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par

J.R. Walker

RESUME

L'Energie Atomique du Canada, Limitee mene des etudes probabilistes de
la mecanique des fractures dans le cadre du programme d'etudes de 1'aptitude au service
des reacteurs de marque de commerce CANDU.

Les analyses par la methode de Monte-Carlo, qui font partie des etudes
probabilistes de la mecanique des fractures, demandent qu'on puisse echantillonner les
variables aleatoires a partir des fonctions de densite de probabilite. II faut des nombres
pseudo-aleatoires precis pour la generation exacte des variables aleatoires. Le present
rapport decrit en detail les principes de la generation des variables aleatoires et decrit
la production et verification des nombres pseudo-aleatoires. On a produit un nouvel
algorithme pour la verification correcte du treillis quant a l'independance des nom-
bres pseudo-aleatoires. On a produit deux nouveaux generateurs de nombres pseudo-
aleatoires. Ces generateurs ont d'excellentes proprietes de caractere aleatoire et on peut
les rendre entierement independents d'un type de machine particulier. On y donne les
versions pour les ordinateurs VAX et CDC.

On y donne egalement des algorithmes precis et efficaces pour la generation
de variables aleat.oires a partir des fonctions specialisees de densite de probabilite des
etudes probabilistes de la mecanique des fractures.
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VARIATE GENERATION FOR PROBABILISTIC FRACTURE MECHANICS
AND FITNESS-FOR-SERVICE STUDIES

by

J.R. Walker

ABSTRACT

Atomic Energy of Canada Limited is conducting studies in Probabilistic
Fracture Mechanics. These studies are being conducted as part of a fitness-for-service
programme in support of CANDU™ reactors.

The Monte Carlo analyses, which form part of the Probabilistic Fracture
Mechanics studies, require that variates can be sampled from probability density func-
tions. Accurate pseudo-random numbers are necessary for accurate variate generation.
This report details the principles of variate generation, and describes the production and
testing of pseudo-random numbers. A new algorithm has been produced for the correct
performance of the lattice test for the independence of pseudo-random numbers. Two
new pseudo-random number generators have been produced. These generators have ex-
cellent randomness properties and can be made fully machine-independent. Versions for
VAX and CDC computers are given.

Accurate and efficient algorithms for the generation of variates from the
specialized probability density functions of Probabilistic Fracture Mechanics are given.
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1 INTRODUCTION

Probabilistic methods are of interest to Atomic Energy of Canada Limited,
since they can be applied to a range of engineering problems, mathematical models and
parametric studies. For example, in connection with nuclear fuel waste management, they
have been applied to the transport of contaminants from a tailings site [l], and to the
mechanical behaviour of plutonic rock [2]. Now their potential role is being examined for
a general fitness-for-service approach concerning the fracture and mechanical behaviour
of reactor components.

In contrast to a deterministic approach to fitness-for-service, a probabilis-
tic approach does not use conservative bounding calculations. Instead, the parameters
that affect the reliability and safety of a component (e.g., strength, stress) are assigned
probability density functions (PDFs) based on knowledge of the component materials
and design. These PDFs are then used to produce probabilistic estimates of reliability
and safety.

Many of the probabilistic studies employ the Monte Carlo technique. In
the Monte Carlo technique, a variate (value) is sampled from each of the parameter PDFs
that comprise the system under consideration. This set of variates represents a possible
realization of the system, which has a corresponding reliability and safety consequence.
This process is repeated to produce many realizations of the system. The ensemble of
realizations provides a probabilistic estimate of the reliability and safety of the system.

This report will describe the principles by which variates are sampled from
PDFs using pseudo-random numbers. A new algorithm for the correct performance of
the lattice test for the randomness of pseudo-random numbers will be presented. This
lattice test algorithm has been used to produce two new portable pseudo-random number
generators that have excellent randomness properties. Algorithms for the generation of
variates from the specialized PDFs of probabilistic fracture mechanics (PFM) will be
given, and efficient implementations that incorporate the new pseudo-random number
generators will be described.

2 PRINCIPLES OF VARIATE GENERATION

If A' is the value of parameter x, then the PDF of parameter x (fx(x)) is
the probability of A' being in the interval [x,x -+• Sx}. That is,

fs{x) - lim Pr(z < X <x + 6x). (1)
6x—>0
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The cumulative distribution function (cdf)* of x (Fx(x)) is the probability of A' being
less than or equal to x. The cdf is related to the PDF through the equation

Fx(x) = Pr(X < x) = fX fx(x')dx', (2)
J — oo

where x' is a dummy integration variable that represents the parameter x. From the
definition of Equation 2, the cdf is non-decreasing with Fx( — oc) — 0 and Fx(oo) = 1.

