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ABSTRACT

Recent progress in the theory of liquid-solid coexistence as

approached from the liquid phase in systems with Coulomb forces is reviewed.

Main at.tt?nt-ion is given to (i) Wigner crystallization of the electron gas in

tin- degenerate and classical limits, and (ii) localization of bond particles

leading i.u freezing in a pseudoclassical liquid-state version of the bond-

charge model for elemental semiconductors. These models serve to illustrate

crystallization driven by pure Coulomb repulsions and crystallization result-

ing from the interplay of attraction and repulsions in multicomponent systems,
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1. Introduction

More than fifty years ago Wigner [1] pointed out that the degenerate plasma of

electrons on a uniform neutralizing background would crystallize under pure

Coulomb repulsions at a sufficiently large value of the coupling strength. This idea,

which was originally exploited by Wigner to obtain a useful estimate of the

correlation energy for the gas of conduction electrons in simple metals, has

motivated a great deal of subsequent work [2] and given insight on freezing and

ordering transitions in a variety of physical systems.

The Wigner transition in degenerate jellium was demonstrated in 1980 through

quanta! simulation by Ceperley and Alder [3], who gave the coupling strength for

crystallization from a spin - polariited fluid into a bec lattice as rs = 100 ±20 a. u.

(rs being the radius of a sphere whose volume equals the volume per particle). The

transition has also been studied in great detail for the same model in the classical

limit by simulation [4], the coupling strength P = e2/(rskBT) being now assessed as

180 ± 1 at coexistence. Quasi-twodimensional systems closely approaching the

plasma model can be prepared in the laboratory and their fluid-to-salid transition

experimentally revealed, an outstanding case being a film of electrons deposiied on

the surface of liquid helium 15].

More generally, freezing in real systems results from an interplay of attractions

and repulsions. A general feature of the phase transition as driven by Coulomb

interactions is that the required coupling strength (defined as the ratio of average

potential energy to average kinetic energy) is quite large, of order 100. An attractive

theoretical approach is to follow the structural evolution of the liquid phase with

increasing coupling strength up to crystallization. The relationship between liquid

structure and hot - solid properties becomes explicit within density functional theory,

as first applied by Ramakrishnan and Yussouff [6] to the problem of liquid-soiid

coexistence in classical systems.

2. Freezing under pure Coulomb repulsions

From the Hohenberg-Kohn-Mermin theorem, the Helmholt/. free energy F in



a one-component system is a functional of the single-panicle density profile n(r).

The profile is constant (ri|, say) in the liquid phase and periodic in the crysialline

phase, where it is represented by the Fourier series

n(r) = ns + J> nK exp(iK,r) (1)

the K's being the reciprocal lattice vectors (RLV). The order parameters of the

phase transition thus are the difference ns - nL in average densities and the Fourier

components nK of the periodic crystalline density. Their values at coexistence are

directly related to the volume change AV/V across the phase transition and to the

Debye - Waller factors at the various RLV stars in the solid at melting. According

to Lindemann's criterion for melting, we expect similar values for the Debye-Waller

factors and hence for In^l2 in similarly bonded solids at melting.

Crystallization of the one-component plasma in both the full degeneracy case and

the classical limit will serve to illustrate the essential ideas of the theory1, the

quanta! extension being due to recent work by Pastore and Senatore[7], A stable

(or metastable) density profile must minimize the grand potential ii = F-(iN,

namely

6F[n(r)|

5n(r)

The free energy functional for the jellium model has the form

Ftn(r)] = F|n(r)S- - 1 1 - 1 - 1 . n Q ( r ) n O ( r l )
- — Idrdr — —

Ir - r'l

(2)

(3)

where Fo is the ideal term, nQ(r) = n(r)-n with n the background density, and

Fc contains all the effects due to correlations and - in the quanta] case - to

exchange. It is as usual evident in the quamal case, upon substitution of the

expression (3) in eqn (2), that Fo can be treated exactly through a self-consistent

solution of the Kohn-Sham effective Schrodinger equation. In the classical case, on

1 It is customary in [he case of. jellium to look for coexistence of fluid and crystal ai she

same average density. Equilibrium between the two phases in contact then requires charge

separation at their interface to balance an interfacial drop in chemical potential u, which ads as

a substitute oriicr parameter. The evidence from computer simulation on the classical plasma is

that this effect is small (u.| - m - 0.3 kgT at coexistence). The coupling strength at coexistence

is determined by the equality of the Helmholuc free energy in the two phases.
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the other hand, the functional F0[n(r)| is explicitly known and hence the equilibrium

condition (2) can be directly used for the determination of the profile. In either

case some appproximation has to be made for Fc.

