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Faddecv and Popov [1] proved that introducing auxiliary fields (ghost fields) one can re-
duce the problem of quantization of a system with first class constraints to the quantization of an
unconstrained system. It was discovered later [2] that the gauge symmetry of constrained system
is connected with an odd symmetry transformation of the system with ghosts (so called BRST-
symmetry). More general results were obtained by Batalin, Fradkin and Vdkovisky [3]. They
worked out a powerful method of quantization, that can be used to quantize almost arbitrary con-
strained system. In particular this method can be used in the case of open gauge algebra and in the
case of reducible constraints. (The reducible case was analized earlier in [4] by means of a different
approach.) The BFV-method is based on the introducing of ghosts (and also "ghosts for ghosts"
in the reducible case) and on generalization of BRST-transformation; therefore one uses also the
name "BRST-BFV" for this method.

In the present paper we study quantum systems with constraints and show how BRST-
transformation and BFV-method can be understood directly in this situation. The results concern-
ing quantization of classical constrained systems can be obtained from the results of this paper.

Our consideration is based on the Lefschetz trace form ula and we begin from the explana-
tion of this formula. Let us consider linear spaces C°,..-, Cn and linear maps cU : C —» C'+1 satis-
fying di+\ di = 0. In other words we consider graded linear space C = C° +,..+C" with the differ-
ential d : C —» C raising the grading by one. As usual we define a linear space H = H(C,d) - the
(co)homology group - as Ker d/Im d. The decomposition H = H°+...+HK where H* = Z'/B\
Z' = Ker di, B* - Im d,_i specifies the grading in H. Let A be an operator in C preserving the
grading and commuting with the differential d. In other words A = Ao-i-...+An where the opera-
tors Ai act in C and satisfy AM d,- = d,-j4j. It is obvious that the spaces Zi and B' are j4-invariant
(Ai(Z') C Z\ Ai(fl') C B') and therefore the operator At generates an operator A< acting in
H' = Z*/B\ The operator A = Ao + --.+An acts in B and preserves the grading. The Lefschetz
trace formula connects the traces of Ai and Ac.
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(1)
1=0 i-O

In other words

(-1)' TrH,A = J2 (-I)'
1-0

where we use the subscript Hl or C" to indicate that the trace is calculated in the corresponding

space. The proof of (1) is straightforward. It is based on the equation

TrBB = TrEi B - (2)

* To be submitted for publication.
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where B denotes a linear operator in linear space E\, the subspace £2 C E\ is B-in variant,
E = E1/E2 and B denotes the operator in E generated by B. (One must use (2) for the cases
Ei = Z\E2 = B\E = F ' a n d ^ i = C\Ei = Z\E = Bt+1.) Of course the proof of (1)



is rigorous only in the case when the spaces C' are finite-dimensional. However under certain
conditions this proof remains correct in infinite-dimensional case too.

Eq.(l) was used by Lefschetz to express the algebraic number of fixpoints through topo-
logical invariants. We will apply Eq.(l) to analyze the BRST-symmetry.

At first we rewrite (1) in the superspace. (In the present paper we identify linear su-
perspace with i?2-graded linear space.) Using the notion of supenrace one can write (1) in the
form

(3)

Here C denotes a linear superspace, H denotes the (co)homology group of C with respect to parity
reversing differential acting in C. (Of course one has to consider H = Ker d/Im d as a linear
superspace too.) We assume that the operator A acts in C, commutes with d and preserves the parity.
Then A generates parity preserving (i.e. even) operator A in H. The symbol TT for operators acting
in superspace always denotes the supenrace. It is useful to note that

TrHp(A) =Trc<p(A) (4)

for arbitrary function p. (To prove this assertion we apply (3) replacing A by y>( A) and using the
fact that %>{ A) is equal to <p( A).)

