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RESUME 
La taille des cascades de déplacement affecte la stabilité des phases sous irradiation par deux 

contributions distinctes : d'une part, le nombre de remplacements par déplacement dépend de la densité 
d'énergie déposée, d'autre part, les sauts balistiques qui désordonnent les composés ordonnés se produisent 
par paquets (de taille b), alors que les sauts activés thermiquement qui restaurent l'ordre à grande distance se 
produisent un à un. 

Ce dernier effet ne peut pas être modélisé par la cinétique chimique classique. On présente une 
description stochastique du problème, fondée sur une équation de Fokker Planck, déduite de l'équ'.tion 
piloie appropriée, par développement limité en fonction de l'inverse de la taille du système. On montre que 
les valeurs du paramètre d'ordre de probabilités starionnaires extrêmales ne sont pas affectées par la taille b 
des cascades, mais que la stabilité respective des états correspondants dépend de b. Le diagramme de 
stabilité des phases sous irradiation dépend donc de b. On calcule un tel diagramme pour N14M0, système 
pour lequel trois structures sont en compétition: la solution solide désordonnée CFC et deux structures 
ordonnées D l a et DO23. Un élargissement d'une centaine de degrés, du domaine de stabilité de DO23 se 
produit aux dépens de Dl a , lorsque b passe de 1 à 100. 

Les potentiels stochastiques introduits dans le présent travail ne sont pas des énergies libres. Ils 
peuvent néanmoins être calculés, à partir des énergies d'ordre de l'alliage et des sections efficaces de 
remplacements et de déplacements atomiques, dans des approximations de type champ moyen. 
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STOCHASTIC DESCRIPTION OF CASCADE SIZE EFFECTS 
ON PHASE STABILITY UNDER IRRADIATION 

P. BELLON *AND G. MARTIN" 
•CECM-CNRS 15 rue G.Urbain, 94407 VITRY CEDEX, FRANCE; 

••CENS-DTech-SRMP, 91191 Gif sur Yvette CEDEX, FRANCE. 

ABSTRACT 

Cascade «size may affect phase stability under irradiation because of two 
distinct contributions: the replacement to displacement cross section ratio 
depends on the deposited energy density; ballistic jumps which tend to disorder 
ordered compounds occur by bursts (of size b), while thermal jumps which 
restore long range order occur one by one. 

The latter effect cannot be handled by standard rate theory. A stochastic 
treatment of the problem, based on a Fokker Planck approximation of the 
relevant master equation is summarized. It is shown that the possible values of 
the long range order parameter under irradiation are not affected by the size b of 
the bursts, but that the respective stability of the former is b dependent. As a 
consequence, the stability diagram of phases under irradiation varies with b. 
Such a diagram is computed for the N14M0 system where three structures are 
competing: the disordered solid solution, D l a and DO23. A broadening by 100K of 
the stability domain of the short range ordered structure to the expense of the 
long range ordered or^ is predicted when increasing b from 1 to 100. 

The stochastic potentials introduced in the present treatment are by no 
means free energies of some constrained state. They can however be computed in 
a mean field type approximation. 

I. INTRODUCTION 

The effect of the size of displacement cascades on phase stability under 
irradiation, is both of practical and fundamental interest. Extrapolating data to 
yet unexplored irradiating environment (e.g.14 MeV neutrons) or optimizing ion 
implantation conditions for producing compounds with an a priori chosen 
structure requires a clear identification of the scaling parameters of phase 
diagrams under irradiation. 

Indeed the defect production rate appears as a natural scaling parameter in 
the rate theories of irradiation induced solid solution instabilities [1], [2]. This is 
because such theories only deal with atomic transport by thermally activated 
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between replacement events. We neglect for the time being spatial correlations. 
The technique and some applications are described in full details in ref. [9-11] : 
here we rather give a survey of the technique and some examples of its use. In 
particular, we give for the first time, the predicted dynamical equilibrium phase 
diagram of Ni4Mo under irradiation for different cascade sizes. Since two 
distinct ordered structures compete with the disordered solid solution, this phase 
diagram offers many subtile points worth checking experimentally. As already 
shown in ref.[ll], the noise induced by cascades does not modify the steady state 
values of the order parameter under irradiation, but may alter their respective 
stability. As a consequence, certain phase boundaries are shifted (by about 100K) 
when, for given defect supersaturation and average ballistic jump frequency, the 
cascade size increases from 1 to 100 . 

