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RESUME

La diffusion dans le volume des pores (vides) des gangues de roche
plutonique est un phenomene important pouvant influer sur la migration des
radionuclides et d'autres contaminants dans les reseaux d'eaux souterraines.
On examine, dans ce rapport, les effets de la geometrie irreguliere des
pores sur la vitesse de migration par diffusion. On y presente des
equations approximatives decrivant la migration par diffusion en regime
stationnaire dans les pores de geometrie variable; celles-ci indiquent une
forte dependance de la vitesse de diffusion envers la geometrie du volume
des pores.

On a execute des calculs de diffusion par la methode des elements
finis pour une serie de pores a volume de retention de section
rectangulaire. Les calculs ont montre que le temps mis pour atteindre le
regime stationnaire est influence par la geometrie des pores. Les resultats
des calculs ont servi a simuler des essais typiques de diffusion en
laboratoire et a evaluer 1'interpretation des parametres de diffusion
effectifs obtenus par I1analyse des essais similes a l'aide de modeles de
pores du type capillaire et du type cul-de-sac representant le volume des
pores.

Un modele de pores du type capillaire demande deux parametres
independents pour caracteriser le volume des pores; en general, il est
reconnu etre insuffisant pour decrire le preregime stationnaire. La
diffusion des radionuclides dans les eaux souterraines se situe dans ce
regime non stationnaire. Des modeles mathematiques plus complexes du volume
des pores peuvent decrire avec precision la migration en regime non
stationnaire. Avec des valeurs parametriques effectives, le modele de pores
du type capillaire donne des resultats raisonnables si la dimension du
volume des pores du type cul-de-sac est petite par rapport a la distance de
diffusion globale consideree.
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A MATHEMATICAL STUDY OF THE INFLUENCE OF PORE GEOMETRY ON DIFFUSION

T.V. Melnyk and A.M.M. Skeet

ABSTRACT

Diffusion into the pore space of plutonic rock matrices is an
important phenomenon that can affect the migration of radionuclides and
other contaminants in groundvater systems. The effects of irregular pore
geometry on rates of diffusive transport are examined in this report.
Approximate equations describing steady-state diffusive transport in pores
of variable geometry are presented and indicate a strong dependence of the
diffusion rates on the geometry of the pore space.

Finite-element diffusion calculations were carried out for a
series of pores containing storage spaces with rectangular cross-sections.
The calculations showed the time taken to reach steady-state is affected by
the pore geometry. The results of these calculations were used to simulate
typical laboratory diffusion experiments and to evaluate the interpretation
of effective diffusion parameters obtained from analysis of the simulated
experiments using both capillary and dead-end pore models of the pore
space.

A capillary model of the pore space requires two independent
parameters to characterize the pore space, and is shown, in general, to be
inadequate to describe the pre-steady-state regime. The diffusion of
radionuclides in groundwater systems lies in this non-steady-state regime.
More complex mathematical descriptions of the pore space, using more
variables and parameters, can accurately describe the non-steady-state
transport. The capillary model, with effective parameter values, gives
reasonable results when the size of the dead-end pore space is small
relative to the overall diffusion distance under consideration.
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1. INTRODUCTION

In assessing the concept of deep underground disposal of nuclear
wastes, mathematical models must be developed to describe the transport of
radionuclides from a vault through the geosphere to the biosphere. These
mathematical models include all the phenomena that have a significant
effect on the transport of radionuclides through the geosphere.

Diffusion plays a role in the geosphere transport of radio-
nuclides, and can have two different effects. First, diffusion can be a
possible mechanism of forward transport, for example, from the vault to a
fracture system. The importance of molecular diffusion in transporting
dissolved substances through a rock or soil matrix of low permeability has
been recognized in the fields of ore geochemistry, marine geochemistry and
soil chemistry (Garrels et al., 1949; Lerman, 1975; Norton and Knapp, 1977;
van Genuchten and Wierenga, 1976). Second, molecular diffusion can act as a
contaminant retarding and diluting mechanism. Interest in this mechanism
has been spurred by nuclear waste management programs (Neretnieks, 1980;
Lever et al., 1982; Lever and Bradbury, 1983) and by interpretation of
migration studies (Grisak and Pickens, 1980, 1981; Grisak et al., 1980;
Sudicky et al., 1982; Bradbury and Lever, 1983).

In fractured rock bodies, such as granite plutons, groundwater
flow takes place predominantly in the fracture networks. However,
radionuclides do not migrate at the velocity of the groundwater; they can
be removed from the flowing water and retarded by sorption onto mineral
surfaces and by diffusion into stagnant water zones, such as the pore water
within the surrounding rock matrix. A few long-lived radionuclide species,
such as 1 2 9I~, do not react chemically with the surrounding mineral
surfaces and so their transport is unretarded by chemical mechanisms
(Vandergraaf, 1982). For these radionuclides, the retarding and diluting
effects of molecular diffusion may play an important role in reducing their
environmental impact.

A number of radionuclide migration models, incorporating
diffusion into the rock matrix, have been developed and applied recently.
These transport models have calculated large effects on the migration rates
of both sorbing and nonsorbing species caused by the matrix diffusion
(Curtis, 1980; Grisak and Pickens, 1980; Neretnieks, 1980; Rae and Lever,
1980; Rasmuson and Neretnieks, 1980, 1981, 1982; Glueckauf, 1980, 1981;
Neretnieks et al., 1981; Bibby, 1981; Erickson and Fortney, 1981, 1982;
Kanki et al., 1981; Tang et al., 1981; Barker 1982; Hodgkinscn and Lever,
1982; Kipp, 1982; Lever et al., 1982; Sudicky et al., 1982; Sudicky and
Frind, 1982a, 1982b; Walter, 1982; Rundberg et al., 1982; Hodgkinson et
al., 1983; Lever and Bradbury, 1983; Moreno et al., 1983; Abelin et al.,
1984; INTRAC0IN, 1984; Ahn et al., 1984; Hadermann and Rosel, 1984; Hopkirk
and Gilby, 1984). A recent report concluded that "diffusion into the rock
matrix can lead to retardation factors in excess of 100 for non-sorbed ions
which would not otherwise be retarded" (Lever et al., 1982).

The parameters characterizing plutonic rock that are used in
migration models incorporating matrix diffusion have been measured in
laboratory experimental programs (Bradbury et al., 1982; Skagius and
Neretnieks, 1982, 1983; Wadden and Katsube, 1982; Melnyk, 1983; Melnyk and
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Skeet, 1987; Katsube et al., 1986). Experiments at the Stripa mine have
confirmed that the bulk rock mass is porous under in-situ conditions at
depth (Birgersson et al., 1982, 1983). In addition, models incorporating
matrix diffusion have been used to successfully interpret the results of
tracer experiments in fractured rock (Hodgkinson and Lever, 1982; Moreno et
al., 1983; Abelin et al., 1984).

Thus, diffusional process in plutonic rock are important in mass
transport, and must be incorporated into models describing the transport of
radionuclides from a disposal vault to the biosphere. These transport
models require values for parameters characterizing the rock pore space
available for diffusion.

This report discusses the effects of pore geometry on diffusion
rates and on the interpretation of data obtained from laboratory diffusion
experiments. Capillary pore models are discussed in Section 2, and
approximate equations for steady-state diffusion in pores with variable
geometry are presented in Section 3. The derivation of these equations is
described in Appendix A. A set of diffusive transport calculations, using
a finite-element calculation technique, is presented in Section 4 for a
particular set of model pores with storage sections, and the details of
these calculations are given in Appendix B. Using the results of these
finite-element calculations, a set of typical laboratory diffusion
experiments was simulated and the effects of the storage sections of the
model pores on the analysis and interpretation of the simulated
experimental results are examined in Section 5.