Among possible schemes of approximation for Fc|n(r)|, let us focus at this

point on the approach originally proposed in the aforementioned work of

Ramakrishnan and Yussouff [6]. The main idea is to consider directly the free

energy difference AFC = Fc[n(r)] - Fc(n) between the two phases, nuher than the

separate free energies, and to base its estimation on knowledge which is available on

the homogeneous fluid phase. Indeed, if a functional expansion of Fc[n(r)] around

the homogeneous phase exists, then the phase transition can be evaluated from sole

knowledge of fluid-phase properties at free/.ing. In practice, the simplest

approximation which is already worth exploring truncates the expansion at second

order terms, when the only fluid-phase property that is needed is its static, linear

density response function. The corresponding expressions for the free energy

difference AF are

AF = TJn<r)] -

in the full degeneracy case and

AF

_ - K (Ir - r-l) + ... (4)

j | L = Jdr n(r) lnj^pj - IJJdrdr'nQ(r)nQ(r') c(lr - r'l) (5)

in the classical case. In these equations T0[n(r)] is the kinetic energy of

noninteracting electrons at density n(r), eF is the Fermi energy of the fluid phase,

- Kxc(r) denotes the second functional derivative of the exchange and correlation

energy with respect to n(r) evaluated on the fluid, and c(r) is the Omstein-Zemike

direct correlation function of the classical fluid. The first term on the rhs of eqn (5)

corresponds to the ideal kinetic energy contribution in eqn (4), while there is a

similarly precise correspondence between the integrands in the last term of the

above equations as density response functions of the fluid phase. In both equations

the dots indicate all higher order terms in rtq(r) which are generated by the

expansion of AFC. Some discussion of these further terms will be given at a later

stage in the case of the classical plasma.
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Evidently, starting from (he region of stability for the fluid phase, the crystal is

being viewed at the above level of approximation as the result of a modulation of
[he homogeneous fluid by small-amplitude density waves of given lattice symmetry.

The modulation becomes spontaneous at coexistence, where AF vanishes. While

quantitative accuracy could be expected only if the phase transition were of weak

first order, there undoubtedly is merit in relating a first assessment to well-known

properties of the fluid. In the degenerate plasma these are its static dielectric

function, inclusive of exchange and correlation effects. More importantly, in a

classical fluid the Fourier transform c(k) of the Omstein - Zemike function is

directly related to ils static structure factor S(k) by

1
nc(k) = 1 -S(k) (6)

Hence, predictions on hoi-solid properties are possible for real laboratory systems

on the sole basis of liquid state diffraction data.

jeiiium

Pastore and Senators [7] note that from eqn (4) the effective potential vcff(r)

entering the Kohn-Sham equation is given in Fourier transform by

(7)

where G(K) is the static locaf field factor in the dielectric function of the

homogeneous electron gas |8], evaluated at the RLV. They adopt the so-called STLS

scheme to relate this function to the static structure factor of the electron gas, using

simulation data for the latter. The shape of C{k) that they obtain for the spin-

polarized gas at various values of the coupling strength r5 from 2 to 100 is

reproduced in Figure 1. It is evident from the Figure that the fluid is progressively

softening with increasing rs against modulation by density waves with wave

numbers in the range from kp to 2kp.