It is sometimes argued that compound stability under irradiation could be 
assessed from the free energy of the compound constrained by irradiation to an 
arbitrary state of order [12]. We prove that such is not the case : a stochastic 
potential may indeed be built for the order disorder transition under irradiation. 
But this potential is by no means the free energy of the alloy constrained to the 
steady state value of the order parameter. 

II. MASTER EQUATION DESCRIPTION OF THE ORDER DISORDER 
TRANSITION UNDER IRRADIATION. 

We want to assess the respective stability of several ordered structures 
under irradiation. Outside irradiation, the standard technique consists in 
describing the structure by the amplitude of some order parameter TJ, and 
building a free energy functional %T\), which converges to the actual free energy 
of the system in the thermodynamical limit. There are many such functions, the 
Bragg-Williams free energy associated to a concentration wave of amplitude T| is 
an easy one to work with[13]. The respective stability of two states T)!, T|0 may be 
defined as the ratio of their probability: 

^ j = expi-piffdip-y^o)]} (3) 

with P= l/kjjT. Since ÏF is an extensive quantity, the volume Q. of the system may 
be factored out of the argument of the right hand side (rhs) in Eq.(3). It is found 
that in the thermodynamical limit (Si. -» «>, TJ = constant) the only state to have a 
non vanishing probability corresponds to rj = r\, such that JF ( r\ ) is the absolute 
minimum of ÎX and is indeed the free energy of the system: 

PSX^) --ln(Z) (4) 
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where Z is the partition function of the system evaluated within the frame of the 
chosen approximation. 

When dealing with an olloy under irradiation,the above procedure fails for 
the following rer. HI. Minimizing the free energy function yields the equilibrium 
state for a system the configuration space of which is sampled by a trajectory 
which keeps the temperature constant. The thermally activated atomic jumps in 
the crystal provide the atomistic mechanism at the origin of such a trajectory. 
Because, under irradiation, ballistic jumps occur in parallel to the former 
jumps, the sampling of the configuration e under irradiation proceeds 
according to different rules. 

To circumvent this difficulty, we focus instead on the kinetics of the order-
disorder transition, and look for the steady state solutions of the kinetic model. 
Since we want to assess the probabilities of dynamical steady states, we choose a 
stochastic description of the kinetics , with the condition that, in the absence of 
irradiation effects, the kinetic model should yield precisely Eq.(3), where the T]'s 
should be identical for the steady states and the equilibrium states. 

This goal may be reached by applying a master equation technique which 
proved to be useful in the study of non-equilibrium transitions, in chemical 
systems [14a,b], as well as in electronic devices [15] or in lattice gas models [16]. 

We choose the standard simplified view of the order disorder transition 
under irradiation [17] : atoms exchange lattice site by two mechanisms acting in 
parallel : thermally activated jumps (the frequency of which is proportional to 
the point defect concentration), ballistic jumps taking place along replacement 
sequences. We will simplify the problem by assuming all jumps occur uniformly 
in space, so that the configuration of the alloy is defined by the value of a single 
variable : the long range order parameter of the compound (for the B2 structure) 
or the amplitude of the appropriate concentration wave (for Ni4Mo). To be more 
specific, we deal here with the Ni4Mo system. The detailed treatment is given in 
ref.[llb]. The CuZn system has been studied into details in ref.flla]. 

