1 residual
nuclear system. The incident electron energy is typically of the order of 500
MeV. The momentum transfer varies from 200 MeV/c to 600 MeV/c, while the
energy transfer in the labsystem is generally smaller than 200 MeV, below the
threshold of pion production.

In this chapter we briefly review the one-photon-exchange formalism in order
to derive a general expression for the electro-nuclear coincidence cross section
of the A(e,e'p)A — 1 reaction. Explicit calculation of the cross section requires
knowledge of the electromagnetic nuclear current. In view of this, the general
form of nuclear structure is discussed in detail. To accomodate the calculation of
the nuclear current matrix elements of the trinucleon system, we derive explicit
expressions for the one-body components of the nuclear current.

2.1 One-photon-exchange formalism

The general formalism to describe electron-nucleus scattering is developed in
the sixties. The field was pioneered by Hofstadter [32]. Later Walecka, de
Forest [20] and Donnelly [14] established a rigorous formulation. It is based on
the notion that in a field theoretical description the electromagnetic interaction
can be approximated by the first term of a perturbational series in the coupling
constant a. It should be stressed that terminating this series at the level of
one-photon-exchange is an excellent approximation. Many experimental results
have confirmed the theoretical predictions of quantum-electro-dynamics.

Applied to electron-nucleus scattering the great virtue of the one-photon-
exchange formalism is the way it enables the distinction between the known
quantity, i.e. the electron-photon interaction and the unknown quantity, i.e.
the photon-nucleus interaction, thereby taking full advantage of very general
considerations of Lorentz covariance and gauge invariance.



Figure 2.1: Nuclear breakup into a single nucleon and a residual nuclear system
due to electron scattering in Born approximation.

In the following derivation we use the notation introduced by de Forest [22].
Schematically the one-photon-exchange model can be represented by Fig. 2.1.
The four-momenta stand for:

(he)? = (KiiEe) ; incoming electron,

(^e')n — (ke';iEe>) ; outgoing electron,

(i)v = (Q'i^u) ! transferred photon,

(PA), — (PA]iMA) ; target nucleus,

{PA-\)I1, = (PA-i; iMA_x) ; residual nuclear system,

(P'N))I = (p'N]iEptN) ; detected nucleon.

Energy-momentum conservation requires

i (h-K')li = q, = (p'N + PA-A-PA)l,, (2.1)

* i.e.

•( ke-ke, = Q=p'N + PA_1-PA (2.2)
I Ee-Ee, = u; = ̂  + M;_, - M;.
i
t All evaluations are carried out in the target rest frame: PA = (0; iMA).
\ In order to give a quantitative description we have to start from a first-order



perturbation interaction Hamiltonian. The Hamiltonian density is

H(x, t) = - e j?ctron{$) Af(x, t), (2.3)

where j^IectTon{x) = xpe, 7^ ij>e is the electron current.
The external source Ae**(x) is related to the nuclear current through

(2.4)

In the momentum representation the • operator takes the form of the photon
propagator 1 / ^ .

Given the interaction we can write down the six-fold cross section for the
exclusive A(e,e'N)A—1 reaction [21]

(2.5)
where | i) —\ fcecre; AJA) denotes the initial state consisting of a plane wave elec-
tron state with polarization cre and a target bound state | A) with polarization
3A- Similarly the final state is | / ) = \ k'ea'e; p'^cr 'N; A—ljA-i) • Substituting the
expressions for the currents, the matrix element (/ | H \ i) is written as

{f\H\i) = - /dx(kelae> \ ju(x) \ keae)-^-{p'N(j'N;A- ljA^ \ JNt,(*) I AjA).
J %

(2-6)
Since the interaction Hamiltonian is the contraction of two Lorentz four-vectors,
the resulting cross section can be expressed as the double contraction of two
tensors. Hence, the most general cross section for the A(e,e'p)A—1 scattering
process in the ultrarelativistic approximation for the electron, i.e. k^ = 0, can
be expressed as

ETl^w^^ (2-7)

where a is the fine structure constant and <j£ = Q7—u>2 is the squared momentum-
energy transfer. According to the above approximation ke>/ke = Ee'/Ee.

The electron-photon tensor »/„„ is completely known from QED. For the elec-
tron current we take

ieM = uy(*e')«
c7/» u,{ke). (2.8)

v.,(ke) is a positive energy Dirac spinor with momentum ke and spin s, and
normalized to 1. Summing over final electron spins and averaging over initial
electron spins, the explicit expression for TJ^ is of the form

Ik, = 2EeEe. Yl \ E [«. '(^)7M u>$e)] [uAkch, «.(*.)] , (2.9)

¥•1



where it is essential to understand the four-vector current j * as (j*l!>*/?*)• Eval-
uation of Eq. (2.9) can readily be carried out. The result in the ultrarelativistic
approximation (m2

e m 0) becomes

All the interesting information about the nucleus is contained in the nuclear
structure tensor W^. This tensor is the central object of this thesis. Formally
the nuclear structure tensor can be written as

W»« = EJlS(Ef ~Ei-u)<f\ JNt,{q) | * X / | JNM I * >% (2-11)

where i(f) and Ei(Ej) refer to the initial (final) nuclear state and its energy.
Since we are mainly interested in exclusive cross sections in which one nucleon

is detected, the nuclear final state | / > can be regarded as a complicated
scattering state which asymptotic form is described as a plane wave state for the
nucleon combined with a state containing the intrinsic structure of the residual
nuclear system:

l / > — » I / * ? ' * > • (2-12)

Using relativistic kinematics for the center of mass motion of the outgoing nuclear
fragments we have the energy relation

u> = EP.N + ElR - MA, (2.13)

where

EV'N = y/rt + Mb (2.14)

- P'N)2 + MAl,

It is convenient to introduce the separation or missing energy EmiS3 as a measure
of the intrinsic energy of the pair which is an independent quantity,

'-• Emiaa = MN + MA_t - MA. (2.15)

| Nonrelativistically we have

^ Emis, = EA_i — EA. (2.16)

I 2.2 The nuclear structure tensor W^v

I The unknown quantity J^ is contained in the second rank tensor W^. Before
;• deriving explicit expressions for the nuclear current matrix elements we first de-
\ termine the number of indepedent W^-components. In principle the real tensor
j .

'- 10



WftV has sixteen independent components. Since W is symmetric this number
reduces to ten. As shown in the previous section the nuclear breakup can be
completely determined by three independent four-vectors, i.e. q^, p'N and PA)i,
assuming that only one outgoing nuclear object is detected. In general W^ is
a linear combination of the 6^ tensor and all bilinear terms constructed from
the three independent four-vectors. However, terms in W^ of the form q^ ... or
qv... do not contribute since conservation of the electron current implies that
<ltiTlnv — luVtiv = 0. Thus, due to Lorentz invariance and gauge invariance the
number of independent components in W^v is reduced to four, since the anti-
symmetric component constructed from p'N and PA^ can be ignored due to the
symmetry of 77̂  [21]. This component will contribute in case the polarizations
of the electron are measured. Consequently, the tensor W^ arising in unpolar-
ized electron-nucleus scattering can be expressed in a linear combination of four
scalar function Wj(j = 1,2,3,4):

These functions W{ depend on four Lorentz invariant scalars constructed from
the three independent momenta, i.e. q^q-PA^q-p'^ and P'N.PA- The remaining
two scalars are mass constants. Note again that the incoming target is taken at
rest, PAii=(0;iMA).

Although Eq. (2.17) clearly expresses the decomposition of the tensor W^,
it is not customary to use these scalar functions Wj(j = 1,2,3,4). It is more
convenient to choose a particular coordinate frame and to recast the general
exclusive (e,e'p) cross section into a form, in which the different terms can be
identified quite easily with the various components of the nuclear current.

Fig. 2.2 shows the kinematic structure of the reaction. According to de
Forest [22] we choose a frame of reference which is determined by the momenta
Q and p'N:

h2 = Q,

h/i = h± x Ql I hx x 0 I .

In Fig. 2.2, 7 is the angle between the transferred momentum Q and the outgoing
nucleon p'N, and <j> is the angle between the electron plane and the nucleonic
plane

cos<£ = rij. • (ke x ke,)l I ke x ke. | . (2.19)

11



Figure 2.2: Kinematic structure of (e.e'p) reaction.

All calculations presented in this work are in-plane results, i.e. <f> = 0 or <f> — IT.
The components of the nuclear current are defined with respect to this frame

where

/jvM = \JN,ipN

Jjvk = J N • ni,,

(2.20)

(2.21)

with k = z,±, / / .
In this specific frame of reference we evaluate the tensor product TI^W^

occurring in Eq. (2.7). After some further rearrangements the frame dependent
six-fold exclusive cross section appears as a sum of four terms VjWj :

= PNEP'N
 aMott

(2.22)

[ •?£ cos2 <f> + tan2 ye,)ws\.
\Q2 2 J 1

12



From this result we see that the fundamental <TMott cross section representing
the relativistic scattering of two charged pointlike particles appears as a factor,

<TM<,H = k*2 El cos2(i0e')/<7*- (2.23)

where 9ei is the electron scattering angle,

cos 6e. = ke. • ke (2.24)

In the employed frame of reference the nuclear structure functions can be ex-
pressed in shorthand notation as

wc = <Pi>,
WT = 2 < J ^ > ' (2.25)
Ws = <J2

N//>-<J2
N±>,

Wj = - < PNJN,, > - < JNJ,PN >,

where conservation of the nuclear current,

QJN= u>pN, (2.26)

is used to eliminate the nuclear current component JN2 in favor of the nuclear
charge density p^-

The new set of nuclear structure functions in Eq. (2.25) are linear combi-
nations of the functions in Eq. (2.17) and again depending on four kinematic
variables,

W = W(Q,u,p'N,1). (2.27)

Wc reflects the photon coupling to the nuclear charge, while Ws and WT describe
the photon coupling to the nuclear current component in the plane normal to the
momentum transfer. The fourth structure function Wi is due to the interference
of one of the normal current components, i.e. JN,,, with the parallel current
component JN,.

From Eq. (2.25) we observe that cross terms of the form < JN//JN± > and
< JN,JN± > do not occur. In deriving Eq. (2.22) these elements are of course -;

present, but they are accompanied by a factor sin(^) or sin(2^). Consequently, *
these contributions vanish for in-plane experiments. All present available exper- '£
imental data are taken with this particular kinematic restriction. In the case , |
that ^ ^ 0,7T there is no obvious reason to ignore these contributions. However, | | ;
nuclear structure itself tells us that these contributions vanish. By definition the $••
az imutha l angle (j>p'N = 0. Consequently, t h e az imutha l angle of t h e center of J

mass mot ion of t h e residual nucleus is e i ther 0 or w. In t h e next section we'll
derive that the cross terms < JN^JN^ > and < JN,JN1. > are proportional to ;
sin(i^p) or sin(2<^p), regardless of the explicit structure of the nuclear current

13



component. Here the angle <f>p is the azimuthal momentum component of the
nuclear fragment probed by the photon. If this object is the detected nucleon
itself the cross terms vanish identically. But even if this object is some internal
nuclear state the cross terms vanish due to rotational invariance of both the
target nuclear state and the residual nuclear state. For analogous reasons the
contributions to the cross sections coming from Ws and Wj vanish when the
detected nucleon moves parallel or opposite to the transferred photon [7],

The form of the cross section in Eq. (2.22) depends on the chosen frame of
reference. In the References [13] and [64] a frame of reference is employed, in
which one of the axes is fixed in the electron-plane normal to the momentum
transfer Q. Therefore, the four nuclear structure functions appearing in the cross
section still contain the angle <f> (see Eq. (2.19), contrary to the result obtained
by de Forest, who explicitly extracts all information about the electron from the
nuclear structure functions.

The considerations on gauge invariance require some additional explanation.
Without imposing nuclear current conservation the nuclear structure function
Wj would look like

Wj = < JNZJN,, > —-'- < JN/.JN^ > • (2.28)

Similarly the longitudinal structure function We would remain in its more gen-
eral form, since relation Eq. (2.26) cannot be used to simplify the expression in
Eq. (2.25):

W? *— ~»744 < PN > + J7?s4 < JN.PN > ,„ Ofl.
(2.29)

As long as the nuclear current JN used in the computations satisfies current
conservation the expressions for the W-structure function are valid and replac-
ing QJNZ by upN or vice versa does not make any difference. As soon as the
nuclear current adopted for the calculations is not conserved, gauge invariance
is broken and one encounters the serious question how to proceed. The obvious
answer would be to restore the current conservation explicitly, but this is not
always possible in practice. The nuclear current is a very complicated object con-
structed from one-body currents, which somehow reflect the intrinsic structure
of the nucleons, and from two-body currents, which are reminiscent to interme-
diate mesons and isobar excitations of the nucleon. It should be stressed that
one cannot just take the most complete nuclear current there exists. Closely con-
nected to the current under consideration are the nucleonic interactions inside
the nucleus, since they are related by the current continuity relation

} (2.30)
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Although the issue addressed by this observation is of fundamental origin it
is incompatible with the aim of this thesis, the study of nucleonk final state
interaction effects on the electron induced breakup cross section. To be more
explicit we have ignored the two-body part of the nuclear current entirely. The
reason is that it is not obvious at all how to connect meson exchange current
effects to a nuclear system, which dynamics is essentially treated nonrelativisti-
cally. Since the nucleon-nucleon interaction is not constructed ab initio from a
field theoretical concept, but rather reflects the result of a sophisticated but still
phenomenological fit to the experimental data, one might argue whether meson
exchange current effects are not already incorporated, at least partially, in the
nonrelativistic description.

In conclusion, we will work with a one-body current reduction of the nuclear
current. As will appear in the next section parts of this current are manifestly
gauge invariant. However, the present 7^-vertex in the one-nucleon current is not
conserved, when the momentum-energy transfer at the vertex does not coincide
with real nucleons (p/v)£ = ~M% on both lines. Some arguments have been
formulated in favor of forcing gauge invariance by hand rather than ignoring
the relation Q-JN= ^PN-, and the need to determine the J/^-component of
the current. In the numerical evaluations our working set will be the nuclear
structure functions of Eq. (2.25) together with current conservation of Eq. (2.26).

2.3 Reduction of the nuclear current

To determine the structure of the nuclear current we somehow need to relate
the nuclear current operator to the electromagnetic properties of the nuclear
constituents. Besides the nucleons, the nucleus contains intermediate mesons
exchanged by the nucleons, and short living A-isobar resonances of the nucle-
ons, which decay-processes into ordinary nucleons require a simultaneous isospin-
transferring meson exchange with another nucleon. Although there exists clear
evidence for these non-nucleonic degrees of freedom inside the nucleus, the me-
son exchange and isobar contribution to the nuclear current are assumed to be
rather small at low energies and we will ignore them in the rest of this work. It
should be stressed however that these so-called two-body current terms cannot
be ignored in a complete analysis, since they are essential in constructing a the-
ory in which the electromagnetic nuclear current is consistently related to the
hadronic interactions [24].

Thus, ignoring the non-nucleonic degrees of freedom, the nuclear current is
solely the result of one-body components. It is convenient to write the nuclear
current density at the origin in second quantization and to assume an e.m. in-
teraction between a photon and free nucleons described by plane waves | par >

15



with spin and isospin quantumnumber

JNM = E E c J v v < V'o'r' I rM(0) | par > cp-ffT, (2.31)

where c^OT (c~l(T,T,) annihilates (creates) a nucleon with momentum p(p'), spin
<T(</) and isospin T(T').

In such a scheme we have reduced the task how to construct the nuclear
current to the level of the nucleon current. From this point on the relevant
quantity is the matrix element

< p V V \Tlt\p&T>. (2.32)

Although nucleons in a nucleus are bound and consequently will be off-mass-
shell, it is an essential assumption of this model that the interaction takes place
with free nucleons i.e. the nucleons obey the relation p2 — E2 = — Mjy. Thus
the nucleons are described by plane wave solutions of the free Dirac equation
(i~fnP,i + Mpi) Ua{p) = 0, where Ua(p) is the four component Dirac spinor

>. (2.33)

Here, \<r is a two-component Pauli spinor and the components of a are the Pauli
matrices.

2.4 The nucleon current
The general structure of the on-mass-shell free nucleon current is [6]

Assuming energy-momentum conservation at the vertex and current conser-
vation implies F] = F2, since then

Thus, the nuclear current can be written as

UYfl = iU(p') ly^Fi + KF2) + i(j

where we have made the common identification

r , = T2 = KF2(qi)/2MN

16

=p'l-p

f 7 O "2M,

\MN

(2.35)

(2.36)



F\ and F2 are the electomagnetic form factors of the nucleon. We'll discuss these
factors in the section 2.6. It is convenient to eliminate the vector (p + p')^ in
favor of cr^p — p')u = —v^qv by means of the Gordon reduction of the current
and we write down the equivalent current

^ } (2-37)
In the derivation of both currents energy-momentum conservation and current
conservation are essential conditions. Furthermore, it is based on the assumption
that both nucleons are free. When this latter condition is relaxed the most
general nucleon current will contain considerably more structure [5] and as a
consequence one needs more than two forms of operators in constructing the
nucleon current. Also the electromagnetic form factors will be modified in going
off-mass- shell.

At this point we observe that the construction of a consistent and unambigu-
ous one-body current certainly should be addressed to as a serious conceptual
problem. However we will not discuss this issue since it does not coincide with
the goal pursued in this work. Rather we need a one-body current which on
the one hand does not violate the basic requirements like current conservation,
four-momentum conservation and Lorentz invariance too severe and on the other
hand can be put into practice rather easily. In view of this we have adopted the
description developed by de Forest [22]. In his description the nucleons are still
represented by free Dirac spinors, although one nucleon is initially bound. As a
consequence energy conservation at the vertex is no longer satisfied, i.e.

w ̂  w, (2.38)

with

(2.39)

Consequently the currents in Eq. (2.35) and Eq. (2.37) are no longer equiv-
alent. We restate the first current analogous to the second current,

w —

E' =

E =

v1 =

E' -E,

-*

(2.40)

[ ^ ] (2-41)

where qu = (Q;iuj).
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As a consequen.-e of using free Dirac spinors for the active nucleon the current
is also no longer conserved, q^j^ ̂  0, since at least

p'K U(p) jt 0. (2.42)

The advantage of the current in Eq. (2.41) is that the cr^qv-term is manifestly
gauge invariant, whereas the a^q,,-term is not. Nonetheless we encounter a
serious problem, should we use the complete current and ignore the lack of
current conservation or rather should we somehow restore the conservation law,
thereby omitting at least part of the one-body current.

As mentioned before, to achieve a consistent nuclear current with a nuclear
current satisfying gauge invariance we need to incorporate two-body current
components. As soon as we neglect them, it is better to correct the one-body
components towards restoring gauge invariance than leave them as they are.
This is done in an ad hoc way, i.e. by eliminating the longitudinal component
JQ in favor of the charge

JQ ~ ^P- (2-43)

The argument to eliminate JQ rather than p is given by the generally accepted
assumption that the predictions for the charge density are better understood.
More detailed arguments are discussed by de Forest [22].

To summarize, we suppose that the nuclear current is composed from one-
body current terms. Furthermore, it is assumed that the nuclecns can be repre-
sented by free Dirac spinors. However, the prize to pay is loss of energy conser-
vation at the photon-nucleon vertex. Consequently the one-body current is no
longer conserved. Of course energy conservation between the nuclear initial and
final state is still fulfilled, but the contraction 'q^W^ is no longer manifestly
Lorentz invariant. The latter point is not serious since we carry out all evalua-
tions in the target rest frame. On the level of nuclear structure functions gauge
invariance is imposed again by eliminating JQ in favor of p.

The actual nuclear breakup calculations are done in the momentum repre-
sentation. Computing the current matrix elements requires expressions which
explicitly show the momentum dependence. Before doing so we first pinpoint
the difference between the currents expressed in Eqs. (2.40) and (2.41). They
differ in

9 , - ^ = (0;^-w)) . (2.44)

and consequently

1,-3. = U(P') (<V.(" - « ) ^ ) U(P). (2.45)

From the antisymmetry of a^ it follows that p = p. The gauge invariance
prescription subsequently tells, that We = We- The derivation of the current
amplitudes is straightforward. It requires the evaluation of the matrix elements

UU, UlkU, Uf4U, UlAlkU.
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With these, we can derive the current matrix elements, which manifestly
depends on the nucleon momenta p' and /Tand the four-momentum transfer q^.
In doing so, we employ the following notation

< P V \h\P*> = x!. [S°k + iSka] X l , (2.46)

<p's'\p\ps> = xl[S°p + iSpa}X,, (2-47)

where jk is understood as /• hk, (k = z, //, _L).
The explicit expressions for the components 5 of the barred current in

Eq. (2.40) are

S°p =

S°k = €(&,£){[{£?+ MN)p-nk + (E + MN)pl-nk]{F1 + KF3), (2.48)

- ((?' + P) • nk) [{E> + MN){E + MN) - p- p'\

The lower index labels the component of the current, while the upper index
labels the component of the Pauli spin matrix (( = z, //, JL). The factor c(E\ E)
is a common factor,

(2.49)

From the barred components 5, we can easily derive the unbarred components
S, which refer to the current in Eq. (2.41):

SO ~c&

P = 6 P '

S'p = 5, , (2.50)

S< = si-c(E'E)[[((E + MN)p' + (E + MN)p)xhk}-ht)(u,-u)^-.

To get a better understanding of the several current components we make a
nonrelativistic reduction by expanding the quantities S in a series in parameter
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Up to order 1/A/jy we find

S°p = F1-(F1 +
N

(-±T), (2.51)
MN

S% = Fl(2p'-$). s

S(
k = ( F 1 + « ^

These nonrelativistic expressions are valid for both currents since we assume
that uJ — u) is of order 1/Mw, and consequently the current difference is of order
(1/A/jy). The dominant term clearly is the direct charge contribution Fj oc-
curring in 5°. The leading terms in Sk are recognized as the convection current
(S°) and the rotation of the intrinsic spin magnetization y x fi(x) (the term S'[).
The 1/Mjv contributions in Sp are the well known Darwin-Foldy term (remaining
part S°) and spin-orbit terms (51').

2.5 Off-shell electron-nucleon cross sections

The previous section summarizes the results for the one-body components of the
the nuclear current. The quantities 5 form the interior part of a numerical code,
since they are fully embedded in the overlap of the initial and final nuclear wave
functions. Only the plane wave impulse approximation (PWIA) model offers
us the possibility to make a further analysis of the electromagnetic part. This
approximation, simple and in specific kinematic regions very powerful assumes
that the outgoing nucleon is directly knocked into a final plane wave state
I ?NcrJVrJV >• Consequently the e.m. interaction factorizes from the compli-
cated nuclear overlap and we can express the PWIA cross section as

The nuclear spectral function S{pm,Em) will be discussed in chapter 4. The
quantity cre^ is the (half) off-shell electron-nucleon cross section, first introduced
in Ref [11],

<?eN = <TMott(vCtVc + VTWT + VSWS + V[W[). (2.53)

Although some analogy between the functions v and w does exist, the actual
calculation of the latter is much more elaborate. Like the T}^ components the
tensor w^ follows from the evaluation

- \ E < P's> \ r » \ P s >< P>s> \ T » \ P S > * . (2-54)\
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owever the nucleon current is more complicated than the electron current. Fur-
hermore the nucleon mass Mpj can not be neglected. Fortunately we have
erived explicit expressions for the current matrix elements from which the w^
omponents can be computed quite easily.

