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ABSTRACT 

A finite element method is proposed to solve a scalar 

singular diffusion problem. The method is constructed by 

adding to the standard Galerkin method a mesh-dependent term 

obtained by taking the gradient of the Euler-Lagrange equation 

and multiplying it by its least-squares. For the one-dimensional 

homogeneous problem the method is designed to develop nodal 

exact solution. An error estimate shows that the method 

converges optimaly for any value of the singular parameter. 

Numerical results demonstrate the good stability and accuracy 

properties of the method. 

RESUMO. 

Um método de elemento finito e proposto para resolver um 

problema escalar de difusão singular. 0 método é construído adj 

cionando-se ao método de Galerkin padrão um termo dependente da 

malha obtido tomando-se o gradiente da equação de Euler-Lagrange 

e muitiplicando-se pelo seu mTnimo quadrado. Para o problema h£ 

mogêneo uni-dimensional o método é concebido para desenvolver s£ 

lução exata nodalmente. Estimativa de erro mostra que o método 

converge otimamente para qualquer valor do parâmetro singular. 

Resultados numéricos demonstram a boa estabilidade e acuracidade 

do método. 



1. INTRODUCTION 

In most of its existence, finite element methods have 

been developed based on the Galerkin method. From the 

mathematical point of view, the rather general convergence 

results obtained for the single field elliptic equations 

created confidence to attempt further extensions in more 

elaborate models. From engineering experience, however, 

undesirable pathologies were present in various situations of 

practical interest. Spurious oscillations, locking, and other 

undesirable features appeared separately or combined when 

applying the Galerkin method to thin structures, incompressiole 

media, fluid flows, etc. To avoid these difficulties, intuitive 

element design, different integration rules and other devices 

followed. Some of them have been mathematically substantiated. 

Simplicity has been the driving force behind all these 

solutions. The desire to maintain the usual interpolation 

functions allows easy generalizations for more complex non

linear models. Some specialists have serious questions about 

this approach and suggest instead strict obedience to the basic 

stability conditions of the Galerkin method. Their solution 

requires use of elaborate interpolation functions and has 

received resistance from code developers. 

In recent years the idea of changing the discrete 

formulation of a given problem has been gaining more momentum. 

The methodology we are concerned with consists of adding mesh-

dependent terms to the usual Galerkin method. These perturbation 

terms are functions of the residuals of the Euler-Lagrange 
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equations evaluated elementwise. Since the residuals of the 

Euler-Lagrange equations are satisfied by the exact solution, 

consistency is preserved in these methods. The perturbation 

terms are designed to enhance stability of the original Galerkin 

formulation without upsetting consistency. Convergence results 

may be derived for a large family of interpolations, that in 

general includes the usual finite element polynomials (e.g., 

Lagrangean elements). 

This approach has its roots on advection-diffusion 

problems. It was introduced by Hughes and Brooks [1,15,16] who 

referred to it as the "streamline upwind/Petrov-Galerkin" 

method, or SUPG as it is now frequently called, for the scalar 

linear advection-diffusion equation in steady state and 

analyzed by Johnson and Nãvert [30J. Generalizations followed. 

Johnson [28], Johnson, Nãvert and Pitkãranta [31] and Nãvert 

[38] proposed and analyzed extensions to the unsteady case 

using space-time elements. Extensions to the incompressible 

Euler and Navier-Stokes equations were introduced in [2,29,32], 

Hughes and Mallet [23] have extended the method to advection-

diffusion systems which, when combined with the concept of 

entropy variables [21] and shock capturing ideas [4,5,6,14,24, 

27] were successfully applied to the steady compressible Euler 

and Navier-Stokes equations [3,9,20,25,26,37]. Advection 

diffusion systems employing space-time elements are analyzed 

in [22]. 

Application of these methods to mixed formulations was 

introduced by Hughes, Franca and Balestra [19]. They applied 
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and analyzed a special formulation for the Stokes flow problem 

(or for the incompressible elasticity problem). In particular, 

they presented a design of the perturbation term which allows 

use of any continuous equal-order interpolation for the 

velocity and pressure variables, a possibility ruled out by 

key stability requirements within the Galerkin method. This 

formulation has been generalized and applied to various mixed 

formulations (see [73 and references therein). This last work 

[7] and references [10,11,33,34] presented a novelty with 

respect to the former works: the perturbation terms are 

constructed as mesh-dependent least-squares of the Euler-

Lagrange equations. This simplifies the conception and 

extension of this idea to various problems. The Galerkin/Least-

squares method has i>een applied and analyzed for: the 

Timoshenko beam problem [13,34], the Reissner-Mindlin plate 

[18], the arch problem [33], the axisymmetric shell problem 

[35,36], the Stokes flow problem [12,17], the isotropic 

compressible and incompressible elasticity problem [8,11]. As 

a major contribution for these mixed formulations, this method 

has overcome the difficulties concerning the usual stability 

conditions (K-el1ipticity and Babuska-Brezzi condition) 

allowing combinations of simple finite element polynomials of 

almost any order including the attractive (from the 

implementational point of view) equal-order interpolations. 