Let us consider now a quantum system with first class contraints. This means that the
state vectors of the system under consideration are singled out from the Hilbert space E by means
of equations

Tkx=0 (fc = l,...,n) (5)

where the operators Tk satisfy
(6)

for some operators /£•• T n e sP a c e o f vectors obeying (5) (the Hilbert space of our system) will be
denoted by F. (Eq.(6) permits us to assert that the equation [Tit I)] x = 0 following from (5) is a
linear combination of Eq.(5).) An operator H acting in E can play the role of the Hamiltonian of
constrained system if F is H-invariant {HF C F). It is evident that this requirement is fulfilled
if

where v* are some operators in E.

To every constraint Tk% = 0 we assign an odd variable c*,fc = l...,n. We define the
space R as the space of functions depending on anticommuting variables c1,..., c" and taking values
in the space E. Arbitrary element of R can be represented in the form

u = (8)

where e,-, „ G E is antisymmetric with respect to indices ti, ...,it. This representation specifies
the grading in R. (The space R can be considered as a direct sum of the subspaces Rl where Rl

is spanned by monomials c'1 ...c1(.) The variables c* are known as ghosts and the grading in R is
determined by the ghost number. Of course R can be considered as a superspace. The space R°
coincides with E; therefore the space F C E is embedded in R. The space S of linear operators
acting in R can be considered as Lie superalgebra. (The parity preserving operators are by defi nition
even, the parity reversing operators are odd. The supercommutator [ K, L} of two operators
K,L 6 5 coincides with the usual commutator [ if, L] if at least one of these operators is even
and with anticommutator {if, L) if both operators are odd.) We will say that the operator Q in
R acting from R1 into R1*1 (i.e. raising the ghost number by one) and satisfying Q2 = 0 is a
BRST-operatorifjy°(JR1Q) = F,He(R,Q) = 0 for £> 0. (The condition Q2 = 0 permits us to
consider Q as a differential in R and to define the homology groups Hl{R, Q) in a usual way. The
condition H° (R, Q) - F means that the subset of R° = E singled out by the requirement Qx = 0
coincides with F. Note that under the conditions above H( R, Q) ~ £ Hl(R,Q) = H°(R,Q).)

One can prove (see below) that for every linear operator H in F there exists an operator
H' in R, preserving the grading (the ghost number), commuting with Q and coinciding with H on
F C R. Of course there is a freedom in the choice of H' (we can always replace W by H' + [Q, <j>}
where ^ is an arbitrary operator lowering the ghost number by one). If F is identified with the
homology group H(R, Q) = H" (R, Q), then K can be identified with the operator K' generated
by H' in H( R, Q). Therefore we can conclude from (4) that

TrFexp(,-PH) =TrRexp(-0H') . (9)

This means that we reduced the study of constrained quantum system to the study of the Hamilto-
nian K' in the unconstrained space R.

Let us describe the construction of operators Q andK' in the case where /£• and uf in (6)
and (7) are complex numbers (i.e. the operators /£ and v* are scalars). In this case the operators Tk
can be considered as generators of Lie algebra; this algebra will be denoted by Q, The operators Tk
determine a representation of 5 in the space E; in other words B can be considered as <J-module.
The space R can be interpreted as the space of cochains of the Lie algebra Q with coefficients in
5-modute E. We define the operator Q in R as conventional differential entering in the definition
of the cohomology groups of the Lie algebra Q with coefficients in 5-module E (see for example
[5]). In our notations

QW=(^-IcV4A

The differential Q has the following simple interpretation. Let us consider the Lie group G cor-
responding to the Lie algebra Q. The generators Tit specify a representation of Q and therefore a
representation r{g) off? in E. Using this representation we construct an action of G in the space
V of i3-valued differential forms on G by means of left translation (for example an i5-valued func-
tion w(i) on G transforms according to the rule w(z) —tr(g)w(g-1x)). The subspace W of V

(10)



consisting from G-invariant forms can be identified with R. Really if an element (8) of R is fixed
we can build a G-invariant form

w*' A . . . A (11)
• ,.-<

where e,-, it{g) = rg e^ j , andw1,..., w" constitute a basis in the space of left-invariant 1-forms.
It is easy to check that this correspondence between R and W is one-to-one. The conventional
exterior differential d acting in W transforms by the indentification of W with R into operator Q;
this fact follows immediately from the Maurer-Cartan formula