De Forest [22] presents a detailed discussion of the characteristic behavior
>f certain classes of (half) off-shell eN cross sections. Therefore we suffice with
tating the final results for the relevant combinations of the photon-nucleon
ensor.

we =

2EE'

ws = (2.55)

ire the functions which correspond to the current from Eq. (2.40). The energies
E and E' are the energies of the nucleon before and after the electromagnetic
nteraction. Eq. (2.41) leads to

wc = wc,

(2.56)

wi =

Phe nonrelativistic reduction of the current leads to

wc
r =

= -2p'
N

o
o
0

o
A
A

I
(2.57)
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Figure 2.3: Half off-shell electron-nucleon cross sections. The solid and
dashed curves represent the cross sections &{' and <T% from respectively
Eq. (2.55) and Eq. (2.56). The dashed-triple-dotted curve shows the cross sec-
tion <Tnr (Eq. (2.57)), while the dotted curve shows the cross section <rs [51]. qph
denotes the momentum transfer.

Like de Forest [22] we have studied the implications of using different currents
for the resulting off-shell cross sections. The results are plotted in Fig. 2.3.
For reasons of comparison we have added a completely different off-shell cross
section <rs, which has been extensively used by the Saclay group for a couple of
years. crs is originally introduced by Mougey [51] and results from a different
conceptual approach. However, we will not discuss this point, since at present
most groups, including the Saclay group, employ one of the cross sections acc

expressed in Eq. (2.55) or Eq. (2.56). In computing the plotted results we have
confined ourself to kinematic regions which are of interest for the two-body break
up reaction of 3He. Therefore we took for the separation energy E, — 5.5 MeV,
while the recoil was Erec = {{Q - p'Nf + 4M&)1'2. The four sets of (Q,Ed)-
points are more or less representative for the current experimental situation.
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Furthermore, increasing the electron energy does decrease the differences. From
Fig. 2.3 it is clear that there is no significant difference between a" of Eq. (2.55)
and oC2 of Eq. (2.56) in any of the kinematic regions. On the other hand as

and anT show a rather large discrepancy with the <7ec-set. At the high Q-value
anr is even not close to acc at the most on-shell point, 7 = 0. Because of the
close similarity of <T[C and of we decided to make a definite choice for one of
them. Since the current amplitudes in Eq. (2.48), from which a\c results, have
the simplest structure, we performed all the calculations with the current of Eq.
(2.40). But this choice should be regarded as a matter of taste.

2.6 Electromagnetic form factors

For a pointlike particle with charge e, such as the electron the magnetic moment
is precisely one unit of the Bohr magneton

However, electromagnetic interactions of mesons and nucleons are influenced by
their strong interactions. This property is reflected by anomalous values of the
nucleonic magnetic moments. The proton magnetic moment is 2.79 UBI whereas
a neutral Dirac particle would have zero magnetic momentum. On the level of
the nucleon current the modified e.m. coupling is expressed by adding a magnetic
dipole term —«y/g/2 cr^F^ to the standard e.m. interaction of a Dirac particle,

- tA^) with

KP = 1.79 and nn = -1.91. (2.59)

Another fundamental difference between electrons and nucleons is their internal
structure. The electron is still regarded as a structureless, pointlike (re <C 1 fm)
particle, whereas the nucleon is a finite sized (rN ~ 1 fm) and composite object.
The nucleonic constituents, quarks and intermediate gluons, cannot be isolated
experimentally, however clear and unambiguous evidence for the existence of
subnucleonic objects has been provided by numerous experiments in the last
two decades. On the level of e.m. interactions these nucleonic characteristics
are expressed by the Dirac charge and Pauli anomalous magnetic form factors
F\ and F2. In principle these factors are functions of the squared masses of the
incoming and outgoing nucleons and the transferred photon. Since it is assumed
that the nucleons can be described by free Dirac spinors the form factors only
depend on q^ = Q2 — u>2. Within the isospin formalism, we can separate F into
a isoscalar and a isovector part

F = FS + T2FV. (2.60)
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Here iz is the nucleonic isospin, +1 for the proton, —1 for the neutron. The
proton and neutron form factors follow from the projection

Fp = PPF = FS + FV,

Fn = PnF = Fs-Fv,

where
PP = 5(1 +r , ) ,
P = 1(1 - T )

Sometimes it is convenient to use the e.m. Sachs form factors defined by

GE = Fx- T772-K^2, (2.63)

GM = FI + KF2.

The experimental determination and theoretical description of the nucleonic e.m.
form factors have been the subject of many discussions in the literature during
the last two decades. The proton form factors Fp and neutron Pauli form factor
F2n have been determined experimentally with very high accuracy.
In contrast, extracting reliable values for the neutron charge form factor Fin

from the experimental data is not trivial at all. Since the neutron is neutral, Fin

is one or two orders of magnitude smaller than the other form factors. Further-
more, it is not possible to prepare an experiment in which Fln can be measured
directly, rather Fin always results from an analysis in which large and almost
equal numbers cancel.

Fig. 2.4 shows four theoretical predictions, each of them presenting a best
parameter fit. All calculations presented in this work are performed in the q^-
region .05 — .25(GeV/c)2. From Fig. 2.4 we see that there is only a marginal
difference between the parametrizations, except for jPjn, but this factor is small.
In view of this observation we decided to perform the calculations with only one
parametrization, i.e. set 8.2 of Hohler et al. [33]. To get the proper numerical
accuracy we used a numerical routine set at our disposal by Hohler. The analysis
of Hohler et al. represents a datafit over a range of q^ values up to 5 GeV. Their
parametrization is based on a meson exchange model. The parametrization
presented by Gari is based on a model which connects quark dynamics at large
q^ to meson dynamics at low q^. The Gari form factors showed in the figure are
obtained from the parameterset in which his I\QCD parameter is fitted to 0.287
GeV.

2.7 Concluding remarks
To conclude, we have presented a general form for the coincidence cross section of
the A(e,e'p)A—1 reaction (Eq. (2.22)), such that the relevant information about
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Figure 2.4: Nucleonic electromagnetic form factors Fi and KF2- The form
factors due to Hohler [33] are represented by the solid line. The other curves are
parametrizations from Ref. [37] (dashed curve), Ref. [34] (dashed-triple-dotted
curve) and Ref. [25] (dotted curve).

the nuclear states are contained in the various nuclear structure functions W. To
determine these functions, we have expressed them into combinations of the nu-
clear current components, thereby employing a frame of reference introduced in
Ref. [22]. In view of our purpose to carry out an exact analysis of the electromag-
netic breakup reaction of the A = 3 system, considering only nucleonic degrees
of freedom, we have ignored the two-body components of the nuclear current.
For the one-nucleon current matrix elements explicit expressions (Eqs. (2.48)
and (2.50)) are derived, which can be readily adopted in the evaluation of the
breakup of the A = 3 system. Before turning to such a calculation , we first need
to discuss the form of the wave functions of the initial and final nuclear states.
This is done in the next chapter.
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Chapter 3

Three-nucleon dynamics

The analysis of the two-body and three-body breakup reaction requires knowl-
edge of the initial and final trinucleon wave functions. Three-nucleon dynamics
is exactly described by the Faddeev equations. In this chapter we present explicit
forms for the various wave functions, which appear in the electromagnetic anal-
ysis. These are the trinucleon bound state wave function and the half off-shell
3—>2 and 3—>3 scattering wave functions. The wave functions are constructed
from the Faddeev amplitudes, which are determined by solving the Faddeev
equations. For purposes of numerical evaluation we have adopted the separable
UPE method to descibe a realistic local S-wave spin-dependent potential. To
determine the validity of employing the UPE method, we have studied the UPE
convergence properties of the N-N and N-d scattering observables and trinucleon
binding energy.

3.1 The Faddeev equations
Starting from the S-matrix, which contains all relevant information about a
quantummechanical scattering process, it is convenient to define the T-matrix
according to

(f\S\i) = (f\ i) - 2 « { / | T | i)S(Ef - Et), (3.1)

where | i) and | / ) denote the initial end final state of the system. Formally the
T-matrix is related to the full Greens function operator

G(z) = [HQ + V-z}-\ (3.2)

through the operator equation

T(z) = V- VG{z)V. (3.3)

Here V describes the interaction and is assumed to be given by pairwise in-
teractions. Ho is the kinetic energy operator. The argument z is an arbitrary
complex-valued number. Eq. (3.3) is casted into the Lippmann-Schwinger (LS)
equation

T(z) = V- VG0(z)T(z), (3.4)
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after expanding G(z) in a series of the resolvent operator Go(z)

(3.5)

In the case of the two-nucleon system, assuming that V only depends on the
relative coordinate, the LS-equation can be solved analytically or numerically.
In the momentum representation we have

t(pp'l3; z) = V{pp'P) - I dp" V(pp"/3):p^—;t(p"p'/3; z), (3.6)

The relative momentum p and remaining quantum numbers /? are defined and
discussed in the Appendix. The two-nucleon ^-matrix only acts in channels
allowed by the Pauli principle. This implies that t(pp'ft\z) corresponds to the
matrixelement

A < pfi | t{z) | p'p >A, (3.7)

where the upper index A denotes the use of antisymmetrized states as defined in
the Appendix. The potential V does not affect the quantum numbers contained
in /?.

To calculate the nuclear structure functions from the previous chapter for the
A = 3 system, we need both the three-nucleon boundstate and the half off-shell
scattering wavefunctions. To determine these functions, we explicitly make use
of the Faddeev equations. Assuming that

V = Vj + Va + V3.

and decomposing the T-matrix as

(3.8)

the Faddeev equations can be formally written as

T3(z) )

0 *,(*) tt(z)

ta(z) 0 t2(z)

h(z) t3(z) 0

G0(z) (3.9)

To decribe the scatteringprocess of distinguishable particles we need to determine
the matrixelements [18]

i(f I Ujm | i)ra, (3.10)

where
Uim{z) = E H -*EVkG(z) E V(. (3.11)

The initial state | i)m either describes a scattering state with a bound subsystem,
| ociq{{li)m (m = 1,2,3) or a state of three free nucleons | Piq^i) (m = 0).
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Similarly for the final state j{f |. The relative momenta p and g*and the spin-
isospin quantum numbers contained in /3, are defined in the Appendix.

Thus Eqs. (3.10) and (3.11) describe rearrangement scattering OV0, m^O),
breakup (j ̂  0, m = 0), capture (,;' = 0, m^O) and free-free scattering (j = m = 0).
In the latter case we have

Uoo{z) = T{z) = Tl{z) + T\z) + T3{z). (3.12)

For identical particles the initial and final states must be completely antisym-
metrized. Using Eqs. (3.20-3.23) we find

Mrearv. = § Em f(a/QfPf I ̂ jm I ai<lifii)mi

M/ree-/>ee = Em fiPfffPf I Uo0 | Pi£A)mi

where the factor l/\/2 is due to the normalization of the state | aq/3)A. The
sub-index on the states refers to the pair-system, which contains the proper
symmetry. Evidently the amplitude M is independent of the indices j and m.
One summation in Eq. (3.13) can therefore be removed trivially: Ej is carried
out by fixing j and multiplying by a factor 3, i.e. the number of equivalent
contributions. However, when we have fixed j , we cannot drop the summation
over m, since it accounts for the different contributions from the direct and the
exchange diagrams.

To compute the amplitudes M we have to determine the matrix elements
Uap. In order to get a useful expression for Uap we introduce a more extended
decomposition of the LS T-matrix,

T?{z) = VkSu - VkG(z)Vt, (3.14)

with the property
If (Z) — 1 {Z). (6AC>)

With the aid of Eqs. (3.9) and (3.3) we obtain integral equations for these com-
ponents,

Tf(z) = tk(z)Skt - tk{z)G0{z) £ TT(z). (3.16)

• The matrix elements from Eq. (3.11) can be expressed in these components.
a Using Eq. (3.14) leads to

(3.17)

• which can be rearranged as
t
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Evaluation of the first term is easy, since it is free of loop-integrals. Moreover,
in the breakup case this term vanishes because of energy conservation. Before
we turn to an analysis of the remaining contribution it is necessary to realize
that the determination of the electromagnetic two-body breakup process essen-
tially requires the knowledge of the scattering amplitude, which describes the
transition from an off-shell three-particle state to an on-shell nucleon-deuteron
final state. If time reversal is not violated this is equivalent to determining the
breakup amplitude to an off-shell final state. To describe the electromagnetic
three-body breakup process we similarly need the half off-shell free-free ampli-
tudes. These will be determined in section 3.6.

The electromagnetic two-body breakup amplitude will turn out to be pro-
portional to

?(MiPi I £ Tt(*) I «/«/0/>t (3-19)
k(m

k?l
The correct proportionality factor is determined later. Inserting a complete set
of states (Eq. (A. 18)) we restate Eq (3.19) as

I £ [dj Tt
k(z) | arfffr)*, (3.20)

where we have used that

<pWA I HP)* = iPi&Pi I P«P> (3-21)

for i ^ j 7̂  k ^ i.
Following Kloet [42] we introduce

U(pqP) = \ E * W I T?(z) | QfqiPj)t (3.22)
Mm

Applying Eq. (3.16) and again inserting a complete set, we find that U satisfies
the integral equation

Utfffl = \ £ ttfff I tk(z) I arffPAi (3.23)

vdq \n E

where we used Eq. (3.21) one more time . Finally, due to the permutation
property

Pitj(z)Pi = tk{z), (3.24)
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we obtain

q —

(3.25)

M*) I /?'« W U(p'g'P').

The integral equation for U in Eq. (3.25) is derived without making any
restrictions or assumptions. The solution of U enables us to determine the most
general off-shell scattering amplitude with an initial or final N-d state. However,
in practice we need to truncate Eq. (3.25) to a limited number of channels. First
we restrict the N-N interaction to only the S-wave channels. This implies that
in the active subsystem the angular momentum number ip = 0. From the parity
requirement stated in Eq. (A. 17) we thus observe that the remaining subsystem
quantumnumbers /3P = sp + tp must be odd. This reduces Eq. (3.25) to two
sets of two-dimensional integral equations for each partial wave number of the
spectator momentum q. A coupled set for the spin-isospin channels XtVt a n c '
xivit a n d a n uncoupled set for the spin quartet channel Xt7!,- Scattering in the
xtvt channel is avoided due to the isospin-singlet nature of the deuteron. This
scheme has been presented and discussed in full detail by Kloet [42].

3.2 UPE-description of S-wave local potential
Eq. (3.25) for the half off shell rearrangement amplitude is derived for a pairwise
local interaction. In view of our purpose to develop a numerical analysis of
final state effects in the electromagnetic three-body breakup process, we have
considered a separable approximation of a local S-wave interaction. The great
advantage of such an approach is that Eq. (3.25) can be further reduced to a one-
dimensional integral equation. In computing the half off-shell matrixelements of
the free —• free Uoo transition operator this is a necessary restriction in order to
keep the numerical evaluations practically feasible.

We adopted the unitary pole expansion (UPE) [31] to describe the local
interaction. It is known that already the first tern of this expansion, i.e. the
unitary pole approximation (UPA), gives a fair description of trinucleon binding
energy [31,3]. If the convergence rate in describing N-N phase shift parameters is
equally fast, then the UPA can be regarded as an ideal tool in computing three-
body scattering observables and electromagnetic disintegration phenomena.

In the remainder of this section we briefly recall the UPE-method and discuss
its ability to reproduce two-body scattering observables.

The homogeneous Lippmann-Schwinger equation for a central interaction,

n 3n(P; s) = -4x jf° dp'V(p, p')-^-—gn(p'; s), (3.26)
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describes a physical bound state if there exists an eigenvalue An = 1 for some
s = EB < 0. In the UPE-method the potential is formally expanded in a
complete set of eigenfunctions of the LS-equation

v(p,P') = -f:Us)g»(p;s)9n(p';s). (3.27)
n=l

The UPA-term corresponds to the first term of this series. The orthogonality
relation which connects Eq. (3.26) and Eq. (3.27) is given by

;s) = 6mn. (3.28)
p' — s

In principle s is a free parameter. But if a bound state exists it is natural to fix s
to the corresponding energy, such that the bound-state wave function coincides
with the leading eigenfunction. Thus for the triplet channel the .s-value is fixed
at the deuteron energy Ed, which value is about —2.225 MeV. The corresponding
deuteron wave function becomes

^ d ) . (3.29)

The normalization constant Nj is determined according to

Jdp\<j>d\
2=l. (3.30)

The deuteron is the only possible bound state, since a separable potential can
describe at most one bound state.

The parameters of the singlet channel do not allow for the existence of a
bound state, but they give rise to a narrow resonance just above threshold, the
virtual- or anti-deuteron state. Choosing the s-value equal to 0 will lead to a
largest positive eigenvalue just below 1. But one can as well fix the singlet s-value
to the deuteron energy, which leads to a somewhat smaller largest eigenvalue.

The major part of our results is calculated with the .s-value in both chan-
nels fixed to the deuteron energy Ej. In some situations we have studied the
sensitivity of choosing the singlet s-value equal to 0 MeV. Doing so is explicitly
mentioned in the text.

In selecting a separable potential, the two-body (-matrix also takes a sepa-
rable form. After a partial wave decomposition Eq. (3.6) becomes

t<(PP'P; *) = Vt(PP'P) ~ 4^ /°° dp" Vp(pp"P)-f—tt(p"P'!3; z), (3.31)

where
t(pp'0; z) = J2(2£ + l)Pt(p- p'Mpp'P; Z). (3.32)
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MT I - III

HA [s/Mlv]
\A [\fMeV]
ftR [y/MeV]

Afl \VMeV

10.

4.1

20.

11.48

10.

4.999

20.

11.48

Table 3.1: Parameters of MT I-III potentiaa! [47].

In UPE the S-wave t-matix can be written as

t(pp'; z) = fffc(p'),
i*

where r ^ can be directly obtained from matrix inversion

- l

(3.33)

(3.34)

For real postive z-values the i-matrix is complex valued.
Two important features of the UPE-method should be mentioned. Due to

the construction by itself the UPA i-matrix already contains the entire local
f-matrix in the neighborhood of the deuteron point. Increasing the number of
terms does not affect the position of the deuteron pole. Furthermore, in the
continuum region the UPE ^-matrix is unitary for any number of terms. This
property is due to the fact that the expansion of the potential is symmetric and
real in each term.

In the remainder of this work all formula are derived and presented employ-
ing the unitary pole approximation. Equation (3.33) can simply be used to go
beyond UPA. Doing so only requires correct bookkeeping.

The local potential we have adopted as N-N input is the well known Malfliet-
Tjon potential, set I-III [47]. In both channels it is described by a spin-dependent
central Yukawa-type interaction

V{r) = _ (3.35)

Despite its simplicity it gives a surprisingly good fit to the two-nucleon scattering
observables. To be self-contained we list its parameters in table 3.1. The UPE-
eigenvalues for this potential, obtained according to Eq. (3.27), are listed in
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A - UPE

1

2

3

4

5

6

7

8

A >0

1.

.159329

.061723

.032556

.025143

.015174

.010552

.006548

s = Ed

A < 0

-1.970470

-.367408

-.075586

'So,

A>0

.626569

.097967

.037879

.019956

.012373

.008238

.007501

.005228

s = Ed

A<0

-2.605216

-.534540

-.143338

-.027930

'So

A>0

.926828

.11468C

.041807

.021438

.013080

.008692

.007507

.005573

,s = 0

A<0

-2.685485

-.537293

-.143557

-.027955

Table 3.2: UPE-eigenvalues

table 3.2. For the singlet channel we have calculated two sets for different values
of the parameter s.

Independent of the number of integration points, at most four negative eigen-
values exist in each channel. From here on we will indicate a specific UPE-term
through ((ntp,ntm)3Si, (ntp^tm^So) where ntp(ntm) refers to the number of
positive (negative) eigenvalues retained in the expansion. For example, UPA is
(1010).

To study the convergence rate of the separable expansion in the scatter-
ing region we computed the N-N phase shift parameters in both channels and
compared their values with the phase shift parameter obtained with the local
potential. The results are shown in Fig. 3.1. The number of retained eigenval-
ues is increased from (10)-UPA to (53)-UPE. The deviation between the result
calculated with the (53)-UPE expansion and the local result is merely numerical
inaccuracy. Also the (22)-UPE expansion gives a satisfactory description, which
is an important result, since the three-body codes are updated for at most eight
eigenvalues. The UPA-results are not that good, but still reasonable, at least
in the low-energy region. One should remind that the phase shift is a sensitive
observable with respect to the employed type of potential. Note that in the
singlet-channel the UPA-curve for s = Ej displays a better convergence than the
curve for s = 0. This result is somewhat surprising in view of the fact that the
latter choice clearly exhibits a larger first eigenvalue. Apparently this in itself
does not guarantee a better convergence to the local ^-matrix.
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Figure 3.1: N-N phase shift parameter 6Q. The crosses represent the exact
result for the local MT-interaction, set Mil [47]. The curves show the results
for the various UPE-combinations. The dashed curve corresponds to UPA, the
dotted curve to (ll)-UPE, the dashed-triple-dotted curve to (22)-UPE, and the
solid curve to (53)-UPE. The dashed-dotted curve present only in the figure for
the singlet parameter results from a UPA calculation with the s-value set to 0.

3.3 The scattering wave function

In this section, we describe the calculation of the continuum wavefunction, em-
ploying the UPA-separable potential.

Assuming an iteration procedure in Eq. (3.25), we can construct the so-called
multiple scattering series. In diagrammatic form, this series can be represented
like in Fig. 3.2.

The first term of this series is called the disconnected term. This term is
not included in Eq. (3.25). The corresponding scattering wave function can be
written as

dqjfij) = (3.36)
n=0 1

where p, q denote off-shell momenta. The lowest order term B^ is treated
separately from the rest, since it contains a delta-function for the spectator
part. Its form is

- qS) (3.37)
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q * q r-, q n q,

Figure 3.2: Scattering series in diagrammatic form

where (p^ is the normalized deuteron wavefunction expressed in Eq. (3.29).
The second term B^ is connected and will serve as the driving term of the

multiple scattering series. Indeed this term is proportional to the inhomogeneous
term in Eq. (3.25).

Yet we drop the antisymmetrization label, keeping in mind that the scattering
only acts in subsystems with definite parity ( —j^+^+'p = —1. Inserting the UPA
form of Eq. (3.33) for the two-particle ^-matrix, we can express B^ like

I;AM* -??;A)* ( 1 )(f lA I qiPj), (3.38)

where
(3-39)

ft 9{v'v Will ~ 9"i)i(A I Pi)* MPzWq's - ?/)•

Using Eq. (A.22) we express p\ and p'3 into ^ and q'3 and we carry out the
integrations, fixing the index n, present in Eq. (3.39) to 1 or 3. The result is

(3-40)

This term is called the rescattering contribution. For each disconnected diagram
there are two rescattering diagrams, so we multiplied ty'1' by a factor 2. Evi-
dently, ty'1' depends only on q,q/ and q\ • qj and, anticipating on the iteration
procedure, we perform a partial wave decomposition in Legendre polynomials

(3.41)

Turning to the multiple scattering series we immediately observe that the
(n+l)<;i-term can be found by iterating the n'^-term with the kernel of Eq. (3.25).
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Figure 3.3: Rescattering or inhomogeneous spectator function for the N-d
breakup process. The solid curve belongs to an energy scm = 25 MeV. Dashed
and dotted curve represent scm = 5. and 100. MeV. The horizontal axes are
scaled to scm — 25 MeV. The meaning of the indices is explained in the text.