The inverse function F'1 is defined by

F-'iy) = ini\x : Fx{x) > y] 0 < y < 1. (3)

That is, F^(y) takes the smallest value of x for which Fx(x) > y. Now, if U is uniformly
distributed on the interval (0,1) and a random variate Y is defined as

Y = F-\U), (4)

then

Pr(r <y) = PT[F~\U) < y] = Px{U < Fx(y)} = Fx{y) = Pr(A' < y). (5)

Thus, X and Y must have the same distribution. This result enables, in principle, variates
from any distribution Fx to be produced by operating upon the uniform distribution
(i/(0,1)) with the inverse transform F~l. That is, to obtain a variate X. generate a
value U from U(0,1), and calculate A' = F~l[U).

To apply the inverse transform method, the function F~* must exist in
closed analytical form. If F"1 does not exist in explicit form, or if the inverse trans-
form method is inefficient, then other generation techniques such as composition]3} or
acceptance-rejeclionlA^} must be employed. Examples are given later in this report.

The inverse transform and other techniques require the production of vari-
ates from £Y(0,l). Variates from i/(0,1), produced on digital computers, are usually
referred to as pseudo-random numbers.

3 GENERATION OF PSEUDO-RANDOM NUMBERS

Devices have been constructed to produce true random numbers [6,71. How-
ever, the use of such devices for the Monte Carlo method is neither practical nor desirable.

The random numbers used in the Monte Carlo method are termed pseudo-
random, and are generated from a strict mathematical sequence. The advantage of

•The customary abbreviation for the cumulative distribution function is CDF. This report uses cdf
as the abbreviation for cumulative distribution function to distinguish it from the crack driving force
(CDF).
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pseudo-random numbers is that identical sequences of numbers are produced if the same
starting point in the sequence is used.

Several methods exist for the generation of pseudo-random numbers, in-
cluding shift register sequences [8], and Fibonacci recurrence [9]. The former method
produces sequences that do not satisfy the statistical tests for randomness (see Section 4),
and the theoretical properties of the latter method are not well understood.

The most common, and successful, method of generating pseudo-random
numbers is the linear congruential method [lOj. In this method, a sequence of pseudo-
random integers is generated using the relationship

A',^] — (aXi + c) mod m, (6)

where Xt. a. and c are integers in the set { 0 , 1 , . . . ,m - ]}. The constants o, c, and m
are, respectively, termed the multiplier, the constant, and the modulus of the generator.
Pseudo-random numbers ((/,) are produced by the division (in real arithmetic) of A'; by
the modulus. That is,

lri = Xi/m. (7)

If c - 0. the generator is termed multiplicative and ?/, C (0,1). If c. ̂  0, the generator is
termed mixed and Ui G '0,1).

The pseudo-random sequence will eventually repeat itself. The length of
the sequence before repetition is termed the period (p) of the generator. For example,
the set a --• 5,r - \.m — 16 produces the pseudo-random sequence

Xi 0,1,6,15.12,13,2,11,8,9.14,7,4,5.10,3,0,. . . (8)

that has p - 16. The repetition of the sequence is undesirable within a Monte Carlo
study, so the period of the generator should be maximized. The multiplier, constant,
modulus, and (in some circumstances) the starting seed (A'o) have to be chosen carefully
so that the period is maximized. Number theory can be utilized to show:

• A mixed congruential generator has full period (p -•• m) if, and only if,

1. c and m are relatively prime (have no common factors),

2. a -- 1 (mod </). if q is a prime factor of m. and

3. a : 1 (mod 4). if 4 divides m.

• A prime modulus multiplicative generator has maximal period (p — m - 1) if, and
only if. a is a primitive root, modulo m. That is, a"1'1 = ] (mod m) and aq ^- 1
(mod rn) for 0 < q < m 1, with q integer.

• A multiplicative generator with modulus m 23 (where (5 is an integer) has max-
imum period (p •-- m/4) if. and only if, A'o is odd and a = 3 (mod 8) or a = 5
(mod 8).
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4 TESTING OF PSEUDO-RANDOM NUMBER GENERATORS

The use of the theorems, given in Section 3, to maximize the period provides
a foundation for the production of a good generator. Any potential generator must,
however, be further tested, since the maximization of the period does not guarantee an
acceptable generator.

4.1 EMPIRICAL TESTS

A number of empirical tests for the uniformity of pseudo-random numbers
have been devised. Examples are the x2 test [11] and the Kolmogorov-Smirnov test [12].
These tests use some statistical criterion to determine whether or not a given generator
produces pseudo-random numbers that are uniformly distributed. That is, they test
whether U> £ W(0,l).