2. CAPILLARY PORE MODELS

Modelling of diffusional transport is based on Fick's law (Crank,
1975). The diffusional flux, J, and the diffusional mass flow rate, $, are
assumed to be proportional to the negative gradient of the concentration of
the diffusing species. The constant of proportionality, the diffusion
coefficient D, is generally considered to be independent of concentration,
and the medium in which diffusion is taking place is often considered
isotropic. Under these conditions, for one-dimensional transport, Fickrs
law can be written

(1)

where As is the cross-sectional area through which diffusion is occurring.
The resulting equation of continuity (or conservation of matter), called
Fick's second law, is

A3.- ,
(2)

Transport equations that include diffusion in a porous medium,
such as a rock matrix, require additional parameters characterizing the
structure of the rock mass and its pore space, or void volume. These
parameters account for the effects on the rate and extent of diffusional
transport caused by the limited pore space available for diffusion.



- 3 -

The rock pore space has commonly been approximated by a bed of
capillaries (Barrer, 1953; Currie, 1960; Youngquist, 1970) in which the
rock, pores are approximated by straight non-intersecting passages of
constant aperture. In the capillary-bed model there are only two parameters
required to characterize the rock mass; however, there is a number of
possible choices for the definition of two independent parameters (Melnyk
and Skeet, 1987). This report uses the parameters porosity, e, the ratio of
the connected void volume to the bulk rock volume, and tortuosity, t, the
ratio of the average path length along the diffusional passages to the
straight-line distance in the net diffusional direction. If the capillaries
are not all identical, the overall tortuosity is an averaged value. Using
the capillary bed model, Pick's two laws become (Melnyk, 1983; Melnyk and
Skeet, 1987)

— = ~2\ 2 ' ' '

3t v. T J L 3x J
A comparison of Equations (3) and (4) with Equations (1) and (2)

shows that, to account for the capillary pore space, Fick's first law, the
flux equation, has been modified by the factor t/x2, and Fick's second law,
the continuity equation, has been modified by a second factor, 1/T2.
Equations (3) and (4) are the equations used for diffusional transport
modelling using a capillary-bed model to represent the pore space.

3. VARIABLE PORE GEOMETRY

3.1 THE CONSTRICTIVITY, 8

Rock pore space has variable apertures and tortuosities in
addition to complex connectivity; that is, it does not conform to the
capillary-bed model. Some attempts have been made to include more
parameters in modelling, for example, factors related to "dead end" pore
space (Goodnight et al., 1960; Goodnight and Fatt, 1961; Bradbury et al.,
1982; Hemingway et al., 1983) or to the "constrictivity" of the pore
apertures (van Brakel and Heertjes, 1974; Currie, 1960; Walter, 1982;
Katsube et al., 1986). However, these factors are either empirical averages
or are restricted to special cases of pore geometry.

Approximate equations have been developed in Appendix A for
steady-state diffusion in N non-intersecting pores of arbitrary variable
aperture and variable tortuosity transecting a medium of cross-sectional
area As and thickness L. The sections of the pore with relatively wide
aperture are termed storage sections and are not totally utilized in the
steady-state conduction of the diffusive flux, that is, they have
essentially no concentration gradient across them and hence are stagnant as
far as diffusional transport is concerned. An additional factor, 8, called
the "constrictivity", accounts for these pore aperture variations and
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appears in the flux equation together with the porosity, e, and an average
tortuosity, Ta, giving

•

In this steady-state case, the concentration gradient, 3C/3x, is given by
flC/L, where AC is the difference in concentration over thickness xx - x2 =
L. The parameters e, 8, and Ta are defined in Appendix A by Equations
(A.I), (A.22), and (A.23) for a single pore, and by Equations (A.24),
(A.25), and (A.26) for a set of N pores.

The constrictivity factor, fi, depends on another parameter, f,
representing the fraction of the storage pore space used in the conduction
of the steady-state diffusion flux. The fraction, f, depends, in turn, on
the aspect ratio or shape of the storage pore space. These factors and
their functional dependencies are discussed more fully in Appendix A.

The constrictivity factors, determined from Equation (A.22) in
Appendix A, are compared in Table 1 to those calculated for some special
cases of variable pore geometry that have appeared in the literature
(Petersen, 1958; Michaels, 1959; Currie, 1960). The results reported in the
literature for these special cases, which are also approximations, were
obtained using special properties of hyperbolic coordinate space or of
sinusoidal geometries. Table 1 shows the results obtained from Equation
(A.22), with the conducting fraction of the storage space, f, set to its
maximum value of unity. The results agree, in some cases exactly, with the
literature results. The inclusion of even an approximate value for f(x) in
Equation (A.22) vill give improved numerical values for 8.

3.2 EXAMPLE

As an illustrative example, which is also used in the numerical
calculations described in Section 4, consider a volume of medium of cross-
sectional area As containing a cylindical pore with a cylindrical storage
section (rectangular in cross section), as shown in Figure 1, and consider
steady-state diffusion across the pore between constant concentrations
C = Co and C = 0. The cross-sectional area of the connecting section of the
pore is A and the cross-sectional area of the storage section of the pore
is RA where R > 1. In the connecting pore section, all of the cross-
sectional area, A, is assumed to carry the diffusional flux. In the
storage pore section, a fraction, f, of the cross-sectional area RA is
assumed to conduct the flux. The lengths of these sections are a and b,
respectively, and no tortuosity effects are considered; that is, x = 1.

The constant steady-state mass flow rate, <f = JAS» is found from
Equation (5) where Ta = 1, and 8 from Equation (A.22) in Appendix A is
given by

2a)2
 ( 6 )

6 " (Rb + 2a)(b + 2fRa)

and e from Equation (A.I) in Appendix A is given by
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TABLE 1

COMPARISON OF APPROXIMATE STEADY-STATE EQUATIONS

FOR PORES WITH APERTURE VARIATIONS

Geometry Reference Literature Result

Roctangular

RA Michaels, 1959

This Work,
Eqn(A 22)with

Agreement

Exact

Currie, 1960

Hyperbolic

Petersen, 1958 ,

Cubic packing

1 2

Currie, 1960

U = z.

= 0-76

/ n ( 4 - n )

= 0-791

Exact

20 % difference
for large z.
Good agreement
with f <1 .

4 % difference
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(b + 2a)

Equations (6) and (7) are also applicable to pores composed of any number
of sections identical to that shown in Figure 1. These pores have a series
of storage sections of length b separated by connecting sections of length
2a. Pores with more than one storage section are used in the numerical
calculations described in Section 4.

The factor 6 given by Equation (6) has a maximum value of unity
when R = 1, or a = 0, or b = 0, in all of which cases no storage section
exists and the pore reverts to a uniform capillary with f = 1. For all
other cases 6 < 1. The minimum value of 6 = 1/R occurs when f has its
minimum value of f = 1/R and b >> 2a.

If the factor eS is interpreted as an effective porosity for
steady-state diffusion then, since 5 < 1, this effective porosity is
smaller than the actual porosity. If the factor x/ST is interpreted as an
effective tortuosity for steady-state diffusion, then this effective
tortuosity is larger than the geometric tortuosity of the pore axis.

Consider now the narrow connecting sections, of cross-sectional
area A, and their continuation across the storage sections to be to a
connecting pore space. This connecting pore space contributes to a
connecting porosity, ec, defined by ec = A/As. This connecting porosity
has sometimes been proposed as an effective diffusion porosity. However,
from Equations (6) and (7)

T fR (b + 2a) ]
E c L (b + 2fRa) J * K0)

The factor in square brackets has a minimum value of unity when f = 1/R, or
when R = 1 and f = 1, or when b = 0. It has a maximum value of R when
a = 0 and f = 1. Thus eS is always greater than ec and, hence, use of only
the connecting pore space as an effective porosity gives a factor that is
too small to account for the steady-state diffusional transport. When f is
not near its minimum value, the presence of storage spaces causes an
enhancement of the diffusional flux.

Consider the storage pore sections to be very narrow (b small)
but with R large so that their volumes, RAb, make a significant
contribution to the porosity. Let b = 2a/R. For this value of b, the
storage pore sections and the connecting pore sections make equal
contributions to the porosity regardless of the value for R. Then, from
Equation (6), 5 is given by

2
6 = f<* + R> • (9)

2(1 + fR^)

For R » 1, 6 = 1/2, that is, if the storage pores are very narrow, only
the connecting pore space contributes to the steady-state effective
diffusional porosity and to the steady-state flux. If the pores can be
resolved into three equivalent orthogonal sets of narrow capillaries in
thise dimensions, only the set oriented in the x-direction contributes to
the steady-state diffusional transport, and 6 = 1/3.
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In summary, the effective steady-state diffusional porosity lies
between the extremes of total porosity and connecting porosity, and its
value depends on the geometry of the pore space. This conclusion is not
restricted to the simple example described, but is generally true whenever
the pores have an aperture variation. The total porosity controls the
storage capacity of the pore space for the diffusing species and, hence,
will affect the transient diffusional flux and the time required to achieve
steady state.

