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ABSTRACT 

Using a time evolution code with periodic boundary conditions, the 
viscoresistive hydromagnetic equations describing an initially static, planar 
current sheet with large Lundquist number have been evolved for times long 
enough to reach a steady state. A cosh2* resistivity model was used. For 
long periodicity lengths, L p, the resistivity gradient drives flows which cause 
forced reconnection at X point current sheets. Using L p as a bifurcation 
parameter, two new symmetry breaking bifurcations were found — a 
transition to an asymmetric island chain with nonzero, positive or negative 
phase velocity, and a transition to a static state with alternating large and 
small islands. These states are reached after a complex transient behavior 
which involves a competition between secondary current sheet instability and 
coalescence 
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I. INTRODUCTION 

The understanding of turbulence remains perhaps the outstanding 
problem in plasma physics, yet the very range of possible phenomena and the 
difficulty of diagnostic measurements in a hot plasma have limited our 
ability to do careful studies comparable with those which have been done in 
Navier-Stokes fluids.1 

Simulation using supercomputers provides a possible avenue for the 
careful study of simple systems, needed to gain insight into the fundamental 
mechanisms at work. The present paper reports a detailed study of probably 
as simple a model as one can devise for the study of the nonlinear 
development of one of the most important plasma instabilities — the tearing 
mode.2 This mode is important in high current devices such as tokamaks 
and in space plasma configurations such as planetary magnetotails, where 
fast reconnection can take place due to the development of the instability. 

We study the initial value problem in a slab model with periodic boundary 
conditions, and seek to understand the nonlinear behavior by identifying the 
attractors of the system and how they bifurcate as the periodicity length is 
varied. This means that our simulations have been run for longer times 
than in some previous studies of similar models.3'4 Bifurcation approaches 
to the initial tearing instability have been adopted by several authors,5,6,7'8 but 
we have carried this approach further to find new secondary bifurcations. 
We do not have a complete theory of the bifurcations, but rather treat the 
simulations as a numerical experiment and report our observations of the 
phenomena observed in the hope that they will stimulate further theoretical 
development. We have been able to develop a qualitatively correct theory of 
the nonlinear development of secondary current sheets, which are intimately 
connected with the secondary bifurcations. 

The simple slab geometry with symmetric current sheet has an 0(2) 
symmetry similar to that of two dimensional B6nard convection in the 
Boussinesq approximation,9,10,11,12 and the linear growth rate of the tearing 
mode shows a similar wavelength dependence to that of the convection rolls 
(i.e. the modes are stable for short wavelengths, and the growth rate peaks at 
a certain finite value). This encourages the hope that the bifurcation 
properties of bof h problems can be understood using the same simple mode 
competition model,13 although the detailed physics of the two problems is 
quite different. 

In Sec. II we describe the current sheet model, and in Sec. Ill we sketch 
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the numerical methods used in its solution. The linear and nonlinear 
behavior of the tearing mode instability (the primary bifurcation) is described 
in Sec. IV, while our observations of secondary bifurcation behavior are 
presented in Sees. V and VI. A theory of the secondary current sheets 
observed to play an important role in the dynamics is given in Sec. VII and 
our conclusions are discussed in Sec. VIII. 

II. THE MODEL 

The model adopted is that of an incompressible, two dimensional plasma, 
uniform in the z direction and varying in the x and y directions. A constant, 
uniform electric field E0/S is applied in the z direction, and the resistivity n/S 
is taken to be constant in time and uniform in y (for numerical convenience 
and to follow previous work). Here S » 1 is the Lundquist number r R / r A . 
The resistive diffusion time T R is defined by r R s a2//0/ TJ0 in SI units, T}0 being 
the minimum value of n, and a being the current channel characteristic 
half-width, defined by the resistivity profile 77 s T]0co8hHx / a). The Alfvin time 
T A s a(/{ 0p) 1 / 2/B 0 is defined in terms of the initial magnetic field B0 at x = o 
and the plasma density p, assumed uniform and constant in time. We now 
go over to a system of units in which time is measured in units of rA, lengths 
in units of a, and magnetic fields in units of B0, so that, taking E0 - 1, TJ= 
cosh2x . Our dependent variables are a stream function <p(xy,t) such that the 
velocity v = ezx V <f>, where e z is the unit vector in the z direction, and a flux 
function ytx,y,t) such that the magnetic field is given by B = exx V y. The 
dynamical equations to be integrated are the z components of Ohm's law and 
the vorticity equation 