However, as it is always the case, the Galerkin/Least-

squares method is no panacea. In the general formulation for 

axisymmetric shell problems, for example, convergence could 
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only be established to the plate configuration (see [36]). For 

the cylindrical shell, the method helps in obtaining better 

discrete solutions but the analysis indicates that the 

dependence on a small parameter (proportional to the shell 

thickness) can not be overcome within the Galerkin/Least-

squares method. This lead us to think about alternative 

approaches. 

To simulate the complex appearance of boundary layers 

in the cylindrical shell problem, we analyze a simpler scalar 

model equation, namely, a singular diffusion problem given by 

o2u - e2Au = f (1) 

where o 2, e2 and f are given functions and u is the scalar 

unknown. Direct application of (1) may be found in diffusion 

problems in semiconductors. The standard Galerkin method 

presents difficulty for small values of the ratio e2/o2. 

Spurious oscilations usually appears in this case, demonstrating 

the inappropriateness of the Galerkin method. Employment of 

the Galerkin/Least-squares method will not cure the shortcomings 

either, since least-squares of (1) only contributes to te

stability which is already present in the Galerkin method. 

A new concept of a perturbation term is proposed herein. 

We add to the Galerkin method, least-squares of the gradient of 

the Euler-Lagrange equation (1). The term has a mesh-dependent 

parameter and it is evaluated elementwise. Taking the gradient 

of (1) and multiplying by its least-squares enhances stability 

in the H1 semi-norm. This provides the resulting formulation 
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with a control on derivatives. The method will be denoted by 

Galerkin/Least-squares Gradient (GLSG). Note that consistency 

is preserved since the exact solution satisfies the gradient 

of (1). 

In Section 2 the one-dimensional model of (1) is 

studied in detail. The Galerkin method employing linear shape 

functions is analyzed from the difference equation point of 

view and its poor stability properties are shown for small 

e 2/o 2 values. Subsequently the GLSG method is proposed and its 

parameter is designed so that nodal exactness is achieved for 

linear shape functions and constant parameters in the absence 

of source terms. 

In Section 3 GLSG is generalized to the multi

dimensional equation (1). An error analysis is presented which 

demonstrates for the GLSG method optimal convergence in the H1 

semi-norm, independent of e 2/a 2. 

In Section 4 numerical experiments are performed which 

confirm the good stability and accuracy of the proposed GLSG 

method. Finally, in Section 5 some conclusions are drawn. 

2. ONE-DIMENSIONAL MODEL PROBLEM 

A singular diffusion problem in one dimension defined 

on the open unit interval is governed by the following 

differential equation: 

o2u - e zu. x x
 3 0 (2) 
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where u is the unknown scalar field, a and e are physical 

paramters, assumed constant in the subsequent analysis, and 

u, is the second derivative of u with respect to the 

independent variable x (=d au/dx 2). 

Let us consider the model boundary-value problem which 

consists of finding u, satisfying (2), such that 

u(0) = 0 

u(1) = 1 

(3) 

(4) 

The exact solution is immediate and can be written as 

u(x) = 

o o 
~ T x T x 

e -e 
£ £ 

e -e 

(5) 

To construct a weak form of t h i s problem, l e t us def ine 

the fo l lowing Hube r t spaces: 

H = íu e HMO.Olu tO j -O, u (1) -1 ) (6) 

Hj = {u « H l (0 ,1 ) |u (0 )=u(1)=0} (7) 

where H'iOJ) is the space of square-ir.tegrable derivatives and 

value on the unit interval. 