Independence testing aims to measure how a pseudo-random number is
dependent upon the preceding numbers in the sequence. Examples of independence tests
are the Poker test [6], the Serial test [13], and the runs test [14].

The empirical tests are useful for examining sub-sequences of output from
pseudo-random number generators. They are, however, not entirely satisfactory for test-
ing the randomness of a generator. If the theorems of Section 3 are used to maximize the
period, the generator will usually pass the empirical tests. As an example, the widely
used generator RANDU [15] passed a number of empirical tests [16], but is known to be
a poor generator.

4.2 THEORETICAL TESTS

The theoretical tests for independence are more useful than the empirical
tests, because compliance with the theoretical tests has been shown to exclude generators
that are known to be poor.

To use one of the theoretical tests for independence, one takes the points
(n-tuples) in the n-dimensional hyperspace {UiVi^iUi+2 •••£A+n-i)i produced by laking
all values for i in the full pseudo-random sequence. It is found [17] that these points lie
on a lattice in rc-dimensiona] space. The density of these points in n-space is a measure
of the randomness of the generator.

Examples of the 2-lattice and the 3-lattice for the generator A'1+i = 45.Y; mod
1024 are given in Figures 1 and 2. respectively. The 2-lattice is formed by using the
entire pseudo-random sequence to produce the points (U1U2, U2U3,..., UpU\). Similarly
the 3-lattice consists of all the points {UiU2l\, U2U3U4,..., UpUlU2).
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2-Lattice when a = 45, c = 0, m = 1024

liii0.8

0.6

0.4 m/mm.
x

0.2 *

0.2 0.4 0.6 0.8 1.0

FIGURE 1: 2-Lattice for Generator Xi+1 = AhX{ mod 1024.
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3-Lattice when a = 45, c = 0, m = 1024

FIGURE 2: 3-Lattice for Generator A'i+i = 45 A\ mod 1024.
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4.2.1 The Lattice Test

In the standard lattice test [18,19], the lattice formed by the n-tuples in
7i-dimensional space (UiUi+iUi+2 ... £^+n-i : V i) is generated, and, subsequently, the
smallest unit cell in this space is determined. The critical value in this test is the ratio of
the longest to the shortest sides (Ln) of the primitive unit cell in n-space. Marsaglia [19]
recommends that Ln should be as close to unity as possible, and that Ln < 2 signifies an
acceptable generator. This test on the value of Ln is repeated for several values of n to
determine the overall acceptability of the generator.

Previously published algorithms [18,19] will, in most cases, identify the
smallest unit cell in n-space. Unfortunately, these algorithms can give different primitive
unit cells, depending upon some arbitrary ordering of lattice vectors. This ambiguity of
primitive unit cell can lead to incorrect lattice test results.

For the present study, the author has devised a new algorithm to unam-
biguously identify the smallest unit cell (the reduced basis). The details are given in
Appendix A. Using the new lattice test algorithm, a study was made of potential pseudo-
random number generators. Two new generators, i.e., A,+i = (185229Ar, -f 1) mod 232

and A'j+i — (16782221 A'; + 1) mod 248 have been produced. Both of these generators have
excellent lattice properties. Lattice test results for a selection of the best congruential
generators (including those produced in this work) are given in Table 1. The results for
a generator [20] that has poor lattice properties are included for contrast. Table 1 shows
that i 2 , L3, Z.4, and L5 for the new generators are closer to unity, and hence have better
lattice properties than previously published generators.

TABLE 1: Lattice Test Results for a Selection of Generators.

1

i a

185229

16782221

j 69069

16807

1 397204094

! 129

c

1

1

1

0

0

1

m

232

248

2 3 2

2 3 1 - 1

2 3 1 - 1

235

Name [Reference] / Use

This Work

This Work

Superduper [21]

[22] / APL, IMSL GGUBS

[23] / IMSL GGUBT

[20:

L2

1.04

1.11

1.06

7.6

2.82

2064640

Lz

1.16

1.23

1.29

3.39

2.63

16005.0

L4

1.18

1.14

1.30

2.07

1.50

124.08

Z5

1.24

1.21

1.25

1.68

1.32

1.04

An example of the advantages of the pseudo-random number generators
that this study has produced is illustrated in Figure 3. This figure shows a histogram
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Distribution Tail using Good Generator

Theory

2.75 3.00 3.25 3.50 3.75 4.00 4.25 450

FIGURE 3: Normal Distribution Tail from 106 Realizations using Good Generator.

of the tail region of 106 unit normal variates produced using the generator A'{+] =
(185229Xi + I)mod232 . It can be seen that there is excellent agreement with the
theoretical distribution. By way of contrast, Figure 4 gives a similar histogram produced
using a generator [20] with poor lattice properties.