^ y + v . V ^ ^ S " 1 ^ . / - ^ ) , (1) 

<?,C+v.VC=B.VJ+vV2C, (2) 

with the z component of the current, J, being given by 

J = V2V, (3) 

and the z component of the vorticity, £, being given by 
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C=V 2 «. (4) 

The last term in Eq. (2) is the viscous dissipation term, v being the 
nondimensionalized viscosity, whose inclusion is important for numerical 
stability. 1 4 The viscosity is also important physically in high beta 
plasmas. 2 , 1 5' 1 6 A factor of S'1 is sometimes taken out of v making it the 
magnetic Prandtl number, but we have not done this — we will take v to be 
small and constant as S varies. 

The boundary conditions are that yf, £ and <p be zero on perfectly 
conducting, smooth, impenetrable walls at x = ±XW, and be periodic functions 
of y with periodicity length L . The initial conditions are that the system is in 
the y-invariant equilibrium state given by <f> = 0, yr »ln(cosh x/cosh Xw) at 
f = 0, except for an additional very small sinusoidal perturbation of the 
periodicity length L to act as the seed for the tearing instability. 

The assumption that n is independent of y and t is not particularly 
physical since rj would at least be affected by temperature variations during 
the evolution of the plasma. The simple form we use here has the benefit of 
computational simplicity, and its minimum at x = 0 ensures that some form 
of current sheet is maintained at all times in the vicinity of the line x » 0. A 
prescribed spatial resistivity has been used by other authors 1 7 , 1 8' 1 9' 1 6 to 
ensure that the current channel does not decay, and our system of equations 
can reasonably be regarded as the standard model for tearing mode modeling 
in the slab. We shall regard this model as a dynamical system worthy of 
study in its own right, but it will become clear that the nonlinear dynamical 
behavior is critically dependent on the variation of T) along the field lines in 
the final steady state. A model which did not have this property might have 
very different long time behavior. We note that the simulations of Steinolfson 
and Van Hoven4 used a somewhat different mechanism for maintaining the 
current sheet, but appear to have observed very similar behavior to that 
observed in ours; in particular the formation of secondary islands. 
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III. NUMERICAL METHOD 

We solve Eqs. (1M4) using a hybrid spectral (Fourier in y)/finite 
difference (inx) method which uses a two step semi-implicit timestepping 
scheme to evolve the four dependent variables y, & J, and £ in time.20 A 
graded mesh in the x direction was used, with the density of grid pornts 
increased around x = 0 to allow adequate resolution of the linear resistive 
diffusion layer, depending on S (which was between 102 and 104). The 
number of grid points was about 100 in all cases. 

The Fourier expansion included both sine and cosine terms, e.g. yr was 
represented 

tfx.y.t) = fyix,t) + jjvkOcteostf^) + V^(x,t)8in(*my)j, (5) 
TO«1 

as we wished to allow for spontaneous violation of reflection symmetry, and 
the number of modes was varied dynamically during the run in order to 
obtain sufficient resolution in the y direction. The translational and 
reflectional symmetry of the original equations goes over to an 0(2) symmetry 
in the Fourier representation. There is also a reflection symmetry about 
x « 0. The symmetry properties are identical to those discussed by 
Armbruster12 in connection with bifurcation in a Benard convection model. 
An economy was effected in most cases by assuming symmetry of the 
solution about x = 0 so that the grid needed only to cover 0 £ x &XW. No cases 
were found where this symmetry was spontaneously violated. 

The number of modes required was determined by monitoring the 
vorticity, which had the broadest spectrum, requiring that the amplitude of 

. the highest Fourier mode was less than or equal to a set fraction (1%) of that 
of the mode with largest amplitude. During the linear phase of the tearing 
mode evolution only a few modes were required, which is the strength of the 
spectral method. However up to 30 modes were needed during the most 
active phase of the nonlinear evolution, with the greatest number of modes 
being required during coalescence to resolve the current sheet in the x 
direction which forms during this phase.21 Up to 15 modes were needed for 
the final steady state. 