3.3 INCORPORATION INTO TRANSPORT MODELLING

In transport modelling, the additional factor 6 has usually been
incorporated into the continuity equation lumped together with the
tortuosity factor (Neretnieks, 1980; Lever et al., 1982) because it is
generally difficult to determine even an average value of & independently.

However, in spite of the extensive use of these capillary models,
transient diffusional processes cannot be modelled in this simple way. It
is not clear if, or how, an additional factor such as 8 can be incorporated
into a one-dimensional continuity equation to account for aperture
variations or storage space. Aperture variations can only be correctly
accounted for by incorporating diffusion in additional dimensions in cases
of known geometry.

Diffusion into the bulk rock mass from a fracture containing
floving groundwater is a process that never reaches steady state except
under exceptional circumstances. Hence, for the modelling of radionuclide
transport in the geosphere, diffusion in the transient, time-dependent,
regime will need to be considered.

4. FINITE-ELEMENT DIFFUSION CALCULATIONS

4.1 OBJECTIVES

The diffusion of a species was simulated in pores with a known
geometry using the diffusion feature of the finite-element simulation code
FULMOD, a program in the FULMOD/FAXMOD family (G.L. Rigby et al.,
unpublished data). The objectives of performing these finite-element
calculations were to:

(1) Have some diffusion transport results in pores with variable
aperture whose geometry is known exactly. Using closed-form
mathematical equations, only approximate results can be obtained.
Generally, in an experimental setting, the exact geometry is
unknown. The finite-element calculations yield essentially exact
results within small numerical error limits.

(2) Use these results to assess the accuracy of the approximate
steady-state equations developed in Appendix A and discussed in
Section 3.
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(3) Use these results to assess the effect of pore geometry on
diffusion in the transient regime.

(4) Use these results to examine the effects of changing the size
scale of the overall diffusion distance relative to the size scale
of the pore aperture variations.

(5) Use the results to simulate laboratory diffusion experiments and
to assess the effects of the aperture variations and scale
variations on the analysis of the simulated experimental data.

4.2 DESCRIPTION

Complete transient and steady-state diffusional transport
calculations were carried out in a series of pores with storage sections
similar to those described in Section 3.2. Calculations were performed
with pores containing 1, 2, 4, 6 and 8 storage sections, each similar to
the one depicted in Figure 1. In addition, a corresponding set of
diffusion calculations was performed for a set of straight, uniform
capillary pores. The results for these capillary pores were used as a
check on the finite-element calculations and as a reference for the pores
with the storage sections.

In the pores with total length L, the total length of the
connecting pore sections was set equal to twice the length of the storage
sections; a = b in Figure 1. The calculations were performed in a
cylindrical (x,r,G) coordinate system with rotational symmetry in the
angular coordinate 8. The axis of the pore was aligned with the
x-direction. The radius of the storage pore section was set to three times
the radius of the connecting pore section. Because of the rotational
symmetry, the cross-sectional area of the storage section was nine times
the cross-sectional area of the connecting section, R = 9. The aspect
ratio of the storage sections, r/b, was 3.75. At this aspect ratio, the
results in Section A.4 of Appendix A indicate there is a large amount of
dead-end pore space that does not contribute to the steady-state transport.

The calculations were carried out with constant concentration
boundary conditions, C/Co = 1 at x/L = 0 and C/Co = 0 at x/L = 1.
Initially the pore contained no diffusing species, C/Co = 0 for
0 < x/L < 1. The details of these calculations are described in
Appendix B.

4.3 RESULTS FOR CAPILLARY PORES

Under the constant concentration boundary conditions described in
Section 4.2, the solution to the diffusion equation for a straight
capillary pore is (Crank, 1975)

e x p
i2n2Dt

Concentrations calculated for one case are shown in Figure 2
plotted as a function of time for a fixed value of x. The agreement
between the numerical results from the FULMOD program and the results from
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Equation (10) is excellent, confirming that the finite-element algorithm
gives the correct transient and steady-state behaviour.

4.4 RESULTS FOR VARIABLE-APERTURE PORES

The transient diffusional transport rates are strongly affected
by the pore geometry, and the times taken to reach steady state are
increased significantly over the times taken in the capillary reference
pore cases. The times taken for the concentration fronts C/Co = 0.1, 0.3,
and 0.5 to reach their steady-state positions on the pore axis are
illustrated in Figure 3 for the cases with one and eight storage sections.
The C/Co = 0.5 concentration front must reach the central node, x/L = 0.5,
at steady state. Steady state was defined to have been reached when a
nodal concentration was within 0.1X of its final steady-state value. In
the capillary pore reference cases, steady state was reached at
Dt/L2 = 0.74. On this normalized time scale, the results for the capillary
pore reference cases were identical and independent of the effects of the
different pore lengths. Crank (1975) used a less stringent criterion to
indicate that steady state was reached in capillaries of length L at
Dt/L2 = 0.45.

For the case with one storage section, steady state was not
reached until Dt/L2 = 6.6. With eight storage sections, the steady state
was reached at Dt/L2 = 2.5. Thus, the longer pore behaves more like the
capillary reference pore in its earlier approach to steady state on this
normalized time scale.

From the known geometries, the ratio of the pore volumes of the
storage pores to those of the corresponding capillary pores, or the ratio
of the porosities of the corresponding samples of porous media, from
Equation (7), is 11/3. In all cases, the tortuosities of the pore axes are
unity. The factor 5 for the storage pores, from Equation (6), ranges from
81/209 (0.388), with f having its maximum value of unity, to 3/11 (0.273),
with f having its minimum value of 1/9. Hence, the ratio of the total flux
correction factors, eS/Ta

2, ranges from 27/19 (1.42) to unity. Thus, in
spite of an increase in porosity of nearly a factor of four, the steady-
state flux through the storage pore must lie in the range of 0% to 42%
greater than that through the capillary reference pore. The reduction in
flux is due to the constrictivity effects embodied in the factor 5.

From Figure A-6 in Appendix A, f can be estimated to be 0.13 for
this aspect ratio of 3.75. Thus, from Equation (6), 8 is predicted to be
0.287. Hence, about 5% greater flux is predicted to pass through the
storage pore than through the capillary reference pore at steady state.

In the numerical calculations, the constrictivity factor was
obtained from the steady-state fluxes using th<= known porosities in
Equation (5). The steady-state flux through the storage pore was found to
be 6.6% larger than the steady-state flux through the capillary reference
pore in all five cases, and the steady-state factor 8 was found to be
0.292, in good agreement with the predicted value. The fluxes are modified
by exactly the same factor in all five cases because of the similar
geometries, in agreement with the predictions in Section 3.2.
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5. SIMULATION OF DIFFUSION EXPERIMENTS

5.1 DESCRIPTION OF THE SIMULATION

A diaphragm diffusion experiment has the same constant
concentration boundary conditions that were used in the finite-element
diffusion calculations described in Section 4. In the experimental
configuration, the flux of diffusing species out of the exit face of a
sample enters a reservoir of volume VR. Actual diaphragm-dynamic and
diaphragm-static experiments and their analyses are described elsewhere
(Melnyk and Skeet, 1987). The results of the finite-element calculations,
described in Sections 4.3 and 4.4, were used to generate simulated
diffusion experiments, with simulated sample lengths ranging from 1.2 mm to
9.6 mm, that closely resemble actual laboratory experiments (Melnyk and
Skeet, 1987). The simulated sample lengths of 9.6 mm are of similar size
to typical laboratory sample sizes.