The solid solution with the composition Ni4Mo exhibits the following 
interesting behavior : outside irradiation ordering proceeds by first going 
through a me Las table short range ordered configuration (SRO) and then evolves 
towards the Ni4Mo long range ordered structure (LRO). Under high energy 
electron irradiation [18], Ni4Mo is either fully disordered, stabilized in the SRO 
structure, or in the LRO structure at respectively low, intermediate and high 
temperatures. In the lower temperature range of LRO stability, the structure 
which is stabilized by irradiation depends on the initial state before irradiation 
(bystability) : LRO structure slightly disorders, while an initially disordered 
solution produces the SRO structure. 
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We assume the phases to be uniform in space. Each structure may be 
described by a Mo concentration wave in the <120> direction [19,201 : 

- [ " , «v. , 2n 411 .1 
<p= c l+2qf (cos -r-p + cos -jpp) (5) 

Cp = c [ 1+ Vins sin j (p+1/2)] (6) 

with p = 0,1,2,3,4 for LRO, p = 0,1,2,3 for the SRO, and c is the overall Mo atomic 
concentration. It should be noticed that the LRO structure, of D l a type, has two 
Wyckoff positions, so that a single order parameter is sufficient for it's 
description [20]. The order parameter for the transition may be chosen either as 
T|0 (9 = Cor s) or as one of the compositions c p (p = 0,1,2,3,4), with : 

Co=c(l + 4iij> ; cp=c(l-ni> (7) 

Co = C!= cd + Tijj) ; c 2 = c3= c(l -T\J (8) 

for respectively the LRO and the SRO. 
We now build a master equation of the ordering kinetics.Let Q be the 

number of atomic sites in a plane (240) . Let P(N,t) be the probability that the 
number of molybdenum atoms in the plane p = 0 equals to N at time t.The time 
evolution of P(N,t) is governed by a Master Equation (ME) of the type: 

b 
d P ^ , t ) - X {' P ( N , t ) [ W ( N _ > N • k ) + W(N-»N + k) ] 

k=l 

+ P(N - k,t) W(N - k ->N) + P(N + k,t) W(N + k-»N)} (9) 

In equation (9), b is the number of atoms in the p = 0 plane which are 
jumping at once. In the case of thermal jumps b is equal to one, but b can be 
larger than one for ballistic jumps (replacemer c sequences or cascades). 

2.1 Purely thermal case 

The transition probabilities for thermal jumps Wg(N->N±l) (6 = C, s) must 
be such that they satisfy the detailed balance. This is the case with the following 
expressions [11] : 

W ^ N - » . 1 2 0 K ^ . & S ^ (10a) 

W ^ N + l ) - 1 2 f l K ^ . % i (10b) 
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where K + (respectively K. ) are the rate of permutation of one B (resp. A) atom on 
planes p = 0 with one A (resp. B) atom on planes p ?» 0. Using a Bragg-Williams 
approximation for calculating the internal energy of a state, these rates write : 

(11a) K =Teqp 

K + = Texp 

- 1 
Zr C T - T ~ _ 1 c N-cil 

K =Teqp 

K + = Texp 

2T 4cQ . 

&l c T c N-cQ 

K =Teqp 

K + = Texp 
2T 4cO 

(lib) 

where T~ is the critical temperatures for the LRO structure (T r = 1140 K [18]), 
- |32 *- • 

a(= ~c~is a geometrical coefficients and T is the mesn atomic jump frequency. 
Similar expressions hold for the SRO structure. 

Eq. (9) yields for the steady states : 
?N + 1 W(N -> N + 1) 

PN W(N + 1 -» N) 
(12) 

By iterative use of Eq. (12) one is able to express the probability of the state N 
with respect to the disordered state cQ. As we are interested in calculating these 
probabilities in the thermodynamic limit, i. e. when Q.-> » , N/Q fixed, we 
perform a Q~l expansion of the RHS of Eq. (12). Retaining the first term of this 
expansion and taking advantage of Stirling's formula, we get : 

P(N) 

P(ôn) 
= exp(-V0[ff(T1e)-y(O)]/kT) (13) 

where y (ng) is precisely the free energy function per atom one gets from the 
Bragg-Williams approximation, and Vf= 5£2(resp. V s = 2£2) is the number of 
atoms in the system describing the LRO (resp. SRO) phase. Under steady state 
conditions, the mo?*; probable configuration (P(N) max) corresponds to the 
absolute minimum of 7 (X\Q). In other words the kinetic model just considered 
yields the same probability distribution of configurations as the mean field 
thermodynamical model mentioned above. Fig. 1 shows free energy curves for 
SRO and LRO in the Bragg-Williams approximation : as expected the LRO phase 
is the equilibrium phase, the SRO one being only a metastable one. 