The time step was limited by the nonlinear stability condition for the 
semi-implicit scheme.14 Rather than adjust the timestep dynamically, a 
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conservative constant value around 0.2rA was used, which was adequate 
over the range of S values used. 

IV. FIRST BIFURCATION 

At small values of L p the equilibrium is stable to small perturbations, but 
as L p increases -eyond a critical value, L c

( 1 )(S,v,Xw), the translational 
symmetry of the equilibrium is broken by the well known tearing instability,2 

in which magnetic energy is released by rearrangement of the field lines into 
a periodic pattern of magnetic islands (analogous to Kelvin cat's eyes in 
shear flow instabilities22). 

In the "constant-psi approximation"2,16 the linear growth rate / is given 
by 

where •" s kyQ"(0), t\ has been taken to be 1 at x - 0, and A' is, as is usual in 
tearing mode stability theory,2 the jump in the logarithmic derivative of the 
linear ideal marginal (y= rj = v= 0) hydromagnetic perturbation yrl at JC = 0. 
We define the parameter yv by 

v^r"', (7) 
* 

and the function £?(•) is found by integrating Eq. (5) of Ref. 16. For the 
viscosity dominated regime, e« 1, in which most of our runs were done, 
Die) - £>(0) = e^rtS/eyrtl/e) - 0.6696, while in the inertial regime, e » 1, 
Die) ~ 2H3/4)£1/4/r(l/4) - 0.6760c174. 

With our cosh2* resistivity profile we have %'= tanh* and the ideal 
marginal equation can be integrated analytically to give 

i tanhXw - k - exp(-2kXw )(tanhyw + k) 
* s Ak ~*'tanhJfw- k + exp(-2*Xw )(tanhXw + k) ' t 8 ) 

L'Hdpital's rule may be used to show that A' is finite at k * 0 for walls at a 
finite distance. For example, when Xw = 2.5, A' * 2.973 at k * 0. Likewise it is 
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found that A' is nonzero at A = 1, but that it does go through zero very close to 
* = 1. For example when Xw = 2.5, A' = 0 at * - 0.971. Thus, noting the km 

factor coming from the F' term in Eq. (6), we see that the constant-psi 
approximation predicts that y is marginal at k - 0 and k « 1, and has a 
maximum somewhere in between. This behavior is also predicted when Xw 

and A' (0) -> oo and the constant-psi approximation breaks down.2*22 

Some growth rates for S = 200, v = 0.01 and various values of Xw 

calculated with the code described in Sec. 3 are plotted in Fig. 1. Also shown 
is the prediction of Eq. (6), which is seen to give the qualitative behavior of y 
correctly, although quantitatively it is not very good. In particular it fails to 
predict the observed stabilization at small but finite k. As shown in Ref. 22 
the constant-psi approximation does not become valid until S is considerably 
larger than that used here; we have used it simply to obtain a qualitative 
understanding of the £-dependence of the linear growth rate. 

In the linear phase of the instability the mode grows exponentially, but 
once the island width exceeds the width of the tearing layer the growth goes 
over to the Rutherford algebraic growth phase 2 3 until close to saturation. 
The island width overshoots and finally saturates to a time-asymptotic value. 
This saturated state is a neighboring equilibrium which has bifurcated from 
the initial plane slab equilibrium in a static supercritical bifurcation with 
eigenvalue of multiplicity two. 2 4 (If we had h4d the total current constant, 
instead of keeping E0 constant, the bifurcation at L c

( 1 ) might have been 
subcritical, so that no stable neighboring equilibria would exist. 7 , 8) The 
nonlinear tearing evolution has been described by several authors.3'4 

Contours of y and J for a saturated tearing mode from a simulation with L p 

not far above L c

( 1 ) are shown in Figs. 2 (a) and 3 (a), respectively. The 
minima of vat the centers of the islands shown in Fig. (2a) are referred to as 
O points, while the saddle points on the separatrix are referred to as X points. 
Figure 3 (a) shows that there are broad current channels centered on the O 
points, with more concentrated secondary current peaks at the X points. 

