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ABSTRACT

In constrained Hamiltonian systems which possess first class constraints some subsidiary
condi lions should be imposed for detecting physical observables. This issue and quantization of the
system are clarified. It is argued that the reduced phase space and Dirac method of quantization,
generally, differ only in the definition of the Hilbert space one should use. For the dynamical
systems possessing second class constraints the definition of physical Htlbert space in the BFV-
BRST operator quantization method is different from the usual definition.

MIRAMARE- TRIESTE

June 1989

* Submitted for publication.
" Bitnct address: DAYI@ITSICTP.bitnet.

Quantization of a classical Hamiltonian system can be achieved by the
canonical quantization method [1]. If we ignore the ordering problems, it
consists of replacing the classical Poisson brackets by quantum commuta-
tors when classically all the states on the phase space are accessible. This is
no longer correct in the presence of constraints. An approach due to Dirac
[2] is widely used for quantizing the constrained Hamiltonian systems |3|,
[4]. In spite of its wide use there is confusion in the application of it in
the physics literature. Obtaining the Hamiltonian which Bhould be used
in gauge theories is not well-understood. This derives from the misunder-
standing of the gauge fixing procedure. One of the aims of this work is to
clarify this issue.

The constraints, which are present when there are some irrelevant phase
space variables, can be classified as first and second class. Second class
constraints are eliminated by altering some of the original Poisson bracket
relations which is equivalent to imply the vanishing of the constraints as
strong equations by using the Dirac procedure [2] or another method |Sj.
Vanishing of second class constraints strongly leads to a reduction in the
number of the phase apace variables. This reduced system can now be
quantized by means of the canonical quantization method.

Presence of first class constraints change the schema drastically. Unsim-
ilar to the second class constraints they generate gauge transformations. A
gauge fixing procedure is to introduce some subsidiary conditions as is done
in the path integral approach [6|. At the classical level the constraints and
the gauge fixing conditions can be imposed strongly to eliminate the un-
physical variables. The resulting reduced phase space is built up by physi-
cal variables which now satisfy some new Poisson bracket relations (Dirac
brackets). Thus one can apply the canonical quantization procedure. This
is known as reduced phase space quantizalion(7|. It is obvious that treating
the original first class constraints and the gauge fixing conditions as second
class constraints[8| is equivalent to the reduced phase space method.

In Dirac method one applies the canonical quantization procedure be-
fore imposing the constraints and the first class constraints which become
operators are used to define the physical subspace of the total Hilbert space.
First class constraints are added to the canonical Hamiltoman by some La-
grange multipliers. This HamHtonian can be used in the weak sense or in
the path integral but generally cannot be used aa an operator for defining
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the time evolution of the physical states, by making use of the original
Poisson brackets of the physical variables, except in the case where each
one of the constraints is linear in a momentum or a coordinate* variable.

The reduced phase space and Dirac method of quantization do not al-
ways lead to the same quantized systemJ9j. The latter seems to be the
correct procedure. In the following we will show that if the physical sub-
space of the total Hilbert space is used as the Hilbert space of the reduced
phase space quantization, it turns out to be equivalent to the Dirac method
i.e. only the physical observables are quantized by replacing their Poisson
brackets with the quantum commutators, but they act on the physical
Hilbert space. Thus when these two spaces are isomorphic, they should
lead to the same quantized system1.

Recently in [11] canonical quantization in the presence of gauge invari-
ances is studied by stressing the effects of factor ordering. In the second
paper of [11] it is also shown that even the Hamiltonians can be different
in the reduced phase space and Dirac quantization methods, the physical
states evolved by these Hamiltonians remain in the physical subspace.

When the dynamical system possesses some second class constraints
there exists another method given by Batalin and Fradkin [12) :BFV-BftST
operator quantization method (for applications of the method see [13]).
On'; enlarges the phase space such that the original second class constraints
become converted into the first class ones, so that the number of the physical
deg.ves of freedom remains unaltered. We will show that these first class
constraints should be handled differently from the usual ones when one uses
them to define the physical Hilbert space for not altering the original one.

Let us consider a bosonic system1 whose dynamics can be derived from
a singular Lagrangtan C = £(</,,,<7,i); p = 1 , . . . , JV , which leads to consis-
tent equations of motion. Definition of canonical momenta, pM = dC/d<jM,
wilt lead to some relations between phase space variables <pk{<Jn,Pn) = 0;
k = l , . . . ,Af < N. These primary constraints can be incorporated in the

lThi» U discrepant with (he results obtained in [lO|. In fact the difference of the hamil-
tonians given in f 10] \a due to ordering properties. It ia not due to different quantization
schemes.

3In the case of fermtonic variables one only needs to replace the Pobson brackets with
the generalized Poisson brackets, in the following.