4.2.2 The Spectral Test

The spectral test [24] for independence is similar to the lattice test except
the test is formulated in reciprocal space. The n-tuples are generated in a manner
identical to the lattice test. The distances between hyperplanes in n-space are equal to
1/Vn, where un is the characteristic frequency.

The object of the spectral test is to calculate the volume of the unit cell in
reciprocal space (fin) in n-space, where

fin = (n/2)!m" (9)
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Distribution Tail using Poor Generator

1600

1400*

1200"

lOOO"

800"

600"

400"

200"

Theory

2.75 F 3.00 325 ' 3.50 3.75 4.00 425 4.50

FIGURE 4: Normal Distribution Tail from 106 Realizations using Poor Generator.



- 10 -

Large values of fin (> 1.0) correspond to good pseudo-random number generators. It is
not elementary to determine //n, but approximate methods have been published [24,25].

Since both the lattice and spectral tests have the same foundations, the
two test methods give similar results; small values of Ln tend to correspond to large
values of /zn. Table 2 gives the lattice and spectral test results for the generator Ar;+i =
513A', mod 231 — 1. Table 2 demonstrates that small values of Ln tend to correspond to
large values of /in, and vice versa.

TABLE 2: Lattice and Spectral Test Results when Xi+i = 513X; mod 231 - 1.

; |n

2

3

4

5

6

Ln

8160.1

15.91

5.09

7.04

1.69

3.85 x 10-4

0.26

6.10 x 10"2

8.35 x 10~2

1.86

5 IMPLEMENTATION OF PSEUDO-RANDOM NUMBER GENERATORS

There are three major considerations in the implementation of a pseudo-
random number generator: the period, the randomness, and the portability.

5.1 PERIOD

Most digital computers have integers that are either 32-bits (VAX, IBM
mainframes) or 48-bits (CDC) in length. This effectively limits the modulus to be at
most 232 or 248, respectively.

From the theorems of Section 3, the period is maximized by employing
mixed congruential generators, in which case p = m. Multiplicative generators with
either a prime modulus (e.g. 231 - ]) or m = 2" have shorter periods of p — m - 1 and
p - m/4, respectively.
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5.2 RANDOMNESS

The testing methods of Section 4 have been employed to determine the
randomness of potential mixed congruential generators. The spectral test results for the
generators Xi+1 = (185229X; + l) mod 232 and Xi+i = (1678222LY; + 1) mod 248 are
given in Table 3. The lattice (Table 1) and spectral (Table 3) test results show that
these two generators have excellent randomness properties, and are recommended as the
pseudo-random number generators * for PFM.

TABLE 3: Spectral Test Results for the Recommended Generators.

a

185229

16782221

c

1

1

m

232

248

3.25

3.14

/*3

3.34

3.83

4.43

5.89

Ms

3.05

4.24

4.13

3.53

5.3 PORTABILITY

Another consideration is that of portability. It is advantageous if the
pseudo-random number generator is portable between different computers. An advantage
of m = 2s generators, which has not been noted in the literature, is that they potentially
allow full portability.

The pseudo-random numbers are generated by calculating the quotient
Ui = A'i/m in real arithmetic. If sufficient precision is used (double precision on 32-bit
computers), both A'; and m can be represented without error in floating point arith-
metic. Now, if m is a power of two then, when represented as a floating point number,
m will have zero mantissa. Thus if m = 2", then Xi/m is calculated by subtracting the
characteristic of m from the characteristic of A';. The consequence of this simple division
process is that U{ = A'i/m will be represented exactly as a floating point number. That
is, there will be no rounding error associated with the calculation of I/,-. If m is not a
power of two (e.g. 231 - 1) then the division Xi/m. will be subject to rounding errors, and
may give different results on different computers.

The two recommended generators have m = 2^, and hence can be made
fully portable. Appendices B, C, and D contain FORTRAN code for the fully portable

Ufa multiplicative generator is acceptable, then A'1+i = 19073664296501 Xt mod 248 [26] is recom-
mended. This generator has good lattice properties, but a shorter period of p = 246.
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generator Xi+l = (185229X; 4- 1) mod 232 for VAX, CDC, and IBM PC computers, re-
spectively. The FORTRAN code contained in these appendices will produce exactly the
same pseudo-random numbers when run on the applicable computer. Similar considera-
tions apply to the other recommended generator Xi+1 = (16782221^ + 1) mod 248.

Having determined a good uniform pseudo-random number generator, we
are in a position to generate variates from the PDFs of importance to probabilistic
fracture mechanics.

6 VARIATE GENERATION FROM THE UNIFORM DISTRIBUTION

The distribution that is uniform between two values (a, b) is denoted W(a, b),
and has

f a) a<x<b

0 otherwise.