As L p is increased beyond L c

( 1 ) the saturated state begins to develop 
secondary current sheets at the island X points,4 linking O point regions 
whose size ceases to increase, as if there were a "preferred wavelength" 
beyond which the islands could not grow. Contours of y/ and J for such a 
state are shown in Figs. 2 (b) and 3 (b), respectively. To quantify the notion of 
preferred wavelength we can examine the plot of island width versus L p 

where it is found that the island width actually begins to decrease beyond a 
certain value of L , which we can define to be the preferred wavelength, 
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Lp^SyVjC^,). The preferrence phenomenon is already evident in the linear 
theory, which shows a peaking of the growth rate at a periodicity length close 
to Lpn{, and a nonlinear theory will be presented in Sec. VII. The average 
reconnected flux per unit length < I BJQyjt) I > also peaks at about the same 
point as the island width, which allows an alternative, more precise, 
definition of Lpnf. This is plotted in Fig. 4. The preference phenomenon is 
important as it means that the longest wavelength allowed by the periodic 
boundary conditions will not necessarily be the most unstable, linearly or 
nonlinearly, and it therefore becomes susceptible to competition9 from modes 
with shorter wavelength if L p is sufficiently large. 

On the basis of several runs with different X w and v and fixed S (=200) it 
was concluded that L p r t f and L c

( 2 ) (see below) depended only weakly on v and 
Xw (although, e.g., <\BX\> did strongly depend on these variables). For this 
reason most runs were done with fixed v (=0.01) and Xw (=2.5) and S and L p 

were regarded as the control parameters. 

V. SECOND BIFURCATION 

For runs with L p progressively increased beyond L„rt{ the secondary 
current sheets around the X points got longer until L exceeded a second 
critical point, L c

( 2 ) , at which the secondary current sheets in their turn 
became unstable to tearing instability.25'4 This led to a transient phase in 
which the secondary islands grew to be as large as the original ones. 
However, the state with wavelength LJ2 was also found to be unstable, in this 
case to a coalescence instability,26'27 which tended to drive it back to the 
original state with one island per periodicity length. The system was found 
to oscillate between these unstable states until initially small phase 
differences between the fundamental and second harmonic built up and it 
was found to tend toward either of two asymmetric states, as shown in 
Figs. 2 (c) and 3 (c). 

These modes break the reflection-symmetry \\ix,y) = y(xf-y), 
<Kxy) = -<pix,-y) about an O or X point, and are apparently stable attractors 
for the system. They have finite frequency due to a positive or negative phase 
velocity of the island pattern. The occurrence of these traveling waves has 
been predicted in systems with 0(2) symmetry,12-13 but in the convective case 
they were found to be unstable.12 A bifurcation diagram showing the 
amplitudes of the fundamental and second harmonic, I y/m I a 
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Wm 2+lfm 2^m for m = i and 2, vs. log L p is plotted in Fig. 5 (a). It shows, 
among other things, how the traveling wave bifurcation at L c

( 2 ) temporarily 
halts the downward trend of I y\ I with increasing L p on the primary tearing 
mode branch. A similar behavior is seen on the reconnected flux plot of 
Fig. 4. The phase velocity, plotted against log L p in Fig. 5 (b), exhibits typical 
pitchfork behavior at L c

( 2 ) , which defines the bifurcation point sharply at 
L c

( 2 ) * 23.6 in the case of Fig. 5. The observed phase velocity was less than the 
resistive diffusion velocity a/rR, and is associated with the observed 
asymmetry of the X point current sheets, which apparently stabilizes them 
against the secondary tearing instability. The scaling of L c

( 2 ) with S will be 
discussed in Sec. VII. 

