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A* LA MICROFISSURATION DÉPENDANTE DU TEMPS D'UNE ROCHE PLUTONIQUE

par

W.F. Heinrich

RÉSUMÉ

On propose une transformation pour un modèle phénoménologique
simple de microfissuration. Elle établit la relation de l'évolution de la
microfissure d'un solide élastique (roche plutonique) sous diverses macro et
micro-contraintes temporelles. Avec ce modèle, dans le cas d'une propriété
de roche variant par suite de la microfissuration, on peut se servir de
l'évolution calculée et déterminée expérimentalement de cette propriété pour
une évolution donnée de contraintes de sorte à déterminer l'évolution de
cette même propriété pour la même fourchette de variation et toute autre
évolution de contraintes. On peut, par exemple, se servir de la transforma-
tion pour extrapoler le temps court de microfissuration due aux contraintes
thermiques à des échelles de temps trop longues pour pouvoir les déterminer
expérimentalement. Ceci est intéressant pour l'évaluation du comportement à
long terme de la roche entourant une enceinte de déchets nucléaires radio-
actifs de forte intensité et dans laquelle la microfissuration thermique
pourrait se produire au cours de dizaines de milliers d'années. On suggère
des stratégies expérimentales pour valider le modèle phénoménologique. Dans
les cas où on obtient des résultats par les modèles mathématiques correspon-
dants, la transformation facilite le calcul efficace de fonctions n'étant
dépendantes que de l'état de la microfissure lorsqu'on a calculé celles-ci
pour toute évolution appropriée de contraintes.
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ABSTRACT

A transformation for a simple phenomenological model of micro-
cracking is proposed. It relates the evolution of microcrack size in an
elastic solid (plutonic rock) under different temporal macro- and micro-
stresses. In this model, for a rock property that changes as a result of
micro-cracking, both the calculated and the experimentally determined
evolution of that property for a given stress history can be used to deter-
mine the evolution of that property (for the same range) for any other
stress history. For example, the transformation can be used to extrapolate
the short-term extent of microcracking due to thermally induced stresses to
time scales too long for experimental determination. This is of interest
in assessing the long-term behavior of rock surrounding a high level
nuclear waste vault, where thermally induced micro-cracking may take tens
of thousands of years to develop. Experimental strategies are suggested
for validation of the phenomenological model. Where results are obtained
from the corresponding mathematical models, the transformation facilitates
the efficient calculation of functions that depend only on the state of
microcrack size once the functions have been calculated for any convenient
stress history.
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1. INTRODUCTION

Atomic Energy of Canada Limited is assessing the disposal of
nuclear fuel waste in a vault in hard rock [1]. The nuclear fuel waste
(apart from fission gas) is a solid with a low solubility. The waste is to
be placed in corrosion resistant containers, which then will be embedded in
a bentonite clay. Hence, the release of radionuclides from the vault
should be far into the future. The transport of radionuclides from the
vault depends on the condition of the host rock when nuclides are being
released. Therefore, to assess the performance of the waste vault, it is
necessary to estimate the state of the host rock far into the future.

A mechanism that can alter the natural evolution of the host rock
is microfracturing caused by perturbations in the stress state of the rock.
Significant stress perturbations can result from the excavation of the
vault and from temperature changes due to decay heat generated in the
vault.

Wilkins et al. [2 to 5] have developed a model (MCROC) to esti-
mate the extent of microcracking in a rock mass due to heat from waste.
They observed that, in their model, the times taken for a crack to grow
from an initial length Lo to some other length L for two different initial
stresses can be expressed by a simple relationship [3]. This can be con-
sidered to be the starting point of the present paper. It is shown that
transformations can be developed for the underlying phenomenological model
that make it possible to predict the long-term evolution, for arbitrary
stress histories, of rock properties that depend on the microcrack popula-
tion. To use the transformation for predicting the future evolution of
such rock property requires three pieces of information:

(i) the evolution of that propeiry for a known stress history,
(ii) the future stress history of the rock mass, and
(iii) an experimentally determined constant.

Experimental strategies are suggested to test the validity of the
underlying conceptual model. Hence, ideas expressed in this paper can be
tested experimentally and may lead to a better predictive basis for the
long-term performance of a nuclear fuel waste disposal vault.