We can therefore rely on the kinetic model to address non equilibrium 
situations. 



p[y(Ti)-y(0)] V(TI)-V(0) 

i icr»; 1 

Fig. 1 : Free energy as a function of 
the degree of order in LRO (r,^ or in 
SRO Cn s) from a Bragg-Williams 
approximation at T = 900 K, (be.ow 
the critical temperatures for both 
LRO and SRO rtructures). The 
excess free energy with respect to the 
disordered state is expressed in 
reduced units. 

2.2 Irradiation case 

Irradiation effects are introduced by enhancing the overall atomic mobility 
(due to the defect supersaturation) and by adding to the atomic exchange 
frequencies a ballistic contribution which forces mixing whatever the local 
configuration. 

a/ Irradiation enhanced atomic mobility 

Under irradiation the mean atomic jump frequency T in Eq. (11) is 
increased to a value T' > T because of the point defects supersaturation. Indeed 
if D v and Di are the vacancy and interstitial diffusion coefficients, DiCi' « D v c v ' 
under steady state conditions, F writes : 

r « 2TV .cv' (14) 

where the vacancy concentration under irradiation c v ' can be calculated by 
solving the point defect balance equation under irradiation. One gets [10] : 

Fig. 2 : Stochastic potentials yg 
(Eq. 19) (6 = I or s) for LRO or SRO 
structures under irradiation as a 
function of the degree of order at 
various temperatures. The irradiation 
parameters correspond to a 1 MeV 
electron irradiation at 5. 10" 3 
displacements per atom per second, 
which yields y0 = 5.25 10*6 ( s e e §§ 
2.2.c). Y8 are dimensionless. (from ref. 
[10]) 
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V = g.<^br c)i<'2. (r vyi;2 (15) 

where g is a geometrical factor, r c the probability for displacement cascade to 

occur on a site and T v the vacancy jump frequency : 

o m 
r = r . exp ( -E /kT ) 

(16) 

?m The vacancy migration energy Ey will be set to 1 eV in the following for the 

sake of numerical example. 

b/ General ballistic case 

Under practical conditions, ballistic jumps, due to nuclear,, collisions, 

rarely occur individually ; usually a stack of atoms is .shifted at once, along so 

called replacement collisions sequences [21], or inside "displacement cascades" 

[4]. Eq. (9) still holds with : 

t b 
We(N -» N ± 1) = We(N -» N ± 1) + W0(N -> N ± D (17a) 

W e(N-»N±k) = W e(N-»N±k) fork>l (17b) 

with 0 = for s for LRO or SRO structures, the superscript t or b in Eqs. (17a,17b) 

standing for thermal or ballistic jumps. Assuming that a replacement cascade 

in LRO (resp. SRO) consists of 5b (resp. 4b) atoms jumping at once,more 

precisely consists of b atoms in plane p = 0 (or equivalent) exchanging position at 

once with their nearest neighbor, the ballistic transition probabilities, WQ, a ie 

defined as follows : 

b-k 

W y*.w««,£(X0tëra b- P 5JQ-N 
4Q 

k+p (4-5c)£2+N 
4Q 

p=0 

b-k 

W 

p=0 

b-k-p 

r 
c 

(18a) 

k+p 

Similar expressions hold for the SRO structure.The bal l is t ic Jump 

frequency Tb, i.e. the number of replacements per atom per second, is given by 

fb = ctQ.b.rc with a/-= 5 for LRO and ocs = 4 for SRO. 
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c/ Simple ballistic case 

As a first approximation we will assume that the ballistic jumps can be 
seen as single events, i. e. involving one atom in a plane p = 0 at most . In that 
case, Eq. (12) holds with the expression of the W given by Eq. (17a). As a result the 
method summarized in §§2.1 applies in a straightforward manner. We get [10] : 