The area of the diaphragm sample face was taken to be 15.708 cm2

and each sample was assumed to be penetrated by four identical pores, each
pore similar to those described in Sections 3.2 and 4.2. Thus, the
porosity of the sample in the capillary reference cases was 0.00200, and in
the storage pore cases it was 0.00733. The diffusion constant was taken to
be 1.4 cm2/day, both in the simulations of the experiments and in the
underlying finite-element calculations. This value is the value for the
diffusion constant for Nal tracer used in the laboratory experiments
(Vinograd and McBain, 1941; Weast, 1983; Melnyk and Skeet, 1987). In the
static configurations, the volume of the reservoir was taken as
VR = 500 mL. In the dynamic configurations, the volume of the reservoir,
VR, and the flow rate, U, were chosen to maintain a steady-state
concentration similar to that found experimentally. In all dynamic cases,
W and VR were chosen such that WL = 216.0 cmVday, WVH = 3330 cm

6/day, and
(D/L2)/(W/VR) = 0.100.

In order to simulate these experiments, the gradient of the
concentration at the exit face was first determined as a function of time
from the finite-element results. From the gradient of concentration, the
mass flow rate out of the pore (or sample) was determined using Equation
(5). This mass flow rate was inserted into the mass balance equation for
the reservoir and integrated using a numerical Runge-Kutta algorithm
(Abramowitz and Stegun, 1965) to give the concentration of diffusing
species in the reservoir as a function of time. The details of these
simulations are given in Appendix B.

Analysis of the simulated experimental results was used to:

(1) Determine how the constrictivity factor is associated with the
individual parameters when the effective porosity and tortuosity
are determined separately.

(2) Assess how well these effective parameters in the simple
capillary-bed model will describe the transient diffusion region
before steady state is reached.
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(3) Determine hov parameters in approximate dead-end pore models are
related to the known parameters describing the pore geometry.

5.2 APPLICATION OF ROCK PORE MODEL EQUATIONS

Rock pore models can be applied to the diffusion experiments by
solving the model differential equations under the appropriate boundary and
initial conditions of the experiment. Both the dynamic and static
experimental configurations operate with constant concentration boundary
conditions and an initial condition of zero concentration. From the
solutions to these equations and to the mass balance equation for the
dilute reservoir of the experiment, an expression for the concentration of
tracer in the reservoir as a function of time, CB(t), is obtained. The
details of these derivations are given elsewhere (Hemingway et al., 1983;
Melnyk and Skeet, 1987), and only the final results are quoted here. In
all equations, the indicated summations are over index n and extend from
n = 1 to n = •=.

When the capillary model of the pore space, embodied in Equation
(3), is applied to the static configuration, the tracer concentration in
the reservoir is given by

C 0 A L

Dt

72

n L '

2 2

- PnVt (11)

The subscripts D on the pore parameters emphasize that values for
these parameters will be determined from a fit to the data from a diffusion
experiment, and distinguish the parameters from the similar parameters
based on the known geometry of the pore space. At long times, when
diffusion through the sample is in steady state, Equation (11) simplifies
to

C0AL
^D
2

Dt 1 ED
-s - 7- (steady state) . (12)

For the dynamic configuration, the capillary model gives

_R7
Co

DVR

*7j7ji«» -1)] T. <»>

where



- 12 -

At steady state, Equation (13) simplifies to

CQAL
(steady state). (15)

It has been found that the capillary model equations and
effective parameters often will not describe the transient or pre-steady-
state diffusion adequately (Bradbury et al., 1982; Hemingway et al., 1983).
The poor agreement has been attributed to the presence of dead-end pore
space in the sample, and an approximate analysis of the experimental
results using dead-end pore models has been attempted (Bradbury et al.,
1982; Hemingway et al., 1983).

In the dead-end pore model used by Hemingway et al. (1983), the
pore space is divided into conducting (or through-transport) pore space,
with contribution e+ to the porosity, and dead-end pore space, with
contribution e* to the porosity. A parameter Y, called the
"diffusibility", is used to account for the modifications to the diffusive
flux in the x-direction due to the geometry of the pore space. The mass-
balance differential equation for the conducting pore space is written

3C*
at

where C+ is the mean tracer concentration in the conducting pore space and
C* is the mean concentration of tracer in the dead-end pore space at
distance x. This equation expresses the fact that changes in C+ will
result both from diffusion along the conducting pore space (first term) and
from a flux into the dead-end pore space (second term). As an
approximation, the equilibration between the conducting and dead-end pore
spaces was assumed to take place by steady-state diffusion, and the
differential mass-balance equation for the dead-end pore space was written

ff = ̂  (C+ - C*> (17)

where t* is a parameter, called the relaxation time, that governs the rate
of attainment of equilibrium between the conducting and the dead-end pore
spaces. For an assumed geometry of the dead-end pore space, the relaxation
time can be related to the diffusion constant and to the geometry of the
pore space (Hemingway et al., 1983; Lever et al., 1982). Thus, the dead-end
pore model has four paramters, Y, e+, e* and t*.

From the dead-end pore model embodied in Equations (16) and (17),
the tracer concentration in the dilute reservoir in the static
configuration is given by
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DYt 2DY V"1 (-)"

LCQAL

(18)

where &ln and fl2n are the two roots of the quadratic equation

At steady state, Equation (18) simplifies to

VRC (t)£RR_£R .Wt_tS_pJ. (steady state). (20)
0 L

Equation (19) is of the same form as the capillary model expression,
Equation (11). By comparison, the parameter Y can be identified with
eD/tD

2 and the diffusion porosity, eD, is the total porosity, (e* + e*).

The corresponding result for the dynamic configuration is not in
the literature, but can be obtained from Equation (18) (Melnyk and Skeet,
1987).

/RCR(t) DWR

c o A L " L 2 W ~ e „- P2n
)

1 n * w "^n* ~wt/vR

At steady state, Equation (21) simplifies to

V C (t) DW
P AT = " T ^ (steady state) . (22)
V L LZW

Equation (22) is of the same form as the capillary model expression,
Equation (15). ;By comparison, the parameter Y can again be identified with
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5.3 SIMULATED DIAPHRAGM-STATIC EXPERIMENTS

Typical results for a diaphragm-static experiment are shown in
Figure 4, The straight-line portion of the results corresponds to steady-
state diffusion. The slope of the straight line allows the parameter
combination eD/TD

2 to be determined from Equation (12). The duration of
the transient governs the position of this straight line on Figure 4. The
extrapolation of this straight line to its intercept on the concentration
axis determines eD. The intercept on the time axis determines TD. Thus,
the duration of the transient does not affect the value of the ratio
eD/xD

2, but does affect the values of the individual parameters eD and xD.

The standard analysis of these experiments (Skagius and
Neretnieks, 1982, 1983; Bradbury et al., 1982; Wadden and Katsube, 1982;
Katsube et al., 1986; Melnyk and Skeet, 1987) is based on the capillary
model, Equation (12), and uses only the steady-state data. The same
procedure was adopted for the simulated experiments. Only the steady-state
or linear portion of the data was used to determine the parameters of the
capillary model.

The data for the simulated experiments using the capillary
reference pores of all lengths were well fitted using eD = 0.00200 and
TD = 1.00, which are the values expected on geometric grounds. These
results validate the numerical procedures leading to the simulation of the
experiments and the subsequent model fitting.

For the simulated experiments with the storage pores, the
parameter values obtained are shown in Table 2. In all five cases, the
ratio eD/TD

2 = 0.002132 was obtained, reflecting a 6.6% increase in flux
over the capillary reference pore cases.

The theoretical analysis and predictions of Section 3.2 indicated
that, at steady state, only a fraction of about 0.13 of the storage space
is used for conducting the diffusive flux. Hence, the conducting porosity
was predicted to be 0.00210, only slightly enhanced over the 0.00200
porosity of the capillary reference case. The remaining storage space,
with a porosity contribution of 0.00523, is dead-end space. However, the
requirement of having to fill this dead-end space with diffusing species
causes a longer transient period before steady state is reached. This
longer transient shifts the experimental curve, shown in Figure 4, to the
right, to longer times, over that expected for a capillary with the
conducting porosity. The intercepts on the coordinate axes are increased
and, through Equation (12), give larger values for both the effective
tortuosity and the effective porosity.