* = -\ fad (12)

It follows from the definition that H°(g,E) - H°{R,Q) = F. However the operator Q
can be considered as a BRST-operator only in the case when an additional condition H'(Q}E) = 0
for i > 0 is satisfied. It is well known that this requirement is satisfied in many intetesting cases
(see for instance [7]), but it is easy to find examples when this requirement is violated. The operator
H' commuting with Q preserving the grading and coinciding with H on F in the case when vf in
(7) are complex numbers can be constructed as follows:

where <f> is an arbitrary operator lowering the grading by one.

Let us return to the case when the operators /,* and vk in (6) and (7) are not necessarily
scatars. First of all we will prove that for every BRST-operator Q and for every H acting in F
one can find a grading preserving operator H' in R commuting with Q and coinciding with H on
F C R. Let us note that one can introduce a differential dq in the Lie superalgebra S of operators
acting in R by the formula

We will say that the operator K £ S has ghost number k if it acts from Rl into Rt+k (i.e. if K
raises the ghost number by k). The differential dq raises the ghost number of an operator by one.

The homology groups H'(S, d<j) (operator BRST-cohomology) can be easily calculated
by means of the Ktinneth formula [5] if we noie that the space S can be decomposed into a tensor
product of the space R and dual space R* and that by appropriate definition of differential in R*
the differential dQ in S coincides with the differential in R ® R*. The calculation leads to the
identification

H°(S,dQ) =H°(R)®H(>(R') = F®F* (13)

(other homoiogy groups H'(S, c£g),i f 0, vanish if Q is a BRST-operator). Eq.(13) permits us
to identify H°(S,dQ) with the space of operators acting in F (see also [6]). This is exactly what

we need. (The space H°{S,dQ) consists of grading preserving operators commuting with Q; the
operators differing by {Q,4>} where 4> has ghost number -1 are identified.) Let us analyze the

construction of BRST-operator Q in general case within the framework of perturbation theory. We
assume that the operators f§ in (6) depends holomorphically on the parameter g and that for g = 0
these operators are scalar (/,*(0) is a complex number). Hence for g = 0 we can construct the
operator Q by formula (10); we assume that ff^fl.Q) = ff'(ff.B) = 0 for x > 0, i.e. Q is a
BRST-operator. (Here Q denotes the Lie algebra generated by Tk for g = 0.)

Let us try to reduce the general case to the case of scalar operators /*• replacing Tt by

We will suppose that

ft = <4(9) Tt.

+ v% g

(14)

(15)

(16)

(Higher order terms with respect to g are omitted.) It is easy to check that

([r.,¥>•,•] + /i*(0) <p'tk + /^(O) <p^ + (cyclic permutation of (£,», ; )) = 0 . (17)

(This follows from the Jacobi identity: [ Te, I Ti, Tj] ] + (cyclic permutation of (I, i, j)) = 0.)

If Tt changes by (14), (16) the variable of / £ ( g) is given by

*• ( 1 8 )

Eq.(17) shows that ip'}- can be considered as 2-cocyle of the Lie algebra Q with coefficients in the
C?-module £ ® Q (the algebra Q acts in Q by means of adjoint representation). One can consider /?*
as 1-cochain of Q with coefficients in E ® Q\ then (18) shows that p£ - p ^ is equal to coboundary
of this cochain. We assume that H2[Q,E & S7) = 0. Then one can assert that we can kill the
first order term in (15) by means of (14). We can repeat this procedure to kill higher order terms
in (15). In such a way at least within the framework of perturbation theory we can reduce the
case under consideration to the case when /£• are scaiars. Of course such a reduction permits us to
assert that the BRST-operator Q can be constructed as a formal series S Qng

n. It is not necessary
to perform the reduction above to construct Q. One can simply search for Q in the form E Qng"
and determine the coefficients Qn inductively. It follows from our arguments that at each step we
can find Qn satisfying all conditions that we need.
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