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ABSTRACT

The problem to be discussed in this article pertains to the flow of
fluids through one-dimensional porous media in which the diffusivity
coefficient of the medium depends in an unknown manner on the
volumetric moisture content. Specifically, we use Schauder's fixed point
theorem to conclude that an appropriate unique solution to this problem
exists.
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1. INTRODUCTION

In certain porous media processes it is of interest to devise methods
for evaluating physical properties of medium using only measurements
taken outside the medium, e.g. determining the hydraulic conductivity and
moisture content from overspecified data measured on the boundary.

Consider an unsaturated flow in a horizontal, homogeneous,
isotropic and rigid porous medium. Let c denote the porosity of the
medium and c the volumetric moisture content. If we assume no
sources or sinks within the unsaturated flow domain and if the fluid is
incompressible, then the equations governing the flow are Darcy's law

04c 4 C, (l.l)

and the continuity equation

• & • • " ' ? "& (1.2)

where q is the volumetric flux of the fluid and D(c) is the diffusivity
coefficient. In the absence of hysteresis we have a unique relation
D = D(c) [1]. Combining (1.1) and (1.2) yields

•at
(1-3)

For T > 0 let QT= {(x.t) : x € (0,1), t € (0,T]}, then the following
inverse problem arises:

(1.4a)

(1.4b)

(1.4c)
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The conditions (1.4c) and (1.4d) represent the flux of moisture at the
positions x = 0 and x = 1, respectively. The conditions (1.4b) and (1.4e)
represent, respectively, the moisture content at time t = 0 and position
x = 0.

Inverse problems for nonlinear diffusion problems have been
studied by many authors (cf. [5-11]). Especially the inverse problem of
type (1.4) has been discussed in Refs.12,13,14 and 15.

We consider the problem (1.4a)-(1.4d) as a direct problem, where
D(c) will be determined from the overspecified data (1.4e). It is evident
that if D(c) is given, then the problem (1.4a)-(1.4e) is overdetermined,
i.e., for arbitrary data f, go, gi, and h there may be no function c(x,t)
such that all of the conditions (1.4a)-(1.4e) are satisfied. On the other
hand, for any given coefficient D(c) chosen from some suitably defined
class of admissible coefficients, there will exist a unique solution c(x,t) of
the direct problem.

In the next section we deal with the direct problem (1.4a)-(1.4d) in
Rn and seek a unique solution to this problem, clearly the given proof
will cover our problem for n = 1.

2 . DIRECT PROBLEM

Let Q, be a domain in Rn. S denotes the boundary of D and D
the closure of D. We consider the following problem:

r?

,t)) ™L), if I>x(0,T], (2.1a)

on T>, (2.1b)

on$x(o,T], (2.1c)

where y and g are given functions and f*j is a given inward
conormal derivative. _

Let Z be the Banach space of all continuous functions v(x,t) in D

with the norm
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Let for any R > 0, and any v satisfying the boundary conditions (2.1b)
and (2.1c), ZR denotes the set {v; v € Z, llvll <, R}. Then we define a
transformation u = Tv on ZR where u is a solution of the following
problem:

(2.2a)

(2.2b)

(2.2c)

Now by using the Schauder fixed point theorem we prove that T
has a fixed point. This theorem states that for any closed convex subset
Y of a Banach space X and any continuous operator T on Y such that
TY is contained in Y and TY is precompact, then T has a fixed
point, i.e., there exists a point yo e Y such that Ty = y .

Suppose that the coefficients in (2,2a) are Holder continuous in Q.
If y is continuous in D and vanishes in some D- neighbourhood of
the boundary D of D, and if g is continuous on Sx [0,T], then there
exists a unique solution of the second initial boundary value problem (2.2)
which may be represented in the form [2]

J

where dS^ is the surface element on S and
integral equation

(2.3)

,x) is a solution of the

(2.4)

where C(x,t;^,i) is the fundamental solution of parabolic equations
defined by [2,3]
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T V

u/

(2.5)

(2.6)

( 2 .7 )

(2.9)

and 4> is a solution of the Volterra integral equation with a singular
kernel LZ(x,t;y,a) defined by

''"•'• (2 .10)
•u • - • • - j

Now we are in a position to prove that T has a fixed point. For
this purpose we need the following inequalities given in [2]

(2.11)

Hence (cf. Lemma 1, Sec.2, Chap.5 of [2])
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and we conclude that

Choosing R > A1 we conclude that T maps ZR into itself. In order to
show that T is a continuous mapping, let vm € Z and u ra and tpm, for
v = vm, are defined by (2.3) and (2.4) respectively. Now if
||vm-vll -> 0 then llum -u II -» 0, as m -> w. In fact, we have