The inverse transform method can be trivially used to produce variates from M(a,b). The
following algorithm will produce variates from I4(a,b):

1. Generate U from U(a,b).

2. X <- a + {b- a)U(a,b).

3. Deliver X.

7 VARIATE GENERATION FROM THE EXPONENTIAL DISTRIBUTION

The time between failures is frequently described by an exponential distri-
bution. An exponential variate has PDF

xl0 0 < x < oo,/3 > 0
~ (11)

0 otherwise,

and is denoted £(j3).

The inverse transform method can be used to produce variates from £(/?)•
Iff/ £W(O,1), then

U = FX(X) = 1 - e~x/0, (12)
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and hence,
X = -pin{l-U). (13)

Since (1 — U) is also uniformly distributed,

X = -f3]nU. (14)

The following algorithm will produce variates from £(0):

1. Generate U from 14(0,1).

2. X <- -p\aU.

3. Deliver A'.

8 VAR1ATE GENERATION FROM THE NORMAL DISTRIBUTION

The normal distribution is widely used in probabilistic fracture mechanics,
particularly to describe measurement errors. The normal distribution is denoted Af(fi, <r),
and has PDF

{
0 otherwise,

where ft and a are the mean and standard distribution of the distribution, respectively.
The inverse function F~l does not exist in analytical form for the normal

distribution. Approximations to F~l are, however, available [27,28], and hence approxi-
mate methods are occasionally employed [29].

Another method that is often used in simulation [30] is based on the central
limit theorem. This method is based on the result that J\2lnYJj=\(Uj — 0.5) converges
to A/"(0,1) as n becomes large.

The polar method [31 j is a further method for the production of normally
distributed variates. If A' and Y are independently normally distributed then the polar
coordinates (R,Q) of X,Y are independent, with 0 £ W(0,2TT) and R2 6 £(2). This can
be reversed, so that, given two variates 0 € U(0,2ir) and R2 £ £(2) two independent
normally distributed variates are produced. We have derived the following algorithm as
an optimized version of the polar method for the production of variates from Af(fi,tr):

1. A <- 0.

2. if .4 = 1, then .4 <- 0 and deliver Y.



- 14 -

3. Generate Ux from W(0,1).

4. Generate U2 from 11(0,1).

5. Vj 4 - 2C/a - 1.

6. V3 *- 2L/2 - 1.

7. 5 «- Vj2 + V2
2.

8. if S > 1 go to 3.

9. Z «- y/-2hk S/S.

10. A' «- ViZ<r + /i.

11. y «- F2Z<r + /i.

12. .4 «— 1 and deliver A'.

13. go to 2.

To compare the three methods, 500 000 unit normal variates were generated
using the approximate method, the central limit theory method (CLT), and the polar
method. The results are given in Table 4. The sample results show that the central limit
theorem method produces a distribution that is not a good approximation to a normal
distribution (kurtosis = 3 for Af(0,l)). The approximate and polar methods produce
results that are similar to within statistical error. The polar method is recommended
since it is exact rather than approximate, and uses considerably less computer time.

TABLE 4: Results for 500 000 Unit Normal Variates using Different Methods.

Method

Approximate

CLT

Polar

Sample Results

-0.002

-0.003

-0.001

(T

1.000

1.000

0.999

skewness

-0.007

0.001

-0.003

kurtosis

2.996

2.900

3.001

Relative CPU Time

VAX FORTRAN

2.30

2.53

1.00

Other methods exist for the production of normally-distributed variates
[32], but these are difficult to implement without recourse to assembler language routines.
Consequently, they are not recommended for use in PFM.
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9 VARIATE GENERATION FROM THE LQGNQRMAL DISTRIBUTION

The lognormal distribution is frequently used to describe stochastic pro-
cesses that are the product of several independent events [33]. This, and its close relation-
ship to the normal distribution, leads to a widespread use of the lognormal distribution.
If Y is from Af(/z,o-), then A' = e1 has the lognormal distribution with PDF

exp [-C"!?^] 0 < i < oo
/,(*) = { °*^ ^ ^ J - (16)

0 otherwise,

and is denoted CAf(fi.cr). The following algorithm will generate variates from CAf(ii,a):

1. Generate Y from Af(0, l).

2. Y «- n + Ya.

3. X ^-eY.

4. Deliver X.

If desired, logarithms to the base 10 can be used rather than natural loga-
rithms. If base 10 logarithms are used, step 3 of the above algorithm should be replaced
bv A' «- 10v'.

10 VARIATE GENERATION FROM THE WEIBULL DISTRIBUTION

The Weibull distribution is widely used in the study of the strength of
materials [34]. It has PDF

{ j2_xa-ie-(x/0r o < a: < oc,a > 0,/? > 0

0 otherwise,

and is denoted W(a,i?).