Physically, it might be reasonable to include 5 with e to give a
steady-state conducting porosity of the right magnitude. However, the pore
would then become mathematically equivalent to a capillary where the dead-
end pore space is completely ignored. This interpretation would be correct
at steady state, but would produce a shorter transient period than that
found experimentally. The approximate dead-end pore model in Equation (20)
showed that this larger value for effective porosity in the capillary model
should equal the total porosity. The longer transient and shift of the
steady-state line to the right in Figure 4 is produced by the mathematical
equivalence to a capillary with an artificial, and unrealistically large,
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TABLE

DIAPHRAGM-STATIC EXPERIMENT - CAPILLARY MODEL FIT

Number of
Storage
Sections

1
2
4
6
8

Total
Length
(ram)

1.2
2.4
4.8
7.2
9.6

03

All lengths

Fitted Parameters

0.002131
0.002132
0.002132
0.002132
0.002132

0.002132

Geometric ant

0.00210s

0.009450
0.007694
0.007249
0.007181
0.007163

0.00710

1 predicted

0.007333

2.106
1.900
1.844
1.835
1.833

1.82

parameters

1.871

* Extrapolated from Figure 5.
& Predicted using 5 = 0.287, see Section 4.4.

length. This length is reflected in a large value for the effective
tortuosity.

Thus, in the interpretation of the diaphragm-static experiment,
the constrictivity is included in the effective tortuosity, tD, to give an
artificially large effective pore length, and the effective porosity, eD,
is the total connected porosity.

The experiment with the shortest storage pore, with one storage
section, resulted in an artificial eD = 0.00945, a value larger than the
actual total porosity, and a correspondingly large value for tortuosity,
TD •= 2.11. As the pore increased in length, the storage sections remained
the same size, but the number of storage sections increased, maintaining
the same total porosity. The analyses of the simulated experiments with
these pores resulted in decreasing values for eD that became less than the
actual geometric porosity of 0.00733, with a corresponding small decrease
in 't0. These results are shown in Figure 5. An extrapolation to the limit
where the pore length is large compared to the size of the storage spaces
gave eD = 0.00710 with xD = 1.82. This result is consistent with the
theoretical observation made in Section 3.2 that, at steady state, the
effective diffusion porosity lies between the connecting porosity and the
total porosity.

The transient portion of the experimental data was not followed
by the capillary model fit to the steady-state portion of the data, in
agreement with observations on results from experiments on rock samples
(Bradbury et al., 1982; Hemingway et al., 1983). As the pore length
increased, the capillary model came closer to fitting the transient portion
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of the data, as shown in Figure 6. This improvement in fit is a
consequence of the earlier steady state previously noted in Section 4.4.

The fitted values for the tortuosity and the results quoted in
Section 4.4 can be used to reinterpret the time required to reach steady
state. For the capillary cases, with xD = 1, steady state is reached at
Dt/TD

2L2 = 0.74. For the case with one storage section, steady state was
reached at Dt/tD

2L2 = 1.5, indicating the extra time required to fill the
dead-end space with the diffusing species. For the case with eight storage
sections, Dt/TD

2L2 = 0.75, indicating that little or no extra time is
required to fill the dead-end pore space over and above the time required
to bring the artificially long pore to steady state. Since the pore length
has increased by a factor of 8, the time for diffusion across the pore has
increased by a factor of 64. The time required to equilibrate the dead-end
pore space has not increased since its size has not changed. Thus, this
equilibration time has become negligible in comparison. The artificially
long capillary has become an effective mathematical equivalent for the
actual pore. This observation has also been made by Hemingway et al.
(1983) using an argument based on approximate analytical expressions.

If a capillary model, with effective parameters, fits the
transient results of a diffusion experiment, then the size of the dead-end
pore space must be small relative to the sample size. If the effective
tortuosity is larger than would be expected from the pore geometry, then
the dead-end porosity must be a significant contribution to the total
porosity. However, the effective diffusion porosity may be slightly
smaller than the actual porosity. If the capillary model does not fit the
transient portion of the experiment, then the dimensions of the dead-end
pore space must be significant relative to the sample size, and values for
the effective porosity may be artificially inflated to larger values than
the actual porosity.

The conducting porosity can be estimated from the experiment
using the equation

/ j • x geometric ,oi\
E (conducting) = eD -*— . (23)

This equation combines the constrictivity factor, S, with the porosity
instead of with the tortuosity. The remaining porosity is the dead-end
porosity. In the simulated experiments used here, a geometric tortuosity
of unity is expected. In the case of random packing of spherical mineral
grains, a geometric tortuosity of /Tor less would be expected (Saxena et
al., 1974).

The dead-end pore model has four parameters. In fitting this
model to the experiments, the diffusibility, Y, and the total porosity (e+

+ e*), were first fixed by using Equation (20) and only the steady-state
portion of the data. This step is equivalent to the fit using the
capillary-bed model. Following this step, the conducting porosity
fraction, e+/(e+ + e*), and the relaxation time, t*, were found by fitting
Equation (18) to the pre-steady-state portion of the data. The fitted
parameter values are given in Table 3.
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TABLE 3

DIAPHRAGM-STATIC EXPERIMENT - DEAD-END PORE MODEL FIT

Number of
Storage
Sections

1
2
4
6
8

Total
Length
(mm)

1.2
2.4
4.8
7.2
9.6

All lengths

Fitted Parameters*

e+/(e++e*)

0.208
0.275
0.271
0.181
0.155

E+

0.00197
0.00211
0.00196
0.00130
0.00111

e*

0.00748
0.00558
0.00529
0.00588
0.00605

t* (days)

0.00548
0.00574
0.00607
0.00610
0.00718

Geometric and predicted parameters

0.29* 0.00211s 0.00522*

8 Parameters ¥ and (c+ + e*) identical to eD/TD
2 and eD in Table 2.

* Predicted using f = 0.13, see Section 4.4.

Figure 6 illustrates comparisons of the simulated experimental
data in the transient region, for the cases with one and eight storage
sections, for both the capillary and the dead-end pore models. The dead-
end pore model fitted the data very well in all cases. The fitted values
of the conducting porosity fraction and the relaxation time did not vary
much with the pore length, since the size of the storage sections was the
same in all cases. The conducting porosity fraction did not agree well
with the predicted value and was less than the porosity of the
corresponding capillary in every case. This result is physically
unreasonable. Furthermore, as the pore length increased, the fitted value
for the conducting porosity fraction decreased and the dead-end porosity
fraction increased. This trend is difficult to understand and is probably
an artifact of the approximations inherent in Equation (17).

The time required to reach steady state in a capillary of length
L is given by Dt/L2 = 0.74. If the dead-end pore space is assumed to be
adequately modelled by capillaries, then the relaxation time, t*, for
equilibration of the dead-end pore space is of the same order as the time
to reach steady state. The fitted relaxation time can be used with this
steady-state time expression to determine an approximate size for the dead-
end pore space. A similar expression was used by Hemingway et al. (1983),
and by Lever et al. (1982). From Table 3, the average relaxation time was
0.0061 days. Hence, from Dt*/L2 = 0.74, the approximate size of the dead-
end pore space was calculated to be about 1.1 mm. The actual radius of the
storage sections, measured from the pore axis, was 1.5 mm, and the
additional radius, over the radius of the connecting section, was 1.0 mm.

In fitting the dead-end pore model to data from laboratory
experiments, Hemingway et al. (1983) have reported that the parameter t* is
reasonably well determined by the fit, but that the separation of CD into
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its two components e+ and e* is not well determined. An e+ of between
and 40% of the total porosity gave equally good fits in the cases they
considered.

The confidence regions for the parameters e+/(e+ + e*) and t*
were determined. In the simulated experiments these regions are shown in
Figure 7 for the fit to the data from the cases with one and eight storage
sections. With one storage section, the 95% confidence region shown was
roughly circular. Thus, the two parameters were uncorrelated and had
independent effects. Both parameters were well determined and the 95%
confidence intervals were e+/(e+ + E*) = 0.2083 + 0.0020 (+ 1.0%) and
t* = 0.00548 + 0.00015 (+ 2.7%). With eight storage sections, the 95%
confidence region has become narrow and elongated. The outer limits of the
95% confidence regions were e+/(e+ + e*) = 0.1574 + 0.0066 (+ 4.2%) and
t* = 0.00721 + 0.00007 (+ 1.0%). However, the two parameters were strongly
correlated. For this particular case, the correlation equation and the 95%
confidence region around the correction line is

e+/(e+ + e*) = 90t* - 0.4913 + 0.0008 (+ 0.5%) . (24)

An equally good fit was obtained with e+/(e+ + e*) given by Equation (24),
for any value of t* within its 95% confidence region.