Although unstable, the original tearing mode branch presumably 
continues its downward trend as sketched in Fig. 5 (a), until it disappears at 
a large value of L p determined by the small-£ marginal stability point in 
Fig. 1. It is also clear from the thought experiment of suddenly doubling the 
periodicity length after saturation of a tearing mode that there must be a 
"pure"12'13 second harmonic mode bifurcating at L = 2LC

( 1 ) with amplitude 
function ŷ &p) = Vi(2Lp), although the observation of the traveling wave for 
L p S L c

( 2 ) indicates that the zero phase velocity, pure mode is an unstable 
branch. However, this branch was accessible computationally by restricting 
the spectral expansion set to include only the sine (or cosine) terms, which 
imposes the reflection symmetry broken by the traveling waves as a 
constraint. The secondary current sheets still go unstable at L c

( 2 ) , but, for L p 

only slightly greater than L c

( 2 ) , the system evolved to a state with periodicity 
length Lp/2 (two identical islands in length Lp), i.e. to the pure second 
harmonic mode. 

VI. FURTHER BIFURCATIONS 

As L p was increased with the restricted expansion set, the time 
asymptotic state changed to a state with two unequal islands in the length L . 
This signals the occurrence of a period-doubling or subharmonic bifurcation 
to a modulated stationary mode. By extrapolating yx to zero we determine the 
critical periodicity length for period doubling to be L P D » 41.88 in the case of 
Fig. 5. In these cases the asymmetry of the current sheets alternates in sign, 
so that the overall state is symmetric about an O-point. 

In order to investigate the stability of the modulated, period-doubled 
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states, the runs in which they were found were restarted without restricting 
the expansion set, and with a small component of the symmetry breaking 
term. Over the range LpD < L < L c

( 3 ), where L c

( 3 ) • 51 for the case of Fig. 5, it 
was found that the period-doubled states were unstable, and the system 
evolved into one of the asymuietric, single-island, traveling wave states. 
However, forLp > L c

( 3 ) the period-doubled states were found to be stable. Such 
a state is shown in Figs. 2 (d) and 3 (d). 

The precise nature of L c

( 3 ) needs further investigation. Unlike the 
transitions at L c

( 1 ) and L c

( 2 \ where there were well defined bifurcations, all 
we can say about L c

( 3 ) is that it is a point at which the modulated stationary 
mode ha? become stable. It is quite possible that over some range of L p > L c

( 3 ) 

there also exist stable asymmetric traveling wave states within whose basins 
of attraction our runs did not happe. -o start. That is, there may be two 
bifurcation points near L c

( 3 ) — one where modulated stationary mode 
becomes stable and one where the traveling waves become unstable, with 
hysteresis in the interval between the two points. It is interesting to observe 
from Fig. 4 that the stabilization of the modulated stationary mode occurs at 
the periodicity length where the average reconnected flux per unit length for 
this mode falls to approximately the same value as that which the traveUng 
mode had at L p = Lj2\ 

No systematic investigation of bifurcations at larger values of L p was 
carried out, but a simulation with large L was done which found a static 
quadruple modulated island state with both symmetric and asymmetric 
islands. 

VII. ASYMPTOTIC THEORY 

In order to understand some of the observed behavior, we can exploit the 
largeness of S to develop an asymptotic theory. Expanding Eqs. (1H4) in 
powers of S~l about a flowless equilibrium we find that, to lowest order, the 
current density is constant on flux surfaces. Thus yt0)(xy) is determined by 
solving the Grad-Shafranov type equation 

V»/»-A/»>. (» 
and the leading-order velocity stream function ^ X ) is determined from the 
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equation 

B 

where dl is an element of length along a zeroth order magnetic field line vi.e. 
along a contour of y/ 0 )). 

The function cA0) is determined by the condition for solubility of Eq. (10) 

/ * * EJ<tp> , (11) 

where the flux-surface-average resistivity <TJ>(V^0)) is defined by 

B B 

From Eqs. (10) and (12) we see that the flows are driven by the difference 
between TJ and <rj>, so that if we had instead used a resistivity model in which 
TJ were constant on a flux surface we would not have had forced reconnection 
occurring in the saturated state. 

The boundary conditions for the solution of the elliptic equation (9) are 
rather subtle as they must take account of the secondary current sheets at the 
X points. Here our expansion breaks down and a different, sublayer ordering 
would have to be used, and matched to the outside solution sketched above. 
For the present purposes we treat the secondary current sheets as cuts of as 
yet undetermined size, in the manner of Syrovatsky.28 Equation (9) is to be 
solved on the cut plane with the boundary condition on the cut of vanishing 
B< 0 ) . 