In terms of the \P'n ' functions we have

*(n+1)(9iA I Ml) = ~ 2 £
0'

where the kernel A' is

\q3P) = J dPs *(9i - <?i) ,
,2

(3.42)

(3.43)

Again using Eq. (A.22) we find for the partial wave coefficients of the kernel K

4 f ' Pt{xw)
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The recoupling coefficients in Eqs. (3.40) and (3.43) can be found using Eqs.
(A.28) and (A.30). Only a limited number of the coefficents is involved and
we repeat their values for clarity. In spin doublet scattering we have \{xiTli I

In spin quartet scattering we have i{x1vi I X?V»)3 — ~\- Application of some
standard properties of Legendre polynomials and spherical harmonics, i.e.

m=-<

(3.45)

yields the final expression for the /'A-partiaI wave component of

- Sir ^ fdqWJKdqih I &P) r(z - q'h fi)^W I tlPj)- (3-46)
J

When these components have been calculated, the final state wave function
stated in Eq. (3.36) can be reconstructed as

Pf) ~ (3-47)

-5-i 9(puf3i)r(z - ql, /?,) f > + 1) P,(ft • q,) f ) *<n)(?1/S
Pi + 9l ~ ^ t=0 n=l

where the energy-argument z corresponds to scm + ie.
The multiple scattering series generated in this way is in general not conver-

gent. The method of Pade approximants offers an excellent procedure to obtain
a consistent solution for Eq. (3.25), even if the series expansion itself is divergent.
For an introduction of the Pade method on three-nucleon scattering, the reader
is referred to Tjon [63]. Application of the Pade method to the elastic N-d scat-
tering process, analyzed with local interactions, has been studied by Kloet [42]
Our findings for the UPE separable potential are almost identical with the results
for the local potential and therefore we suffice with some practical observations.
We only looked at the [N, N] approximant. To obtain this value 2N+1 term of
the multiple scattering series are needed starting with the B^ term. This re-
quires 2N iterations. It is expected that the Pade approximants converge faster
if the series is more convergent. The less convergent series occurs for low partial
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Figure 3.4: Real part of multiple scattering specator wavefunction for the N-d
breakup process. For further explanation see Fig. 3.3.
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waves at energies just above breakup threshold for the case of doublet scatter-
ing. Here we need the [6,6] approximant to obtain a consistent result. Going
to higher energies or into higher partial waves leads to more rapid convergence.
Quartet scattering requires fewer iterations than doublet scattering. Since this
one-channel scattering process is essentially repulsive we loose numerical stabil-
ity beyond the [5,5] approximant. However, the [4,4] approximant turns out to
be sufficient. Whether the found solution was numerically consistent could be
checked easily by substituting it into the original equation. The numerical agree-
ment at the mesh points of the qrgrid was found to be excellent. Of course, due
to the discretization, the numerical solution is only an approximation of the real
solution, but except for very small spectator momenta, the numerical solution is
hardly sensitive for variations of the integration parameters.

To get an idea of the form of the spectator wave functions we have plotted
the rescattering spectator function in Fig. 3.3 and the multiple scattering spec-
tator wave function in Fig. 3.4. In all three figures, the meaning of the indices
around the wave function symbol is according to sijy^ . The three curves in each
subfigure belong to the energies 5., 25. and 100. MeV. The results are scaled
to Scm = 25. MeV. Clearly visible in the scattering wave functions is the cusp
structure at qj = yfscm, indicating the three-particle scattering threshold.

3.4 Singularity structure
In the (numerical) analysis of the iterative procedure one encounters serious
problems due to the presence of singularities in the integrand. A correct treat-
ment of these singularities is essential. Basically there exist two completely
different methods to tackle the singularity structure. In the first method the
path of integration is shifted into the complex plane. Due to Cauchy's theorem
this is allowed when one chooses the proper contours with respect to the poles
and branch cuts. It requires analytical continuation of the integral equation into
the complex plane and subsequent determination of the solution for complex
momenta. Finally the physical solution is obtained by iterating the complex
solution one more time.

In our analysis we used the second method, which in our view is much more
straightforward. By means of subtraction techniques the singularities are ar-
ranged into forms, which can be treated analytically. For example, numerical
evaluation of the principal value integral

0 (3-48)
where the function / is regular in p, can be done by rewriting the integrand as

y = Pj^-Hf + /(v^/^-rU (3.49,

40



The first integral is completely regular and can be done with standard numer-
ical integration techniques, while the second integral can be performed analyti-
cally. Often the equations are casted in such forms that the integration is over
the entire positive real axis. Consequently the second integral in Eq. (3.49), i.e.
the correction integral, vanishes. From both Eqs. (3.48) and (3.49) it is obvious
that s = 0 is a special point. Considering s as the kinetic energy available in
the subsystem with momentum p, the point s = 0 marks the threshold for tran-
sitions into the continuum region. This feature shows up as a l/y/s structure
in the analysis of Eq. (3.48) around s = 0, but the full result of course strongly
depends on the specific behavior of the function f(p).

The Greens function occurring in Eq. (3.44) requires an additional analysis,
due to the special choice of integration variables. The basic form of Eq. (3.44) is

Anticipating on the result, a factor ^qq' is extracted from the Jacobian, present
in the integral equation. Although Pe(x) can be absorbed by / , we prefer to keep
it apart in order to have a better control over the rapid oscillations for higher
partial waves in the subsequent iterations. We rewrite Eq. (3.50) as

ldxP((x)tt
x — x,

+ fri Pt(x.) f(x.;qtf) J_^ dx6(x-xs), (3.51)

where x3 = (fscm - q2 - qa) f(qq').
Here we have introduced the principal value of the Legendre function of the

second kind Qe, which is defined as

dx . (3.52)

The contribution from the residuum is obviously restricted to the three-nucleon
continuum region which boundary is given by the curves x,{qq') = ±1. The com-
pensating Qf-term can be extended over an arbitrary interval of the spectator
momentum variable. At threshold the ^-functions contain logarithmic singu-
larities. Despite their weakness these terms behave so nasty that it is preferable
to apply an additional subtraction scheme in order to improve the numerical
stability. Fig. 3.5 displays the curve x,(qq') = ±1.

At fixed q we integrate over q' and the corresponding threshold q'(q) is given
by

q'=
x = _
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Figure 3.5: Three-particle threshold curve. The interior part covers the three-
particle scattering region.

The figure shows that the free scattering zone is enclosed in the square
(q,q') = ([0, y/Scml, [0, y^cmj) and consequently we restrict the subtraction to
this region. The compensating integral therefore is proportional to

dq'Qt{x.) f(x.(q,

1

<lw2 ~

where according to Eq. (3.53)

= 2

f ^ dq'(qW7 - q')Qe{xs) (3.54)
Jo

t^dq'{qWl -q')Qt{x,),
Jo

(3.55)
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The first integral has turned into a sufficiently regular form xinx. The two latter
integrals of course still contain singular integrands, but they can be performed
one time with high accuracy, and subsequently stored in an array. The contribu-
tion from the zeroth partial wave is obtained in analytic form quite easily, since
we can restate Qo{x,(q, <f)) as

(3.56)
« ' •

where ka is the sign of the corresponding value of xa from Eq. (3.53).
Finally the deuteron pole in the two-particle propagator remains as an iso-

lated singularity outside the three-particle region. In the g-dependence it shows
up at q2 = scm — Ed. Nearby the deuteron point the UPA-r-matrix can be
expressed as

where z = scm — q2 + ?£ and To is the residuum. The integral

Pdqq2 f{q)T{Scm-q2) (3.58)
JO

can be rewritten as

/~ , {Scm -q2- Ed)T(scm - q2)q2f(q) - ro{Ed){Scm - Ed)f(J(scm - Ed))

•i:
- i ^ ro(Ed)yJscm - Ed f{y/(scm - Ed)). (3.59)

It is easily seen that the r-residuum is related to the deuteron normalization in
Eqs. (3.29) and (3.30), according to

; ro(Ed) - Nj

With this equality the correct position of the deuteron point can be checked
numerically.

i

T 3.5 N-d scattering observables in UPE
K
\ The relevant N-d scattering observables are the inelasticity 7 and phase shift 8.
I In order to study the convergence properties of the UPE-method, we have calcu-
».* lated these observables for various UPE-combinations. To cover the kinematics
I scanned in the electromagnetic breakup, we have extended the energy range
1 up to 150 MeV neutron lab-energy, which corresponds with a T^d of roughly
6
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Inelasticity Parameter Phase shift [degrees]

0 40 80 120 0 40 80 120

Neutron energy Ei*b [MeV]

Figure 3.6: N-d phase shift 6 [degrees] and inelasticity T). Plotted are the results
for doublet scattering in the partial wave numbers £ = 0, 1 and 2. The crosses
account for the local results. The UPA, (ll l l)-UPE and (2222)-UPE results are
respectively represented by the dashed, dotted and solid curves.
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Inelasticity Parameter Phase shift [degrees]

0.85
0 40 80 120 0 40 80 120

Neutron energy [MV]

- 40

^ 0

Figure 3.7: N-d phase shift 6 [degree;] and inelasticity i). Plotted are the
results for quartet scattering in the partial wave numbers I = 0, 1 and 2. The
crosses account for the local results. The UPA, (ll)-UPE and (22)-UPE results
are respectively represented by the dashed, dotted and solid curves.
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Elab
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40.
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Doubletparameters
2S0

143.62

107.12

87.67

45.64

28.52

19.26

13.28

8.18

4.60

2Vo

0.963

0.478

0.393

0.479

0.631

0.744

0.824

0.891

0.933

-4.88

14.37

20.20

22.90

19.02

14.81

11.19

7.58

4.81

0.994

0.695

0.684

0.770

0.841

0.891

0.927

0.957

0.976

%

3.21

7.02

7.88

8.88

8.50

7.59

6.53

5.22

4.02

2m
1.000

0.947

0.923

0.897

0.907

0.925

0.943

0.961

0.976

Quartetparameters

102.76

71.98

62.87

42.59

30.01

21.77

16.16

11.40

8.17

4r,o

1.000

0.976

0.949

0.892

0.892

0.911

0.933

0.955

0.971

%

28.88

33.22

32.41

26.72

21.14

16.77

13.46

10.37

8.08

%

1.000

0.910

0.865

0.807

0.813

0.837

0.865

0.897

0.923

%

-5.50

-8.95

-8.78

-6.69

-4.61

-3.02

-1.88

-.911

-.300

%

1.000

0.976

0.954

0.908

0.897

0.901

0.912

0.928

0.943

Table 3.3: N-d phase shift 6 [degrees] and inelasticity r/ for the partial waves
t = 0, 1 and 2, obtained with the local MT-interaction, set I-III.
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Figure 3.8: N-d phase shift 46o and inelasticity 4ijo- Again crosses
refer to the local results. The meaning of the curves is as fol-
lows : (solid)=(53), (dashed)=(43), (dashed-triple-dotted)=(33), (dashed-
double-dotted)=(22), (dashed-dotted)=(ll), (dotted)=UPA.

100 MeV. To determine the rate of convergence the same observables were cal-
culated for the local MT-potential. In doing so we used the numerical analysis
developed by Kloet [42].

The parameters -q and 6 are obtained from the on-shell scattering ampli-
tude [27] according to

(dE(q)/dq\
\ irq J 2i

(3.60)

where £ and S label the spectator partial wave number and the trinucleon spin-
channel in which the scattering takes place. The amplitude Mf results from
a partial wave decomposition of the complete scattering amplitude expressed in
Eq. (3.13). The spectator momentum q is of course related to the energy through
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q = qi = qj = Tpjd. (3.61)

For completeness we explicitly state the expressions for the phase shift and the
inelasticity

(3.62)
f

)2 | Mf I2 +2irqlm Mf + l } 2 . (3.63)

Due to unitarity the inelasticity parameter is confined to

V < 1, (3-64)

where the equal sign refers to elastic scattering.
The results for the UPE phase parameters for the partial wave numbers

£ = 0, 1 and 2 are summarized in the Figures 3.6 and 3.7.
In case of doublet scattering the calculations are carried out for the (1010)-

UPE, (llll)-UPEand (2222)-UPE combinations. Similarly for quartet scatter-
ing (10)-UPE, (ll)-UPE and (22)-UPE. The figures also show results for the
phase shift and inelasticity parameters obtained with the local potential.

In addition the local results are summarized in Table 3.3. Differences with the
low-energy results presented in Ref. [42] are due to a slightly improved numerical
accuracy. The results beyond JE;OJ, = 50 Mev are new.

Due to the expansion of the potential in terms of (virtual) bound-state com-
ponents, one might expect that the UPE-method looses accuracy at higher en-
ergies. Indeed, we observe a growing discrepancy between the local result and
the lowest-order UPE results. Increasing the number of UPE-terms leads to a
much better convergence, but still the (22)-term for S = | or the (2222)-term
for S = \ are not able to give an adequate description of the local parameters.
For the quartet s-wave scattering we have studied the UPE convergence up to
8 eigenfunctions. The result is shown in Fig. 3.8. Indeed the (53)-result has
converged to the local parameters.

3.6 Three to three scattering

i The analysis of final state effects in the electromagnetic three-body breakup
process of the trinucleon system requires the determination of the half off-shell
three-nucleon T-matrix elements describing scattering to final states in the con-

f. tinuum. Contrary to the two-body breakup analysis the rescattering diagram
I cannot serve as the driving term for the iterations of the complete multiple
f scattering series. The rescattering wave function B^ is constructed like in the
| two-body breakup situation (see Eq. (3.38)). However, the deuteron state in the
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final subsystem must be replaced by a two-particle continuum state. In UPA we
have

2 7
Pi T 9l "" scm ~ l E

q^Mscm - q); 0})g(pr, fy). (3.65)

Here p/,q/ are regarded as the final state momenta, while p\, q[ form a set of
off-shell momenta. The complicated part of B^ is of course the spectator wave
function *lfW. Fortunately, the partial wave expansion coefficient We turns out
to be nothing else than the half off-shell part of the kernel Kg already present in
the N-d scattering analysis (Eq. (3.44)).

2E(2i + \)Kt{q^ | qiP})Pt{xi}). (3.66)
t=o

The factor 2 in Eq. (3.66) accounts for the relative weight of the rescattering
diagrams compared to the disconnected diagrams.

Due to the structure of Ke , as explained in section 3.4, the rescattering
wave function B^ contains logarithmic singularities. Although their position
as a function of the final spectator momentum qj is precisely known, it is the
logarithmic structure which disqualifies Bg as a proper driving term for the
iteration series.

However, the next term in the scattering series, B*2' will turn out to be
sufficiently smooth to replace B^ as the driving term. J3(2) can be regarded as
the convolution of two kernel terms. In doing so the dangerous but integrable
logarithmic structure

en(\q-qw(q,q')\) (3.67)

turns into a harmless algebraic-logarithmic dependence

{q-q»{q,q))tn{\q-qw{q,q')\). (3.68)

To anticipate on the construction of B(, we restate the expression for the
kernel Kg,

\ )' (3-69)

where the real-valued functions R, W, and / are given by

- \ X — X,

P) = -Q?(x,)f(x,(q,q'y,i3n (3-71)

Ii(qP\q'/3') = ^J+'dyPe(y)f(y(q,q');00')S(y~x,), (3.72)
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where
3 ,

x, = •* ; (3.73)
qq'

and

f(x{q,q');0) = g{^\ ?+tf\;fi} i<0 I P'h 5 ( ^ I <? + \q' |;/?')
(3.74)

The functions W( and /<> vanish when at least one of the spectator momenta q, q1

is larger than ^/scm. To account for the convolution we introduce K\ ,

(3.75)

Distinguishing with respect to the logarithmic structure we rewrite the right
hand side of Eq. (3.75) as the sum of two contributions

J2fdq \(Rt(qiPi I qP) + Ut{q& I qP))r{scm - <?2; /?)
(3 J

(Re(qP I qjPi) + iliiqfi I <?//?/))] (3-76)

and

/ [ Scm - q2; 0)We(q/3

+ ilt(qfl

(3.77)

To determine A; we have developed the following strategy. Both integrals
(3.76) and(3.77) heavily depend on the position of 9, and qj. The most compli-
cated situation occurs when 5, and qj have both continuum values: qf, qj < scm.
In that case the continuum sector contains two threshold curves (see Fig. (3.5)):
q = q(qi) and q = 9(9/). Both relations are according to expression (3.53). Con-
sequently four branchpoints (qUl<, qU2ti 9w, 7 <7w2 )

 e x ' s * (Eq- (3.55)), which are
arranged in increasing order qtk (k = 1,4).

For some values of g,- and qj these branchpoints coincide. Of course, if qi =
qj then qWt = qUj, but there are more possible coincidences. Table 3.4 lists
the possible coincidences of 9,- with either qj, qwi or q^ . This is of course
determined by the subinterval to which the values of #; and q/ are restricted.
For example, if q{ = qui , then automatically qwi. = q^ and q^2< = qj.
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qjt
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9. =
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9.=
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: 9 u , , ,

9i =

9. =

9,=

€[i =

9. =

9.= : 9 /

Table 3.4: Coincidences of spectator momenta q and branchpoints qWt and qwt.
See text for explanation.

With the above analysis on the positions of the various branchpoints in mind
we can arrange for a proper distribution of the integration points q. It is stressed
that the way the ^-points are scattered is decisive in achieving an adequate
integration procedure. Let us discuss the situation where all four branchpoints
are different.

To perform the regular integral in Eq. (3.76) Gauss-Legendre quadratures are
employed for each of the five subranges of the interval (0, \/scm\ (see table. 3.5).

94, 91.4

Gauss-Legendre q-mesh

Gauss-Laguerre q-mesh

71

- n

9
1)
eg n<24 nreg n9

hn
9

Table 3.5: Distribution of q-points used in the numerical evaluation of the
continuum driving term Kt . See text for explanation.

The number of points in the first and last range is set to ng = 4. In the
remaining intervals the number depends on the width of the interval, but is
bound on both sides: 8 < n < nregmaT. The value nTegmai = 24 is an accurate
choice. However, the intervals may become so narrow that a value for n smaller
than nregmax leads to more stable results.

To perform the logarithmic integrals in Eq. (3.77), Gauss-Laguerre quadra-
tures are employed such that integrals of the form /„<(,/(?) tn{b — q)dq are
accounted for exactly. In doing so the five intervals are each divided into two
subintervals. Only the integrations in the first and last interval are done with
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Figure 3.9: Driving term K^o determined for an energy scm = 25 MeV and
spectator momentum gy= 2.375 vMeV. The function qK is actually plotted.
Vertical units are arbitrary. The solid line corresponds to calculations with nreg

and nw set to their maximum values, while the dotted curves indicate the results
for variations of nrcg (lower curves) or nw (upper curves).

a Gauss-Legendre quadrature for n 9 /2 = 2 points. In the remaining eight in-
tervals the entire integral in Eq. (3.77) is carried out with the Gauss-Laguerre
scheme regardless the fact that at each branchpoint the logarithmic singularity is
present in only one term of the integrand. The values for n <,>, n (•> (table. 3.5)

are selected with respect to the width of the subinterval, in the restriction that
4 < nu < nUmax. The value nWmax = 12 is an accurate choice. A'̂  (<7,7?, | ?//?/)
is calculated as a function of </,- for a fixed value of qj. In arranging the grid of
<7,-values the spectator momentum qj and the corresponding branchpoints qwi

and qW2 serve as a guide. Coincidences are avoided such that the above scheme
can be employed without modifications. Of course coincidences can be forced.
Then the scheme must be modified, but nothing peculiar happens due to the
passing of two branchpoints. If g? > scm a situation similar to the N-d breakup
process is recovered.

To study the sensitivity on the values for nreffmaI and nulmaz we have plotted
the K(J0 function at an energy scm = 25 MeV and a spectator momentum
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q} = 2.375\/MeV. The result is shown in Figure 3.9.
Clearly visible is the cusp-like structure at qj and qui = 2.623\/MeV. The

q^ -point is too close to the ^/.s^-boundary to perceive a cusp-like structure,
somehow in this region subtleties arising from the threshold behavior are over-
ruled by other aspects like the l/v^-pole.
At least part of the cusp-structure can be explained physically. It arises from
the onset of the overlap of the three-particle sectors [q^^qu^ ] and [qui ,qU2 ].
For example the pure residuum contribution

- £ fdq
0 J

exhibits such a structure as a function of q\ at fixed qj. As is shown in Fig. 3.9
the region around the final spectator momentum and its branchpoints requires a
very detailed numerical analysis. But even then, some numerical noise remains
present, due to the discretization, and will propagate in the iterating series.
However, we found that this noise does not seriously affect the construction of
the scattering series. In view of this we decided that the Kt contribution can
serve as a driving term for the subsequent iterations.

The analysis of B^ can be done in a slightly different way. In determining
the principal-value contribution R( (Eq. (3.70)) the Legend re-polynomial Pt can
be combined with the subtraction function / (Eq. (3.74)), i.e.

I </7?') = (3.78)

Pi(x)f(x{q, q'); PF) - /+/ dy Pe(y)f{y{q, </
dx

x — x,
such that the subtraction is confined to the three-particle sector. The residuum
contribution I( in Eq. (3.72) does not change, but the function Wt containing
the logarithms takes the form

We(qf3 | q'p') = - J+* dy Q%(y)Pt(y)J(y{q, q')\ /?/?')% ~ x.). (3.79)

An obvious advantage of this procedure is that W( is only non-zero in the three-
particle sectors [qu,ii,quai\ and [gWi,,9u^,]- Consequently the evaluation of the
contribution in Eq. (3.77) can be restricted to four subintervals for a situation
similar to the one displayed in table. 3.5. In the calculation of the electromagnetic
three-body breakup amplitude we have employed the separation of the kernel
according to Eqs. (3.78) and (3.79).

Once the driving term for the continuum multiple scattering series is calcu-
lated we can proceed with the iterations of the multiple scattering series. The
spectator function t/>J is obtained by multiplying A')2' with a factor — 16TT, ac-
cording to Eq. (3.46) and (3.66). The construction of the continuum spectator
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Figure 3.10: Multiple scattering spectator function for 3
parameters correspond to the solid curve of Fig. 3.9.

3 scattering. The

wave function ty(Pad<:\ which accounts for the complete multiple scattering series
apart form the rescattering term tyW, proceeds along exactly the same lines as
in the N-d breakup analysis and without any modifications we can apply the
already discussed method of Pade-approximants. The structure of the three-
nucleon wave function is equivalent to Bl in Eq. (3.65) and becomes

- 9i2; Pi)

Scm - qj; pj)g(pr, ft). (3.80)

As an example we have plotted an example of the multiple scattering spectator
wave function (Figure 3.10). The parameters scm and qj are the same as in
Fig. 3.9.

As a final remark we note that the continuum wave functions carry the spec-
tator momentum q/ as an extra parameter. At each energy we typically need
10-15 values for qj. Together with the high accuracy determination of the second
rescattering term, the required CPU time increases by about a factor of 50 as
compared to multiple scattering with a N-d physical state.

3.7 The trinucleon bound state
In the calculations of the electromagnetic breakup cross sections of the A = 3
system, we evidently need the wave function of the trinucleon bound state. Using
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again an S-wave N-N potential and employing the UPA-method, the determi-
nation of the Faddeev amplitudes for the bound state becomes almost trivia).
In contrast to the scattering states, which contain many partial wave compo-
nents, the trinucleon bound state has definite total angular momentum J = \.
Coupling the spin S to values ^ or | restricts the possible values of the orbital
angular momentum L to 0 or 2. The value L = 1 is excluded, since it violates
parity. Furthermore (q = L, since £p = 0. In the following evaluation we drop
the £q —2 component. Its contribution is very small and can easily be added,
since it acts in just one channel with definite symmetry. Consequently the total
three-nucleon spin 5 is restricted to the doublet value.