Hamiltonian as

where He is the canonical Hamiltonian and uk are yet unspecified coeffi-
cents. By defining the usual Poisson bracket relations between the conju-
gate variables the time evolution of constraints can be obtained as their
Poisson brackets with the Hamiltonian. They should be invariant under
time evolution. This may lead to some new constraints or/and specify-
ing of some uu- Invariance of these new constraints in time may lead to
some other constraints and/or specifying of some other coeffkents and so
on (all the constraints which are not primary will be called secondary con-
straints). Let us denote all of the constraints which are linearly independent
as Tjr ; K = 1, . . . ,Mi < N. Some of these constraints may yield nonzero
Poisson brackets with some of the others on the constraint surface. These
are called second class constraints (the number of them is always even)
and can be eliminated by making use of Dirac brackets or by means of the
procedure given in [S|, which is equivalent to using the Dirac brackets [14].
By these new brackets, vanishing of second class constraints is imposed as
strong equations. Thus if there are 2Mi < M t second class constraints
by vanishing of them strongly one removes Mi of coordinates and their
conjugate momenta from the phase space. The application c : these strong
conditions may change the canonical part of the Hamiltonian so that the
new Hamiltonian reads

H = = 1 m < n, (1)

where <j>a are first class (primary or secondary) constraints.
First class constraints generate gauge invariances. Hence a gauge fixing

procedure is needed for detecting the physical observables. A gauge fixing
procedure is to introduce some subsidary conditions %a = °i which are
supposed to have a vanishing Poisson bracket with Ho and satisfy

det {<j>a,xp)k 7*0,

where E denotes the surface defined by the constraints and the gauge fixing
conditions. This a physical gauge where all gauge freedom is removed. Xc
cannot be regarded as the usual subsidiary conditions [2], which one imposes
on a Hamiltonian system for obtaining a different one. They designate the



chosen gauge and the physical amplitudes should be independent of gauge
fixing conditions. Thus one cannot expect that they lead to specifying of
some coefficients in (1) as the normal subsidiary conditions. In fact the
invariance of them under time evolution leads to the vanishing of all va

coefficents. The Hamiltonian (1) is not suitable to be used in this physical
gauge, except the case which we will see below. It is the Hamiltonian in
the weak sense. Of course in the path integral approach [6|, where a first
order Lagrangian is utilized, the Dirac Hamiltonian (1) can be used in the
physical gauge.

For detecting the suitable Hamiltonian in the reduced phase space,
which is obtained by imposing the vanishing of the constraints and the
gauge fixing conditions strongly, one needs to use the first order Lagrangian

= Jdt{paqa-H)t (2)

where H is given in (1). In the case where each one of the constraints is
linear in a momentum or a coordinate the first order Lagrangian in the
reduced phase space reads

' = fdt (Piqi - H') ; » = 1,... ,n - m, (3)

where
H* -

This is the exception which is announced above: when each one of the
constraints is linear in a variable, the Dirac Hamiltonian (l) can be used in
the physical gauge, without altering the original Poisson bracket relations
of the physical variables.

In principle the constraints which are non-linear in variables can be
transformed into momenta by means of a local canonical transformation.
Usually due to the non-linear nature of these transformations operator or-
dering can no longer be ignored. The quantized system changes drastically
as we will display with an example. Hence we will not perform any canon-
ical transformation, so that non-linear character of the constraints make
sense. By keeping the original variables, when each constraint doesn't de-
pend on only one variable linearly, the reduced phase space Lagrangian
reads

L' = j dt (M - JT), (4)

where primed variables may be equal to the unprimed ones or obtained from
them by rescaling (we suppose that gauge fixing conditions are chosen such
that the Dirac brackets of the unprimed variables are different from the
original brackets up to a constant). Now / /"can not be obtained from
the Dirac Hamiltonian (1) and as we will see it depends on gauge fixing
conditions. Hence we see that in the physical gauges the reduced phase
space Hamiltonian should be obtained from the first order Lagrangian not
from the Dirac Hamiltonian.

As an example we can take the systems which possess reparametrization
invariance. In this case the canonical Hamiltonian vanishes Ha = 0. For
example in d = 4 relativistic massive point particle case dynamics depends
only on a first class constraint <t> = pj-m 2 . One may fix the parametrization
time as x = Xo — t = 0 [3] so that i 0 — 1- Thus by solving <̂  = 0 for p0

(po > 0) one obtains

(5)

where i runs over the space indicies. Thus the Hamiltonian in this physical
gauge is y/pf+m*.

In most of the interesting cases working in a positive definite Hilbert
space is not denired for keeping the manifest covariance of the system. In
this case the Dirac Hamiltonian can be used in tho weak sense and a gauge
fixing is not performed by introducing some subsidiary conditions but by
specifying some of the v« coefficents. In the relativistic point particle case
one can choose v = 1 so that the Hamiltonian reads H = p2 + m*. In the
bosonic string case one can fix the gauge by choosing a common time for
the string. In this physical gauge (light-cone) one has to use the above
procedure for detecting the Hamiltonian[3] which gives the evolution in the
common time. Instead in the Dirac approach one fixes the va coefficents
such that the Hamiltonian which follows from the Dirac Hamiltonian is
H = Lo [15].

Till now we have discussed the constrained Hamiltonian systems at the
classical level. Quantization can be achieved by means of path integral or
operator methods. We will only deal with the latter.