5.4 SIMULATED DIAPHRAGM-DYNAMIC EXPERIMENTS

Typical results from a diaphragm-dynamic diffusion experiment are
shown in Figure 8. In the capillary pore reference cases, the dynamic
experimental data were found to be well fitted in all five cases using
eD = 0.00200 and xD = 1.00, thus further validating the numerical
procedures.

Using the capillary model, Equation (15), the steady-state
concentration of tracer determines the parameter combination eD/xD

2. The
same value, E D/T D

2 = 0.002132, was found in all five storage pore cases as
that found with the static configurations.

When the capillary model did not fit the transient portion of the
data, as in the cases with the shorter pores, a unique determination of the
two factors eD and TD, was not possible using Equation (13). A family of
curves with eD/TD

2 fixed and T D varying is shown in Figure 9 for the cases
with one and eight storage sections. A more detailed analysis of a
diaphragm-dynamic experiment can be done by converting the data to a
simulated diaphragm-static experiment. Procedures for this conversion are
described in Melnyk and Skeet (1987). The analysis procedure of Section
5.3 can then be followed.

In the dead-end pore model, Y was fixed by the steady-state
portion of the data, osing Equation (22), and the three parameters
(e+ + e*), e+/(e+ + e*), and t* were varied to fit the transient portion of
the data, using Equation (21). Parameter values found from a best fit of
the experimental curves to the dead-end pore model are given in Table 4.
The results are similar to those obtained in the static configuration given
in Table 3. In particular, the values for the total porosity obtained from
the fits, as in the static case, were larger than the geometric porosity
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TABLE 4

DIAPHRAGM-DYNAMIC EXPERIMENT - DEAD-END PORE MODEL FIT

Number of
Storage
Sections

1
2
4
6
8

00"

All 1<

Total
Length
(mm)

1.2
2.4
4.8
7.2
9.6

m

sngths

Fitted parameters8

(e++e*)

0.009150
0.007660
0.007263
0.007193
0.007180

0.00715

e+/(e++e*)

0.216
0.277
0.298
0.211
0.188

t* (days)

0.00525
0.00569
0.00625
0.00648
0.00766

Geometric and predicted parameters

0.00733 0.29s

e Parameter f identical to eD/xD
2 in Table 2.

* Extrapolated from Figure 5.
* Predicted using f = 0.13.

for the cases with one and two storage sections but became smaller than the
geometric porosity as the pore length increased. The porosities are plotted
as a function of the number of storage sections in Figure 5 and an
extrapolation to long pores yields (e+ + e*) = 0.00715.

6. CONCLUSIONS

General equations have been developed that approximately describe
steady-state diffusion through pores with known variable aperture and
variable tortuosity. Another rock pore parameter, 8, called the
"constrictivity", is introduced into the steady-state flux equation. These
general equations improve upon equations that have been reported in the
literature for some special cases.

Using these equations, values predicted for the steady-state flux
through the storage pore and the steady-state constrictivity factor, 5,
were in good agreement with the the results of the finite-element
calculations. The fluxes were modified by exactly the same factor in all
five cases because of the similar geometries, also in agreement with
predictions.

If the factor eS is interpreted as an effective porosity for the
steady-state diffusion then, since 8 < 1, this effective porosity is
smaller than the actual porosity, but is close to the steady-state
conducting porosity. If the factor T//S~ is interpreted as an effective
tortuosity for the steady-state diffusion, then this effective tortuosity
is larger than the geometric tortuosity of the pore axis.
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Use of only the connecting pore space and its continuation across
the storage spaces as an effective porosity gives a factor that is too
small to account for the steady-state diffusional transport. The storage
spaces cause an enhancement of the diffusional flux through the pore.

The effective diffusional porosity lies between the extremes of
total porosity and connecting porosity and its value depends on the
geometry of the pore space.

The total porosity governs the storage capacity of the pore space
for the diffusing species and hence will affect the transient diffusional
flux and the time required to achieve steady-state. The finite-element
calculations showed that the transient diffusional transport rates were
strongly affected by the pore geometry, and that the time taken to reach
steady-state was increased significantly by the presence of storage space.
This effect was less pronounced, on a time scale normalized by the pore
length, as the pore length was increased relative to the size of the
storage space.

In transport modelling, the additional factor 8 has usually been
incorporated into the continuity equation lumped together with the
tortuosity factor. However, in spite of the extensive use of capillary
models, transient diffusional processes cannot be modelled in this simple
way. An additional factor, such as S, cannot be incorporated into a one-
dimensional continuity equation to account for the transient effects of
aperture variations or storage space. Aperture variations can only be
correctly accounted for by incorporating diffusion in additional
dimensions.

For cases where the dimensions of the storage space are small
relative to the overall diffusion distance, the capillary model can
approximately describe the transient behaviour by the use of effective
values for the parameters. Use of a pore model that explicitly includes
consideration of the dead-end pore space will accurately describe the
transient diffusion; however, use of such a model increases the complexity
of the equations by adding more variables and more empirically determined
parameters.

Use of the capillary model equations and effective parameters
will not adequately describe the transient or pre-steady-state diffusion
when the dimensions of the storage space or dead-end porosity are
significant relative to the diffusion distance.

Analyses of simulated diffusion experiments gave an effective
porosity value close to, but less than, the total connected porosity, in
agreement with theoretical predictions. The effects of pore aperture
variations appeared in an effective tortuosity factor, which gave an
artificially large value for the effective length of the mathematically
equivalent capillary. However, if the size of the storage space was
significant relative to the overall diffusion distance, the effective
porosity was found to be larger than the actual total porosity.

Diffusion into the bulk rock mass from a fracture containing
flowing groundwater is a process that never reaches steady state except
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under exceptional circumstances. For radionuclide transport modelling in
the geosphere, diffusion in the transient, time-dependent regime will need
to be considered. The capillary model, with effective parameter values,
gives a reasonable approximation in cases where the size of the dead-end
pore space is small relative to the overall diffusion distance under
consideration.
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Figure 1 Cross-Sectional View of Pore of Cross-Sectional Area A
Transecting a Medium of Cross-Sectional Area As and Length
(2a + b). The pore contains a rectangular storage section with
cross-sectional area RA and length b. The cross-sectional areas
are obtained by rotation around the central axis of symmetry.
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APPENDIX A

STEADY-STATE EQUATIONS FOR DIFFUSION IN PORES

WITH VARIABLE CROSS-SECTION AND TORTUOSITY
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A.I NON-TORTUOUS PORE OF VARIABLE CROSS-SECTION

Consider a pore, such as the one depicted schematically in Figure
A-l, of variable cross-sectional area, A(x), in planes orthogonal to the x
direction. The axis of the pore is defined as the locus of midpoints of
the cross sections with the concept of midpoint defined in any convenient
manner such that a cross-section has only one midpoint and the locus is
continuous. In this case let the pore axis be straight and coincident with
the x-direction so that no tortuosity effects are considered, T = 1.
Consider this pore imbedded in a medium of cross-sectional area AB.

The pore volume is simply given by the integral of the pore
cross-sectional area over the length of the pore axis and hence the
porosity is given by

e = j ^ f A(x)dx . (A.I)
s

Integrals with respect to x are between the limits xx and x2 unless
otherwise indicated and Ax = x2 - xx.

If a substance of diffusivity D is allowed to diffuse through
this pore between constant concentration boundary conditions where C(xx)
and C(x2) are constants, then a steady state will be established. At
steady-state the mass flow rate, <|>ss, across the pore is constant and
independent of x. That is, at steady state, the same rate of mass flow
must be occurring across each cross section along the pore.