2. SUMMARY OF THE MATHEMATICAL MODEL

Crack growth in an elastic solid due to stress-dependent corro-
sion [3] is often characterized by an ordinary differential equation of the
form :

dL .vn

dT = Mi

where L is crack length, A and n are constants and Kt is the Mode I stress-
intensity factor. The stress-intensity factor is usually expressed in the
form:
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Kx = YCT/L (2)

where Y=Y(L,a) is a function characteristic of the geometry of the object
containing the crack, a is a vector of parameters determined by the shape
of the solid object and cr is the global stress appropriate for that crack.
Hence, crack growth is in this case described by the differential equation:

jj£ = A(Ya/L)" (3)

If 0 can be written as the product of two factors gf, where g does not
explicitly depend on L and f does not depend explicitly on time, e.g., if

a = g<t)f(L,a> (4)

then growth curves of the same crack for different stress histories can be
mapped onto one another. This is the case in the model MCROC where a is
generated by differential thermal expansion of crystals in the rock and the
coefficient of thermal expansion is constant for each crystal (a « T(t)).
Consequently, the solution of the equation for a convenient stress history
can be used to find the solution for any other stress history.

In the discussion to follow, the functions g and f will be
assumed to be positive and continuous while L varies from Lo to Lf. Lo is
some initial crack length at t = 0, and L£ is the crack length at time t.
Equations (1) to (4) characterize MCROC. The transformation introduced
below is used to calculate time-dependent material properties that depend
on the number and size of cracks in MCROC. The function g(t) and its
analogues discussed below are associated with the evolution of temperature
in the model.

3. THE PROPOSED TRANSFORMATION

Equation (3), combined with equation (4), can be directly
integrated, yielding

g(t')ndt' (5)
, .{Y/Lf(L,ct)}n
L0

where t is the time required for the crack to grow from Lo to Lf.
Equation (5) defines Lf as a function of t. Therefore, one can construct a
function of Lf defining a particular material property, e.g., compliance,
that changes as a result of crack growth. For the crack growth character-
ized by (5), this function will be denoted by Y(L,t). Under a different
stress history, say h(t), the crack growth is described by:
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dL
{Y/Ef(L,«)}n

h(t') dt' (6)

0

Equation (6) defines Lf as a function of t*. The function char-
acterizing the evolution of the material property depending on Lf for this
scenario will be denoted by •(L,t*).

Under the two different stress histories the state of crack
growth is identical provided that

Jo
g(t')ndt' = h(t') dt' (7)

0

This condition induces a mapping II:R -* R connecting t and t*. It
is convenient to define the mapping by the relationship lit* = t. Hence,
Y(L,IIt*) = *(L,t*). The mapping II is the proposed transformation. If one
chooses g(t) to be a linear function of t, namely

then

g(t)

t = nt

V

n+1

(8)

(9)

where I(t*) is the integral on the right-hand side of equation [6].

In situations where a function depends on the length of many
cracks, i.e., f=f{Li(t),i=l,N), the differential equation (3) has to be
solved N times to determine the value of the function. In this case, if f
is evaluated for a conveniently chosen function g, as in equation (8), one
transformation, as defined above, will yield the required function

4. APPLICATION OF THE TRANSFORMATION TO EXPERIMENTAL DATA

This discussion is restricted to material properties that depend
on crack length and on the distribution of cracks within the solid. It is
assumed that the cracks do not interact significantly. This poses no
difficulty if only the onset of microcracking is required. Also, future
analyses of experimental data will show to what extent this assumption is
justified. Parameters, characterizing cracks, such as lengths, number and
distribution in space determining the numerical value of the material prop-
erty will generally not be known to any great degree of accuracy. Model-
ling the behavior of rock under thermal stresses is subject to
uncertainties in the initial conditions as well as in the mathematical



formulation of the constitutive relationships. Therefore, it may be
advantageous to determine experimentally the evolution of the material
property of interest for a convenient stress history. The proposed trans-
formation can then be applied to estimate the evolution of that same
material property for other scenarios either difficult or impossible to
investigate experimentally, such as micro-cracking in rock under thermal
stresses evolving slowly over hundreds or even thousands of years.
Predictions based on this procedure may have a better basis than those
formed solely from mathematical modelling.