Application of the same scheme presented in the previous sections yields a
one-dimensional homogeneous integral equation coupled in two channels

<Kq-,P | EB) = -\B £ fdq'q12 W^(q,q')r0,(EB - q2; /?>(«/; /?' | EB), (3.81)

where the kernel is given by
W00l(qq') = (3.82)

The full Faddeev amplitude is reconstructed as

2 , (3.83)

where Go denotes the bound state propagator. Since EB ~ — 8MeV < Edeut
both W and r are free of singularities and Eq. (3.81) can be solved by direct
matrix inversion.

In table 3.6 we present the trinucleon binding energies obtained with the
UPE-method applied to the MT I-III local S-wave potential. The column on the
left hand side lists the results for a number of UPE-combinations with at most
two eigenvalues with equal sign in each spin-channel. For some combinations we
have also considered the value s = 0 in the spin-singlet channel. The column
on the right hand side lists a number of energies taken for UPE-combinations in
which eight eigenvalues were retained in one of the spin channels, selecting the
UPA-description for the other channel.

The most pronounced jump occurs when the largest negative eigenvalue in
the spin singlet channel is retained. Further increase of the number of eigenvalues
at most accounts for a small additional decrease of the binding.

Our UPA result with s = 0 in the 'So-channel is in agreement with the value
—8.464 MeV quoted by Harms [31], but in contrast to the value of —8.63 IvieV
obtained by Bakker and Ruig [3]. The accurate value for the binding energy,
ET = -8.536 MeV, obtained for the local M-T potential is quoted from Ref. [54].
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UPE

1010

1011

1110

1111

2010

1020

2110

1021

2121

2222

si s0 = Ed

-8.844

-8.484

-8.821

-8.468

-8.873

-8.859

-8.852

-8.503

-8.523

-8.480

Si50 = 0

-8.474

-8.353

-8.452

-8.339

-8.462

-8.440

UPE

5310

6210

7110

8010

1053

1062

1071

1080

local

SiSo = Ed

-8.859

-8.859

-8.864

-8.886

-8.460

-8.465

-8.508

-8.865

-8.536

Table 3.6: TVinucleon binding energies in UPE. The local value is taken from Ref. [54]

In agreement with this value is the binding energy we found in determining the
local trinucleon wave function. Its value is Ej = —8.50 MeV.

To get an idea of the behavior and the length scale of the various functions,
we have plotted (see Fig 3.11.) the UPA results for the N-N formfactor, the
r(^)-matrix and the trinucleon wave function <f>(q). See Appendix for the proper
conversion from vMeV to fm"1.

From the Faddeev amplitudes the trinucleon wave function can easily be
constructed. In view of our choice to avoid partial wave decompositions as much
as possible, we project on plane wave states. Since the Faddeev amplitudes
already have the proper subsystem symmetry we just apply Eq. (A.14) to obtain
the completely antisymmetrized trinucleon bound state

4 .

>T \= 5 3 J

For the wave function coefficients we have
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<j>. Solid (dashed) curves represent the result the for 3Si ('So) channel in the
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where the state (ip | corresponds to the Faddeev amplitude in Eq. (3.83), after
replacing EB by ET. For the L = 0 amplitude we obtain

(3.86)
f}'=\ n=l

where {pn,qn) are the associated momenta of (pi,qi). Again our preference for
particle 1 as the spectator is expressed in the choice of basis states. Substituting
the values for the recoupling coefficients, we obtain the explicit form of the
various trinucleon wave function components

Xttl.)i =
(3-87)
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(</T I XtVth = - i

where <̂ >m(n) is the Faddeev amplitude from Eq. (3.83) with momenta
and pair-channel spin-index m = t or s.

The normalization of the trinucleon st^e is according to

(3.88)

3.8 Concluding remarks

We have derived explicit forms for the trinculeon bound-state wave function and
the half off-shell 3—>2 and 3—>3 scattering wave functions by solving the Fad-
deev equations. The expressions are valid for a one-term separable potential,
but they can be easily extended to more terms. In particular, we investigated
the possibility to approach a realistic S-wave local potential by means of the
unitary pole expansion (UPE) method. The UPE convergence properties in de-
scribing the N-N and N-d scattering observables appear to be quite satisfactory.
Retaining four eigenvalues in each spin-channel almost exactly reproduces the
values for the observables obtained with the local interaction. An almost equally
important result is that already the first-term approach (UPA) leads to a fair
reproduction of the local values. This makes UPA a very attractive tool for the
actual numerical calculations of the electromagnetic breakup reactions of the
A = 3 system.

To conclude, the wave functions of the various trinucleon states are estab-
lished. Together with the results of the analysis on the electromagnetic nu-
clear structure discussed in the previous chapter, these are the components of a
framework, in which we can carry out an exact analysis for the electron induced
two-body and three-body breakup of the trinucleon system. Such an analysis is
presented and carried out in chapter 4 and chapter 5.
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Chapter 4

Electron induced two-body breakup

4.1 Introduction
In recent years, the electron beam accelerator facilities at Saclay and at NIKHEF,
Amsterdam have provided detailed and very interesting experimental data for
the two-body breakup reaction of 3He. In theoretical analysis, the direct proton
knock-out mechanism (PWIA) leads to a reasonable description of the Saclay
data. However, some kinematic configurations at NIKHEF were arranged in
such a way, that the process of direct proton knock-out was entirely suppressed.
In order to give an adequate description of the observed cross sections, final state
interaction (FSI) effects and the process of direct deuteron knock-out have to be
accounted for.

This chapter presents a detailed and exact analysis of the electron induced
two-body breakup of 3He. Non-nucleonic degrees of freedom are not considered
and the N-N interaction is restricted to the S-wave channel. Three-body dynam-
ics is exactly treated in an essentially nonrelativistic description. In developing
the analysis and performing the calculations we often refer to the electromag-
netic results presented in chapter 2 and the expressions for the trinucleon wave
functions derived in chapter 3.

4.2 Kinematics
All calculations are carried out in the lab frame, i.e. the frame in which the
target trinucleon bound-state system is at rest. Since the nuclear dynamics are
treated nonrelativistically its structure only depends on the Jacobi coordinates
introduced in the Appendix. However the electromagnetic current elements dis-
cussed in chapter 2 need evaluation in the lab frame. Furthermore, at the consid-
ered values for energy-momentum transfer, it is preferable to employ relativistic
kinematics.

To connect all these prescriptions essentially one formula is needed. Due to
momentum-energy conservation the total relative kinetic energy available in a
final state of three free nucleons is given by

Scm = \J(u + MT)2-Q2 -ZMN, (4.1)
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where q^ = (Q; iu>) is the transferred four-momentum. Mjy and Mj respectively
denote the masses of the nucleon and the trinucleon bound-state system. To de-
scribe the two-body breakup process we introduce the relative nucleon-deuteron
kinetic energy

= scm -Md + 2M/v. (4.2)

Md and Mr are taken as 2MN + Ed and 3A/AT + ET, where the binding energies
Ed and ET result from nonrelativistic calculations. The kinetic energy scm is the
on-shell point in the three-nucleon scattering analysis. The energy TNd is related
to the momentum qj according to

TNi = q), (4.3)

where qj denotes the final state spectator momentum determining the scattering
wave function in Eq. (3.36). The lab frame momentum p'N of the detected nucleon
follows from energy-momentum conservation

u + MA = Jp% + M% + y/(Q - p'NY + Ml (4.4)

where the angle

cos 7 = xlab = Q-p'N (4.5)

is determined by the position of the experimental detection apparatus. Yet, the
three relations in Eqs. (4.1), (4.4) and (4.5) are not completely consistent with
Eqs. (A.3) and (A.7). Fortunately the difference due to mixing relativistic and
nonrelativistic kinematics is quite small for values of the momentum transfer
below 1. GeV/c.

To summarize, after fixing the values for the momentum-energy transfer
(Q,w), Eq. (4.4) is used to determine the possible values for the kinematic vari-
ables of the nucleon, p'N and xiak . Eq. (4.1) relates the relative kinetic energy
to the energy transfer, and Eqs. (4.2) and (4.3) are used to fix qj. The relative
angle xj — qj. Q remains to be determined. To do so we use the right hand side
of Eq. (A.3)

xf = (Q-3p'N).Q/\Q-Zp'N\. (4.6)

4.3 The nuclear current matrix element
For the trinucleon system the electromagnetic current operator takes the dia-
grammatic form (see Fig. 4.1) . The relevant nuclear current matrix element is
obtained by evaluating the current operator between the initial trinucleon bound
state and the complete final scattering state. It is essential to realize that we
do not need a manifestly antisymmetrized final state wave function. Since the
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i f , - a

Figure 4.1: Electromagnetic interaction.

bound state has the correct antisymmetry and the electromagnetic operator is
symmetric we only need one of the three final state components

dqf}?+ dq,)§} (4.7)

where the upper index A refers to the proper symmetry in the subsystem indi-
cated by the lower index. The factor V J reflects the correct asymptotic normal-
ization. This property implies a decisive simplification for the actual calculations.
In diagrammatic form we have (see Fig. 4.2) . Set a represents the disconnected

1

s ()

c +

Figure 4.2: Electromagnetic two-body breakup diagrams.

amplitudes, set b the connected rescattering amplitudes and set c the entire mul-
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tiple scattering series amplitudes. Set b is included in c. Let us discuss these
sets of diagrams and their contributions to the e.m. breakup cross section.

4.4 PWIA and the spectral function

In the well-known plane wave impulse approximation (PWIA) the analysis of
the breakup reaction is restricted to diagram la. For this single amplitude the
nuclear structure and the electromagnetic structure decouple. Consequently the
cross section factorizes. It is convenient to express the PWIA cross section
in terms of the nuclear spectral function, which general concept is introduced
by Gross and Lipperheide [28]. Applied to the trinucleon system the spectral
function becomes

\ O - e23(/) + E3). (4.8)

It measures the probability to find a nucleon t\ with momentum pm in the nucleus
Tj. leaving the residual subsystem in any state with intrinsic energy e2^{f). The
missing energy Em is already introduced in section 2.1. Equivalently pm is called
the missing momentum. If the target nucleus is at rest the missing momentum
pm is related to the recoilmomentum pTec of the residual nucleus according to

Pm — —Prec-

The dummy index / labels all the remaining quantum numbers of the residual
nucleus. Due to the rotational invariance of both the target nucleus and the
residual nucleus, the spectral function S depends only on the length of the mo-
mentum pm. As a consequense the missing momentum and recoil momentum
are equivalent quantities in evaluating the spectral function. For an extensive
treatment of the spectral function S including sum rule properties we refer to
Hajduk and Sauer [50].

Two- and three-body breakup are well separated by the missing energy. The
three-body part is discussed in the next chapter. In two-body breakup it is
customary to introduce the momentum distribution pi which can be extracted
from the spectral function after a trivial integration over the missing energy up
to -ET

I <l>dti;pm<?\i\h\2. (4.9)

In terms of the S-wave triton and deuteron wave functions, expressed in Eqs. (3.86)
and (3.29), the momentum distribution reduces to

J (4.10)
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to.

200 300 400 500 600

Figure 4.3: Momentum distribution function pi. The solid curve is calculated
with the local MT-interaction. The dashed and dashed-triple-dotted curves result
from an UPA and a (2222)-UPE calculation. The dotted curve is due to a
Yamaguchi form factor. The data points are due to Jans [35]. They are extracted
from (e,e'p)-measurements assuming the validity of PWIA.

where qm — —\J^JMNPN- Results for the momentum distribution p2 are shown
in Fig. 4.3. Already the UPA-calculation leads to a very reasonable repoduction
of the momentum distribution obtained with the local MT-potential, while the
convergence of the (2222)-UPE separable term is almost excellent. Evidently
the constructing amplitude changes sign at a missing momentum of about 450
MeV/c. It reflects the presence of a repulsive component in the MT-interaction.
To show this we have also plotted the p2-result for a Yamaguchi-type interaction,
which is purely attractive. (Parameters are taken from [42].) In that case the
amplitude has a definite sign in the entire momentum interval. The p2-va\ue
at zero missing momentum is directly related to the trinucleon binding energy,
which appears in the wave function propagator. The much lower Yamaguchi
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starting point is due to an unrealisticly strong binding of —11.0 MeV.
Thus the PWIA contribution is directly proportional to the /^-momentum

distribution sampled at pm =| p'N — Q |. The electromagnetic interaction is
expressed into the half off-shell electron-nucleon cross section presented in section
2.5 and consequently we can write the five-fold PWIA cross section as

= k aMM a'N p> 0 ft ~ $ W) •
The kinematic factor k follows from

(4.12)

where E'd is the lab-energy of the outflying deuteron. At fixed energy-momentum
transfer and fixed cosj = @P'NQ, the energy relation admits zero, one or two
solutions for p'N. If

w < MQ2 + (MN + M^2) - MT,

the energy transfer is not sufficient to account for the center of mass motion and
the breakup process is not allowed. Another restriction ,

is set by the nature of electronscattering (see Chapter 2). For

a region in phase space is entered where two p^-values exist in the forward cone
of the angle 7 (and zero in the backward cone). Outside these regions each
value of 7 corresponds to one value of the momentum p'N. In most kinematic
configurations we'll study, the latter possibility is realized.

4.5 Beyond PWIA
The particular simple PWIA result from the previous section is not valid for
the remaining diagrams a 2-3, b and c in Fig. 4.2, since the factorization of the
nuclear and electromagnetic structure breaks down. In order to get an idea of
the complexity of the structure we write down the full amplitude in terms of
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quantities we have discussed in the previous chapters. The most complete two-
body breakup amplitude of the trinucleon system with only nucleonic degrees
of freedom for the nuclear current and nuclear wave functions constructed from
S-wave N-N interactions is expressed like

(4.13)

The trinucleon wave function ?/>r and final state wave function / are given by the
Eqs. (3.87) and (3.36). The functions S% contain the nucleon current, elements
and are closely related to the quantities 5 and 5 expressed in Eq. (2.48) and
(2.50).

S£ (Mpifi), a'X; foh) = idfrWfr I fx (knKK) I P iMi - (4-14)

In fact, the only relevant modification is that the functions S£ need evaluation
in three-nucleon Hilbert space. The variable kn is the momentum of the active
nucleon in the lab frame just after the electromagnetic interaction. It depends
on the Jacobi coordinates p\ and <fi according to Eq. (A.6). This momentum is
substituted into the expressions stated in Eq. (2.48) or Eq. (2.50) in order to get
the correct momentum dependence of the current matrix elements. An additional
complication arises from the spin-isospin structure of the three-nucleon system.
This aspect will be discussed in section 4.8.

The resulting amplitude A still carries indices A and fi denoting the compo-
nent of the nuclear current (A) and the component of the Pauli spin matrix (fi)
(see Eq. (2.46). Since the deuteron is isospin zero the possible final spin-isospin
channels (j3j) are | xfas > ar*d | xt'Os > in the notation of Eqs. (A.25 - A.27).

Selecting the set of integration momenta (p\cfi) is essential for several reasons.
Due to this choice the momentum transfer Q is only present in the ground state,
through the momenta p , ' and qf , and in the e.m. current. The final state
however does not depend on Q. Second, since we only need one final state
component (Eq. (4.7)) the diagrams can be arranged such that the first N-N
interaction always takes place in pair (2,3), depending on the momentum pi.
From Eq. (3.47) we observe that the complicated spectator wave function for the
connected part, Eq. (3.46), can be completely kept outside the px-integration.
Of course this property is only valid for separable potentials. In case of a central
local potential the above statement is restricted to the fiPl -integration. Finaiiy
we mention that the free Greens function Go of the final state depends only
on pi and q\ and not on the angles. This property implies that subtraction
techniques can be used straightforwardly to integrate the physical pole. From
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these considerations we conclude that the momenta (pi,<fi) form an optimal set
of integration variables, any other choice leads to additional problems.

Before turning to a detailed treatment of the various amplitudes, we first
discuss the structure of the momentum dependence of the amplitude in Eq. 4.13.
The bound state momenta (p\n ,q[n') are related to (pi,q\) via the momentum
transfer Qm = Q/V3M on nucleon (n). In terms of the matrix OJ; introduced
in Eq. (A.20), we have

*(») \ / z. \ / n \
(4.15)

The bound state exchange momenta (pj , ? j ) and (p^ ,q^ ) are obtained
from (Pi ,9i ) by an additional operation o2i respectively a3\ = oi^\. The
contributions from n = 2 and n = 3 can be taken together with respect to the
integration over the momentum p\.
From the properties of the matrix a,-,- it follows immediately that

- . ( 3 ) / - . _ N - . (2)/ - . ^ •,

?13)(P.,?i) = ?12)(ft,9i), (4-16)

and

The momentum dependence of the nucleon current is contained in S£(kn(pi,qi, Q)).
Due to Eq. (A.6) we have

h{Pi,quQ) = h(-puquQ). (4.17)

Since the final state wave function only depends on the length of p\ we observe
that the substitution p\ —> —p\ interchanges the set of diagrams 2 +->• 3 in
Fig. 4.2, at least with respect to the momentum dependence. For the bound state
components with odd spin-isospin parity this correspondence is exact, however
in the even channels the substitution induces an additional minus sign.

4.6 Disconnected diagrams

In this section we evaluate the disconnected Born type diagrams a from Fig. 4.2.
In view of the expression for the momentum distribution Eq. (4.10) the PWIA
amplitude simply becomes

Whfir - Xtr)s)UPi)- (4-18)

66



Also in the remaining disconnected diagrams 2a and 3a, the spectator wave
function 5(qi — qj) is trivially removed. However the electromagnetic interaction
can not be extracted from the integration anymore and the contributing Born
type amplitude becomes

n=2 0t=i

S£(k(fr,qt,Q),<t'n; f*T$!)Un)• (4.19)

The abbreviation DDKO stands for direct deuteron knock-out. In order to fa-
cilitate the similar momentum dependence of the components n = 2 and n = 3
we have to rearrange the various current combinations with respect to the spin-
isospin structure of the pair (2,3). Before doing so we remind the reader on the
structure of the elements S£. The spin dependence is given by

Sx = S°X + iSxa, (4.20)

while every element 5£ can be decomposed into an isoscalar and isovector part

S=Ss + SVTt. (4.21)

In terms of a set of new components, defined as

= S£(2) ± S£(3),

ak{±) = §K(2) ± <r*(3)), (4.22)

r,(±) = |(T,(2) ±

we obtain for the spin-independent combination

5°(2) + S°(3) = S°s(+) + S°v (+ )T , (+) + S°V(-)TZ(-). (4.23)

Similarly we get for the spin-dependent component

Sk(2)ak(2) + fc

(4.24)

+ Sk
v(+)at(-)r,(-) + Sk

v(-)ak(+)rz(-). (4.25)

These two equations are valid for every current component A. The index pi on
the resulting amplitude A$ will remain until the final trace over unobserved spin
states is taken.

According to the discussion on the substitution pj —> — pi we conclude that
the 5(+)(5(—)) parts of the current go along with the odd, /3j- = 1,2 (even,
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fir = 3,4) spin-isospin components of the triton. With this restriction in mind
we can replace X^_2 in Eq. (4.19) by 2 5Zn=2- ^ s n a s been mentioned already in
the previous section we have to determine (iso)spin matrix elements of the form
i{x(t) | <rk{±) | x(/)>i and jfoW | r2(±) | T ^ J where f(i) labels the final (initial)
state. Since we do not prepare nor observe polarization degrees of freedom we can
restrict the spin analysis to one component k = z due to rotational invariance in
Pauli spinor space and the absence of spin-orbit coupling in the nuclear dynamics.

Apart from the specific values of these matrix elements, we note that the
(r(+))cr(+)-elements conserve the pair (iso)spin, whereas the (r(—))<?(—) ele-
ments induce an (iso)spin flip in the subsystem (23). In the DDKO-process the
initial (xs^}t) state couples through the 5*(+)<7fc(—)T2(—) term to the deuteron
final state. In presenting the results we will show that this contribution is con-
siderable. The S(-) induced contributions are small compared to the S(+) con-
tributions generally in the order of 1%. This is due to the small contributions
from the even bound-state components.

The momentum integration for the DDKO diagram is straightforward. There
are no singularities since the spectator momentum is fixed at q2j — scm — Ed- The

azimuthal integration can be restated as 2 f^"' d(f>p. The polar-angle integra-

tion /jj,1 dcosOp is just done as it stands and the radial integration / dpp2 • • • is

performed after mapping a Gauss-Legendre quadrature from [0,1] —> [0, oo]

according to

p 4— c/n\±l (4.26)

4.7 Connected diagrams
Using Eqs. (3.47) and (4.13) we recognize that the connected contribution can
be written as

3 4 3

E E
n = l 0T=l /3]=1

(4.27)

The index Pade refers to the way the scattering state is constructed. For the
cut-off number Lmax we took the tenth partial wave, which is on the safe side of
the optimal choice.

The numerical integration turns out to be fivefold since the azimuthal <f>qi-
integral can be accounted for analytically. Due to rotational invariance of the
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trinucleon wave function the relevant ^-dependence of the various teims in the
integrand can be expressed as

Jo
qt)

c o s <f>qi

s i n <j>qi

c o s 2<j>qi

sin 2<i0,

(4.28)

after performing the integral over the azimuthal angle <f>pi according to
With the aid of Eq. (3.45) we rearrange the Legendre polynomial

f>pi.

= Pi(xqi)Pt(xq/) + 2 f ~
m = l

where xqi = <Ji • <9 and x9/ = q/ • Q. The /^/"-functions represent the associated
Legendre polynomials. Since <j>qj = x by definition, the contributions coming
from the sin-terms in Eq. (4.28) drop out.

Substituting Eq. (4.29) into Eq. (4.27), we find that for each partial wave
component I and for each current component A,/< the xqj-dependence factorizes
in terms of one specific /^-function and can be separated from the remaining
part of the expression. This property is crucial in optimizing the numerical
design. It implies that for a specific ($,o;)-point in kinematic phase space, the
integrals for the connected diagram need only to be performed one time in order
to calculate the cross section as a function of the third independent kinematic
parameter, cosffqf — qj • Q.

The polar integrals Jdcos9pi and J dcos8qi are carried out straightforwardly
using 8- resp. 12-point Gauss-Legendre quadratures. In performing the radial
integrals the structure of the integrand requires some care. The pole in the three-
particle propagator is removed in the p-integration, according to Eqs. (3.48) and
(3.49). The subtraction is stretched from 0 -* oo and consequently the correction
term in Eq. (3.59) is zero. The presence of the complicated g-dependent logarith-
mic structure like in the construction of the scattering wave function is avoided
due to the proper choice of integration variables and the use of plane wave states
rather than angular momentum states. The threshold point, marking the three
particle sector shows up as an inverse square root singularity (scm—q\)~1^2- How-
ever, this pole is integrable and, although square roots converge slowly in terms of
a polynomial series, separation of the q-interval into subintervals [0, y/s^] (label
a) and [v/

r5COT,oo) (label b,c) leads to sufficient numerical accuracy for a reason-
able number of points. Finally the pole of the two-particle propagator at the
deuteron point is removed according to Eq. (3.59).
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Summarizing, as the standard set of integration parameters we adopt:

Pi - integration : cp = 20., np = 16, n#p = 8, n^p = 4

gi — integration : n,o — 20, ngb+c = 12, c9c = 10.

cp and c,c determine the transformation in Eq. (4.27). All results presented are
numerically stable for any reasonable variation of the parameters in the standard
set. The deviations found were at most 3%.