U.b|%.(V«)-ao-oo|-*<>, as m-

•Q,

whence

Therefore (2.3) leads to the following

i.e., Hum -ul! -+0 as m-• oo, and the continuity of T is proved. It
remains to show that T maps ZR into a precompact subset of Z. In
fact, it can easily be shown that the functions

0 S * t

are equicontinuous and uniformly bounded family of functions in D [2].
Now by the Arzela-Ascoli theorem this family is a precompact

subset of Z. Since by (2.3), this family contains the set {Tv ; v e Z R } ,
then one may conclude that T maps ZR to a compact subset of Z.
Noting that ZR is a closed convex set of Z, we may then apply
Schauder's fixed point theorem and conclude the existence of a function
u in ZR for which Tu = u. Clearly u is a solution of (2.1a)-(2.1c).

For the uniqueness result we utilize twice the Theorem 1 of [4] and
conclude that u i £ u 2 and U2 <ui,thus ui - U2-

We summarize the preceding analysis in the following statement.
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Theorem 2.1. If *F and g are continuous functions, then the problem
(2.1) has a unique solution.

3. AN AUXILIARY INVERSE PROBLEM

In this section we are going to consider the following problem

(3.1a)

(3.1b)

(3.1c)

where w = w(x,t) is a given function and D(w) is an unknown function
of w. We are going to prove the existence and uniqueness of solution
(c,D(w)) for this problem.

Lemma 3.1. Suppose f, go, gl, h and D are continuous functions and
h(0) = f(0), then the problem (3.1) has a unique solution.

Proof. It is clear that under the above conditions for every function D,
there exists a unique solution c(x,t) for problem (3.1a)-(3.1d) [2]. To
emphasize the dependence of solution c(x,t) of (3.1a)-(3.1d) on the
coefficient D, we write c = c(x,t,D(w)). This function is an invertible
function of D(w). In fact, for any given function D the solution for c
is unique [2]. Conversely, if any given function c corresponds to two
functions Di and D2, then from (3.le) and (3.1c) we find

(3.2)

from which Di = D2, i.e., the mapping is a one to one mapping and c

is invertible. Now one may write

-7 -

From (3.1e) we obtain

Let s = h(t) be an invertible function, then

D(S)=C (.0,

(3.3)

(3.4)

(3.5)

By substitution D(s) in (3.1a)-(3.Id) we find a unique solution for c.

Remark 1. For two different functions wi and w2 the form of
corresponding solution D of problem (3.1) does not change.

4. INVERSE PROBLEM

In this section we consider the inverse problem (1.4a)-(1.4e) and
prove the existence and uniqueness solutions to this problem. We assume
that D satisfies the following conditions:

I

where Rl= m\n c(*vfc),

n

Now we introduce the following transformation

(4.1)

It is well known that the mapping an defined by (4.1) is injective [10].
It is noted that since ce'D(c(x,t)) = D(c(x,t)), condition II implies that
otD(c(x,t)) is invertible.

Now we are in a position to prove an existence and uniqueness result
for the inverse problem (1.4). For this purpose we define the
transformation c = Tw. This transformation assigns to each w in
problem (3.1) a solution pair (c,D) of problem (1.4). For any function
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D(w) satisfying the conditions I and II the solution of problem (3.1) may
be represented in the form of (2.3), for n = 1. Similarly, as in Sec.2, we
may use the Schauder Fixed point theorem and conclude that T has a
fixed point. Consequently there exists at least one solution for the inverse
problem (1.4). It remains to prove that the solution to the inverse
problem (1.4) is unique. Using transformation (4.1) to the problem (1.3),
we arrive at the following problem:

at

V(o,t) = Htt;,

(4.2a)

(4.2b)

(4.2c)

(4.2d)

(4.2e)

where

, and H(t)=J

Since the transformation (4.1) is injective, there exists a one to one
correspondence between the solutions of problem (4.2) and (1.4). Thus
the uniqueness solution for problem (4.2) implies the uniqueness solution
of problem (1.4). With the aid of Remark 1 and injectivity of the
transformation (4.1) we conclude that for two different given functions
vi and V2 the form of corresponding solution for A in the problem
(4,2) does not change.

Now let us assume that (vi,A(vi)) and (v2.A(v2)) are two
different solutions of problem (4.2). Using the transformation (4.1) we
apply Theorem 2.1 to the problem (4.2a)-(4.2d) and conclude that
vi = V2 - We summarize the above results in the following statement.

Theorem 4.1 If f, go, gi and h are continuous functions, D satisfies
conditions I and II and h(0) = f(0), then the problem (1.4) has a unique
solution.
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