The variational formulation of the problem is: find 

u 6 H such that 

•1 r1 
o2uv dx + e zu, x v,x dx = 0 , Vv 6 H^ (8) 
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To approximate (8) consider a partition of the unit 

interval 0=x <xx<...<x =1 where x is the coordinate of the 
t h ^ 

end point of the e -element and n 0 is the total number of 
p 

elements. The domain of each element e is B =(x .,x ) , 

e=l,...,n . and the mesh parameter is denoted by h=max(ft ) , 

e=1,...,n .. Consider the set of all polynomials of degree not 
p p 

greater than k and denote its restriction to ft by Pfc(ft )• Let 
S h ( 0 J ) = iuhK 6 p

k ^ e ) ' e = 1 » - - - » n
e £ } n H (9) 

V * ( 0 , 1 ) = { u . | u p 6 P p ( f t e ) , e = 1 , . . . , n o 5 } n H' 
V u e el' 

(10) 

where urt is the restriction of u. to element e. e h 

The standa»J Galerkin method consists of finding 

uh 6 S{^(0,1) such that 

1 
a 2 V h dx + l 0

£ 2 uh,x vh,x dx = ° • 

Vvh 6 vjj(0,1) (11) 

Depending on the value of a = 2—!?- the Galerkin formulation 

may perform very poorly. To make precise this statement consider 

a uniform mesh, and let u. denote the nodal value of the 

approximate solution at an arbitrary interior node I. Employing 

piecewise linear shape functions, i.e., k=1 the I-th equation 

of (11) is 

•a(u I_ 1+4u I+Uj + 1) + u I_ 1 2uj + u I + 1 = 0 (12) 

or 



8 

(1-a)uI_1 - 2(1+2a) U l + (1-a)uI+1 = 0 (13) 

The general difference solution of (13) is of the form 

Uj = cr1 (14) 

Substituting (14) in (13) implies in a second order 

equation in r, namely 

(1-a)r2 - 2(1+2a)r + (1-a) = 0 (15) 

with roots 

1+2a+/(l+2a)2-(1-a)2 

1-a 

2 rx 

Note that both roots are positive if a<1 . However, for a>' both 

roots are negative and therefore by (14) the difference solution 

will oscillate from one node to the next! This clearly 

demonstrates a spurious behavior of the approximate solution as 

compared to the smooth exact solution (5). To overcome this 

serious drawback in the Galerkin method we present a method with 

enhanced stability characteristics. 

Consider the following Galerkin/least-squares Gradient 

method (GLSG): Find un e sJ5(0,l) such that 

(16) 

(17) 
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1 ri 
o2u. v. dx + e* uh.x vh,x d x + 

+ I 
e-1 JQe 

^ V ^ V x x ^ x ^ V ^ V x x * ' * dx " °. 

Vvh 6 V*(u,1) (18) 

where T is a positive parameter to be designed below. 

Note that selecting x=0 reduces GLSG to the standard 

Galerkin method. The additional term enhances stability through 

the interaction a2u. „TO 2V. , which provides the method with 
n i x n j x 

better stability properties with respect to the H^semi-norm. 

To design the T.-parameter consider the approximation 

employirg piecewise linear shape functions (k=1) and an uniform 

mesh. The higher-order derivatives are zero and the I-th 

equation of (18) is 

(1-o)uI_1 - 2(1+2a)Uj + (1-a)uI+1 = 0 (19) 

with 

2h2 o2h 
6(c*+okj) 

(20) 

h* z 
5o^" C (21) 

The difference solution is of the form given by (14) and 

the roots are given by (16) and (i?) with a replaced by ã. 

Our goal is to design T so that the difference solution 
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is nodaly exact. 

Applying the boundary conditions to the difference 

equation, i.e., setting 

u0 - 0 , u N - 1 (22) 

where N is the total number of nodal points minus one, then the 

difference solution is given by 

(23) 

where rx and r2 are given by (16)-(17) with a replaced by a, 

Comparing to the exact solution (5) written as 

u(Xj) In o An 

r _o h > I t a o I 
e e 

[ . " * h ) - ( . * h) 
(24) 

we conclude that to obtain nodaly exact solution 

"7 h rx = e (25) 

or 

? h 
r2 = e

v (26) 

(Equations (25) and (26) are mutually exclusive because by (17) 

r l r 2 * 1 , which is i d e n t i c a l l y s a t i s f i e d by mu l t i p l y ing (25) by 

(26 ) ) . 

Carrying out the computations in (25) we ar r ive at 

5 , cosh(/5ã)-1 ( 2 7 j 
cosh(/5ã)+2 
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By (19) 

ç = 
cosh(/5ct)+2 _ ]_ 

cosh(/6"ã)-1 a 
(28) 

Summing up the GLSG method is given by (18) with T and 

C given by (21) and (28). 

In practice we employ an asymptotic expression for Ç 

given by 

ç = 

Í 1 , a > 8 

0.064a + 0.49 , 1 < a < 8 

0 , a < 1 

(29) 

In Fig. 1 we compare expressions (28) and (29). 