4.8 Spin-isospin coefficients

As mentioned already in section 4.5 the quantities S% expressed in Eq. (4.14)
still contain the spin matrix elements i(x*'' | fjt(«) | X^')i (k = z, //, J-) • In the
present analysis it is sufficient to know the spin elements for k = z. Table 4.1 lists
all relevant numbers. The left-hand side applies to n = 1, the right-hand side to
odd or even combinations of n = 2,3 according to Eq. (4.21). In s —• s,t —» t
transitions we need the <rz(+) term, whereas the at{—) term is only relevant in
the s <-+ t flip transitions. Some numbers in the table are double-signed. The
upper sign corresponds to the three-nucleon spin-component S" = -f \, the lower
sign to Sz — —i. (The quartet-quartet coefficient for S* = ±3/2 is ±1 for both
oz{\) and crz(+).)

*,(l),ff,(±)

xi
Xt

Xt

As Al

±1 0
xi
0

-fv/2

±1

Y d Vrf

As At
0 T75

±1

X?

1/1

Table 4.1: Three-nucleon (iso)spin coefficients for the breakup analysis.

Since the treatment of spin and isospin is completely equivalent, table 4.1
can also serve to determine the isospin elements 1(77^ | Tz(n) \ rf^)\. To do
so simply replace S by T, a by r and x by r; in the above description and the
corresponding table.
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4.9 Nuclear structure functions

The full amplitude is found by summing the disconnected and connected ampli-
tudes

Wdfffif) = <FWIA) + <DDKO) + <{FSI)- (4-30)

To obtain the nuclear structure functions

^ ( ( ? , « . P » . ^ ) (j = CTSI), (4.31)

such as defined in Eq. (2.25), we have to sum over the unobserved final spin-
isospin states | /3j). Furthermore we remove the index /z by taking the trace
in two-component spinor space. Thus, the nuclear structure functions can be
obtained from

wc = z0f ( K l 2 + I A. I3),

(14 ? - MlP)
(M//I2 - Mil3),

W, = -Y.0, (AfA°ff + A;-A,,)

-T.fif (A$A°P + A'/rAp),
where we have omitted the energy conserving delta-function. The five-fold two-
body break up cross section is given by

k { W + W + W + W} (4.33)

where the kinematic factor k corresponds to expression (4.12). The electron-
photon factors Vj are expressed in Eq. (2.22). In some experiments the deuteron
is detected rather than the proton and the differential cross section w.r.t. the
angle is fip< is measured. In the right hand side of (4.33) this amounts to a
trivial modification of the kinematic factor.

4.10 Analysis with local N-N interaction

In chapter 3 the convergence rate of some UPE-observables with respect to the
original local interaction is discussed. Fig. 4.3 shows the curve for the momentum
distribution p2 obtained with the local MT-interaction, which is a measure for
the presence of the N-d component in the trinucleon system. This result is
already discussed in section 4.4. Since we also like to study the UPE-convergence
property for the electromagnetic process, we have extended the analysis of the
two-body breakup process to local interactions. Conceptually it comes to nothing
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more than replacing the separable i-matrix in Eq. (3.33) by the equivalent local
form. In actually replacing the UPE term by its local counterpart a number of
complications are encountered. We'll briefly discuss these problems and mention
how they are solved.

In the two-body sector the i-matrix no longer follows from direct (matrix)
inversion like in the case of the (UPE)UPA, and its determination requires the
solution of the complete LS-equation. For negative energies this can be done
straightforwardly, but above threshold the kernel is again singular and direct
matrix inversion does not work. Kowalski and Noyes [43] developed an elegant
prescription to determine the complete off-shell i-matrix for arbitrary values of
the energy. Technical details can be found in Ref. [42].

Once the off-shell two-body i-matrix elements for energies below scm are
known, the three-nucleon functions can be computed. In the three-body sec-
tor no conceptual difficulties arise from dropping the separable expansion and
the equation can be solved along the same lines. Of course the numerical ef-
fort increases drastically since a two-dimensional integral equation in the (p, q)-
domain needs to be solved. For the doublet scattering we typically need a grid
of nchan ' npioc' nqioc points, whereas the separable potential requires nupe • nqupe

points. An accurate value for npioc is 16, while nqioc = nqupe and nchan = 2. For
a bound state calculation nq = 16, for scattering state calculations nq — 32 — 40.
The separable parameter nupe represents the number of retained eigenvalues, so
nupe is at least 2. Matrix-inversion time is roughly proportional to TV3, whereas
iteration goes more like N2 times the numbers of iterations. With these numbers
we can about estimate the relative CPU-time needed to perform a reasonable
accurate calculation. Although present day computer facilities no longer put a
limit on ones computational desires, at least for this type of calculations, it is
clear that the UPA-truncation of the separable expansion is a very useful tool
for testing purposes.

Once the local bound and scattering states are obtained, the electromagnetic
breakup process is computed in precisely the same way as outlined in the pre-
vious sections of this chapter. Only two modifications have to be applied. The
^-integration needs reorganization since the final state wave function is already
present there. Furthermore, since the (p, ̂ -integration mesh does not necessar-
ily coincide with the (p, g)-grid on which the wave functions are determined we
have to apply some interpolation procedure. At this point we recall that the
Faddeev amplitudes of the bound state are smooth and rather unstructered ob-
jects in both variables. A bi-cubic interpolation routine is sufficiently accurate.
The same applies to the Faddeev scattering amplitude except for the square root
cusp at q2 = scm and the deuteron pole at q2 = 5 ^ — Ed in the spectator mo-
mentum dependence. Of course, this structure was already encountered in the
UPE-analysis. The <7-grid is divided into two parts, [0, y/scm\ and [,/scm, oo), and
the wave function is multiplied by a factor q2 — (scm — Ed)- Subsequent bi-cubic
interpolation again leads to accurate results. On integrating over the q-variable,
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the above mentioned singularities are handled in exactly the same way as in the
separable case. An obvious internal check for the correct numerical implementa-
tion of the necessary modifications is of course prescribed by the extension itself.
A run with a two-dimensional trinucleon wave function and scattering function
reconstructed from the factorized UPA-components must reproduce the results
obtained with the numerical code only adapted for separable interactions. It
does.

4.11 Results for PWIA dominated kinematics

In the remaining sections of this chapter we present and discuss the elektromag-
netic two-body breakup results for various kinematic situations. We start with
two examples of experiments with PWIA dominated kinematics.

Figure 4.4 presents the 3He(e,e'p)d coincidence data as measured and ana-
lyzed by Johansson [38] and reanalyzed by Gibson and West [26] together with
the Born + FSI cross sections. Also the PWIA result is shown. This kinematic
situation has been studied by Lehman et al. [46], who have carried out an exact
calculation using Yamaguchi separable potentials. We have also examined this
case taking the potential parameters from Ref. [42] and find qualitatively the
same results. Besides using slightly different potential form factors the differ-
ences found may be due to the use of nonrelativistic electromagnetic operators by
Heimbach et al. [46] as compared to Eq. (2.51). For the Yamaguchi form factors
we find that the cross section is reduced by about 4% - 7% due to final state ef-
fects. The small influence of FSI is not surprising, because the kinematics in this
experiment were such that rather low nucleon momenta (pmil)» < 100 MeV/c)
were probed with a rather high three-momentum transfer (Q = 443 MeV/c). In
this situation the process of direct proton knockout dominates, i.e. diagram la
in Fig.4.2. The curves are not completely symmetric with respect to the point
of zero missing momentum, since the contributions from the nuclear structure
function Wj have reversed signs for both sides of the kinematics separated by
the parallel point OP'Ne = 52°. Fig. 4.4 clearly shows that the UPA calculation
leads to a better reproduction of the data than does a calculation with Yam-
aguchi form factors. In view of the momentum distribution p2 (see Fig. 4.3) this
discrepancy can be fully ascribed to the different values for the binding energies.

For this kinematic setup we have also studied the sensitivity of the UPA
Born + FSI cross sections for variations of several features of the electromag-
netic current input. Fig. 4.5 displays the result-1, where the UPA Born + FSI jfe
curve from Fig. 4.4 evaluated for the relativistic current of Eq. (2.40 ) serves ?i*
as a reference. We observe that adopting the current with the more convenient >"
a^-teim from Eq. (2.41) leads to an entirely equivalent result. A nonrelativis-
tic expansion of the current up to O{1) or O(l/M^)) like in Eq. (2.51) does
influence the result considerably and at the discussed values of the momentum-
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Figure 4.4: Coincidence cross section at fixed momentum and energy transfer.
The upper curves correspond to a PWIA (dashed) and Born + FSI (solid) calcu-
lation with a UPA MT-potential. The dotted curve represents the Born + rescat-
tering connected diagrams (i.e. diagrams a + b in Fig. 4.2). The lower curves
correspond to a PWIA (dashed-triple-dotted) and Born + FSI (dashed-dotted)
calculation with Yamaguchi form factors. Original data are from Ref. [38] (tri-
angles) and reanalyzed data are from Ref. [26].

energy transfer one is urged to take the full relativistic expression. Finally we
reconsidered the condition of gauge invariance. Rather than eliminating the
longitudinal component in favor of the charge component (Eq. (2.26)), we an-
alyzed the reversed operation. The new result is substantially below the prior
result and it is clear that the discussion of section 2.2 and 2.3 leads to significant
implications for these type of calculations.

Another example of PWIA dominated kinematics is shown in Fig. 4.6. The
experimental data [35] are taken at Q = 428 MeV/c and u> — 100 MeV/c.

74



75 50 25 0 25 50 75 100

3He(e,e'p')d

Q = 443 MeV/c
a = 107 MeV

55 60 65

V
Figure 4.5: Sensitivity study of various e.m. components in kinematic situation
equivalent to Fig. 4.4. Data and solid line are taken from Fig. 4.4. The dashed
line is obtained with the current from Eq. (2.41). The nonrelativistic current
reductions are displayed by the dashed-dotted ( 0(1) ) and dashed-triple-dotted
(O(\/Mf/)} curves. Elimination of the charge-component results in the dotted

Our results are plotted together with the results obtained by Laget [44], who
calculated the cross section from the first few terms of a diagrammatic expansion
of the full transition amplitude. Meson-exchange currents are also included in his
calculations. The relative proton-deuteron energy Tpd is 60 MeV, and ten partial
waves are used to include FSI. From Fig. 4.6 we see that for small initial momenta
pm the agreement with experiment is good. At larger momenta the calculated
results are too high, indicating that the high-momentum components of the
UPA-MT wave function contain too little correlation. The Reid soft-core results
of Laget in the PWIA indeed show a steeper falloff. The importance of the

1: .'•'
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Figure 4.6: PWIA dominated kinematic configuration studied at Saclay [35].
The solid, dashed and dotted curve represent the same type of calculations as in
Fig. 4.4. The remaining curves are resuits from Laget [44], representing a PWIA
(dashed-triple-dotted) and full (dashed-dotted) calculation, the latter including
effects of meson-exchange currents.

contributions of the PWIA and FSI amplitudes can be very different depending
on the kinematic configuration. The PWIA amplitude completely dominating
at low initial momentum of the probed nucleon falls off rapidly with increasing
momenta. For the FSI amplitude, we find a much slower falloff as a function of
the same momentum pm. Since it appears that the PWIA amplitude and the real
part of the FSI amplitude have opposite signs, the real part of the full amplitude
which results from a coherent sum (see Eq. (4.30)) of all diagrams in Fig. 4.2
is considerably reduced at large nucleon momenta. Part of this cancellation is
compensated by the imaginary part of the connected amplitude. However, the
size of the imaginary part is generally smaller than the size of the real part of
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the connected amplitude. Consequently the addition of final state effects gives
rise to a decrease of the cross section in most kinematic situations.

4.12 NIKHEF anti-parallel kinematics

As a third example we discuss the kinematic situation recently studied exper-
imentally at NIKHEF, Amsterdam [40]. The results are shown in Figure 4.7.
This experiment is taken at anti-parallel kinematics, i.e. p'wQ — — 1. This choice
eliminates the contribution to the cross section from the nuclear structure func-
tions Ws and Wj. The momentum transfer is fixed at 380 MeV/c, but the energy
transfer varies from 10 MeV up till 80 MeV in the center of mass frame. A pure
PWIA calculation underestimates the experimental cross section by about three
orders of magnitude. Looking at the curve for the momentum distribution pi
this result can be directly understood, since the probed initial nucleon momenta
in the PWIA process are at least equal to the size of the momentum transfer.
In these type of kinematics the process of direct deuteron knockout (DDKO)
dominates. For, assuming such a mechanism, the probed missing momenta of
the pair-subsystem prior to the final deuteron state correspond to the recoil mo-
menta of the outgoing nucleon. The values of these momenta are indicated along
the horizontal axis of Fig. 4.7. Indeed the contributions from the disconnected
diagrams already leads to the correct order of magnitude, but now the influence
of FSI is much more pronounced than it is in the previouly discussed kinematic
configurations in which direct proton knockout is favored.

Moreover, the reproduction of the experimental data turns out to be quite
satisfactory. Both the UPA-MT as the local MT results are plotted, indicating
that the UPA result already gives a very accurate description in this kinematic
situation. One possible approximation to the connected three-body amplitude is
to keep only the lowest-order connected diagrams or rescattering amplitudes. In
the PWIA dominated kinematics this turns out to yield a reasonable estimate
of the small efFect of FSI (see Fig. 4.4 and Fig. 4.6). We also investigated this
approximation for the case of anti-parallel kinematics and the result is shown by
the dotted curve in Fig. 4.7. It is clear that this approximation is not correct
in this kinematic situation and that it is necessary to determine the complete
multiple scattering series. '•„

Realizing that the deuteron momentum distribution inside 3He is equal to the
proton momentum distribution pi of 3He the Amsterdam group attempted to |
describe the breakup process as direct deuteron knockout, treating the deuteron %
as an elementary particle in the same way as is done with the nucleon. Instead I?;.
of Eq. (4.11) they factored the cross section into p2 times some fenomeno- ,'-
logical electron-deuieron cross section aed- In doing so they just replaced the
mass and the nucleon e.m. form factors in the expression for aeN (Eq. 2.53)
by the equivalent deuteron numbers. Most probably, such a treatment will un-
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Figure 4.7: Coincidence data [40] taken at fixed momentum transfer in anti-
parallel kinematics. The dashed and solid curve represent respectively a Born
and Born + FSI calculation with the local MT-interaction. The dashed-triple-
dotted (Born) and dashed-doUed (Born + FSI) curve are obtained with the UPA
separable expansion. The dotted curve shows the cross section calculated with
the Born and the lowest-order connected diagrams, also determined with the
UPA expansion.

derestimate the disconnected contribution, since the overlap with the 1So —3 Ii
components of the trinucleon system is completely suppressed. To investigate
this statement we have artificilly switched off the spin-isospin flip transitions in
the disconnected amplitudes. Both results are plotted in Fig. 4.8, together with
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Figure 4.8: Kinematics and data are the same as in Fig. 4.7. The solid curve
shows the full UPA Born cross section. The dashed-triple-dotted curve describes
the phenomenological <7etjp2(d)-calculation. The dashed curve is a Born-type
calculation, in which spin-isospin flips are neglected.

the full Born result obtained with the UPA MT-potential.

4.13 FSI effects at high missing momenta
The results presented in the previous section are quite satisfactory. The exact
S-wave formalism is perfectly capable to give an adequate description of ex
perimental data in the regime of low missing momenta. Yet we raise the very
interesting question whether the ability to reproduce the experimental data can
be continued into the region of high missing momenta. Recently, such a kine-
matic configuration has been investigated experimentally at NIKHEF, Amster-
dam. Two-body break up data for 3He were taken at constant energy-momentum
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Figure 4.9: Coincidence cross section taken at constant energy-momentum
transfer at high missing momenta. The various curves are the same as in Fig. 4.7.
Experimental data are taken at NIKHEF [41].

80



transfer w = 113 MeV , Q = 250 MeV/c [41]. The corresponding relative center
of mass kinetic energy is about 93 MeV. In a PWIA-type analysis, variation of
the photon-nucleon angle 6QP> from parallel to antiparallel implies that the nu-
cleonic missing momentum is sampled from 200 MeV/c up to about 500 MeV/c.
But, in complete analogy with the previously discussed antiparallel kinematic
experiment also studied at NIKHEF we can regard the deuteron as the knocked
out particle. Then the missing momentum would range from 440 MeV/c down
to 260 MeV/c.

For experimental reasons the deuteron has been detected rather than the
proton in the high missing momentum region. This modification in measuring
procedure corresponds to changing the reaction plane angle <j>, defined in section
2.2, from 180° to 0°. As a consequence the factor in front of the nuclear structure
function Wi changes sign, resulting in a different cross section to be observed.
The experimental date are shown in Fig. 4.9. The same figure shows the results
from our analysis obtained with the local S-wave MT-potential. The UPA results
are also plotted. For missing momentum up to 350 MeV/c the analysis fairly
well describes the experimental data. In this kinematic interval the Born term
is purely determined by the PWIA contribution. The local analysis is slightly
below the UPA results which agrees with the momentum distribution p2 (see
Fig. 4.3).

However, in turning to high missing nucleon momenta the situation becomes
entirely different. The disconnected cross section, fully determined by the direct
deuteron knock-out process, overestimates the data by roughly one order of mag-
nitude. Moreover, it slows a steep incline in approaching antiparallel kinematics
in agreement with the momentum distribution, but in contrast with the behavior
of the experimental points. Inclusion of final state effects results in a dramatic
collapse of the cross section which now underestimates the experimental data
by about one order of magnitude. On the level of transition amplitudes this
result implies that the Born amplitude is almost canceled by the real part of the
connected amplitude. Moreover, the imaginary part of the connected amplitude
is of the same order of magnitude as the real part of the full amplitude. It is
stressed that this result is completely stable against any reasonable variation of
the numerical integration paramaters. The inevitable conclusion of this analysis
is that the D-state components of the wave functions are extremely important at
high missing momenta. We will come back to this statement in the last chapter.
Since the result is so sensitive for the inclusion of final state effects one might
wonder what happens if we keep only the first rescattering diagrams in the con-
nected amplitude. The result is also plotted in Fig. 4.9 showing a large deviation
from the full result. It is obvious that any truncation of the multiple scattering
series leads to totally unreliable results in these type of kinematic configurations.

At this point we refer to the results calculated by Laget[45]. Already his
Born description is considerably below our result. This is surprising because
one might not expect that incorporating D-state components would decrease
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Figure 4.10: Same kinematics as in Fig. 4.9. Solid line represents original Born
calculation with UPA MT-interaction. Dashed line represents modified Born
calculation with factorized trinucieon wave function (see text for explanation).
The dotted curve is the Born-type result obtained by Laget using the Paris-
potential.

the cross section, resulting from the disconnected amplitudes only. In our view
this discrepancy is at least partially due to the way he factorizes the trinucieon
wave function. Briefly outlined this factorization procedure is performed in the
following way assuming only S-wave N N interactions. Then the trinucieon state
depends on the momenta p and q and the angle 9pq. One might assume that the
t = 0 projection

<- To (p, q) = \J_ d cos 0pqil>(p,q,Opq)

in good approximation factorizes as

= To(p,q = 0)
_ fdpp>uo(p)T0(p,q)
— 7-J

Finally the trinucieon wave function is reconstructed according to
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Figure 4.11: Sensitivity study of various electromagnetic components in a
kinematic situation equivalent to the high momentum region in Fig. 4.9. Curves
are the same as in Fig. 4.5.

y
We applied this scheme to our trinucleon wave function and subsequently cal-
culated the electromagnetic breakup cross section. The results are shown in
Fig. 4.10. In the low missing momentum branch the factorization leads to fair
results, however at high missing momenta this prescription is inadequate, re-
sulting in a decrease of the Born cross section by about a factor of 2.5 at the
antiparallel point.

For this specific kinematic situation we performed some additional calcu-
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Figure 4.12: Contribution to the (e,e'p) cross section from the four nuclear
structure functions. The left-hand part of the figure shows the We and WT
contributions. The dashed (dashed-dotted) curve and the solid (dashed-triple-
dotted) curve represent the Born and the Born + FSI results, respectively, for
We (WT)- Similarly on the right-hand part, results are shown for Ws (W/).

lations. First we studied the dependence on the input-parameters of the elec-
tromagnetic current. Fig. 4.11 shows the results. The meaning of the various
curves is completely equivalent to Fig. 4.5. The results for both kinematics also
show a close correspondence. To avoid repetition we only note the flat behavior
of the calculation for which the charge component is eliminated instead of the
longitudinal current. We also mention the tendency of all curves to approach the
same point at (anti)parallel kinematics. The reader is reminded that at these
points the contribution from the structure functions Ws and Wj vanishes.

Fig. 4.12 shows the contribution to the cross section of the various nuclear
structure functions for the entire range of missing momenta. The general form
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exposed in this plot is rather independent of the chosen kinematics. The con-
tributions arising from We and WT are quite similar. Of course the larger the
momentum transfer Q the larger the ratio VTWTIVLWC, since the transverse
parts of the current are more prominently probed at large Q. The remaining
structure functions Ws and Wi show large oscillations indicating that their con-
tributions change sign in traversing the entire 0QP' -range. Also note the rapid
increase of the curves on leaving (anti)parallel kinematics. In some regions Wi
is of the same order of magnitude as We and WT, whereas the contribution from
Ws is always much smaller.

Finally we studied the convergence properties of the UPE separable expan-
sion method ior the electromagnetic two-body breakup cross section observable.
The results are summarized i.i Fig. 4.13. The kinematics for which the curves
are calculated corresponds to the <j> = 0 branch of Fig. 4.9. We have omitted
the experimental data since we want to study the behavior of the various sep-
arable terms with respect to the local local potential calculation. The results
are self-explaining and in accordance with the prior results on the bound state
and scattering parameters. At low missing momenta the convergence properties
are satisfactory. At high missing momenta the UPE calculations also converge,
but not precisely to the local result. Probably, this discrepancy, which persists
if one calculates the cross sections for different combinations of the retained
UPE-eigenvalues, must be ascribed to a slightly different behavior of the off-
shell components of the scattering wave function. Somehow the electromagnetic
observable is more sensitive to these components than the N-d scattering param-
eters, at least in the considered kinematic configuration.

4.14 Concluding Remarks
This chapter contains a detailed treatment of the electromagnetic two-body
breakup of 3He. The coincidence cross section for the 3He(e,e'p)d reaction is
calculated with nucleonic final state interactions exactly taken into account. It
is feasible to employ a local S-wave N-N interaction. With respect to the studied
kinematic configurations two major conclusions can be drawn.

At low missing momenta the renormalization of the nuclear structure func-
tions due to final state effects leads to satisfactory results. In particlular the
antiparallel kinematic setup studied at NIKHEF, Amsterdam presents a nice
illustration for the ability of a purely nucleonic analysis with exact three-body
treatment to give a proper reproduction of the data.

In contrast, at high missing momenta an analysis with N-N interactions only
present in the S-wave channel is totally incapable to describe the experimental
data. In view of this failure, it is natural to adapt the formalism to the inclusion
of D-wave N-N interactions. Such an extension is discussed in the last chapter.