The inverse transform method can be used to sample from the Weibull
distribution. Since, if

U =•- Fx(x) = 1 -e-W, (18)

then
A' = /3(-ln(l - U)Y/a. (19)
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Now 1 - U is also from 14(0,1), so

X =0{-\nUy'a (20)

or
= -lnU. (21)

Now, since — In 1/ is from £(l), the following algorithm will generate variates from the

1. Generate V from

2. X <

3. Deliver X.

11 VAR1ATE GENERATION FROM THE GAMMA DISTRIBUTION

Stress intensity factors are often described by the gamma distribution [35].
It has PDF

<«..>o./»o (22)

otherwise,

and is denoted Q(a,f3).

The gamma distribution has a reproductive property that is convenient for
variate generation. If A"i, . . . , Ar

n are a sequence of variates with Xi £ £/(«*,/?), then
X = J2t=i Xi is from G(a,/3), where a = £"=i a«*

In the case of a being integer, Q(a,f3) is the sum of a exponential variates.
If a is integer, the following algorithm can be used to generate variates from G(o, 0):

1. A' 4- 0.

2. A+-1.

3. Generate U from 2/(0,1).

A. A*- AU.

5. If Q = 1, A' = -/31n A and deliver A'.

6. a = a — 1.

7. Go to 3.
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The CPU time required for the above algorithm is proportional to a. This
distinguishes the gamma distribution from all the distributions previously given in this
report, whose CPU times are essentially independent of parameter values.

If a is non-integer, other generation techniques [36] have to be employed.
Again, the CPU time is parameter dependent. If a > 1, the following algorithm may be
used to generate from Q(a,/3):

1. a*- ( 2 a - I)-1?2.

2. b<- a - I n 4 .

3. c<- a + ( I / a ) .

4. Generate Ux from W(0,1).

5. Generate U2 from #(0,1).

6. V *- aln[C/a/(l - E/j)].

7. X <- a e v .

8. If b + cV ~ X > ln{U?U2),X «- /?A\ Deliver X.

9. go to 4

12 VARIATE GENERATION FROM THE BETA DISTRIBUTION

Bounded variates are frequently described by beta distributions. The beta
distribution has PDF

0 otherwise,

and is denoted Be(a,i3). The principle advantages of the beta distribution is that is it
bounded (at x ~ 0 and x •- 1) and a wide variety of shapes can be accommodated by
changing the values of a and /?. It is well known from probability theory that if }'i and
)'2 are independent and from G(<*, 1) and G(/3,1), respectively, then A' = }\/(Yi + )r

2) is
from Be(a,/3). Therefore, the following algorithm can be used to generate variates from

1. Generate } \ from Q(a,\).

2. Generate Y2 from G{3,1).
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3. X «- Y1/(Y1 + Y3).

4. Deliver X.

Since this algorithm uses variates from the gamma distribution, execution
time will again be parameter dependent.

13 VARIATE GENERATION FROM THE TRIANGULAR DISTRIBUTION

The triangular distribution is occasionally employed for bounded variables,
and is included here for completeness. The distribution is fully specified by the minimum
(a), the mode (/3), and the maximum (7). It has PDF

/*(*) =
2(T-g) 8 < X < 'V

h-aK-,-0) P ^ X ^ 7
0 otherwise,

(24)

and is denoted T(a,/3,i). The following algorithm will generate variates from T(a,/3,7):

1. Z\ <— 7 — a.

2. Z2 <- j3 - a.

3. Generate [/ from W(0,1).

4. If U > Z2/Zi go to 7.

6. Deliver A", go to 3.

7. A' <- 7 -

8. Deliver A', go to 3.

14 CPU TIME REQUIREMENTS FOR VARIATE GENERATION

Efficient implementations of the variate generation algorithms have been
produced, incorporating the new pseudo-random number generators. Table 5 gives the
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TABLE 5: Generation Times for 100 000 Variates using FORTRAN (VAX 8650).

Distribution Type

Uniform
Exponential
Triangular

Normal
Lognormal

Weibull
Gamma"

Beta6

CPU Time
(seconds)

5.41
15.18
15.53
18.64
27.81
39.95
59.26
143.69

"Typical value. Execution time varies with parameter values.

'Typical value.

execution time for the generation of 100 000 variates, for each of the distributions, im-
plemented in FORTRAN on a VAX 8650 computer.

It can be seen from Table 5 that the CPU time increases rapidly with the
number of transcendental functions required for the algorithm. This is to be expected,
since the evaluation of transcendental functions involves the use of extended series or
polynomials, both of which are time consuming.

