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ABSTRACT

The free convection boundary layer flow with simultaneous heat and mass transfer in a
porous medium is studied when the boundary wall moves in its own plane with suction. The study
also incorporates chemical reaction for the very simple model of a binary reaction with Arrhenius
activation energy. For large suction asymptotic approximate solutions are obtained for the flow
variables for various values of the activation energy.
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1. INTRODUCTION

The flow in the boundary layer in the presence of heat and mass transfer have been stud-
ied by Somers (1956), Wilcox (1961), Gill ex at. (1965), Adams and Lowell (1968), Gebhart and
Pera (1971) and many others. All these studies have been confined to steady flow in a non-porous
medium. However, flows in porous medium have several applications in geothermal and oil reser-
voir engineering and so on.

Hence recently Raptis and Perdikis (1988) and Bestman (1989) have studied the steady
flow in a porous medium with simultaneous heat and mass transfer. In the applicable areas men-
tioned above, there is usually chemical reaction with finite Arrhenius activation energy. The chem-
ical reaction processes involved are complex and generally a mass transfer equation is required for
all the reactions involved. This is a very difficult problem from a chemical kinetic viewpoint. But
if the model is restricted to a binary reaction of the form:

A^B, (1)

a lot of progress could be made. The paper is devoted to the study of this simple model and the

procedure adopted below is as follows.

In Section 2 the governing equations are reduced by similarity transformations for large
suction or blowing. The basic approximate solutions are developed for various values of the ac-
tivation energy in Section 3. Using these various realistic basic solutions, the higher approximate
solutions are studied in Section 4. Section 5 is devoted to the discussion of the results.

Pertinently suction stabilizes boundary layer and it affords the most efficient method in
boundary layer control till date. In the present study, large suction enables us to obtain analytical
solutions and indeed these analytic solutions are of immense value and compliment the various
numerically solutions like that of Raptic and Perdikis (1988).

2. GOVERNING EQUATIONS

We consider a semi-infinite porous medium bounded by a vertical permeable wall which
moves in its own plane with velocity U in the z-direction in the cartesian (x, y) coordinates. The
y-axis is perpendicular to the plate and gravitation' g' acts in the negative direction of a;. If (u, v) is
the velocity vector, T the temperature, c the concentration and if subscript' oo* is for conditions in
the static flow far away from the moving boundary, the two-dimensional boundary layer equations
are „

dx ay

udu vdu vd2u v
dx dy ayz K

(3)



(4)

(5)

In Eqs.(3) and (4), K is the permeability coefficient, v is the kinematic coefficient of
viscosity, x is the heat diffusivity coefficient and /? and 7 are the coefficients of volume expan-
sions for temperature and concentration. In the mass diffusion Eq.(5), D is the coefficient of mass
diffusivity, k% is the chemical reaction rate constant while

( r - Too)
uexp[-E'/k(T - Too)]

is the Arrhenius function where E' is the activation energy, k is Boltzmann constant and w is a

constant exponent. By Eq.(l), Eq.(5) is for the depleting species A and this last equation is so

expressed such that even for E = 0 = 17, there is no chemical reaction at c = CQQ.

The appropriate boundary conditions are

u = U, v = VQ(X), T = Tw, c = cw at y = 0

u -*•(), T - •Too, c ->Coo as . y - s - 0 0 . (6)

Here u0 (^) is the normal (suction/blowing) velocity at the moving boundary.

We now introduce the similarity variables

E X - F r " bc~ DGc~ U*fi 'E~ k{TTyX - UFl l F r " K'bc~ DU)

in which the continuity Eq.(2) is identically satisfied. Eqs.(3)-(5) then become

/ '" + / / " - fl°f + flGr6 +flGc<p = O ( 8)

—9" + fe' = Q (9)

v = o (10)

with a dash denoting differentiation with respect to the argument and the boundary conditions

/ ' ( o o ) = 0 , $(0) = l = <p(0), e ( o o ) = 0 = ^(co) . (11)
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Gr and Gc are the free convection parameters, a is the porosity parameter and Pr and Sc are Prandtl
and Schmidt numbers. Now fw>Q indicates suction while /„, < 0 is for blowing. We subse-
quently define

and Eqs.(8)-(10) and (11) reduce to

© + ^ © ' = 0 (13)

=0 (14)

and

F(0) = l, F ( 0 ) = e , F ' (oo)=0, 0(0) = 1 = <D(O), 0(oo) = 0 = O(oo). (15)

For large suction or blowing e <C 1 and since the other parameters in Eqs.(12)-(15) are
assumed to be of order 0( 1), we seek the asymptotic series solutions

F =

® =

we have
— 0 + 0

' ~ ' . O < 0 ) = 0

l, 0(O>(oo) =0 = O(0)(oo) (17)

and

O = x [ w

= l, JF
(1) '(oo)=0

=0=<D (0)(0), 0 (1)(oo) =0=<I>(1)(oo) (18)

and so on. The problem of Eqs.(12)-(15) are now reduced to Eqs.(16)-(17)- The procedure has
been used commonly in the literature (see, for example, Singh and Dikshit (1988)).