In the reduced phase space method the physical variables which are de-
tected in a physical gauge are quantized by replacing the Poisson bracket

6



relations (Dirac brackets) with the commutators. Thus the Hilbert space
depends only on the physical coordinates. In the case where only the sec-
ond class constraints are present the Dirac procedure is equivalent to the
former one because in each of these procedures one implies the vanishing
of the constraints as strong equations. But when there are first class con-
straints, in the Dirac approach, one does not imply any subsidiary condition
as gauge fixing. One replaces all the Poisson brackets with commutators
and works out the realization of momenta in terms of coordinates. Thus
the constraints become operators and can be used to define the physical
subspace of the total Hilbert space as

<t>t,Wpht*. = 0 . (6)

Dynamics of the relativiatic point particle can be explored in the rela-
tivistic gauge v = 1. In this gauge the Dirac Hamiltonian vanishes on the
physical states. It only yields the definition of physical states as

which is the Klein-Gordon equation.
As it is clarified above the Dirac Hamiltonian cannot be used to evolve

the physical Hilbert states except in the case where each of the constraints
is linear in a momentum or a coordinate operator. Thus for detecting the
suitable Hamiltonian operator which acts on the physical states one has
to perform a gauge fixing like in the reduced phase space method at the
classical level. But the definition of the physical states should still remain
as in (6).

We know that the Hilbert space of the reduced phase space is not al-
ways isomorphic to the physical subspace of the total Hilbert space of the
Dirac approach. This derives from the fact that the Hilbert space of the
reduced phase space can heuristicaly be visualized as the subspace of the
total Hilbert space of the Dirac quantization which is defined as to be an-
nihilated by constraints and also by gauge fixing conditions. Thus if one
wants to evolve the elements of the physical Hilbert space he needs to detect
the reduced phase space Hamiltonian without altering the definition of the
physical Hilbert space. Thus the unique difference between the mentioned

operator quantization methods is the utilized Hilbert spaces. When these
two spaces are isomorphic they all lead to the same quantum system.

We would like to exhibit the above discussion in an example. The
following Lagrangian (i,y € RJ/{0,0})

L = I(i« J* V I/1), (7)

which is studied in [16], [17] is singular.. The definition of canonical mo-
menta leads to the canonical Hamiltonian:

and two independent first class constraints:

<h = PA,

fa =xp v -yp t .

The following subsidiary conditions

Xi = A,
X: =x-y,

can be used as physical gauge fixing conditions, because

(8)

(9)

(10)

When the constraints and gauge fixing conditions are used, the first order
Lagrangian reads

(ID

where p'x = i/2px x' = \fix. The Poisson bracket relation between p and
x should be found by taking into account the constraints and the gauge
fixing conditions (Dirac brackets). So that the rescaled observables satisfy
the following Poisson bracket relation

{ P > ' } = 1. (12)



(11) exposes the Hamiltonian which should be used in the gauge (10)

as

Now quantization can be performed as usual by realizing the quantum com'
mutator obtained from (12) as p1, = —id/da? . Even the physical operators
depend only on r* they do not act on the Hilbert space states which depend
only on i*. They act on the states of physical subspace denned as in (6).
The physical states are

Vphy,. =

Thus the momentum dependent part of the Hamiltonian leads to

<W(r) = [—— + ^

(13)

(14)

This is consistent with the results of [16]. Of course if one uses the states
which depend only x in the Hamiltonian (14), the first term on the right
hand side will be absent. Thus the reduced phase space and Dirac quanti-
zation methods do not lead to the same quantum theory3.

The dynamical system outlined by (8), (9) can also be studied in the
polar coordinates in (i, y) space. The second constraint in (9) reads 4>i — Pi
which leads, by making use of the other constraint, to the physical states
which depend on r only. The reduced phase space hamiltonian in terms
of polar coordinates is H* = jpj + V(r). By making use of the usual
realization of the quantum commutators the momentum dependent part of
Hamiltonian yields

* ( ) . (15)

In this case there is no difference between the two different quantization
schemes which are discussed. Each of the constraints is just one of the
momenta so that the physical subspace of the total Hilbert space of Dirac
quantization method is iaomorphic to the Hilbert space of reduced phase
space method. The difference between (14) and (15) derives from the fact

'This result is obtained also in (18|. But in that paper the Dirac Hamiltonian is used
in the strong sense so that their conclusions are not justified.

that when a non-linear canonical transformation is performed operator or-
dering should somehow taken into account [17). Hence the difference of
(14) and (15) is not due to the different quantization approachs but due
to using Cartesian and polar coordinates in the original Lagrangian. If
the Cartesian coordinates are taken to be privileged, one has to define pr

consistently4.
In the BFV-BRST operator quantization method the physical subspace

should be defined as above in the case when there are only first class con-
straints. But in this formalism when there are second class constraints one
converts them into first class ones by enlarging the phase space. The first
class constraints with gauge fixing conditions are visulized as second class
constraints. Thus, in this case, in order to respect the original system the
physical states should be defined as in the reduced phase space method.
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''The difference between the Hamiltonians which is found in [10] is the difference be-
tween (14) and (IS) (in the language of Chat article X ~ r2). In the examples of [10) the
privileged coordinates are the polar onea, so that there is no difference between the two
different qoantiiation methods
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