Suppose the elastic modulus of a rock sample was determined as a
function of time while the rock was slowly being heated at a constant rate.
Micro-cracking will cause the elastic modulus to decrease with time. The
elastic modulus is a function of the state of the microcracks in the
sample, i.e., E0(t)=E0{Li(t),i=l,N}. If we make the assumption that the
evolution of microcracks is characterized by equation (1) then, for a
different temperature history, the elastic modulus would evolve as E1(t*) =
E0(IIt*). This may seem a simplistic approach to estimate the long-term
behavior of rock, but, in view of the complex nature of a crystalline solid
such as rock, it is worth determining the efficacy of this approach by
experiment.

Performing experiments to generate data for the purpose of making
long-term prediction requires sufficient data to evaluate the right-hand
integral in equation (5). The time limit t* to which a prediction can be
carried from a given experiment is determined by equation (7). Such exper-
iments should be carried to a time t when the left-hand integral in
equation (7) is greater than the right-hand integral for the largest t* of
interest, i.e., the transformation can only map data onto a different set
of times but cannot generate it.

Experimentally determined effects of thermally induced stresses in
rock include the effect of crack growth due to thermal gradients. Hence if
the transformation is applied, the effect of thermal gradients is included
in the transformed data as if the same gradients existed. Therefore,
predicting crack growth for cases with small thermal gradients using
experimental data obtained under conditions of larger gradients results in
an overestimate of cracking.

A material property, such as the elastic modulus of a crystalline
rock, that evolves as a result of a change in the microcrack population is
often considered to be a scalar. This implies that the distribution of
microcracks in the sample is considered to be isotropic and the elastic
modulus expresses some property for which small-scale anisotropies have, in
some sense, been averaged to mask their vector and tensor natures. Under
these conditions, as long as the property measured can be considered a
scalar, it should be possible to apply the transformation to situations
where microcracking is caused not by thermally induced stresses but by
globally applied stresses that cause microcracking due to different elastic
moduli in adjacent crystals.
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Following this line of reasoning, stress histories are now the
integrands in equation (7) rather than temperature histories. One has to
be careful not to venture inadvertently outside the conceptual model at
hand. The transformation can only be applied to transform the evolution of
an averaged property from one temporal evolution of applied stress to
another, under conditions that do not affect the value of the integral on
the left-hand side of equation (5), i.e., the system obeys the same
constitutive relationships.

Experiment should determine whether or not equation (3) is the
appropriate phenomenological model characterizing microcracking. If a
material property is a function of the microcrack population within a
material and if crack growth is described by equation (3), the evolution of
this material property, assuming non-interacting crack growth, should be
consistent with the transformation. For example, if t and t* are the times
when the material property reaches the same value under two different
linear stress histories, as defined by equations (11) and (12) in the next
section, then the constant n in equation (3) is given by :

log(a0/b0)/log(t/D - 1.0

This relationship should hold for each pair (t,t*) of a set of
experimental data. The variation in n in the set of values so obtained can
then be used to judge the appropriateness of this model. This approach to
validating the model is another useful aspect of the proposed transforma-
tion. Even simpler stress histories, such as different constant loads
driving microcrack growth, can be used to derive other convenient relation-
ships.

5. APPLICATIONS AND EXAMPLES

In this section, the use of the transformation is illustrated by
means of some specific examples.

i) Assume g and h are two linear functions driving the stress
referred to in equation (4)

g(t) = aot (11)

h(t) = bot (12)

with a0 = 1.0 and b0 = 0.001, and assume that, under the stress history g,
a function f(Lt{t},i=l,N) depending on the state of micro-cracking has a
given value at t. Then, under the stress history associated with h, f
reaches the same value at t*, where t* is given by equation (13):
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*
t = (13)

In this particular example, for n = 30, t* = 800.25t. Under this
small rate of stress increase, the function f reached the same value at
about 80£ of the stress compared to the stress history associated with g
vhere the stress increased more rapidly. Thus, the MCROC model predicts
that with n=30 in the phenomenological model, heating a sample of rock to
160°C will produce the same effect as heating the same sample to 200°C at a
rate 1000 times faster (but still slowly enough to avoid large thermal
gradients).