- ^ - = «p T v e (ve^e) - ve<o)) 1 (is) 
P(cfl) 

where the potential XJTQ is no more equal to the free energy function of the system. 
In fact two terms enter ^0010) : the first one is the configurational entropy 
appearing in ÏF (Tig), the second one is a combination of energetic and kinematic 
contributions. This latter term is by no means an internal energy term. VQOIQ) 

can be calculated numerically. Fig. 2 shows typical shapes of *F, computed both 
for the LRO and SRO structures under lMeV electron irradiation at various 
temperatures.The most stable steady state configuration corresponds to the 
absolute maximum of V0(T|Q) (Eq. (19)). Notice that two independent control 
parameters enter in \\[Q : the irradiation temperature and y 0 = g(aQ.b.rc / T$) 
which is a measure of the frequency factor of the ballistic to thermal jump 
frequency ratio. The respective stability of the LRO and SRO steady states can be 
assessed from the respective heights of the maxima of the corresponding \j/0. As 
can be seen from Fig. 3, when the stationary regime has been reached, the 
following behavior depending on the irradiation temperature is predicted : 

a) T < 404 K : LRO and SRO are unstable ; 
p) 404 K < T < 450 K : the LRO structure is unstable with respect to the 

disordered state. However the SRO structure is more stable than the disordered 
state ; 

7) 450 K < T < 497 K : for both structures y exhibits a positive maximum 
for a non zero value of rj ; however as the SRO maximum is higher than that of 
LRO, the SRO state is the most probable state ; 

5) 497 K < T < 1140 K : both curves y\f(and \)/s still have maxima for non 
zero order parameter values ; but the maximum of \f( is higher than that of y s : 
the LRO state is the most stable one ; 

e) 1140 K < T : above 1140 K (resp. 1150 K) y/-(resp. \j/s) exhibits a 
maximum for r\[- 0 (resp. T\$ = 0) only : the disordered state becomes the most 
stable state. 

This sequence reproduces qualitatively that observed experimentally, with a 
reasonable agreement for the temperature ranges. Similar computations can be 
performed for a series of values of the parameter y 0 , from which a dynamical 
equilibrium phase diagram may be constructed. Fig. 4 shows such a diagram. 
Notice that the disorder/SRO transition which is of second order outside 
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irradiation becomes first order below a certain temperature under irradiation. 
This implies the occurrence of a tricritical point in the dynamical equilibrium 
phase diagram (labelled Tp on Fig. 4). Such a point also exists for the CuZn order 
disorder transition under irradiation [11a]. 

We are now in a position to address the cascade size effect. However it is 
difficult to solve the full Master Équation (9) under steady state conditions when 
b > 1. For that reason, we approximate the latter by a Fokker Planck Equation 
(FPE) [22,23]. 

1000 T(K) 

Fig. 3 : Temperature dependence of 
the maximum value of the y$ 
functions for the LRO and SRO 
structures. Notice the crossover at 
497 K. 

Fig. 4 : Dynamical equilibrium 
diagram for Ni4Mo. The higher YQ o r 

the larger the cascade, the larger the 
stability domain of SRO as compared to 
LRO. The thin lines correspond to the 
LRO<=> disordered solid-solution 
equilibrium ( stability boundary; 

ordering spinodal). [BUW] 
—represents the experiment 

ofref.[18]. 
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III. FOKKER PLANCK EQUATION DESCRIPTION 

In the general ME (9), notice that b, the maximum value of k, is much 
smaller than Q, the maximum value of N. Indeed in the thermodynamic limit, Q 
becomes infinite, while b is fixed by the physics of the irradiation. As a 
consequence, all terms in Eq. (9) may be Taylor expanded around their value at 
N. To the second order in 1/Q, and after simple algebra, we get : 

dP(N.t) a /„„ . ^ 3P £*-£("* " * %) (20) 

with 6 = for s for LRO or SRO structures (c 0 = N/Q is related to the order 
parameter by Eqs. (7,8).In the Fokker Planck equation (20) we recognize a 
diffusion equation where the flux is the sum of a convection (PI^Q) and of a 
diffusive (- 2$ 3P/3c0) contribution. It is found that : 