In the next chapter the three-body breakup process is considered. The
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Figure 4.13: Convergence properties of UPE in e.m. two-body breakup anal-
ysis. Kinematic situation is equivalent to the high missing momentum region in
Fig. 4.9. The upper curves are Born results, while the lower curves include final
state effects. Crosses represent results from a calculation with the local MT-
interaction. The dashed curve corresponds to a UPA calculation. The dashed-
dotted curve is also UPA, but obtained with siSo = 0. The dotted and solid
curve are due to the (l l l l)-UPE and (2222)-UPE combinations.

electromagnetic structure of both break up processes turns out to be completely
equivalent, and we can just repeat the results obtained in the two-body breakup
analysis. On the other hand, aspects like nucleonic dynamics or kinematic phase
space for the outgoing three particles in the three-body breakup process appears
to be essentially different from the structure we have encountered in analyzing
the two-body breakup process.
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Chapter 5

Electron induced three-body breakup

5.1 Introduction

The bulk of experimental electron-nucleus scattering data are of inclusive na-
ture. Only the outgoing electron is measured, all nuclear degrees of freedom in
the final state remain unobserved. Compared to coincidence studies an inclu-
sive scattering experiment is quite attractive. The experimental effort needed is
considerably smaller, whereas the cross section yield is quite reasonable. Inclu-
sive experiments provide information on very global observables like the nuclear
response functions, which only depend on the transferred four-momentum. As
soon as one would like to extract more detailed information about for instance
the nuclear wave function, one is urged to develop and carry out coincidence
experiments, in order to fix at least one of the nuclear degrees of freedom in the
final state.

From the theoretical point of view the situation is just opposite. If one
wants to give an exact account for the inclusive inelastic scattering data, one
in principle has to know the complete spectrum of final scattering states at
the probed energy-momentum transfer. In this chapter we present and discuss
an exact theoretical analysis to describe the inelastic response functions of the
trinucleon system. The N-N interactions are restricted to the S-wave channels.
To compute the response functions we have to know the three-body breakup
contribution. We therefore give a detailed account on the electromagnetic three-
body breakup process including final state effects. The relevant scattering wave
functions have been derived in section 3.6.

A numerical code is designed to account for the inclusive process and we
present results for the nuclear response functions RL and RT of the mirror trin-
ucleon systems 3He and 3H at a momentum transfer Q — 500 MeV/c. Recently,
these observables have been determined experimentally at Bates MIT, [15,16].
The response functions of the 3He-nucleus are also measured in Saclay [36].
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5.2 Cross sections and response functions

The nuclear response functions Ri and RT are related to the inclusive electron-
nucleus scattering according to

tPtr
= &Mott (5-1)dEe,dttel

I il
\Q* ' 2Q2

Experimentally the response functions are separated by means of a Rosenbluth
plot. Fixing Q and w one performs two measurements at remote angles 0e>.

Relation (5.1) holds for any nucleus. However, the following evaluation of
the response functions is only valid for the trinucleon system. The considered
target nucleus is denoted by Tz ( + | for 3He and —| for 3H), while the spectator
nucleon is designated by tz

N. In theoretical analysis the response functions are
related to the nuclear structure functions introduced in Chapter 2, Eqs. (2.22)
and (2.25):

KLyQiW;! ) = I dplvo(Ji,f — £,,• —u!)Wc((<l!,w,pN,'y;tNl ) (5-^)

RT(Q,u;Tz) =

(WT(Q,u, p'N,r, < * n + w8(Q,«, P'N, r, tz
Nr*),

where the energy conserving delta-function is explicitly extracted from the nu-
clear structure information. The contribution from the interference term Wj
vanishes due to the integration over the azimuthal angle <j> (defined in Eq. (2.22))
around Q. Evidently the response functions /?/, and Rx account for the contri-
butions resulting from probing the charge-longitudinal and the transverse com-
ponent of the nuclear current.

The nuclear structure functions for the two-body breakup process, including
final state interactions are derived in chapter 4. Here we present a detailed
derivation for the nuclear structure functions of the three-body breakup process.
Finally, in order to provide the full account to the trinucleon response functions,
the nuclear structure functions from both breakup reactions are taken together.

5.3 Nuclear structure functions
The essential difference between two-body breakup and three-body breakup is
the final state of the pair-subsystem. The deuteron state appearing in two-body
breakup is an isolated bound state in two-nucleon Hilbert space with a definite
internal energy. In three-body breakup the pair-subsystem is in a continuum



state. Its internal energy can range from the absence of relative motion (p2j — 0)
to absorption of all the relative kinetic energy scm available in the three-nucleon
system. The relation between s^n and the transferred energy u is again taken
as Eq. (4.1)

scm = J{u> + MT)2-Q2 - 3M*. (5.3)
We will come back to this choice in the discussion of the results.

Like in the two-body breakup analysis the treatment of the nuclear dynamics
is nonrelativistic. This implies that the argument of the energy conserving delta-
function present in Eq. (5.2) can be expressed in terms of relative momenta:

Ef-Ei-u> = p)+q}-scm. (5.4)

This form is very transparent. The argument does not contain angles and the
accessible phase space is limited to {pj,qj)c([0,y/s\,[0, ^/s\). We express the
response R and the nuclear structure W in terms of an integral of a function / ,

tlT') = jdps I{p,q};Qscm;t\Tz)6{p) + q) - scm) (5.5)

,r) = jdqfW(Q,u>,qfxf;t[T*), (5.6)

where t\ designates the isospin of the spectator particle.
The function / is obtained by squaring the invariant amplitude M, thereby

averaging over initial spins and summing over final spins. Thus, in order to
achieve our goal, i.e. the (numerical) evaluation of the response function R, we
have to determine the amplitude M. In the following derivation we will drop
all indices which label the electromagnetic structure. It is completely equivalent
with the analysis of the e.m. two-body breakup proces presented in chapter 4.
The various nuclear structure functions can be extracted from the amplitudes
with the aid of Eq. (4.32). Except for this simplification we will present an exact
specification of the invariant amplitude M and the function / , before discussing
the subsequent integrations necessary to arrive at the response R.

5.4 The three-body breakup amplitude

The notation of the three-nucleon momentum and the various spin-isospin com-
ponents is entirely corresponding to the conventions introduced in the Appendix.

A complete experiment would require the measurement of three of the four
outgoing particles. A natural choice would be to detect the electron and two
nucleons. Let us designate these nucleons as number 1 and 2. Like in the N-d
breakup process the invariant amplitude is the matrix element of the electro-
magnetic operator

(5.7)
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evaluated between the initial trinucleon bound state and the final scattering
state. Both states must be fully antisymmetrized,

M=tyT\rem]f)A. (5.8)
Like in the two-body breakup we do not need to account for the fully antisym-
metrized final state, but we can just take one component, provided that the e.m.
operator is symmetric and the initial state is antisymmetrized.

\f)A=A\f),
where A is the antisymmetrizer from Eq. (A.13). Yet, A can be absorbed in the
initial state and M becomes

M = v%>x | Tem I / ) , (5.9)

where | / ) is no longer an eigenstate of the permutation operators in Eqs. (A.13-
A.15). Of course, | / ) is still an eigenstate of the Hamiltonian H = Ho + £)f_i V̂
with energy scm. To describe the three-body breakup process we use a complete
set of three particle states (Eqs. (A.I) or (A.32)). In that case the scattering state
is just the sum of an unperturbed three-nucleon plane wave state and a distorted
three-nucleon state, arising from all possible nucleonic final state interactions.
To determine the latter state requires the solution of the free —» free T-matrix
element for the transition from an off-shell three-nucleon state to an on-shell
three-nucleon state. Thus, the scattering state component | / ) becomes

dpdq\pq/3)kG0{scm) h{pq0 | Um(scm) \ pjqjPfc,

(5.10)
where <70o = T1 +T2 + T3 is the full three-nucleon T-matrix. The label /? contains
the various spin-isospin quantum numbers summarized in Eq. (A.32). With the
aid of Eq. (3.9) we can represent the first contributions in diagrammatic form:

-y .... -^.,
2 • - - , - 2 • ^ 2 • - - - 2 * ^ - N - 2

- - ' - ' a - -3 - . .AJ-3 • L Z 3

Adding the electromagnetic interactions implies that each diagram is divided
into three diagrams, each of them having a different active nucleon. For the
non-distorted diagram we have for example

1 >̂ 1 — ^ - 1

3 3 3

From a dynamical point of view there are four different classes of diagrams.
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Ignoring the electromagnetic interaction, they are diagrammatically represented
by

D = Direct

i?'°) = Born disconnected

= Rescaltering

/ ~ \ 7~\~ * • • • B^ — Multiple scattering
v / V J contribution

In the following we will use the above nomenclature to distinguish the various
dynamical contributions.

The complicated part in Eq. (5.10) of course is the matrix element of Uoo- It
can be written as

3

k(pqfi | Uoo{Scm) I Pj<ljPs)\ = ]C k{pq/3 | ^"'(^cm) | P/<f//?/)i. (5.11)

n=l

Writing the T'-matrix components as

J*nl \ _ f I \ V^ J*, \n ( „ \f ( o \
1 \bcm) — ln\Acm) / , * ^cm^Ol'cmrnWcraj!
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which is equivalent to the matrix in Eq. (3.9), it is obvious that we have to
insert an additional complete set of states on the right hand side, since the final
state | P/<f//?/)i is fixed. The recouping index fc, appearing in Eq. (5.10) may
be chosen such that it coincides with the subsystem in which the first nucleonic
interaction takes place. Separating the Born disconnected terms from the fully
connected terms we obtain for the Uoo term in Eq. (5.10)

Y, I dpdq | pq(3)k k{pq($ | Uoa(scm) | f,qS0,)i = £ £ / W

[ J2 / dfdq | PqP)n n{pq0 | <n(-'cm) I p"?'/?')n nip'q'P'
0 J

- J2 I dpdq | pq/3)k k{pqf3 | £ Te(cm)G0(scm)tn(scm) \ p'q'p')n

. (5-12)

The integrals Jdp'dq' in Eq. (5.12) are formal and the momenta (p',q') are
replaced by the momenta (p/n,<jfn) associated to the set (p/,g/) according to
Eq. (A. 19). In addition we need to know the spin-isospin recoupling elements
n(l3' | 0j)i (see Eq. (A.30)). In the disconnected term, the spectator momentum
q/n is directly substituted into the electromagnetic interaction.

To summarize, the invariant amplitude describing a transition from the trin-
ucleon bound state with spin 5f and isospin Tz to a final plane wave state with
energy scm and spin-isospin quantum numbers contained in /?/ can be expressed
as

M ( ) fc

- £ Jdpdq | pq$)k k{pqP I ̂ oo 1 | prfrffh • (5.13)

The relation between the amplitude M and the function / in Eq. (5.5) involves
the evaluation of the spin-isospin degrees of in the final state. First we recall
that in the notation | p/g//?/)i spin-isospin quantum numbers are contained in
/?/ according to

I 0fh =1 {»P,*,,) SjS'j; (tP,tv) TjTfr. (5.14)

The treatment of the spins is completely equivalent to the two-body breakup
analysis. Since we do not observe spin polarizations we have to sum the squared
amplitude over the possible combinations of spin-values in the final state. The
procedure is discussed in section 4.9. However, isospin requires an additional
evaluation. In a complete experiment we have to decide which nucleons we are
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going to detect. Each choice, such that t\ + tz
2 +1% = Tz, is equivalent, but must

remain fixed. It implies that we have to project on the isospin states | 2J2|2|;TJ).
This gives rise to an additional product of Clebsch-Gordon coefficients

r(tP],T};t\tltl;T>) = i({tPltqt)TjT* 11*^)

= ( V ^ V i I TJT*)(WP, I UWa). (5-15)

In contrast to N-d breakup the isospin-quartet channel becomes accessible, due
to the isovector coupling in the electromagnetic interaction. Consequently we
have to account for multiple scattering in the Xa7?-channel. Evaluation of this
term is completely equivalent to the scattering analysis in the ^'^-channel.

In the calculation of the nuclear structure functions we have to average over
the initial polarization and to sum over the final spin quantum numbers. Ac-
counting simultaneously for the correct isospin dependence we obtain

£ I £ I £ M &T*;pfqf,sPfSfS};tPITf) T (tp,Tf;t\T>) |2 (5.16)
tVjT,

To recover the electromagnetic structure we follow the procedure discussed in
section 4.9. In doing so the functions / are distinguished with an index j =
C, T, S, I. Finally the functions Ij are substituted in Eq. (5.5) in order to com-
pute the various structure functions.

5.5 Disconnected contributions
The disconnected part of the scattering wave function consists of the direct term
D and the Born disconnected term B^°K Incorporating the e.m. interaction,
twelve diagrams can be distinguished, three of type D and nine of type 5*°'.
Like in the two-body analysis the B^ contributions can be divided one step fur-
ther. The photon couples to the spectator (three diagrams) or to the pair (six
diagrams). The latter contribution is often referred to as the photon-correlated-
pair term. Thus, there are six diagrams in which the probed nucleon is directly
knocked into its final plane wave state. Obviously for this set of six diagrams the
electromagnetic structure can be extracted from the nuclear overlap, like in the
two-body breakup. In the following we will refer to this set as the PWIA ampli-
tude, although the convenient way to calculate the PWIA cross section requires
an additional assumption. The remaining six diagrams form the counterpart of
the DDKO amplitude in the two-body breakup analysis.

The actual evaluation of the direct amplitude offers an excellent opportunity
to test whether the symmetry properties of the electromagnetic operator and
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the trinucleon bound state are correctly implemented in the numerical code. In
the construction of the direct amplitude no integrations are involved:

(5.17)
n = l

Evidently three pairs of momenta {pp\qf) are probed in the triton, depending
on the active nucleon number n. However the analysis of the e.m. interaction
becomes somewhat simpler if we artificially fix n to 1 by inserting a complete
set of states Ylp< Jdp'dq' \ p'q'/3')n n{p'q'/3' | just after the e.m. interaction (see
Eq. (4.15). Yet, both ways must give the same answer at each phase space point
(Pfi?j) a nd f°r e a ch combination of final state spin-isospin quantum numbers
at an arbitrary value of the momentum transfer Q. This requirement can only
be satisfied if the above mentioned symmetry properties are numerically correct.
It should be stressed that this test is important and must be fulfilled. Without
fulfilment the results of the analysis may be senseless. In the the two-body
breakup analysis such a test is less easy to perform since already the evaluation
of the disconnected amplitude requires integrations. Also the unsymmetrized
N-d final state component is lacking the extra symmetry property present in
the direct amplitude. However, the above test, which is of course successfully
passed, also guarantees the correct implementation of the symmetry properties
in the two-body breakup analysis.

The Born disconnected amplitudes, written as

n=l 0 J

M(Born Unconnected) = ^ £ £ f dpdq(^TS^ | £ T ^ | pq/3)nG0(scm)

(5-18)

are computed along exactly the same lines as outlined in the two-body breakup
analysis. The only modification is the replacement of the deuteron state by the
two-particle ^-matrix in the continuum sector:

^ ' ) (519)

The pole in the three-particle propagator is removed using the standard sub-
traction technique discussed in section 3.4. Of course the three-body breakup
Born amplitudes are complex valued. In contrast to the deuteron case both spin
channels in the two-body sector are accessible. Special care should be attended
to the virtual deuteron state in the 1So-channel just above threshold.
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5.6 Connected diagrams

The connected amplitude is written as

™ \ j> q/3)kG0(scm)j
n=l 0 J j=\

k(pqj3 | E^(S™)G0(Scm)<n(5cm) | prffPfh. (5.20)

As mentioned before the index k is optional and is chosen such to match the first
interacting pair. The wave-function coefficient represents the first rescattering
term as well as the account due to the remaining multiple scattering. The
structure of these free —> free scattering terms is analyzed in section 3.6. In terms
of the wave functions derived in that section, the scattering matrix element

| PfJjJfJ- (5-21)

Explicit forms of the functions B^ and F are expressed in Eqs. (3.65) and (3.80).
The numerical evaluation of this contribution is entirely equivalent to the

procedure discussed in section 4.7. Only in the integration over the specta-
tor momentum q an additional complication emerges due to the presence of
logarithmic singularities in the rescattering wave function of Eq. (3.65). In the
g-integration these poles are removed using a type of subtraction technique sum-
marized in Eqs. (3.54- 3.57). Since the actual evaluation is slightly different we
rephrase the expressions. Due to the choice of W^-functions in Eq. (3.71) only
the Qo-Legendre functions will appear in the integration. If we split off a reg-
ular coefficient f(q) in front of the logarithmic term Qo, the integral over the
logarithmic contribution can be written similarly to Eq. (3.54),

dq (f(q)Qo (x,(q, <?/„)) - 0.5 f(qU2)in(qU2 - q) + 0.5 kj{q^ )ln(q - q^ )),

(5.22)
where we have subtracted the singularity terms. The position of the logarithmic
points qUi and qW2 is known as a function of the associated spectator momentum

(5.23)

where qjn of course depends on p/,q/ according to Eq. (A.19). (In the notation
of Eq. (A.19): j —+ n;i —* 1.) The variables xt and k, are explained in chapter
3, Eqs. (3.73) and (3.56).
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The correction integrals appearing in Eq. (5.20) can be performed analyti-
cally:

I]:? dq ln{qwi - q) \
"x , \ = (flu* - 1^){ln{q^ -qui)-l). (5.24)

C 2 dq ln(q - ) j
In the actual calculation of Eq. (5.20) the contributions from the rescatter-

ing term and the remaining part of the multiple scattering series are separated
according to Eq. (5.21). The evaluation of both terms is of course equivalent,
except for the account of the logarithmic contributions which are only present
in £<«).

The relative phase between the various amplitudes is of course of utmost
importance. According to Eq. (3.65) the multiple scattering contribution starting
from i?'0' is an alternating series due to the form t>f the Greens function. For the
same reason the direct amplitude D and the Born disconnected amplitude B^
have opposite relative sign, which is consistent with Eq. (5.10). This is also true
for B(o) and B^ resp. 5<]> and F. However, in the latter case the factor - 1 is
already absorbed in B'2 ', since the driving term is constructed directly from the
expression for

5.7 Three-body breakup spectral function
Before turning to the integrations involved in the evaluation of the nuclear struc-
ture functions W, we first apply the concept of the nuclear spectral function S,
defined in section 4.4, to the three-body breakup process. In chapter 4 it was
shown that the PWIA cross section for the two-body breakup reaction could
be expressed as a product of the half off-shell electron-nucleon cross section
(Eqs. (2.52) and (2.53)) and the spectral function (Eq. (4.8). The same is true
for the three-body breakup process. In section 5.5 we already selected the PWIA-
type amplitudes. In doing so we mentioned that in deriving the PWIA nuclear
structure functions it is convenient to make a further assumption. In a true
PWIA-analysis the overlap between contributions with a different active spec-
tator nucleon are neglected. This is conceptually wrong since the different final
states are not orthogonal, which property is expressed by the non-vanishing re-
coupling coefficients. One consequence of this simplification is that the reduction
from a fully antisymmetrized final state to just one component like in Eqs. (5.8-
5.9) is no longer valid. But it is believed that the overlap contributions are very
small compared to the squared terms. In checking this assumption we found that
the size of the overlap was indeed very small, less than 1%, which is comparable
to the numerical inaccuracy. In this approach the PWIA nuclear structure func-
tions reduce to merely the sum of three equivalent contributions, which contain
the spectral function as a factor.
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In the case of three-body breakup the spectral function measures the proba-
bility to find one nucleon t\ with missing momentum <fm, leaving the remaining
two nucleons in an unbound, but correlated state with energy e.iz{f) — Em.
Here, we have redefined the missing energy, such that Em = 0 indicates the
three-body breakup threshold. According to this definition the spectral function
can be expressed as

S(qmEm;t\r) = (5.25)

£ 3 £ I v^WTSffl I qmsl; fe/), |2 S(Em -

The correlated two-particle state is antisymmetrized and is assumed to have the
same asymptotic normalization as a plane wave state. The summation index
/ labels the unobserved quantum numbers of the residual state, i.e. £1/ —>
£),* Jdpj. The energy £23(/) is the internal kinetic energy of the subsystem,
£23(f) = P/- As has been discussed in detail in the derivation of the invariant
amplitude, we only need one component of the state | ^23) in order to calculate
the spectral function. Explicitly using the expressions for the trinucleon state
from Eq. (3.84) and the disconnected final states from Eq. (5.17) and (5.19), we
obtain

S{qmEm-t\T>) = I £ \Vi fdnP} (5.26)

9m;0i)-2—1—-g(PiPMP);P/MPI;PI)\
tPj L P — P/ ~l£ J

where t^tlt^ form an arbitrary, but fixed set of isospin quantumnumbers, such
that the coefficient F from Eq. (5.15) has a definite value. Che number nf
accounts for the possible identity of particles present in the subsystem. It arises
in carrying out the subsytem summations. The possible values simply are

nf = 1 if t\ = +T*,

nj = 2 if t\ = -T*. (5.27)

The spectral function can be connected to the electromagnetic process by the
missing Jacobi coordinate qm. It is related to the final momentum of the active
nucleon according to
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Figure 5.1: The left-hand part shows three-body breakup momentum distribu-
tion p3 of 3He calculated in UPA. The figure on the right-hand part shows the
function P(Em), also for 3He. The solid line corresponds to a spectator proton,
the dashed line to a spectator neutron .

In PWIA the nuclear structure functions are simply obtained by

(5.28)
7 1 = 1

where Nf is the number of nucleons with isospin t\. The single-nucleon func-
tions Wj (j=C,T,S,I) can be found in section 2.6, Eqs. (2.55) or (2.56). The
nuclear response functions can be calculated by a subsequent integration over
p'N according to Eq. (5.6). The response should be multiplied by the factor
\nj(t\, Tz) form Eq. (5.27) in order to compensate for double counting in the
case that one of the nucleons in the pair is identical to the spectator particle.

In PWIA, the missing momentum and missing energy dependence of the
three-body part of the spectral function directly determines the three-body
breakup nuclear structure properties. To see the form of this dependence we
have plotted in Fig. 5.1 the proton and neutron three-body breakup momentum
distribution pz{pm\ i\) for 3He. This quantity results from an integration of the
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spectral function over the missing energy in the continuum range,

Pz{qm\t\) = jo°° dEmS(qmEm;t[T* = 1). (5.29)

Also shown is the less convenient quantity

P(Em; t\) = -L jdqmS{qmEm; t\Tz = ±), (5.30)

from which the missing momentum dependence is removed. The figures clearly
show that the spectral function is a rapidly decreasing function of both the
missing momentum and missing energy. For more details about the spectral
function, such as a two-dimensional plot, the reader is referred to Ref [50].

Knowledge of the behavior of the spectral function is essential if one attempts
to calculate the exact nuclear response functions by integrating the squared
invariant three-body breakup amplitude M over the Jacobi coordinates pj and
qj. The next section provides a detailed account of such a calculation.

5.8 Integrations of the squared amplitude

To compute the nuclear structure functions W we have to integrate the squared
amplitude / of Eq. (5.16) over the pair momentum pj (see Eq. (5.5). Due to the
energy conserving delta-function the radial integration is trivial and W becomes

(5.31)
where nj is the combinatorial factor from Eq. (5.27). The function / only weakly
depends on the azimuthal angle (j>Vj. This dependence is entirely due to the
exchange contributions in the various amplitudes, which are represented by the
n = 2,3 terms in the direct amplitude D (Eq. 5.17)), in the Born disconnected
(Eq. (5.18)), and connected amplitudes (Eq. (5.20)). To obtain numerically equal
results for the n = 2 and n = 3 terms separately (apart from the overlap), the
integration interval [0, 2TT] was divided in two subintervals [0,7r] and [7T, 27TJ. A
Gauss-Legendre quadrature with n^ = 3 points in each subinterval already
leads to an accurate result.