15 CONCLUSIONS

A new algorithm has been produced for the correct performance of the
lattice test for the independence of pseudo-random numbers. Two new, full period,
congruential generators have been produced, which the lattice test confirms have excellent
randomness properties. The two generators are Ar

1+1 = (185229Ar, + 1) mod 232 and
AVi = (1678222JA',) mod 248 for 32-bit and 48-bit computers, respectively. In addition
to excellent randomness properties, these two generators can be made fully portable and
are recommended for general Monte Carlo simulation. Implementations for VAX and
CDC machines have been given.

Algorithms have been derived for the generation of variates from the spe-
cialized probability density functions of probabilistic fracture mechanics. In combination
with the derived pseudo-random number generators, the implementation of these al-
gorithms allow probabilistic fracture mechanics studies to be accurately and efficiently
undertaken.
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APPENDIX A

LATTICE TEST ALGORITHM

The difficulty in performing the lattice test for the independence of pseudo-
random numbers is the determination of the reduced basis (primitive unit cell) of the
ra-lattice.

The ra-tuples (A',A'i+iA'i+2 . . .A\+ n_i : V i) all lie on the lattice generated
by the rows of the matrix E, where

/ 1 a a2 ... o""1 \
0 m 0 . . . 0

E = 0 0 m . . . 0

0 0 0 m

(25)

\J V V • • • • • V J

The row vectors of the lattice E are denoted e, (1 < i < n). The basis is reduced if

where z-i,... ,zn are arbitrary integers with

^ (26)

, . . . , zn) - 1.

We have developed a new algorithm to find the reduced basis of E using the
theory of quadratic form reduction [37,38]. The following algorithm will unambiguously
identify the reduced basis and determine the value of Ln:

1. [Initialize.] Generate the lattice E using Equation 25.

2. i Pair Reduction.] For each pair of vectors in E (e^, e^), calculate / to be the nearest
integer to e^e-j/ei.ei. If ''Cj-jl > \\ej - Ze^ji, replace ej with ej - /e^. Repeat until
no further reduction is possible.

3. Quadratic Form Reduction.: For every possible fc-tuple (1 < k < n) of E, calculate
the vector e'. where

e ' -£(±)c , e > . (27)
. 7 = 1

The allowable values of r, for various values of k are given in Table 6. If any vector
e' of the A-tuple (say e}) has j e'j < JiCj j . , then replace ej by e'. Repeat until no
further reduction is possible.
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4. [Lattice Test.] Calculate Ln (the ratio of the longest to the shortest Euclidean
lengths of the reduced basis E).

TABLE 6: Allowable Values of c.

1 k
1
2
3
4
5
5
6
6
6
6
7
7
7

i 7
7

! 7

; 7
1 7
i 7

7
! 7

I 7

1
1
1
1
1
1
1
1
1
1
1

1

1
I
1
1

1
1
1
1
1

1
1
1
1
1
1
1
1
1
1

1
-I

1
1
1
1
1
1
1
1

1

C3

1
1
1
1

1
1
1
1
1
1
1
1
1
1
]

1
1
]

]

1

C4

1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
2
2

1
2
1
1
2
2
1
1
1
1
1
2
2
2
2
2
2
2

c6

1
o

2
3
1
1
1
2

2

2
3
3
2
3

1
2
3 j
2 I
3 !

2 !
3 i
4 j
3 i

4 !
3 !
4
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APPENDIX B

VAX VERSION OF GENERATOR Xi+1 = (185229^ + 1) mod 232

32-bit integer computers store integers as 32 binary digits. Multiplication
of two numbers represented in this way produces the product of the two numbers modulo
232. However, when used in algebraic expressions, a stored integer Xi is considered
positive or negative according to:

A; if 0 < A, < 231

(28)
- 2 3 2 + Xi if 231 < Xi < 232 - 1

The piecewise linear function in the range — 231 to 231 — 1 produced by a
computer multiplication has exactly the same properties as the multiplication of positive
integers modulo 232. The following FORTRAN code correctly reproduces the pseudo-
random sequence based on the congruence A'i+J = (185229A'i + 1) mod 232:

SUBROUTINE BONRAN(RANDOM,ISEED)
C An implementation of t he
C Pseudo-Random number Generator :
C newseed = (185229 * oldseed + 1 ) mod 2**32
C random v a r i a t e = newseed / 2**32
C
C This subrou t ine i s in tended t o be used on machines which have
C 32 b i t i n t e g e r s and do not recognize in t ege r overflow as
C an e r r o r .