This example is illustrated in Figures 1 through 3. Figure 1
shows the transformation t to t* relating g(t) and h(t) using a logarithmic
scale. Therefore, the transformation, equation (13), appears as a straight
line.
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FIGURE 1: The Mapping t to t* as Expressed by Equation (13)

Figure 2 shows an arbitrary function f(L) that will be used to
illustrate the use of the transformation. This function is assumed to have
evolved as a result of crack growth under the stress history associated
with g(t). The function has a constant value of 1.0 for values of t less
than 5.0 x 104 s. It then decreases linearly to the value 0.3 at t=1.0 x
10s s and remains constant thereafter. The linear decrease of this
function is not apparent from the graph because a logarithmic scale has
been used for the time variable.
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10
TIMEt(s)

FIGURE 2: The Arbitrary Function f(L)

Figure 3 shows the evolution of f(L) under the stress history
associated with h(t). f(t) reaches the value of 0.3 at t* = 8.0025 x
107 s.

io7

TIME f(s)
10'

FIGURE 3: The Evolution of f(L) Under h(t) Obtained by the Transformation
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ii) A more general function, p(t), driving stress evolution is shown
in Figure 4. The corresponding mapping II is shown in Figure 5. The
mapping n relates g(t) and p(t) for n = 30. Figure 5 shows that f(L) has
the same value at t* = 10 years under the stress history associated with
p(t) as at t = 7.5 x 104 s under the stress history associated with g(t).
The complete evolution of f(L) under p(t) is shown in Figure 6.

100

10" 10" 10 10" 10=
TIME \'[a)

FIGURE 4: The Function p(t) Driving the Stress in Equation (4)

TIME Its)

FIGURE 5: The Mapping II Associated with g(t) and p(t)
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10"

FIGURE 6: The Evolution of f(L) Under the Stress History Associated
with p(t)

iii) The last example is an application of this mapping to a function
of two variables q(x,t), i.e., g(t) in equation (A) becomes a function of
two variables. Figure 7 is an example of such a function. The correspon-
ding mapping II relating t and t* of g(t) and q(x,t) is shown in Figure 8.
f(L) now becomes a function of x and t ,i.e., f(L)=f(L{x,t}). The evolution
of f(L) under the stress history associated with q(x,t) is shown in Figure
9.

''•> 6

FIGURE 7: The Function q(x,t) Chosen to Illustrate the Transformation II
on a Function of Two Variables
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FIGURE 8: The Mapping II Associated with g(t) and q(x,t)

f(D

f(U

FIGURE 9: The Evolution of f(L) Under the Stress History Associated
with q(x,t)

If f(L) requires a large number of computations, the saving of
calculational effort should be evident.



- 11 -

Figure 10 shovs the results of an analysis of the effect of the
relative rate of linear stress increase for powers of n from n=l to n=100.
The lines in this figure are for relative rates of stress increases R,
where R=bo/ao and a0 and b0 are the constants in equations (11) and (12).

Equal abscissae, i.e., n = constant, connect equal states Y(L).
Hence, a model for which n = 20 is appropriate will reach Y(L) at 89.6 % of
a if R = 1.0 x 10"1 and at 57.8 % of o if R = 1.0 x 10'5. Similarly, a
model for which n = 50 is appropriate will reach Y(L) at 95.6 % of a for R
= 1.0 x 10"1 and at 79.8 % of a if R = 1.0 x 10"5. This analysis should be
useful when n is determined with the help of the transformation from
experimental data.

o

I.VJ
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0.2

0.0

'' ' ^ ^ - - - " r ^ ^

'•z£~zZZ<^. i
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n

FIGURE 10: Relative Stress Levels for Reaching Equal T(L) for Different
Rates of Linear Stress Increases

A linear reference function is convenient but not essential when
applying the proposed transformation. A more general approach is straight
forward and can be developed if required.
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6. CONCLUSION

Equations (1) to (3), which are assumed to describe slow crack
growth, have been used to propose transformations that facilitate
prediction of the evolution of rock properties depending on changes in the
microcrack population. The information required to perform the appropriate
transformation on experimentally determined properties is (i) the stress
history of the sample while the property evolved, (ii) the predicted future
stress history and, (iii) the constant n. The constant n has been deter-
mined for several plutonic rock types and has been published in [6]. A
knowledge of the constitutive relationship, the function f(L,ot) in equation
(4), is not required.

The transformation suggests experimental strategies for deter-
mining the validity of the conceptual and mathematical model of micro-
cracking.

The transformation introduced allows efficient modelling of the
evolution of microcrack populations under different stress histories in the
model MCROC. Once the evolution of a microcrack population has been
modelled for a convenient stress history, it is an easy task to perform
analyses for other stress histories.
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