The integration over the polar angle 6Pf requires considerably more care.
As we have seen in the previous section the nuclear spectral function exhibits
a pronounced maximum at missing energy Em = 0 and missing momentum
qm = 0. In terms of integration momenta these points are

p) = 0

qj = - < L = -0/y/3M, (5.32)
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if we assume that the photon couples to the spectator particles in the discon-
nected diagrams. However, we should be careful because these relations are also
valid for the associated momentum p/n,q/n {n = 2,3). Re-expressed in the in-
tegration momenta, significant contributions to the nuclear structure functions
will show up at

0 * Em = p)n = \p) + \q) T \sfi pj-q, (5.33)

To fulfil the second condition the combination (.ScmiQm) has to be close to the
quasi-elastic peak, which is at scm = Q^- If this is not fulfilled, we relax the
second condition to the lowest possible value of <f£,. Assuming the quasi-elastic
condition the combined values

q) = \scm xj = qr0m = +l, (5.34)

will completely satisfy both conditions in Eq. (5.33) . If we drop the quasi-
elastic condition the phase space values in Eq. (5.34) are still in the region with
the largest contributions, but the maxima become less pronounced. (In the
Eqs. (5.33) and (5.34) the upper (lower) sign corresponds to n = 2(3).)

Returning to the polar integration dcos$Pf the above analysis implies that
the integrand / will be peaked at forward or backward angles 9Pj. Numerical
investigation confirms this analysis. The function / is narrow peaked at 8P/ =
0, w. Moreover this kind of behavior is present in almost the entire phase space
region, although the function / is much smoother outside the quasi-elastic points
To account accurately for the integral with a reasonable number of mesh-points
the integration variable is casted into a form which samples the forward and
backward angles more effectively. For this we used the substitution

=sin-yP / . (5.35)

It leads to surprisingly fast converging results. Already nyP) = 8 is sufficient,
provided that / behaves as mentioned above. It is checked to be so.

To arrive at the nuclear response functions we have to perform the integral in
Eq. (5.6). As is already pointed out, the azimuthal integration removes the con-
tribution from W], whereas Wi and Ws get the same transverse electron-photon
factor (Eq. (5.3). The integral over the spectator momentum qj is recasted in
an integral over the missing energy Em = s m — q2

} and consequently Eq. (5.6)
becomes

R(Q,u;Tz)= (5.36)
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where nj is the additional combinatorial factor from Eq. (5.27). The xq/ depen-
dence of W appears to be similar to the j/p/-dependence of / and consequently
we employed the same substitution (Eq. (5.35)) to perform the xqj-integration.
The integral over the missing energy is caried out with in mind the presence
of pronounced maxima at q2, ss scm and qj ss jsc m . Thus the missing energy
interval is subdivided in [0, ja^n] and [|sCm)Scm] and accurate integrations are
performed with a 12-4 point Gauss-Legendre grid after employing substitutions
equivalent to Eq. (5.35).

5.9 Trinucleon response functions

Results are presented for the longitudinal and transverse response functions of
both 3He and 3H. Recently inelastic inclusive cross sections of these mirror nuclei
have been measured at Bates, MIT [15,16]. A similar experiment for only the
3IIe nucleus has been performed some years ago at Saclay [48]. From these data
the response observables are extracted as a function of the energy transfer w for
some values of the momentum transfer Q. We have studied the Q = 500 MeV/c
kinematic situation. Numerical results together with the experimental values
are summarized in Fig. 5.2 and 5.3.

To compute the response functions, both two-body breakup and three-body
breakup exclusive cross sections have to be determined. The three-body account
has been discussed in full detail in the previous sections. To obtain the two-body
contribution to the response function from the nuclear structure functions, one
additional numerical integration needs to be performed, i.e. the integral over
xj = <jj • Q or Xiab = qiab • Q- Calculation of these integral is straigtforward
keeping in mind that in the lab frame the exclusive cross section exhibits a
pronounced peak in the forward direction.

The figure clearly shows that final state effects decrease the PWIA response.
This conclusion is valid for both response functions of both nuclei in a wide
range of energy values around the quasi-elastic peak. Only at energy values
beyond u> = 200 MeV final state effects recover the simple PWIA result. It is
stressed that in the entire energy region, final state effects due to the connected
amplitudes are important and in fact just cancel the considerable enhancement
of the response due to the remaining Born disconnected diagrams.

This result does not support the findings of Schiavilla et al. [59], who em-
ployed the method of correlated basis states to account fcr final state effects in
the longitudinal response. The entire response peak in their full result is shifted
towards larger energies with respect to the result obtained in impulse approx-
imation (IA). Consequenty the full response is enhancing the IA response at
energies beyond the quasi-elastic peak, despite the fact that the strength of the
peak is decreased by about 15 %.

The figures contain several more features which require discussion. All curves
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Figure 5.2: Longitudinal response data [15,16] for 3He and 3H. The solid line
represents a complete calculation. The dotted curve corresponds to a calcula-
tion including all disconnected diagrams. The dashed curve shows the PWIA
contribution.
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Figure 5.3: Transverse response data [15,16] for 3He and 3H. Curves have the
same meaning as in Fig. 5.2
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are shifted to larger energies compared to the experimental data. This is at
least partially due to the use of nonrelativistic nuclear dynamics. As mentioned
earlier, in a nonrelativistic treatment of the dynamics the quasi-elastic peak is
situated at scm = Q/-</3MN. Thus, in the Q = 500 MeV/c configuration Tiie
center of mass energy at the quasi-elastic peak becomes scm = 88.8 MeV. The
corresponding value of the energy transfer u; is 138.5 MeV taking the trinucleon
binding energy to be —7 MeV. One could argue that Eq. (5.3) is relativistic.
However, employing the nonrelativistic reduction of Eq. (5.3), the value of the
energy-transfer OJ only slightly increases to 140.2 MeV. In contrast, a completely
relativistic determination of the quasi-elastic point yields a considerably lower
upvalue. The condition for the quasi-elastic peak becomes

u + MN = y/Q* + Mlir + 2MN,
supposing that the residual pair is without internal motion, while its center of
mass motion is zero. This conditon is correct, since the dominant three-particle
break up contribution to the response comes from the singlet resonance state for
the residual pair just above threshold. In such an analysis the quasi-elastic value
for w becomes 131.9 MeV. The same analysis is valid for the two-body breakup
contribution.

Indeed, Schiavilla et al. showed that employing relativistic kinematics for
a Q = 400 Mev/c momentum transfer shifts the quasi-elastic peak by about
6. MeV to lower energies, which supports the above considerations. They also
found that the response strength increased, in turning to relativistic kinematics.
Whether this is purely due to kinematic effects in their analysis is not quite clear.
Applying the implications of using relativistic kinematics to our calculations
would at least improve the position and the strength of the various response
functions, in particular the PWIA-analyzed curves for the longitudinal response.

Nonetheless, part of the discrepancy between the experimental and calculated
curves cannot be explained in terms of the employed kinematics. Especially the
transverse response exhibits a remarkeble gap between the calculated prediction
and the experimental data at the low energy tail. One might ascribe this dis-
crepancy to the lack of D-wave components in both the initial and final state
wave functions, but this assumption is disqualified by the PWIA-type analysis
of the Hannover group [50] and the Rome group [10]. They carried out a cal-
culation of the response functions adopting the RSC-potential including D-wave
N-N interactions, but their results for the transverse response suffer from the
same deficiency.

Another explanation can be formulated in terms of meson-exchange current
(MEC) effects. These contributions are expected to become manifest only in
the transverse response. It is assumed that the MEC effects fill up the missing
strength for the transverse response over the entire energy range [15].

Finally Fig. 5.4 and 5.5 show the two-body breakup and three-body breakup
contributions to the response separately. Some interesting aspects are directly
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visible. The 3H-longitudinal response is completely determined by the three-
body breakup part. Of course, the two-body breakup PWIA contribution is neg-
ligible, but apparently final state effects do not modify this result significantly,
except in the low energy tail. In two-body breakup the Born disconnected con-
tribution is almost entirely due to the PWIA amplitude. Although the DDKO is
the dominating process in anti-parallel kinematics (see section 4.12), the PWIA
peak at parallel kinematics is generally much more pronounced, even for the
triton. Only at low energies the two-body part for 3H-R.£, is mainly determined
by the remaining Born disconnected contribution.

These behavior of the various disconnected amplitudes is also present in the
three-body breakup contributions. However, at this point the analogy with two-
body break up stops, due to the entirely different structure of the available kine-
matic phase space. The PWIA contributions are only significant in three narrow
peaks, corresponding to the three pairs of direct knockout diagrams. In contrast,
the gamma-correlated-pair diagrams together with the nonvanishing overlap of
the various contributions in the final state result in a rather constant behav-
ior of the nuclear structure functions coming from all disconnected diagrams. In
three-body breakup the spectator phase space is two-dimensional, apart from the
azimuthal component, whereas the available spectator phase space in two-body
breakup is essentially one-dimensional. This property explains the considerable
increase of the full Born disconnected response relative to the PWIA-response in
three-body breakup. Furthermore, the overlap between the three non-orthogonal
final state components can no longer be ignored, like in the PWIA analysis in
section 5.7. For example, in a purely disconnected calculation the contribution
due to the overlap amounts for about 10% to 20% of the total response.

Final state effects always decrease the disconnected response. In the three-
body breakup figures, the response resulting from truncating the scattering series
at the first rescattering term is explicitly plotted. Evidently the rescattering
diagram is important over the entire energy range. Ignoring it is definitely
wrong, even at high energies. At low energies the same conclusion is true with
respect to the remaining terms in the multiple scattering series. Ignoring them
in the electromagnetic amplitude would lead to considerably overestimating the
response in the low energy tail. It is only at high energies that one may restrict
the response analysis to diagrammatic contributions up to the first rescattering
amplitude.

5.10 Concluding remarks

An exact electron induced three-nucleon breakup analysis is carried out. On the
level of response functions the full result renormalizes the PWIA result by a fac-
tor varying from about 0.9 at the quasielastic peak to 2 a 3 at the low energy tail.
In particular the longitudinal response is sensitive for adding electromagnetic di-
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Figure 5.4: Two-body and three-body breakup contributions separately to the
longitudinal response of both mirror trinucleon systems. Momentum transfer is
again Q = 500 MeV/c. The solid curve represents the full calculation, the dotted
curve corresponds to the disconnected contribution, while the dashed curve shows
the PWIA response contributions. In the three-body figures the dashed-triple-
dotted curve indicates a calculation including all disconnected amplitudes and
the lowest-order connected amplitudes.
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agrams beyond PWIA. Apparently PWIA itself is the best approach of the full
result. Including all disconnected amplitudes leads to a strong enhancement of
the response. The addition of the rescattering amplitude leads to correct results
at the high energy tail, however at the low energy tail the situation becomes
even worse. In this region it is essential to account for higher-order multiple
scattering effects.

In view of this result it is obvious that any approximate treatment of final
state effects in the three-body sector will lead to unreliable results for the re-
sponse, especially at low values for the energy transfer. One question remains
open. Why leads PWIA to such reasonable results in describing the three-body
breakup process?
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Chapter 6

Analysis with D-wave N-N interactions

In the analysis and calculations presented in the previous chapters only S-wave
N-N interactions are considered. This approach turns out to give a satisfactory
descrip'ion of the low missing momentum data in the two-body breakup process.
However, at high missing momenta a pure S-wave analysis is clearly inadequate
to give a proper account to the experimental data. In this chapter we investi-
gate, whether the inclusion of D-wave N-N interactions improves the theoretical
description for the two-body breakup coincidence experiment at high missing
momenta. With respect to the three-body breakup process we present PWIA
results for the nuclear response functions including D-state components in the
nuclear wave functions.

6.1 Two-body breakup analysis
From experiment it is known that the deuteron is not a spherical object but
contains a D-wave component. Despite numerous experimental investigations
the D-wave content remains an almost elusive property. The most recent values
range from PD = 3% to 7% [1). The uncertainty is entirely due to the fact
that the D-wave radial wave function is almost unknown at short distances. For
theoretical studies, the persistent inability to achieve an accurate experimental
determination of the deuteron D-wave component, is quite unfortunate, since
the results of most models are very sensitive to the D-wave parameter. This
feature especially bothers the latest theoretical descriptions on meson-exchange
currents and sub-nucleonic effects, but also in the analysis of electron scattering
experiments on nuclear systems it might play an important role.

The deuteron has total angular momentum jj = 1, spin s^ = 1 and isospin
td = 0. Thus, the possible values for the orbital momentum are £j — 0 and
£i = 2. Consequently, the deuteron state

I dJS) (6.1)

can be obtained from the residuum of the two-body ^-matrix acting in the coupled
3Si-3Di channel. The total angular momentum component j'j is a conserved
quantum number with three possible values: j'J = 0, ±1.
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Accommodating on the electromagnetic breakup analysis we project Eq. (6.1)
on a plane-wave spin-isospin product state:

I dj'd) = £ ( dp\psdsdtdld){psds*dtdt*d | djl). (6.2)
•5

The coefficients of this projection are given by

M l £ +u{p)yu%lp\ (6-3)
td=0,2

where the vector spherical harmonic y is shorthand for

\3s')Yl}(p). (6.4)

The expansion in spherical harmonics in Eq. (6.4) is restricted to s = sd = 1 and
sz = sjj. Furthermore in each coefficient the orbital component is fixed according
to

Due to rotational invariance the radial components <f>id do not depend on £z
d.

The isospin quantum numbers are single-valued: td — t\ = 0.
A similar analysis can be applied to the trinucleon bound state. The total

angular momentum JT = 5, and again Jj- = ± | is the only conserved quantum
number. The total spin can be either S = | or S = §. Consequently, the orbital
momentum can take the values C = 0,1,2. If we adopt the following coupling
scheme

~ ( Jp + Jg = JT, (6.6)

with

£ + f, = £,
sp + sq = S,

it is immediately clear that we have in principle infinitely many possible values
for the subsystem and spectator angular momentum tp and £q. However, with
the kowledge that the deuteron is a major component of the trinucleon system
(see Fig. 4.3), it is natural to restrict the N-N interaction for the spin-triplet
state sp = 1 to the 3Si-3D! channel. For the spin-singlet state sp = 0 we again
allow only S-wave interactions. Taking these channels into account the Faddeev
amplitudes ij)v consist of five components (v = 1 •••5). Applying the (jpjq)J-
coupling scheme from Eq. (6.6) the basis states are given by

I PiliViji = | Pig,-; [(^p.Sp,) jPi (£qisqt) jq>] JJz;tPitgiTTz)i. (6.7)
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Table 6.1: Faddeev components and their quantum numbers

The relevant combinations are listed in table 6.1.
For the Faddeev amplitudes we facilitated the set generated by the Han-

nover group [30]. As N-N interaction input they used the Reid soft-core (RSC)
potential [56].

The construction of the full three-body wave function is entirely equivalent
to the procedure discussed in section 3.7. Again we project on plane wave-spin-
isospin product states

(6.8)iSz;(tptg)Tr),.

After transforming the plane wave states into angular momentum states accord-
ing to

tqTHq tpTtlp

the wave function components can be expressed as

(6.10)
71=1 f = l

where the coefficient F is shorthand for

iJr JT

(6.11)
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In this expression the quantumnumbers jP,jq,tp,sp,sq are included in u accord-
ing to table 6.1 .
Another route to compute F is along (CS)J basis states.

E E ((Vp)ip(Wj«.JT.Jf I (epeq)C(spsq)SjTj})

(JTJ} I CC*SS*){CC* | VpVJ)

>/^(Pn)<'(9n), (6-12)

where the 9 — j symbol is evaluated according to Edmonds [17]. The coefficient
n{&u I &T)\ is 'he well-known recouping factor introduced in the Appendix,
Eq. (A.30). Selecting only the pure S-state channels v = 1,2 the results of
Eq (6.10) should reduce to Eq. (3.86). Indeed the coefficient T is 1 for JT = S and
Jj, = Sz, apart from a normalization factor 1/4TT and vanishes for the remaining
combination of quantum numbers. The pure D-state channels v = 3,4 only
couple to the quartet state S = | . The relatively weak v = 5 channel accounts
for the mixing of the pure S-state and D-state channels. It furthermore contains
the P-state component of the wave function, which is very small, about 0.08%.

The basis states in Eq. (6.8) contain sixteen orthonormal spin-isospin states.
Together with the four spin doublet states with 5 ' = Jj-, which are already
present in the pure S = | analysis, there are four S = | states with Sz = —Jf.
These latter states result from coupling to the v = 5 channel and give rise to
small contributions. In addition a set of spin quartet states is present labeled
by the spin component Sz = ± j , ± | . Each component oc<ws twice to account
for the isospin subsystem number tp = 0 and tp = 1. In the quartet case the
tp = 1 projection is purely due to the to exchange contributions arising in the
construction of the wave function.

To check the numerical construction of the trinucleon wave function, we com-
puted the normalization. Using the set of basis states Eq. (6.8) this operation
becomes rather time consuming since a six-fold integral has to be performed
together with a sum over n,v and /?. Employing Gauss-Legendre quadratures
with 16 points in the radial integrations (cp = 15., cq = 6.5), 8 points in the polar
integrals, 6 points in the azimuthal integrals (<j>p : <j>q -* <f>q + 2Tr; <j>t : 0 —> v), the
final probabilities are

P(S = i) = .9089
P(S=§) = .0911

This result can be compared with the numbers listed in table 4 of Ref. [30],
where the probabilities of the non-truncated wave function are found to be

P(C = 0) = .9085

112



100 200 400 500 600

IPI [MeV/c]

Figure 6.1: Two-body momentum distribution p2, calculated with the RSC-
interaction active in the 'So and 3Si-3Di two-body channels. The solid line
represents the full result. The dashed line corresponds to a calculation with
the RSC-potential confined to only the S-wave channels. For comparison the
MT-result is also plotted (dotted curve).

P{£ = 1) = .0
P(C = 2) = .0915

The momentum distribution p2 of 3He for the RSC-potential is displayed in
Fig. 6.1. The figure clearly shows that the D-state component dominates the
structure at missing momenta beyond 300 MeV/c.

For completeness the momentum distribution n(q) defined as

(6.13)

is also plotted. The result is shown in Fig. 6.2.
Let us turn to the application of the D-wave extension to the electromagnetic

breakup reaction. The formal and practical structure of the e.m. amplitudes are
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Figure 6.2: TVinucleon momentum distribution n(q). Solid and dashed curve
are the same as in Fig. 6.1. Dotted curve represents calculation in which the
v = 5 channel is omitted.

completely equivalent to the form discussed in the previous chapter. Only the
trace over final spin states requires additional consideration, since in both the
initial as the final states the number of possible spin states has increased. Fur-
thermore, the magnetic spin component is no longer a good quantum number.
Of course, a careful analysis would enable us to extract the entire spin structure
from the overall structure, like in the S-wave analysis. However, we preferred
to avoid this tedious and elaborate job and we therefore kept the spin structure
inside the numerics. The advantage of doing so is threefold. It serves as an
internal check for the S-wave spin structure, it enables us to account for nu-
clear polarization phenomena by simply isolating the amplitudes depending on
the various spin quantum numbers, and finally it will definitely speed up the
implementation of D-wave connected final state amplitudes in order to attain a
complete and consistent description of the e.m. two-body breakup.

The possible nuclear polarizations are </f = ± | in the ground state and
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sr
v = ± i . yH = 0. ±1 in the final state. Depending on the specific spin operator

present in the e.rn. current operator the various matrix elements of the form

(6.14)

survive or vanish. In computing the nuclear structure functions traces of the
form

T I {h<r,,<r/h<r±}\j'ds'N) \\ (6.15)

are evaluated. Of course, some symmetry relations can be facilitated to speed
tip the code or check the numerics. For instance, the average over Jj- can be
replaced by picking out one definite value.

The following property for the disconnected amplitude is non-trivial and can
servo as an excellent check for the correct implementation of the phase dependent
part of the entire Ciebsch-Gordon algebra. In shorthand notation it can be stated

(Jj. | S° + SV, + S'lan + S V | j'dS*N) = (6.16)

(_1 )Jf+«+••*(_./*. | 5° - S><rz - S"<rff + SW | j'ds'N),

where the nondiagonal components of the Pauli spinors are

•„ =\ and <ry =

The numerical code is correct w.r.t. this property and we can rely upon it if we
believe the S-wave analysis, since the remaining part is copied from the S-wave
code. The underlying physics of this symmetry property is related to the fact
that in calculations in Born approximation including D-wave N-N interactions
the analyzing power of any reaction vanishes as soon as the various interaction
terms have the same phase factor in the complex plane [58].

6.2 Electromagnetic two-body breakup results

The result for the e.m. two-body breakup is presented in Fig. 6.3. The kinematics
is the same as in Fig. 4.9. For details the reader is referred to the last section of
Chapter 4. The curves are self-explaining. It is obvious that inclusion of D-waves
in only the target state and the disconnected final states does not remedy the S-
wave failure at high missing momenta. Addition of S-wave connected amplitudes
only slightly improves the situation. But it is promising to see that the slope of
this curve is in better agreement with the flat behavior of the experimental data
at the highest missing momenta.

From these results it is clear that inclusion of D-state components in the con-
nected amplitudes is necessary before any definite conclusions can be formulated
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Figure 6.3: Coincidence cross section at fixed energy-momentum transfer. Ex-
perimental data are from Ref [41]. The solid (dashed) curve corresponds to a
Born + FSI (Born) calculation with D-wave N-N components present in the
target state and the disconnected final states. The dashed-dotted (dashed-triple-
dotted) curve shows the Born + FSI (Born) result obtained with the same in-
teraction, but omitting all D-state components. The dotted curve represents a
PWIA calculation including D-state components.
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about the (dis?)ability of a complete calculation with only nucleonic degrees of
freedom to give a proper description of exclusive two-body breakup data at arbi-
trary kinematics, provided that the momentum transfer is intermediate and the
internal final state energy is below the threshold for pion production.

Again we checked the factorization assumption for the trinculeon wave func-
tion employed by Laget [45] in order to facilitate the numerical evaluations.
This procedure essentially implies that only the components v = 1, 2 and 3 of
the wave function are selected (see table 6.1). At high missing momenta this
approximation suffers from the same flaw as already encountered in the pure
S-wave analysis in section 4.13. The results are qualitatively the same as in
Fig. 4.10 and we conclude that also for the five-channel trinucleon wave function
the factorization assumption is not an adequate approximation to describe the
coincidence two-body breakup data for missing deuteron momenta beyond 250
MeV/c in (near) anti-parallel kinematics.

As a final example we present results for a rather deviating kinematics studied
experimentally at Saclay. The mo;nentum transfer parameters, Q = 261 MeV/c
and u = 200 MeV are fixed in such a way that only the high missing momentum
region is probed. Furthermore, the kinematic arrangement is such that direct
nucleon knock-out is the dominating process, except at angles close to antiparal-
lel kinematics. The results are displayed in Fig.6.4. Indeed, a PWIA calculation
including D-state components gives an adequate reproduction of the data. Ex-
tending this result with the remaining set of diagrams improves the situation
considerably, except at the highest missing momenta. This shortcoming is com-
pletely equivalent to the problems encountered in the analysis of the Amsterdam
kinematic situations.