Using these results for the effective Kohn-Sham potential, they Find

crystallization into a bcc lattice at rs = 107 when the single particle Bloch orbitals

in the Kohn-Sham equation are constructed from a single Gaussian orbital per

\mke site. The width of the Gaussian as determined variaiionally shows
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pronounced localization of the electrons on the lattice sites, yielding a Lindemann
ratio of 0.30 which is in agreement with the value found by Ceperley [9] in his

work on crystallization of quantum systems. Full solution of the Kohn-Sham

equation, involving plane wave expansions of the single particle orbitals, confirms

that electrons are well localized in the Wigner crystal at the melting point and shifts

the calculated coupling strength at the transition to the value rs = 129.

2.2 Classical iellium and alkali metals

Crystallization of the one-component classical plasma (OCP) into a bcc lattice

has been examined theoretically by a number of authors [10- 13]. The liquid

structure factor of this model is known from simulation at various values of the

coupling strength P. Accurate theoretical approaches are also available for the

evaluation of this function, The main results are [11-131 (i) a lower limit P = 150

for the coupling strength at the phase transition, (ii) good agreement with simulation

data for the entropy change on freezing and for the interfacial potential drop at

coexistence, and (iii) evidence for an important role of higher-order correlations in

the fluid phase for crystallization into the bcc lattice. Equation (5) is easily

supplemented by higher-order terms arising from the P dependence of the Ornstein

-Zemike function. However, the fluid structure.while appropriately soft to modulation

in the (110) star of RLV, is quite rigid against modulation in the (200) star.

Microscopic couplings between order parameters at different RLV stars are needed

to stabilize the bcc lattice, as explicitly demonstrated by Barrat gl a!li2) through an

evaluation of three-body correlations in the OCP.

The classical plasma model also has some direct bearing on alkali metals, insofar

as their observed liquid structure near freezing can be described with high accuracy

through a model invoking a classical ionic plasma screened by the conduction

electrons 114]. Standard-pressure melting occurs in the alkalis from a bcc structure

at values of the ion-ion coupling strength P = e2/(rskBTm) in the range from 210

for Li and Na to 180 for Cs. The entropy change on melting (ASAB = 0.80^-0.85)

is also close to the OCP value (AS = 0.8 kB). However, a distinctly small but

finite volume change on melting (iV/V = 0.016*0.026) reflects the finite

compressibility of the "background" of conduction electrons. Measurements of the

melting curve of Na under pressure indicate [151 that the coupling strength at

- G -
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melting lends to a value of order 150 as the volume change on melting tends to

zero with increasing pressure. A screened-plasma model for the liquid structure of

the alkalis shows |14| that electronic screening is indeed structurally effective only at

relatively low wave number and is therefore merely responsible for the average

density change across the phase transition. The liquid structure at the RLV stars

instead reflects directly the structure of the underlying ionic plasma at the

appropriate value of the bare.ion-ion coupling strength.

3. Multicomponcnt systems

The information on liquid structure for application of the simple theory of

freezing to muliicomponent systems is contained in the partial structure factors for

the various types of pairs of particles. These can be measured in neutron diffraction

experiments by the isotopic substitution technique or calculated within suitable

models for interaction potentials between the particles. Examples in this area are the

free/ing of alkali halides [16,17J and freezing followed by a superionic-to-normal

transition on cooling in the solid phase for fluorite-type alkaline - earth halides

[16,18]. We refer the interested reader to the review by Rovere and Tosi|19J on

molten salts. We shall here merely illustrate the richness of this type of approach

by referring to recent work on a primitive statistical-mechanical model for molten

elemental semiconductors as two-component fluids of atoms and bond particles.

3.1 Bond-particle model fpx elemental semiconductors

Standard-pressure melting of Silicon and Germanium occurs from the

tetrahedrally coordinated diamond structure into a liquid with metallic conductivity,

having higher densily than the solid and first neighbour coordination number close

to 7 [20,21]. The observed liquid structure is nevertheless quite distinct from that

of other liquid metals [211. Specifically, the first neighbour coordination is still

relatively low, but a second shell of neighbours is seen to lie at a short distance

beyond the first shell, in a region where the pair distribution function in other

liquid metals shows its main minimum. Similarly, the liquid structure factor shows

a distinctive shoulder on the large-k side of its main peak. Similar structural features