Assume that the diffusive flux is conducted by only the fraction
f(x) of the area A(x) at position x. The fraction [1 - f(x)] is assumed to
be part of the dead-end pore space. Assume further that the flux can be
considered to be constant over the conducting area f(x)A(x). With this
assumption, the concentration gradient can be considered to be only a
function of x, the position along the pore axis, and the mathematical
problem is considerably simplified. However, values of f(x) then become
effective or approximate values.

Across 9 small segment dx at position x, using Fick's first law,
the mass flow rate is given by

«J.ss = - Df(x)A(x) [jgkl] (A.2)
The maximum possible value of the conducting area f(x)A(x) is the whole
area A(x)j the minimum possible value for f(x)A(x) is the smallest cross-
sectional area of the pore. The value of f(x) depends on the aspect ratio
of the storage space, where the aspect ratio is defined as the ratio of an
average width or radius measured from the pore axis to the length of the
storage pore section. When this aspect ratio is large, f(x) will take
values near its minimum and most of the storage space will not contribute
to the conduction of the steady-state diffusive flux. If the aspect ratio
is small, f(x) will take values near its maximum of unity and most of the
storage space will contribute to an enhancment of the steady-state flux.
The dependence of f(x) on the aspect ratio is discussed further in Section
A.4.
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Equation (A.2) can be separated and integrated to give the
concentration profile that must exist within the pore to yield this steady-
state condition. Integrating Equation (A.2) using the inlet boundary
condition,

C(x) = C(x1} D J
dx

f(x)A(x) (A.3)

and can be evaluated using the outlet boundary condition

•« (A.4)

where AC = C(x:) - C(x2). Hence, the concentration profile within the pore
is given by

C(x) - AC
dx

f(x)A(x)

-1
dx

f(x)A(x)
(A.5)

In a uniform capillary, where A(x) = A and f(x) = 1, (fss> is
given by Equation (A.4),

0 = EDA f*ss s Ax
(capillary) (A.6)

A correction factor, S, is introduced to modify the mass flow
rate expression for a uniform capillary, Equation (A.6), into an expression
for a variable aperture pore:

AC
4> = eSDA 7^
ss s Ax

(A.7)

Comparing Equation (A.7) with Equation (A.4) and using Equation (A.I) gives

5 (Ax)'
J A(x)dx [J dx

f(x)A(x)
(A.8)

The factor t in Equation (A.7) corrects the mass flow expression
for the limited volume of pore space available for diffusion and the factor
5 further accounts for the effects of the variable cross section of the
pore.

A.2 TORTUOUS PORE OF VARIABLE CROSS-SECTION

Consider a pore, such as the one depicted schematically in Figure
A-2, of variable cross-sectional area, A(x), in planes orthogonal to the x
direction, imbedded in the same medium of cross-sectional area As, and with
the axis of the pore defined, as in Section A.I, as a locus of mid-points.
Let the pore have a variable tortuosity, x(x), defined as

T(x) = sec [0(x)] , (A.9)
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where 6(x) is the variable angle between the pore axis and the x-direction.
The porosity is given by Equation (A.I)

Consider now a new coordinate direction, y, measured along the
pore axis and formally defined by

T(x)dx . (A.10)
Xl

Let the pore occupy the space between yx and y2. With the definition of y
given by Equation (A,10),

v - x ^
yl ~ xl

. . (A.11)
y2 = yl + J T ( x ) d x

A new variable cross-sectional area, Q(y), in the y-coordinate
system is defined by

Q(y) = A(x)/T(x) . (A.12)

The cross-sectional areas Q(y) are the projections of the cross-sectional
areas A(x) onto planes orthogonal to the pore axis. This projection can be
done when the angle between the pore axis and the x-direction is less than
90°.

The fraction g(y) of the cross-sectional area Q(y) that is
conducting the diffusive flux is assumed to be equal to the fraction f(x)
of the area A(x) at the same point on the pore axis

g(y) = f(x) . (A.13)

The pore volume in the new coordinate system is given by the
integral of Q(y) over the length of the pore axis and the porosity is given
by

f Q(y)dy . (A.14)

Integrals with respect to y are between the limits yx and y2 unless
otherwise indicated. The volume of the imbedding medium is still AsAx.

In the y-coordinate system the coordinate axis is the pore axis
and hence the pore has unit tortuosity, t(y) = 1. Thus, the equations
developed in Section A.I can be applied in the y-coordinate system. By
transforming the variables back to the x-coordinate system, using Equations
(A.10) to (A.13), the formulae describing the diffusive mass flow through
the variable tortuosity pore are obtained. Performing the transformations,

J Q(y)dy = | A(x)dx , (A.15)

and Equations (A.I), (A.14) and (A.15) show that the same pore volume and
porosity are obtained in either coordinate system. Applying the coordinate
transformation to the other integral,
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J dy f LJ f<
(x)dx

(A.16)
g(y)Q(y) " J f(x)A(x)

and, from Equation (A.4), the steady-state mass flow rate is given by

4> = DAC [ f Jj$% 1 • (A.17)
From Equation (A.3), the steady-state concentration profile is given by

C(x) =
2 2
Z T (x)dx

f(x)A(x)

-1
T2(x)dx

f(x)A(x)
(A.18)

In a uniform capillary, with A(x) = A, f(x) = 1, and constant
tortuosity T(X) = T, the steady-state mass flow rate is given from Equation
(A.17) by (cf Equation (3) in the main body of the report)

% ) DAs [I] (capillary) . (A. 19)

A correction factor, 5, and an average tortuosity, Ta, are
introduced to modify the mass flow rate expression, Equation (A.19), for a
uniform capillary of constant tortuosity into an expression for a variable
aperture, variable-tortuosity pore:

ss
(A.20)

Comparing Equation (A.20) with Equation (A.17) and using Equation (A.I)
gives

A(x)dx

r r x2(x)dx r 1

L J f(x)A(x) J
(A.21)

When there are no aperture variations, A(x) = A, then 5 must be
unity. When there is a constant axis tortuosity, x(x) = x, then Ta must
equal T and be independent of aperture variations. Using these requirements
and Equation (A.21), separate definitions of & and Ta can be made:

6 =
A(x)dx

L J f(x)A(x) J
-1

(A.22)

x2 =
a

(x)dx dx
,-1

(A.23)
f(x)A(x) J L J f(x)A(x) J

and the steady-state mass flow rate through the medium is given by Equation
(A.20).



- A6 -

A.3 MULTIPLE PORES

The mass flow rate out of each pore of a set is independent of
the mass flow rate out of all the other pores if the pores do not intersect
each other and the same boundary conditions hold. Thus, for a set of N
non-intersecting pores, each with different cross-sectional area function,
fi(x)Ai(x), and different axis tortuosity, T^x), the total mass flow rate
is obtained by summing the individual contributions obtained from Equation
(A.17). Carrying through the analysis procedure outlined in Section A.2,
the total mass flow rate through the set of pores is given by Equation
(A.20) with

5 =
( jA.(x)dx)

y [ f
) . (A.24)

1 V
7= L

dx

f.(x)A,(x) fi(x)Ai(x)

-1
, (A.25)

and the concentration profile within each pore is given by

C.(x) fi(x)A.(x)

-1

fi(x)A.(x)

(A.26)

(A.27)

The sums are over index i and cover all N pores.

From Equation (A.24), if the pore cross-sectional areas, Ait are
not functions of x (that is, the pores have different, but uniform, cross
sections), then f^x) = 1 and the factor 5 reduces to unity. In Equation
(A.25), the pore cross-sectional areas are used as weighting factors in the
averaging of the tortuosities; the pores with the largest cross sections
are given the largest weights in the average tortuosity.

A.4 DEPENDENCE OF CONDUCTING FRACTION ON ASPECT RATIO

Finite-element calculations, as described in Appendix B, were
done for two cases of a pore with a cylindrical storage section of
rectangular cross section. The two pores are depicted in Figure A-3. Both
pores had R = 9, but in one case b = a and in the other case b = 4a. The
aspect ratio was defined as the ratio of the radius of the storage section
to the length of storage section, r/b. These two pores had aspect ratios
3/8 and 3/16, respectively.