6.3 Three-body breakup results
In the previous section we have discussed the inclusion of D-state components of
the wave function in the disconnected contributions of the electromagnetic two-
body breakup process. This analysis was motivated by the obvious failure of a
pure S-wave calculation to give an adequate description of the coincidence data
at large missing momenta. It is expected that the inclusive nuclear response
is not so very sensitive to the details of the D-state structure of the nuclear
wave functions, since this observable essentially probes a large part of the single
nucleon momentum distribution. It is easily derived that the lowest missing
momentum probed by the photon can be expressed in terms of the energy-
momentum transfer variables as

(p»».u =i \Q - \
employing nonrelativistic kinematics. At intermediate values for the momentum-
energy transfer the use of relativistic kinematics only gives a slightly different
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Figure 6.4: PWIA dominated kinematics at high missing momenta. Data are
from Saclay [48], The solid (dashed) curve represents the Born + FSI (PWIA)
result, with D-wave N-N components present in the bound state and disconnected
final states. For comparison the pure S-wave result, for a Born -I- FSI (PWIA)
calculation is shown by the dashed-dotted (dashed-triple-dotted) curve. The
dotted curve corresponds to a calculation by Laget [45] including FSI and MEC
effects.

value for the minimal missing momentum probed. One can rougly estimate
the importance of D-state components using this expression in connection to
the p3-curves in Fig. 6.5. The value (pmias)min = 0 determines the quasi-elastic
point. Fixing the momentum transfer Q at 500 MeV/c, values for the energy
transfer below 60 MeV and beyond 320 MeV yield a value for (pm,ss)mjn larger
than 250 MeV/c. In this regions, which are far off the quasi-elastic point, the
response is entirely determined by the D-state components of the wave functions.

To check this qualitative statements, PWIA is an ideal tool. In section 5.7
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it is pointed out that a PWIA calculation only requires knowledge of the three-
body breakup spectral function. The electromagnetic part factorizes completely.
To study the D-state sensitivity of the response functions, the spectral function
is calculated for N-N interactions in the singlet 'So channel and triplet 3Si-
3Di channel. In doing so the trinucleon bound state from Eq. (6.10) is used.
Furthermore, the UPA separable t-mednx is replaced by the corresponding local
RSC <-matrix in order to include the D-state component '.. the scattering state
of the residual subsystems. In the spin-singlet channel this merely amounts to
a trivial substitution. However, treatment of the spin-triplet channel is a little
more complicated. To calculate the spectral function, only the half off-shell
/-matrix is needed. To determine the spin-triplet i-matrix the LS-equation is
truncated to the relevant partial wave components in thii channel. Subsequently,
i iic partial wave components t(e(pp') are determined by solving a set of coupled
equations, using the method of Kowalski and Noyes [43]. In Ref. [62] a detailed
account on the technical aspects of this method can be found.

In accordance with our preference to use plane wr e momentum states in
the numerical integrations, the various partial wave components are combined
to reconstruct the full i-matrix. Using three-particle spin-momentum states we
obtain

(pq(spsq)SS* | t(pn) | p'q'tys'JS'S") = 6(<r- q')6SqS, (6.18)

I Sps'sqsljipspsl I t(p12) I p'.*'s*){s'sps's'z I S'S'Z}6* ,,,

where the half off-shell i-matrixelement is expanded according to

{psps; I t{P
n) I P'S'PS';) = E E E (6.19)

t'pm'p 3p = -)tpmpt'pm'p

'->pl2)(JvJ*P I tpm'ps'ps';)Y(l
m'"(npl).

Since the interaction is restricted to the 3Si-3Di channel, the quantumnumbers
jv — 1 and sp = s'p = 1 are fixed. The orbital quanturnnumbers lp, l'p have possible
values 0 and 2. Once the amplitude is constructed, the spectral function can be
evaluated along the same lines as outlined in section 5.7. The calculation involves
an integration over the angle £lpj and a summation over the unobserved spins
{s'/,)S'S*.

Let us turn to the results. Fig. 6.5 displays the proton and neutron three-
body breakup momentum distributions p3 for 3He. Like in the previous section
we have employed the RSC-potential [56] for the various interaction channels. To
obtain the pure S-wave result, the reconstruction of the ^-matrix in Eq. (6.19) is
truncated to only the 'So and 3Si channel. Clearly visible is the presence of the
D-state component beyond 250 MeV/c, in complete analogy with the two-body
breakup results form Fig. 6.1. The contribution at very low missing momenta is
mainly due to the presence of the singlet resonance.

119



I

100 200 J00 400 500 600

|p | [MeV/c]

Figure 6.5: Three-body breakup momentum distributions ps for 3He, using the
RSC-potential in the 'So and 3Si-3D! channels. The solid (dashed) curve corre-
sponds to the proton (neutron) distribution. The dashed-dotted (dashed-triple-
dotted) curve shows the pure S-wave result for the proton (neutron) distribution.

In PWIA, the various response functions can be directly calculated using
the spectral function. We have studied the same kinematic configuration as in
section 5.9. The results are shown in Fig. 6.6. Indeed the inclusion of D-state
components only accounts for a constant overall factor which is about equal to
the D-state probability of the nuclear wave functions. Determination of exact
values for the nuclear response functions requires of course the incorporation
of D-wave components, since these amount for a considerable contribution of
about 10%. But the structure of the response function is not very sensitive to
the inclusion of D-wave components in the N-N interaction.
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Figure 6.6: PWIA-response functions (solid curve) using the RSC-potential
in the 'So and 3Si-3Di channels. The dashed curve corresponds to an S-wave
calculation, truncating the t-matrix to the S-wave channels. For comparison, the
UPA results from section 5.9 are shown by the dotted curve
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6.4 Concluding remarks

From the results for the electromagnetic two-body breakup process it is obvious
that inclusion of D-state components in the connected amplitudes is necessary
before any definite conclusions can be formulated about the (dis?)ability of a
complete calculation with only nucleonic degrees of freedom to give a proper
description of exclusive two-body break up data at arbitrary kinematics, pro-
vided that the momentum transfer is intermediate and the internal final state
energy is below the threshold for pion production. The analysis of D-state inclu-
sions in the three-body breakup process has been restricted to only the PWIA
contribution. It is too premature to draw any conclusions. In general it would
be interesting to analyze a coincidence three-body breakup reaction including
final state effects. Such an analysis would probably provide more insight in the
experimental form of the trinucleon spectral function.
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Appendix A

Notation, conventions and dimensions

In a nonrelativistic theory, three particles, each with spin \ and isospin | , can
be represented by normalized states

\kMzs\s\s\t\t\iz
z>, (A.I)

where Ar, denotes the momentum of particle i and s\, t\ label the spin and isospin
component of particle i. If the particles are free these momentum states are also
eigenstate of the Hamiltonian with energy

Eo = k2j2Mi + k\j2Mi + k\jlM3. (A.2)

In this work, it is assumed that the three particles are nucleons with equal mass
MJV. As in all nonrelativistic classical and quantum mechanical problems, it
is natural and straightforward to split off the center of mass motion and to
introduce relative momenta for the internal structure. For the three-nucleon
system we introduce the relative momenta

K = ki + k2 + k3,

kp, = i(fcj-tfc),
t _ lit. i n, oi-\ iA 11

where [ijk) is a cyclic permutation of (123). The conjugate three-nucleon coor-
dinates are

'« = k(r3+fk)-ri, (A.4)

such that the three-nucleon plane wave solution of the free Hamiltonian is in-
variant under the coordinate-transformations in Eqs. (A.3) and (A.4):

kx •ri + k2-r2 + k3-r3 = R • R"+kPi • rP i -f kq< • f?i. (A.5)
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Since all calculations are performed in momentum representation we will never
use the coordinate set. For completeness we also give the inverted set of Eq. (A.3),

k} = lK + kp, + ikqi,

kk = i^ -4 + |4, (A.6)

It is convenient to eliminate the masses from the energy of the relative motion
by introducing scaled relative momenta

P"
 a n d

 * = ^

Then the kinetic energy becomes

where indices on p and q would be redundant. The choice of relative momenta
and coordinates in Eqs. (A.3) and (A.4) is not unique. It only demands that
Eq. (A.5) holds. Be careful on this aspect when you use three-particle wave
functions produced by other groups.

Throughout the entire work we use the so-called Jacobi coordinates of Eq. (A.7).
If we restrict the analysis to the momenta only, the relevant part of Eq. (A.I)
becomes

I PS >i • (A.9)

Since there are three particles, Eq. (A.9) represents three equivalent states, and
as mentioned before pf + q? does not depend on the label. It is essential to
understand that the indices i in Eq. (A.9) have different meanings. The index
on the ket | > refers to the coupling scheme adopted in Eq. (A.3), i.e. first
j + k —> (jk) and then (jk) + i —y (jk)i, whereas the index on the momentum
just expresses that we have connected a momentum fc,- to particle i. We could
as well have chosen &j3_6,-2+i2,-_6 f°r particle i.

Since we are dealing with identical particles the Pauli principle will become
important as soon as we want to describe the physics of the system. Therefore
it is worthwhile to pay some attention to the permutation properties of three
objects. Three objects can be arranged in six ways. These arrangements are
connected by the six elements of the permutation group 53. The odd elements
P<i = Pk of 53 just interchange the objects i and j . The remaining three are the
unit element e and two even elements P^ and Pkij which perform a cyclic shift
of the arrangement (ijk). Some properties are
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We can apply the permutation operations on the three-nucleon configurations
and the corresponding basis states in Eqs. (A.I) or (A.9). For example we have

^23i I k,k2k3 > = | fc^ >, (A.ll)

and consequently,

Pi I P\q\ >1 = I -Ml >1 = I - P 3 9 3 > 2 = I -P2<?2 > 3 , , .

^ ( | | I
From the elements of 53 we can construct the antisymmetrizer

A3 = A2,Pa,

with

P. = -j={e + P231 + P312), (A.14)

and

P, antisymmetrizes a three-nucleon state that is antisymmetric in at least one
pair. Such a state is constructed by A2i acting on an arbitrary three-nucleon
state. The operator A3 does not depend on the index i.

Of course, the permutation elements act on all quantum numbers of the
particles, so one should keep in mind that

ptotoX pspace pspin piaospin

At this point it is straightforward to introduce a new set of basis states which
are antisymmetric with respect to at least one pair.

JQ

Here a labels a two-nucleon bound state and /? represents all remaining spin-
isospin quantum numbers. Since the basis states | pq/3 >i and ( aqj3 >i are
normalized to "one", the partially antisymmetrized states from Eq. (A.16) have
the normalization

6(q-q')S'aa.
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The effective closure relations are

1 = 5 E / « W I P«P >? ? < Pq0 I • (A.18)
0 J

From Eq. (A.3) it is obvious that the momenta (pi,Qi) form three dependent
sets for the values i = 1,2,3. The relations are linear and we can construct a
2 x 2 matrix a,-,- such that

with (ijk) cyclic. In case of the above choice of relative momenta we have

aJi= I 7 V + 1 I ' (A'2°)

Properties of ctji are

(pj,qj) and (pv,$) are called mutually associated momenta.
In the analysis it is often useful to express (pi,Pj) into (qi,qj):

(A.22)

with

«;, = ^ (-;-;). ( A . a )

The matrix a'^ has the same properties as a,,-.
In addition to the momenta, we have to concern nucleonic spin and isospin

degrees of freedom. At this level these quantumnumbers are entirely indepen-
dent, and complete quantum states are found by taking the direct product of
spin- and isospin states. Although the set of spin states | sfsjSg > in Eq. (A.I)
form a complete set, it is convenient to introduce orthonormal states

| (sjS^SpSq; SSZ >,-, (A.24)

where s? is the spin of the spectator particle i and (ijk) again forms a cyclic order
of (123). S and S* denote the total spin and spin-component of the three-nucleon
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state. The nucleons can combine into S = ^ (doublet) or S = | (quartet). The
spinnumber sp results from coupling the nucleon spins Sj and s^. It either takes
the value sp = 0 (singlet) or sp = 1 (triplet). Of course, the combination sp = 0,
S = | is not possible. Eq. (A.24) represents three spin-states, if we ignore the
magnetic spin component S*. In an analysis with only S-wave N-N interaction,
this is a valid assumption and accordingly we introduce an abbreviated form of
Eq. (A.24)

\xr
m>u (A.25)

where r takes the values doublet or quartet and m takes the values singlet or
triplet. Since the nucleonic spin and isospin are both ^, treatment of these
quantum numbers is entirely equivalent, and we introduce isospin basis states

I iJm ><» (A-26)

where the meaning of the labels is similar to Eq. (A.25). To represent the spin-
isospin states, we will often use the shorthand notation

I /? > H {sjSk)spsqSSz; (tjtk)tptqTTz >i. (A.27)

The three-body analysis requires knowledge of the spin-isospin recoupling matrix
elements 3 < /?' \ ft >,. In the recoupling, the total spin (isospin) is conserved.
Quartet-recoupling is simply 1, since it involves only one channel. Doublet-
rccoupling is more complicated, since two channels have to be considered. For the
spin part we obtain with the aid of Edmonds' general recoupling coefficient [17]

, (A.28)

2 /

where m, m' = (s, t) and (ijk) is a fixed cyclic permutation of (123). To rule out
any confusion, we explicitly state that in the chosen convention

2 < x!! I Xi > i = —^v3. (A.29)

The complete spin-isospin recoupling matrix restricted to pure doublet states
therefore is

4 4 4

4-\/3 | \ )
4 4 A /

(A.30)
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where the sequence of spin-isospin states is Xt^ti XaVti XsVs, Xt7(- Again the
/iJt matrix has the properties Bji1 = Z?,j, det Bji = 1, {Bji)3 = I- As mentioned
already, the spin quartet recouping is considerably simpler,

i < Xi I X"t >i= I- (A.31)

Similarly for the isospin quartet recoupling.
To summarize, the most complete momentum-spin-isospin basis state that

can be constructed is

| ftfr (sjSk)s,atSS'; {tjtk)tptqTT: >, . (A.32)

In the entire analysis we will regard particle 1 as the spectator particle, unless
mentioned else. In the electromagnetic calculation we prefer to use 3-momentum
plane wave states | pq > rather than making the more convenient partial wave
expansion. Since we will study kinematic situations at large momentum transfer,
200-600 MeV/c, we do not expect to gain much numerical efficiency from de-
compositions into partial waves. Furthermore, keeping the plane waves as they
are is more transparent.

Finally we pay some attention to the dimensions. Since we set h = c = 1,
the only relevant number is the nucleon mass

MN = 938.26MeV.

The relation to fermi inverse is given by the well-known ratio

lfirT1 =197.32MeV.

Furthermore we have introduced the relative momenta p and q with dimensions
vMeV. The conversion into MeV-quantities is given by the relations Eq. (A.7).
The two-body breakup cross section is essentially five-fold with two angular
kinematic variables. It is convenient to express this cross section into

Sometimes the barn dimensions is used to express the surface character
1 nbarn = 10~9 barn = 10~7 fm+2. Part of the breakup cross section is given by
the Mott cross sections in units of MeV'sr"1 . To complete this list we mention
the nuclear spectral function in units (GeV/c)~3MeV~1, nucleon momentum
distributions in units (GeV/c)~3 and nuclear response functions in MeV"1.
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Samenvatting

Verstrooiing van elektronen aan atoomkernen wordt algemeen beschouwd als
een van de meest doeltreffende methoden om inzicht te verwerven over de micro-
scopische structuur van kernsystemen. De koppeling van de elektromagnetische
wisselwerking is zwak, zodat de overdracht van impuls en energie aan de kern
in zeer goede benadering beschreven kan worden door de uitwisseling van één
foton. Het gangbare theoretische model om het verstrooiingsproces te beschrij-
ven is plane wave impulse approximation (PWIA). Dit model veronderstelt dat
het foton de impuls overdraagt aan één nucléon, dat direct uit de kern wordt
gestoten zonder nog te wisselwerken met de overige nucleonen.

In dit proefschrift wordt de geldigheid van deze aanname onderzocht. Een
exacte berekening voor de elektrodesintegratie van het drie-nucleon systeem is
uitgevoerd, waarbij de wisselwerkingen tussen de nucleonen in de eindtoestand
volledig in rekening zijn gebracht. Om de golffuncties van de begin- en eindtoe-
stand van het drie-nucleon systeem te bepalen, zijn de Faddeev vergelijkingen
opgelost. Als nucleon-nucleon interactie is een lokale spinafhankelijke S-golf po-
tentiaal gebruikt. De elektromagnetische structuur is opgebouwd uit één-nucleon
stromen.

Hoofdstuk 2 is gewijd aan het formalisme van de elektro-nucleaire reacties.
De vorm van de werkzame doorsnede voor een coïncidentie reactie wordt afgeleid.
Op grond van algemene overwegingen als Lorentzinvariantie en ijkinvariantie kan
het aantal termen in de werkzame doorsnede gereduceerd worden tot vier. Voor
de matrixelementen van de één-nucleon stromen worden in de impulsrepresen-
tatie expliciete uitdrukkingen afgeleid. De gebruikte vorm voor de één-nucleon
stroom is niet behouden, als het nucléon gebonden is. Ijkinvariantie wordt met
de hand hersteld, door de stroomcomponent parallel aan de fotonrichting te
elimineren ten gunste van de ladingscomponent [22].

In hoofdstuk 3 wordt de dynamica van het drie-nucleon systeem behandeld.
De Faddeev vergelijkingen voor zowel de gebonden toestand als voor verstrooiing
naar eindtoestanden met een nucléon en een deuteron respectievelijk drie vrije
nucleonen worden opgelost. Om de numerieke berekening van de golffunctie
voor verstrooiing van drie vrije naar drie vrije nucleonen praktisch mogelijk te
maken is de lokale S-golf spinafhankelijke nucleon-nucleon potentiaal benaderd
door een expansie in separabele potentiaaltermen (i.e. de unitary pole expansion
(UPE)). De convergentie eigenschappen van deze expansie met betrekking tot
de N-N en N-d verstrooiingsobservabelen en de drie-deeltjes bindingsenergie zijn
bestudeerd. Een separable benadering met vier potentiaaltermen in zowel het
spin-singlet als het spin-triplet kanaal geeft een zeer goede beschrijving van de
lokale interactie. Ook de unitary pole approximation (UPA), waarbij in beide
kanalen alleen de dominante eigenfunctie van de expansie wordt behouden, is
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in staat de lokale interactie goed te beschrijven. Op grond van dit resultaat
is besloten, dat de UPA benadering geschikt is om de lokale nucleon-nucleon
interactie te beschrijven in de elektromagnetische berekeningen.

In hoofdstuk 4 wordt het S-golf formalisme van de elektron-geïnduceerde
twee-deeltjes breakup reactie gepresenteerd. De resultaten van de voorgaande
hoofdstukken zijn gecombineerd om een vorm voor de structuurfuncties van de
elektromagnetische twee-deeltjes breakup van het drie-nucleon systeem af te
leiden, die als basis kan dienen voor de numerieke berekeningen. Met de ex-
acte twee-deeltjes breakup analyse worden een aantal experimentele situaties
bestudeerd, waarvan de resultaten worden vergeleken met de eenvoudige PWIA-
beschrijving. In de bespreking van de resultaten voor de werkzame doorsneden
van de breakup reactie moeten verschillende kinematische situaties onderschei-
den worden. Het missing momentum is de kinematische grootheid, die dit onder-
scheid bepaalt. In PWIA is het missing momentum gelijk aan de initiële impuls
van het uitgestoten nucléon. Uit de resultaten van de exacte berekening blijkt
dat bij lage waarden voor het missing momentum, kleiner dan 250 MeV/c, de
werkzame doorsnede 5 tot 30 % kleiner is dan het PWIA resultaat. Bij grote
waarde voor het missing momentum, groter dan 300 MeV/c, en tegelijkertijd
een kinematische configuratie, die gunstig is voor de directe uitstoot van een
douteron kern, ligt het PWIA-resultaat twee tot drie ordes van grootte onder de
experimentele meetwaarden. In dat geval zijn voor een correcte beschrijving van
het experiment de bijdragen van de directe deuteron uitstoot en het in rekening
brengen van wisselwerkingen in de eindtoestand ( final state interactions (FSI))
essentieel. De resultaten van deze twee-deeltjes breakup analyse zijn verschenen
in Ref. [49].

Recentelijk is bij NIKHEF [41] een experiment uitgevoerd bij constante en-
ergie-impuls overdracht. Het missing momentum varieerde van 250-500 MeV/c,
terwijl het equivalente missing momentum voor directe deuteron uitstoot varieer-
de van 440-260 MeV/c. Een exacte berekening met slechts S-golf N-N interacties
kan de experimentele resultaten niet reproduceren. Bij hoge waarden van het
missing momentum voor directe nucléon uitstoot, verdwijnt de elektromagneti-
sche amplitude nagenoeg, wat resulteert in een aanzienlijke onderschatting van
het experimentele resultaat. In het kinematisch gebied van missing momenta
groter dan 250 MeV/c moet de tekortkoming gewijt worden aan het ontbreken
van D-golf componenten in de golffuncties.

Hoofdstuk 5 bespreekt een exacte analyse van drie-nucleon responsfuncties.
Hiertoe moet naast het twee-deeltjes breakup proces ook het drie-deeltjes breakup
proces in rekening worden gebracht. De exacte vorm van de elektromagnetische
drie-deeltjes breakup amplitude wordt afgeleid, waarbij gebruik wordt gemaakt
van de 3 —• 3 verstrooiingsgolffunctie uit hoofdstuk 3. De structuurfuncties
van het drie-deeltjes breakup proces volgen uit integratie van de gekwadrateerde
amplitude over de impuls van het twee-nucleon subsyteem. In het geval van
twee-deeltjes breakup is deze integraal niet aanwezig, omdat een deuteron in
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de eindtoestand voorkomt. Tenslotte wordt de responsfunctie berekend door de
structuurfuncties over de impuls van het toeschouwer-nucleon te integreren. De
berekening van de responsfuncties is uitgevoerd als functie van de energie over-
dracht voor een vaste waarde van de impulsoverdracht van 500 MeV/c. De bere-
kende waarden voor de responsfuncties zijn vergeleken met recente experimentele
gegevens [15] voor de longitudinale en transversale respons van de spiegelkernen
3He en 3H. De responsfuncties resulterend uit de volledige berekening blijken voor
energieën rond de quasi-elastische piek 5 a 10 % lager te liggen dan de eenvoudig
te bepalen PWIA-respons. Op de hoge-energie flank van de quasi-elastische piek
wordt de renormering ten gevolge van eindtoestandsinteracties geleidelijk kleiner,
terwijl bij lagere energieën het exacte resultaat hoger ligt dan PWIA. Deze con-
statering geldt voor zowel de longitudinale als transversale responsfuncties van
beide spiegelkernen. Dit is in tegenstelling tot een recent resultaat van Schiavilla
et al. [59], die op basis van de methode van gecorreleerde golffuncties berekenen,
dat bij hoge energie, eindtoestandsinteracties de longitudinale respons vergroten
in vergelijking met PWIA. De transversale respons bij lage energie-overdracht is
duidelijk onder de experimentele data. Dit wordt algemeen toegeschreven aan
de aanwezigheid van meson-exchange componenten in de kernstroom.

Hoofdstuk 6, tenslotte, bespreekt een uitbreiding van het elektromagnetisch
breakup formalisme met D-golf nucleon-nucleon interacties. In het twee-deeltjes
breakup proces is dit uitgevoerd op het niveau van de Born-amplituden, met
het doel een adequate beschrijving te kunnen geven in kinematische situaties
waarin het missing momentum van zowel het nucléon als het deuteron groter is
dan 250 MeV/c. Het resultaat is echter niet bevredigend, want de werkzame
doorsnede met S+D-golven in de Born amplituden en alleen S-golven in de am-
plituden voor de eindtoestandsinteracties leidt tot een aanzienlijke overschatting
van het experimentele resultaat. Om tot een definitieve conclusie te komen voor
deze specifieke kinematica, is het noodzakelijk D-golf interacties te beschouwen
bij het in rekening brengen van wisselwerkingen in de eindtoestand. Voor het
drie-deeltjes breakup proces is de D-golf uitbreiding alleen bestudeerd in de
PWIA-respons. Hierbij werd gebruik gemaakt van de drie-deeltjes spectrale
functie.
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