have been observed in molten GaAs|22|.
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The drastic changes in atomic and electronic structure of these systems on

melting are evidently associated with a release of valence electrons from interatomic

bonds into conduction states, and hence the electron-ion interactions must be playing

a crucial role in the phase transition. As a matter of fact, the atomic structure of

the liquid phase can be approximately accounted for by means of effective

interatomic pair potentials as constructed for metals by pseudopotential theory 123) or

by invoking three-atom contributions to the model potential energy function in

addition to pair potentials, with the possibility of handling also the amorphous state

of these materials [24|. In an attempt to qualitatively follow the structural evolution

of both ions and electrons with increasing coupling strength in the liquid phase,

Ferrante and Tosi [25] have recently studied pseudoclassical models for molten Ge,

which are inspired to Phillips' bond-charge model for the lattice dynamics of

crystalline semiconductors [26].

Liquid Ge is described in these models as a mixture of atoms and point-like

bond particles, with mutual attractive interactions which can induce localization of

bond particles between pairs of atoms under steric constraints limiting the

coordination of an atom by bond particles to a maximum of 4 in tetrahedral

configuration. The localizing interactions are alternatively chosen as Coulombic, as

in the original bond-charge model, or represented by a narrow atttractive well

attached to the surface of each atom. In either case there is a simple coupling

strength parameter, which can be continuously increased through the liquid phase. It

is given by T = z2e2/(rskBT), where z is the amount of bond charge, or by V*

= V/(kBT), where V is the well depth, respectively.

The qualitative relevance of the simple bond-charge picture to real

semiconductors is supported by the observation that, if one adopts Phillips' estimate

for the bond charge (z = 2/V£0 where E0 is the static dielectric constant of the

material), then similarity in behaviour of different materials suggests the melting

criterion

constant (8)

Figure 2 shows from experimental data the extent of correlation that exists between

Tm and n'^/e,, for Si, Ge and III V compounds. The constant in eqn (8) is



empirically found 10 be of order 20. Similarly, one expects that relevant values of

the well depth V for localized attractions are of the order of the band gap E» in

Ihe crystal. A melting criterion relating Tm to Eg for semiconductors was proposed

some time ago by Godefroy and Aigrain [27].

The above models involve only pair potentials andean be solved for liquid

structure by standard integral-equations techniques. Nevertheless, the steric constraints

on bond-particle localization induce increasing directionality in the effective atom-

atom interactions as localization proceeds with increasing coupling strength in the

liquid phase. Contact with the observed structure of liquid Ge near freezing is

made at ihe expected values of the coupling strength, namely at T - Tm and L =

2/Vro or V - Eg. Starting from the atom-bond and atom-atom pair distribution

functions at V* = 0, Figure 3 illustrates how localization of bond particles (B)

proceeds in the localized attraction model with increasing V* at constant density and

the structural changes that it induces in the atomic (A) component, down to strongly

supercooled liquid states. The degree of localization can be gauged through the

coordination number NAB , the position RAB of the main minimum in

the value of gAB(RAB)> denoted by gAR. The rapid drops in NAg and

V* = 1+2 signal the beginning of bond-particle localization, which henceforward

grows through a rapid drop in gAB (namely in the exchange of bond particles

between localized states and free states) and through a slow increase of N A B

towards 4. At V* = 6+7, localization is sufficiently strong to split the first atom-

atom coordination shell into two shells, as is seen from the behaviour of the atom-

atom coordination number (NAA) and of the position of the main minimum in the

atom-atom pair function (RAA). At approximately this value of the coupling

strength, the atom- atom structure in ihe model starts to qualitatively resemble the

observed liquid structure of Ge near freezing. In particular, the value of NA A in the

model is approximately 7 at this point. It slowly decreases on supercooling, but a

volume expansion of the order of the observed AV/V on freezing is necessary for

NA A to move towards the value 4. A similar structural evolution with increasing

coupling strength is found also in the bond-charge model under the exclusive

effect of Coulomb interactions, although all structural changes are much smoother

than shown in Figure 3.