The conducting fraction, f, was assumed to be constant throughout
the storage section of the pore. The changes in the steady-state
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concentration profile within a pore, calculated from Equation (A.5), are
shown in Figure A-4 for the case with b = a and aspect ratio 3/8, as f is
varied between its minimum value of 1/R and its maximum value of unity. For
the smaller values of t, the concentration profile is nearly linear, as it
would be for a capillary. For f close to unity, there is a strong effect
of the storage section on the concentration gradient. The gradient in the
storage section is shallow and the gradients at the entrance and exit are
steep. Thus, the diffusive flux is enhanced over that expected from a
capillary.

The steady-state concentration profiles along the pore axes
calculated by the finite-element algorithm are shovn in Figure A-5. From
the concentration profiles in Figure A-5, the values of the conducting
fraction, f, were determined using Equation (A.5). The case with an aspect
ratio of 3/8 had f = 0.50 and the case with aspect ratio 3/16 had f = 0.65.
Using these two points and the two limiting values, the curve for the
dependence of f on the aspect ratio was sketched in on Figure A-6. Then,
using the two limiting values, a family of curves for other values of R was
sketched in. Although these results were obtained for a specific
rectangular geometry, the variation of f with aspect ratio will be similar
in cases with more general geometry.
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Figure A-l Schematic Illustration of a Non-Tortuous Pore with Variable
Cross-Sectional Area, A(x)
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Figure A-2 Schematic Illustration of a Pore with Variable Tortuosity,
x(x), and Variable Cross-Sectional Area, A(x)
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APPENDIX B

FINITE-ELEMENT CALCULATIONS OF DIFFUSION

IN PORES WITH STORAGE SECTIONS
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B.I CONCENTRATION PROFILE WITHIN PORE

Numerical solutions of the diffusion equation for the region
within the pore were obtained using the simulation code FULMOD, a program
in the FULMOD/FAXMOD family (G.L. Rigby et al., unpublished data). This
code was developed at Vhiteshell Nuclear Research Establishment to examine
the behaviour of reactor components under thermal stresses. FULMOD uses a
finite-element Galerkin method to solve the diffusion equation in domains
of arbitrary geometry. The program was set up to use only the diffusion
part of its capability.

The diffusion region, i.e., the pore space, was divided into a
number of rectangular elements in a cylindrical (x,r,9) coordinate system
with rotational symmetry in the angular, 9, coordinate. Each element, as
shown in Figure B-l, had 8 nodes. A set of pores containing 1, 2, 4, 6 and
8 rectangular storage sections shown in Figure B-2 and a corresponding set
of straight capillary reference pores were used for the calculation. Figure
B-2 shows only one half of the cross section of the pore. The complete pore
was obtained by rotation about the x axis. These pores were the same as
th >se described in the sample steady-state calculations in Section 3.2.
The division of one storage section unit into elements and nodes is shown
in Figure B-3. Each storage section was two elements long and three
elements in radius, and its associated connecting sections were each two
elements long and one element in radius.

The elements were given a fixed length in the x-direction, the
diffusion direction, of 0.2 mm and radius in the r-direction of 0.5 mm.
Thus the calculations simulated diffusion in pores with lengths ranging
from 1.2 mm to 9.6 mm. The radius of the storage sections was three times
the radius of the connecting sections. With the rotational symmetry, the
cross-sectional area of the storage sections was nine times the cross-
sectional area of the connecting sections, R = 9. The aspect ratio of the
storage section was 3.75.

Constant concentration boundary conditions, C = Co at the inlet,
x = 0, boundary and C = 0 at the outlet, x = L, boundary, were used for the
calculations. All other boundaries, except the inlet and outlet, were
impermeable. Initially, the pore contained no diffusing species. The
normalized concentration, C(x,r,t)/C0, was determined at all nodes as a
function of time.

Time-step control was done automatically in FULMOD. The maximum
time step was kept short to ensure that the transient would be followed
correctly. Convergence tests showed that the calculations had converged at
all times with respect the the size of the elements, so a finer subdivision
of the pore space was not required. Comparison of nodal concentrations with
those calculated from Equation (10) for the capillary reference pore showed
excellent agreement, confirming that the finite-element algorithm gave the
correct transient and steady-state behaviour (see Figure 2).

B.2 MASS FLOW RATE OUT OF PORES

The mass flow rate, <|>(t), out of the pore across the outlet
boundary was obtained from Fick's first law
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<Kt) = - DA ^ . (B.I)
a x=L

Using the shape functions of the finite-element procedure, the
concentration gradient, dC/dx at x = L, could be obtained from an equation
that was a function of the nodal concentrations at all 8 nodes of the last
element of the pore. In all cases, the profile across this last element in
the r-direction was observed to be approximately constant and the gradient
across the element in the x-direction was observed to be approximately
linear. Under these conditions, the equation for the concentration
gradient at the outlet boundary reduced to

dC
dx

- Cn(t)Cn(
i X , - X

x=L n-1 n

(B.2)

where C,(t) is the concentration at node j, located at position x^. Node n
is the last node on the pore axis at position xn = L. Node n-1 is the
second last node on the pore axis at position xn_1. In all cases here the
distance between these two nodes is 0.1 mi and Cn(t) = 0 by the requirement
of the boundary condition at the outlet boundary.

B.3 SIMULATION OF DIAPHRAGM DIFFUSION EXPERIMENTS

Diaphragm diffusion experiments, with a zero concentration
boundary condition at the outlet face, can be operated with either large
reservoirs (static configuration) or with eluted reservoirs (dynamic
configuration). The experimental configurations are described in detail
elsewhere (Melnyk and Skeet, 1987). These diaphragm experiments operate
under the same constant concentration boundary conditions as those of the
finite-element calculations described in Section A.I. The concentration in
the dilute reservoir is not zero, however, but remains small enough to be
well approximated by the zero concentration boundary condition. The actual
small concentration in the dilute reservoir, CH(t), can be found from the
mass balance condition for the reservoir.

VR a r - - ^ * * ^ (B-3)
where VR is the volume of the reservoir and W is the volumetric flow rate
through the reservoir. In the static configurations, W = 0. The mass flow
rate out of the exit face of the diaphragm sample, <|>(t), was obtained from
the finite-element calculations using Equations (B.I) and (B.2). Equation
(B.3) was integrated, using a Runge-Kutta procedure (Abramowitz and Stegun,
1965) to give CR(t) as a function of time.

When the diffusional steady-state across the sample is reached,
<Kt) becomes constant. In the dynamic configurations, CR(t) becomes
constant. In the static configurations, CH(t) becomes a linear function of
time.

The simulations were made similar to actual experiments that are
reported elsewhere (Melnyk and Skeet, 1987). The area of the diaphragm
sample face was taken to be 15.708 cm2 and, for each case, the diaphragm
was penetrated by four identical pores, as illustrated in Figure B-2. The
porosity of the samples in all five storage pore cases was 0.00733 and in
all the corresponding capillary reference cases was 0.00200. The diffusion
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constant was taken to be 1.4 cm2/day, both in the finite-element
calculations of the concentration profiles and in the simulations of the
experiments. This value is the value for the diffusion constant for the
Nal tracer used in the laboratory experiments.

In the static configurations, the volume of the dilute reservoir
was taken as VR = 500 mL. In the dynamic configurations, the volume of the
reservoir and the flow rate, V, were chosen to maintain a steady-state
concentration similar to those found experimentally. In all dynamic cases,
WL = 216.0 cmVday, WVR = 3330 cm

6/day, and (D/L2)/(V/VR) = 0.100. This
last ratio indicates that the time constant, (VR/W), for the elution of the
reservoir is one-tenth the time constant, (L2/D), for the diffusion through
the sample. This relationship ensures that the concentrations in the
reservoir are following the approach of the diffusion process to steady
state and are not artifacts of a slow approach of the elution to steady
state.
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Figure B-l Rectangular Element with Eight Nodes
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Figure B-2 Set of Five Storage Pores with 1, 2t 4, 6, and 8 Storage
Sections (Capillary reference pores are shown for the two
shortest cases)
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Figure B-3 Division of Pore Section into 10 Elements and 49 Nodes
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