In order to understand the nature of the solution of the coupled system, 
Eqs. (9), (11) and (12), without resorting to numerics, we consider the large 
Lp, laige Xw case, in which we observe that the exponentially increasing r\ 
profile causes the current c/ ( 0 ) to be localized in channels possessing 
approximate circular symmetry, of width 0(1), and centered on the 0 points. 
This allows us to compute <rj> in Eq. (12) in the vicinity of an 0 point to be 
(1/2)[1 + /0(2r)J, where r is the distance from the 0 point and I0 is a modified 
Bessel function. Using this in Eqg. (9) and (11) we find the asymptotic 
behavior at large r to be y/ 0 ) ~ aEQ\nr, where a « 1.134. Far from the 0 point*, 
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<n> is so large that we can neglect e/*0) and take y^0) to be an harmonic 
function with logarithmic singularities of strength aE0 at the O points. 
Thus, apart from the contributions from the cuts at the X points, y/ 0 ) is given 
by the real part of the complex variable F0(z) 

F0 = aEQLnms^-, (13) 
p 

where z m x+iy. 
Near the X points, on the other hand, we can use Syrovatsky's28 solutio, 

^ 0 ) = Re F8(z), where Fs is defined by 
Fs = pz(z2 + A 2 ) W + 0 A2 Ln[z + (*2 + A 2) 1*], (14) 

with A the half-length of the current sheet, which we assume to be « L p. We 
have chosen the coefficients of the two terms so as to make B y

( 0 ) vanish at 
y = ±A, consistently with the shape of the current sheets which we observe in 
our relatively high v simulations.25 

In order to determine 0 we match the two solutions given by Eqs. (13) and 
(10), obtaining B - (aE0/2)(x/Lp)2, so that the field just outside the current 
sheet is given by 

By (0±, 0) = ± a 2 ccEQ A/Z?p . (15) 

We can now compute the stream function for the flow from Eq. (10), 
assuming <rj> » i) in the vicinity of the X point, (For the Xw = 2.5 cases 
studied this does not appear to be at all well satisfied, but in the large Xw 

limit the exponential growth of the resistivity at large x should ensure its 
validity.) In this approximation the flow velocity into the X point is 
Ec/S\By(0±f0)\. 

In lieu of an analytic theory of the current sheet we use semi-empirical 
scalings based on numerical work to estimate the size and stability of the 
current sheets. 1 6' 2 5 Following Biskamp25 we define a local reconnection rate 
M0 m I t/x(0+,0)/By(0+,0) I and set it equal to the viscosity-corrected15 local 
Sweet-Parker rate M s p * «\j3By(0+fl)A)rV2(l+Sv!Tj)rV4, yielding the scaling 

A f a+sv)1'2 Ll 
**o?EQ ~S ' i l 6 ) 

Lv 

This clearly shows that the fraction of the system occupied by the current 
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sheets increases rapidly as L increases, due to the rapid diminution with 
increasing L p of the strength of the magnetic field near the X points, as 
shown by Eq. (15). This is presumably the cause of the peaking of the island 
size and reconnected flux, and subsequent decrease as L p increases. Clearly 
the fraction occupied by current sheets cannot exceed unity, so we can obtain 
an upper bound on L c

( 2 ) by setting A = LJ2, to give 

(2) 
" 1/8 ' < 1 7 > 

(1+Sv)1'8 

To compute the actual value of L c

( 2 ) we would have to find the stability 
criterion for tearing modes in a current sheet of finite length with 
inhomogeneous, sheared flows.25 

In the case v = 0.01, Xw = 2.5, L = 18 we found that the scaling of A with S 
was actually approximately as S~m rather than the S~1/2 scaling predicted by 
Eq. (16), probably indicating that wall effects are important at large S. The 
scaling of L c

( 2 ) was found to fit L c

( 2 ) - Le

a\SV4 - 1) quite well. 