RAB
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In relation to freezing. Figure 4 shows the partial structure factors of the model

at a coupling strength that corresponds to Ge near freezing, superposing on them at

the top of the Figure the location of the allowed Bragg reflections of the diamond

structure. As already noted, the shape of the atom-atom structure factor (full line) is

in good agreement with the observed Ge-Ge structure factor. We see from the

Figure that there is good correspondence between the (220) and (311) stars and the

shoulder in S^o^k) , Furthermore, these RLV stars match the strong peak in the

bond-bond structure factor (dashed line) and the deep valley in the atom-bond

structure factor (dashed-dotted line). The interpretation of the latter structural features

is that in the liquid near freezing there is strong short-range order in the subsystem

of bond particles and in their alternation with atoms in space. Qualitative

interpretation of the Figure in the light of the density functional theory of freezing

suggests that crystallization in Ge should be looked upon as "freezing of bonds"

driven by tetrahedrally constrained attractions between ionic cores and valence

electrons.

The unusual sign of the volume change on freezing is clearly related to the

need to accomodaie the decrease in the atom-atom coordination number. It appears

from preliminary calculations that it is consistent with the calculated liquid structure

of the model [281. Indeed, the deep valley in the atom-bond structure factor in

Figure 4 implies that, on freezing, free energy is gained from precise phase-matching

of the two components, to balance the loss of free energy incurred in volume

expansion and in modulation of the components.

As a final comment we note that on supercooling the shoulder in the atom-atom

structure factor in Figure 4 grows in intensity to become the main peak in this

partial pattern, while the main peak decreases in height and shifts towards lower

wave numbers. This behaviour of the model mimics observations on amorphous Ge

[29], showing a main diffraction peak in correspondence with the shoulder in the

liquid structure factor and a prepeak in correspondence with the (111) star of RLV

of the diamond structure.

-10-
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4. Conclusions

We have briefly reviewed recent progress in the statistical mechanical theory of

freezing , focussing on models with Coulomb interactions. Two main conclusions

can be drawn. Firstly, melting/freezing criteria CM be found for classes of similarly

•bonded materials, which are "universal" as far as this expression can be used in

relation to a first-order phase transition. Secondly, the relationship between liquid

structure and freezing in a classical system can be usefully exploited even at a level

of qualitative understanding. As a matter of fact, much more information is

available on liquids near freezing than on solids near melting. Needless to say, a

number of very important questions are open. To mention just one of them, it

would seem that a reliable scheme for predicting the crystal structure that a given

liquid takes on freezing should appeal to more information than just the liquid pair

structure.
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FIGURE CAPTIONS

Figure 1. Local field factor G(k) for the spin - polarized electron fluid at increasing

values of the coupling strength rs. The various curves refer to rs = 2,5, 10,20,50

and 100 in order of increasing peak height. From results of G. Pastore and G.

Senatore, ref. |7].

Figure 2. Cotrelation of the melting temperature Tm of elemental semiconductors

and n i - V compounds with the quantity n1/3/e0, where n is the number of atoms

per unit volume and e0 the static dielectric constant of the crystal. From results of

A. Ferrante and M. P. Tosi, ref. [25].

Figure 2.- The top drawings show the atom - bond (left) and atom - atom (right) pair

distribution functions in the bond - particle model at zero value of the localization

coupling strength V*. The evolution of special features of these functions with

increasing V* is illustrated in the bottom drawings (see the text for details). The

dashed portion in the curve for the atom - atom coordination number N A A shows

the effect of reducing the density from that of freezing Ge to that of compacted

amorphous Ge. The value V* = Eg/(kBTm), with Eg and Tm the band gap and the

melting temperature of Ge, is marked on the bottom axes. From results of A.

Ferrante and M. P. Tosi, ref. [25).

Figure 4. Partial structure factors for a bond - particle model of liquid Ge near

freezing. The various curves show the atom - atom (full line), bond - bond (dashed)

and atom - bond (dashed - dotted) structure factors. The vertical bars at the top mark

the location of the Bragg diffraction spots from the diamond stmcture. From results

of A. Ferrante and M. P. Tosi, ref. [25].
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