Remarks 

1. The assumption that the property parameters c2 and E 2 are 

constant is not essential to the error estimates derived 

subsequently. Removing this assumption the definitions of 

T and c, remain the same as in eqs. (21), (28) or (29) where 

a2 and e2 will depend explicitly on x. 

2. Addition of a source term, i.e., replacing (1) by 

f (30) 0 2U - E 2 U , 
XX 

does not change the definitions of the parameters in the 

method. However, for f*0 we may not expect nodal exactness 

in general. The extra terms due to f will be found on the 

right-hand-side of (18) as 



12 

1 "ei. 
fv. dx + 7 

O h e-1 
/ . x T ( a ' v h - e « v h i X X ) , x dx (31) 

ÍT 

A numerical example shown in Section 4 demonstrates the 

excellent performance of GLSG for f*0. 

3. THE MULTI-DIMENSIONAL COUNTERPART 

'sd Let ft be an open region in IR with piecewise smooth 

boundary r, where n .2:2 is the number of space dimensions. The 

multi-dimensional counterpart of the model problem given in the 

last section is: find u(x) satisfying 

o2u - e2Au = f 

u = 0 

in ft 

on r 

(32) 

(33) 

where f is a given source distribution. 

Consider HA(ft) to be the Hubert space of square-

inteqrable derivatives and value on ft. Let 

H^(ft) = {u e H!(ft)|u=0 on r} (34) 

The variational formulation of problem (32)-(33) is 

find u e Hl(n) such that 

fv dft , Vv e H^(ft) (35) a2uv dft + ezVuVv dft = 
ft Jft 

To approximate (35) consider a partition of ft into 

n non-overlapping elements constituting of triangles or 
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quadrilaterals for n .=2 and their generalizations for i ç j ^ . 

The set of all polynomials of degree not greater than k 

restricted to Q (the element domain) is denoted by Pi.(^ ) . Let 

V h ( n ) = i u h K 6 P k ^ e ) » e = 1 n
ei

} n Ho ( í í ) (36) 

The GLSG method is: find u. e V*(A) such that 
h h 

B ( u h , v h ) = L ( v h ) , Vvh 6 V j ( 8 ) (37) 

where 

B ( v v h } • ) n
( a 2 u h v h +e 2 Vu h Vv h )d f i + 

"el 
* I 

e = 1 
V (a 2 u h - e 2 Au h )T«V(a 2 v h - e 2 Av h ) d r 1 (38) 

n5 

r el 
L ( v h ) = f v h dfi + I 

n ->si n e=1 
V f T ' V ( a z v h - e i ! A v h ) d n (39) 

JT 

The parameter x is defined as a generalization of the 

one-dimensional case as 

x = 
h2 z 
So7 ç (40) 

cosh( /5ã)+2 _ J[ 

c o s h ( / 5 ã ) - 1 a 
(41) 

a = 
o'h' (42) 

For the subsequent error analysis we will consider a and 

e constants and \ given by the asymptotic expression (29). Let 
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us define the norm, ||| *||| , in which we prove convergence: 

III vh III
2 - a» || vh |f + e'llv-vjf + 

+ -r || o2Vvh-e2VAvJ|
2
h (43) 

where || • ||. is taken element-wise.' 

We now establish some preliminary results 

Lemma 3.1 (Stability) 

lllvJH2 - B(vh,vh) , Vvh 6 vjjin) (44) 

Proof. From the definition of B(',«), eq. (38), the result 

follows immediately. 

Lemma 3.2 (Orthogonality of the error) 

B(e,vh) = 0 , Vvh 6 vjj(n) (45) 

in which e=ufc-u. n 

Lemma 3.3 (Interpolation error). Let 0. 6 V.(fi) denote an 

interpolant of H (fi). Let ri=u.-u denote the interpolation 

error. Then n converges in |||'||| as 

a) if a>1 

nl l l 2 á a * C ( u ) h 2 k + 2 (46 ) 

b) i f a<1 

|||n|||2 i e*C(u)h2k (47) 
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where C(u) is a constant only depending on the exact solution 

u, assuming different values in different appearances. 