VIII. DISCUSSION 

Our simulations have given a glimpse of the possible nonlinear 
dynamical behavior which can occur in the evolution of resistive plasma 
instabilities, in particular the spontaneous formation of thin current sheets, 
their disruption by secondary tearing instabilities, their tendency to reform 
due to coalescence, and the occurrence of reflection-symmetry breaking 
bifurcations with associated purely nonlinear drift frequencies. 

The bifurcation framework we have used provides a powerful and 
economical way of characterizing the phenomena, and, by focussing on the 
attractors of the system, may reveal behaviour which is typical rather than 
transient. However, we have glossed over many of the fascinating 
time-dependent details seen in the simulations.29 These will be reported in 
another publication. Also, it should be remarked that for some dissipative 
dynamical systems i*. can happen that no simple attractor exists — the case 
of a strange attractor. No such case was observed in our simulations, but it 
cannot be ruled out for larger values of the periodicity length than we 
studied. In any case there are probably many more bifurcations than we 
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have found,13 which it would be interesting to explore. 
The analytic work revealed that the physical origin of the current sheets 

was in flows driven by resistivity gradients along the lines of force. A more 
complete model would include thermal transport effects. As temperature 
tends to equilibrate rapidly along the lines and classical resistivity depends 
mainly on temperature, the resistivity gradients in a more complete model 
would be expected to be weaker. However, as our choice of resistivity profile 
provides a mechanism for maintaining continued reconnection within the 
simple boundary conditions of our simulation we are perhaps capturing 
some of the features of a more complex forced reconnection process such as 
pertains in a planetary magnetotail or in the evolution of an m = 1 tearing 
mode in a tokamak.16 We also note that spontaneous symmetry breaking has 
also been found previously in an ideal m = 1 instability.30'31 
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FIGURE CAPTIONS 

Fig. 1 Linear growth rate y of the tearing mode vs. wavenumber k for the 
cases with S = 200., v = 0.01 and Xw = 2.5,4.0,8.0 and 12.0. Also shown (with 
dashed lines) are the analytical predictions of equation 6 for X w = 2.5, using 
the constant-psi approximation in both inertial and viscosity dominated 
regimes. 

Fig. 2 Flux contours of stable magnetic island states for S = 200., v- 0.01, 
Xw = 2.5 and values of the periodicity length : (a) L p = 12.57, close to L p r a f , 
(b) L p = 23.53 just below L c

( 2 ) , (c) L p = 33.07 corresponding to an asymmetric 
single island traveling wave state with phase velocity to the right (the other 
possible solution has the reverse orientation and phase velocity) and 
(d) L p = 52.36 corresponding to a static symmetric modulated double island 
state. 

Fig. 3 Current contours for the same cases as in Fig. 2 but shifted in phase 
in order to more clearly show the secondary current sheets which (a) form at 
the X points, (b) increase in length with the periodicity length Lp, (c) become 
asymmetric for the travelling wave solution branch and (d) are also 
asymmetric for the modulated double island solution branch but arranged 
symmetrically around each 0 point current peak. 

Fig. 4 Average reconnected flux per unit length < I Bx(0, y) I > vs. periodicity 
length L p showing both the stable (solid lines) and unstable (dashed lines) 
steady state solution branches, as defined in Fig.5(a), for the case with 
S * 200., v * 0.01 and Xw = 2.5. The critical transition points, as well as L?nP 

are marked with arrows on the horizontal axis. Note the jump at L c

( 3 ) of the 
stable solution back up to the value it has at L c

( 2 ). 

Fig. 5 (a) Bifurcation diagram showing fundamental (m « 1) and second 
harmonic (m = 2) amplitudes I ym I vs. periodicity length L p for the case 
8 * 200, v • 0.01, Xw s 2.5. Stable branches (attractors) are shown by solid 
lines, unstable branches are shown by dashed lines. The primary bifurcation 
is the fundamental tearing mode Tl. The second harmonic tearing mode is 
denoted T2, while the fundamental and second harmonic traveling wave 
branches are denoted TW1 and TW2, respectively. The modulated stationary 
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wave resulting from the period doubling bifurcation is denoted MS. 
(b) Plot of phase velocity V p h of the traveling wave states of Fig. 5(a) 

vs. periodicity length L . 
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