3. SOLUTION FOR THE LEADING APPROXIMATION

The solution for the first equation in (17) is elementary. It is

0 ( O > = e - p ^ . (19)

To solve the second equation we shall consider the following four conditions:

(i) E = 0 = w,

(ii) E > 1, u> arbitrary,

(iii) E < 1, w w l ,
(iv) E and w arbitrary.

For condition (i) we have the simple solution for G>(0):

O ( o ) = e - K x = g c + V(Sg+4x*ge)_ ( 2 Q )

When £? ¥ 0 ^ w, we write

sl + x

with standard solution given in Abramowitz and Stegun (1964) as

and the equation for the concentration in (17) now takes the new form

O<°>" - ( I s c
2 + x

2Sce (0)we-^e(0))<I> (0) = 0, <D(0)(0) = 1. (22)

When E > 1 corresponding to condition (ii), Eq.(22) can be approximated as

= 0 , O<0)(0) = 1 (22a)

where Jft( 2) is a modified Bessel function of the first kind of order n. If E < 1 and w w 1, then

condition (iii) holds and Eq.(22) is now of the approximate form

= 0. (226)

Putting
2

m =

T



then

m > 0

m < 0

In the general case (iv), x >" 1 f° r m o s t chemical reactions and we put Eq.(22) in the form

(24)

(22c)

The WKB approximation, with eikonal and transport terms only, gives the asymptotic solution

(25)

4. HIGHER APPROXIMATE SOLUTIONS

For case (i) of the previous section, the solution for the velocity function in Eq.(18) is
straightforward. The result is

1

- A - a
I d - e - « ) -

\(\2 ~\-a)
(26)

where

J
Aside from this condition F1- > is better expressed in the form

Gr

1
52

(27)

in which the const, follows from F (1 ) ' (0) = 1. Infact for cases (ii) and (iii), Eq.(26) could be
integrated in a closed form in terms of known higher transcendental functions. For example, if

is given by Eqs.(21) and (23), then in virtue of the substitution



Eq.(27) reduces to

Gr

(28)

dr

For brevity we set

and on appeal to special integrals in Prudnikov etal. (1986) we get

d \ ° 1

1/2

a +

S.2+3 d2

1 ' a + 1 ; T
a + c + 1 o + c + 3 dz

y—-0 + 1 ; T

i±£±i. l 0 + 1; ^- (29)

i F2 is the generalized hypergeometric function and F is gamma function.

The temperature and concentration equations in (18) are easily expressible in terms of

elementary functions for case (i). Hence

> Gr

2Pr

Gr Gc

GrSc\
Pr(P?-Pr-<j)

Pr +Pr)

— A — a

e--s _

Gr

S, Pr
2-Pr-ff \2_\-a

Generally O ( 1 ) could be expressed in terms of the integral:

(30)

(31)



Generally @ ̂  could be expressed in terms of the integral:

(31)

while by substitution in the form of Eq.(21) the concentration equation could be put in the form

R(Q = e 1 ' 2 ^ o<°> (32)

Now defining the Green's function G(C, C*)> such that

Z2^JT-Q(OG = 8«;-O

then

Jo

(33)

(34)

in which 8(z) is delta function. To solve Eq.(33) it is necessary to define

o < (<
, C) for C < C <

together with the matching conditions

- —-(CO = i>-

Then by the WKB approximation of the previous section the Green's function may be deduced as

-f Ql!Ht)dt

I

2Q1/4(C)Q1/4(C*)

1

exp - - f Ql/2(t)dt

Q-1/4(C)ea;p

1
•exp - - /"C Qy2(t)dt

e Jo

The solutions are now complete to the indicated order of approximation.
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5. DISCUSSIONS

We shall mainly consider the effect of the Arrhenius activation energy on the flow vari-
able, since this has received relatively little or no attention in the literature. For simplicity we
consider air ( F r = 0.71) and take Sc - 1 and e = 0 .1 .

In Fig. 1 we have the comparison of the effect of the Arrhenius functions on the mass con-
centration. This same effect holds true for the temperature and the velocity. Thus the concentration
has its highest value when u> = 0 = E, this is followed by E and w arbitrary but x large and finally
by E > 1. Hence the effect of large activation is to decrease the flow variables.

This phenomenon is further illustrated for the velocity function F' in Fig.2 for Gr = 1 =

Gc. It is well-known that when more free convection current flows (increase in GT, Gc) the velocity

increases anyway. Further if w takes a negative value the decrease in F' is even more drastic.
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FIGURE CAPTIONS

Fig.l Concentration distribution

I: w = 0 = E

II: E and w arbitrary ( E = 5, w = 1)

HI: £ > l,w arbitrary (£?= 10,w = 1.

Fig.2 Velocity distribution

E CJ CT

5 1 0.5 I

10 2 0.5 J/

10 2 1.0 III

10 -1 1.0 IV
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