DOUBLE PRECISION FTW032.TEMP
INTEGER ISEED
PARAHETER(FTW032 = 4294967296.0D0)
ISEED = ISEED * 185229 + 1
TEMP = DFL0AT(ISEED) / FTW032
IF (TEMP .LT. 0.0D0) TEMP = 1.0D0 + TEMP
RANDOM = TEMP
RETURN
END
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Integer overflow detection must be inhibited when compiling this subroutine
or the subroutine will terminate as soon as (ISEED*185229+1) is greater than 231 — 1.
On the VAX 8650 computer this is done with the /CHECK=NOOVERFLOW modifier
to the SFORTRAN command.
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APPENDIX C

CDC VERSION OF GENERATOR Xi+1 = (185229A^ + 1) mod 232

The complications caused by word length and sign bit associated with the
VAX implementation do not arise on the CDC with its 48-bit integers. The following
code will exactly reproduce the results of the code given in appendix B for the VAX 8650.

SUBROUTINE BONRAN(RANDOM,ISEED)
C An implementation of the pseudo-random number generator :
C newseed = (185229 * oldseed + 1) mod 2**32
C random variate = newseed / 2**32
C
C This subroutine i s intended to be used on machines which are
C capable of performing the necessary integer arithmetic
C without error .

REAL FTW032
INTEGER ISEED,TW032
PARAMETER(FTW032 = 4294967296.0E0)
PARAMETER(TW032 = 4294967296)
ISEED = MOD(185229 * ISEED + 1.TW032)
RANDOM = FLOAT(ISEED) / FTW032
RETURN
END
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APPENDIX D

IBM PC VERSION OF GENERATOR Xi+1 = (185229X; + 1) mod 232

The following FORTRAN code is primarily intended for 32-bit computers
that do not allow the suppression of integer overflow detection. A typical reason might
be that the representation of — 231 is reserved for system purposes. A typical example
is an IBM personal computer running Microsoft FORTRAN. The code is portable and
could be used on any computer that has at least 32-bit integers. The code could be used
as an alternative to the code given in Appendices B and C, although it would be much
slower in execution.

SUBROUTINE BONRAN(RANDOM,ISEED)
C An implementation of the
C Pseudo-Random number Generator :
C newseed = (185229 * o ldseed + 1) mod 2**32
C random v a r i a t e = newseed / 2**32
C
C
C This funct ion i s intended t o be portable between machines which
C have at l e a s t 32 b i t i n t e g e r s i n the range - (2**31-1) t o 2**31-1.
C

DOUBLE PRECISION FTW032,TEMP,RANDOM
INTEGER CARRY.HIBITS.LOBITS.MAXINT.MTW031,ISEED.TW015,TW016
PARAMETER(FTW032 = 4294967296.0D0)
PARAMETER(MAXINT = 2147483647,MTW031 = -2147483648)
PARAMETER(TWO15 = 32768,TW016 = 65536)

C CHECK IF SEED NEGATIVE, AND RECREATE CORRECT POSITIVE SEED.
IF (ISEED.LT.O) THEN

ISEED = ISEED + 1
ISEED = ISEED + MAXINT
HIBITS = ISEED / TH016
LOBITS = ISEED - (HIBITS * TW016)
HIBITS = HIBITS + TW015

ELSE
HIBITS = ISEED / TW016
LOBITS = ISEED - (HIBITS * TW016)

END IF
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FORM FIRST PARTIAL PRODUCT
LOBITS = LOBITS * 20581
CARRY = LOBITS / TW016
LOBITS = LOBITS - (CARRY * TW016)
HIBITS = HIBITS * 20581
HIBITS = HIBITS + CARRY
CARRY = HIBITS / TW016
HIBITS = HIBITS - (CARRY * TW016)
FORM SECOND PARTIAL PRODUCT

LOBITS = LOBITS * 9
CARRY = LOBITS / TW016
LOBITS = LOBITS - (CARRY * TW016)
HIBITS = HIBITS * 9
HIBITS = HIBITS + CARRY
CARRY = HIBITS / TW016
HIBITS = HIBITS - (CARRY * TW016)
ADD ONE

LOBITS = LOBITS + 1
CARRY = LOBITS / TW016
LOBITS = LOBITS - (CARRY * TW016)
HIBITS = HIBITS + CARRY
CARRY = HIBITS / TW016
HIBITS = HIBITS - (CARRY * TW016)
CARRY = HIBITS / TW015
HIBITS = HIBITS - (CARRY * TW015)
ISEED = (HIBITS * TW016) + LOBITS
CREATE NEGATIVE SEED IF NECESSARY, AND CREATE RANDOM VARIATE.

IF (CARRY .Eq. 1) ISEED = MTW031 + ISEED
TEMP = DFLOAT(ISEED) / FTW032
IF (TEMP .LT. O.ODO) TEMP = l.ODO + TEMP
RANDOM = TEMP
RETURN
END
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