Proof. We divide the proof in two parts: 

a) Let ct2l. Then 

Ulnlll* = o*||n |f + e«| |7n| r + T || o«7n-e«VAn||J 

• « f H n | f + ^ l l vn l f -

< 0 « | | n||
2

 + 2± -h. | | vnjl2 + 

+ Ç h 2 l | v n | | n + ^ h M | v A n | | h 

s o*C(u)h 2 k + 2 

b) Let a<1. Then 

III n HI2 = a- || n|[2 + e ^ i v n l l 2 

- ^ II n||2 + eMIVnll2 

<-& llnlf + eMIVnlf 

< e2C(u)h2 k 

Theorem 3 . 1 . The er ror in the 6LSG method converges as fo l lows 

a) I f <x2l then 

ll lelH2 i o*C(u)h 2 k + 2 (48) 
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b) If a<1 then 

IIIe||! s e2C(u)h 2k 

Proof. Let eh=u h-ü n. Then 

e = e h + n 

The convergence proof goes as follows 

e h l l l ' - B(eh ,eh) (by Lemma 3.1) 

B(e-r, ,eh ) (by (50)) 

-B(n,eh) (by Lemma 3 .2) 

* | B ( n , e . ) | 

| (o27ieh+e2VnVeh)di2 + 

n 
el 

* I 
e=1 

V(a2n-e2An)T«V(o2eh-e2Ae. )dQ 

ft1 

Thus 

* { lllejir + J Uln! 

* II n | 

In addition we have 

| e h + n |H 2 <- 4 | | | n | | | 2 

which when combined with Lemma 3.3 concludes the proof. 
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Remarks 

1. The convergence of GLSG is optimal for any value of a. For 

a£l (a2-dominated) combining the error estimate (48) with 

the definition of |||*|||, (43), indicates that the finite 

element error converges optimaly in L2 and in H
1. For a<1 

(e2-dominated) comparing (49) with (43) indicates optimal 

convergence in the H1 semi-norm. In this case convergence 

in L2 may be derived employing duality arguments similar to 

the classical Aubin-Nitsche 's trick. 

2. The GLSG method is consistent in the sense that the exact 

solution u satisfies (37). Consistency combined with the 

enhanced stability properties obtained in Lemma 3.1 implies 

convergence of GLSG. 

3. The Galerkin/Least-squares (GLS) method consists in adding 

to the Galerkin terms the following mesh-dependent term 

n. 
'el 

e 

ex, e 

I (o2uh-e
2Auh-f)x(c

2vh-e
2Avh)dn 

fl1 

where T is a suitable positive parameter. Notice that 

contrary to the present GLSG method, the GLS method does 

not contribute in stabilizing the H1 semi-norm. The GLS 

method adds stability in L2 , which is already under control 

by the Galerkin method. The idea of taking the gradient of 

the Euler-Lagrange equations and adding its least-squares 

to the Galerkin method is new and it is the key to the 

success of the GLSG method for the model equation studied. 

This idea may be applied to other models in mechanics and 
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it is subject of our future work. 

4. NUMERICAL RESULTS 

In this section we perform some numerical experiments to 

compare the Galerkin and the GLSG methods. 

The first experience is a one-dimensional example, 
Q 

governed by eq. (30), with o 2=1, ez=10" , f=x. The boundary 

conditions are u(0)=0; u(1)=2. Employing 20 linear shape 

functions, we plot in Fig. 2 the results given by each method 

as compared to the exact solution. Notice the oscillations of 

the Galerkin method .near the boundary layer. It is remarkable 

the coincidence of the nodal solution of the GLSG method with 

the exact solution. Recall that according to the hypotheses 

employed to design x there is no guarantee of nodal exact 

solution for f*0. 

Our multidimensional example consists of employing 

20x20 bilinear shape functions on a unit square with boundary 

conditions: 

u(0,y) = u(x,1) = 1 for 0 á x,y i 1 , 

u(1,y) = u(x,0) = 0 for 0 s x,y á 1 . 

We take f=1, o2 = 1, e2 = 10"". In Fig. 3 elevation plots are 

shown for the Galerkin and the GLSG method. The spurious 

oscillations present in the Galerkin solution are eliminated 

using the GLSG method. 
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5. CONCLUSIONS 

To gain control on the H1 semi-norm, a new finite 

element technique is proposed within a singular diffusion nodel: 

addition of a mesh-dependent least-squares of the gradient of 

the Euler-Lagrange equation to the standard Galerkin method. The 

resulting GLSG method converges optimaly for any value of the 

singular parameter and presents good stability and accuracy 

properties. 

We believe that a new door is opened to construct finite 

element methods employing perturbation techniques. Heretofore 

the dominant strategy has been to add mesh-dependent least-

squares of the Euler-Lagrange residuals to the standard Galerkin 

method. The so-called Galerkin/Least-squares (GLS) methodology 

has limited applicability in singular problems as in the model 

discussed herein and in some thin structural problems. It seems 

to us that the present method, GLSG, combined with the GLS 

method form a powerful and simple strategy to simulate 

successfully the ever lasting thin plate and shell problems. 

This is the subject of our future work. 
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