^ e = l > e - | ^ (21a) 

b 

^efco) = é" X k [ w e < N - » N + k > - we(N-»N-k) ] (2ib) 
k=l 

b 

2& 
Sfcteo) = - ^ 2 X k 2 [ w e < N " > N + W + W e(N-»N-k) ] (21c) 

k-1 

In the RHS of Eqs. (21), for k > 1, the W's are given by Eqs. (10,17). For k - 1, 
the W's are the sum of the ballistic and thermal contributions (Eq. (17a)). After 
some computer aided algebra we found the following expression for the ballistic 
contributions : 

Î^CoJ-^Oôbrç^-Co) (22a) 

2>e(co) - ^ ae br c [c0(l - C o) +c2(l - C2)+ b (c2 - CQ)2] (22b) 

with Z(= 12 and z s = 8, ct[= 5 and ocs = 4. 
Notice that for a given ballistic jump frequency ( r D = 5br c for LRO, TD = 4br c 

for £RO), the cascade size appears as a free paramrter in the F.P.E. (Eq. (20)) 
because of the b factor in the diffusion coefficient (KHS of Eq. (22b)). Therefore, 
cascade size effects are revealed by the F.P.E., while they cannot appear in a 
natural way in the chemical rate models. We consider now the steady state 
solution of the FPE. 

The steady state solution of Eq. (20), provided the systems are conservative, 
writes : 



P(N) f ? W 
P(cf2) _ 6 W 

c 

Notice that since the W's are all strictly positive quantities, 1/Q/<DQ is 
integrable on the interval [c, c 0 ] . The argument of the exponential scales with Q. 
The extrema of P are given by : 

A 

%Co) = 0 or %(cj= 0 asfl-»~ (24) 

In the thermodynamic limit (Q —> «>, c 0 fixed), it is easy to show that the 
most stable steady state configuration corresponds to the absolute maximum of 
<Kc0) given by : 

c, o 
A 

we) %%** <2 5> 
We will rather express $Q in terms of the order parameters TJQ. It can be 

checked that, when one atom in a plane p = 0 at the most is involved in the 
replacement events, i.e. when agb = 1 in Eq. (22), <|>0l9) is numerically quite 
similar to VGCTJQ) which appears in Eq. (19) on most of the range of physical 
interest ; the difference becomes significant only in the near vicinity of T|Q = 1. We 
thus trust the F.P.E. as a jood approximation for the master equation used 
before. 

When b increases, the maxima of <)> occur at T| values which are independent 
of b as should be expected from the preceding remarks (Eqs.22-23). However, the 
rehtive hights of the maxima is changed, at least for those transitions which are 
of first order. Indeed the higher the noise, the shallower the extrema of $Q. Since 
DQ varies with the degree of order TJQ, the amplitude of the various extrema of <J>0 
are not affected by the same amount., and the respective stability of the steady 
states mny be altered on increasing b. Comparing the heights of the maxima of § 
for SRO and LRO with b=100, yields the phase boundary depicted on Fig. 4. The 
larger the cascade size, the wider the domain of stability inversion between SRO 
and LRO. 

Such predictions are worth experimental confirmation. 
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IV. CONCLUSION: 

The effect of the size of displacement cascades on compounds stability under 
irradiation is identified owing to the stochastic treatment we have proposed. For 
a given irradiation induced defect supersaturation, and for a given average 
ballistic jump frequency, producing atomic replacements by bursts (b atoms 
jumping at once) instead of individually has the following consequences: 

- the steady state values of the order parameter are unaffected by the time 
structure of the ballistic jump frequency; 
r-- - the relative probability of two steady states may be a function of b: first 
order transition lines between the disordered and the ordered states may be 
shifted to higher temperatures; the stability domain of short range order is 
broadened to the expanse of the long range order. 

A quite general feature seems to emerge from this and previous 
work [11,16a]: transitions of second order may become first order under external 
forcing. The occurrence of a tricritical point in the dynamical equilibrium phase 
diagram has now been identified in the antiferromagnetic transition on the 
simple cubic lattice [16a], on the BCC lattice [11a] and in this paper on the FCC 
lattice for the DO23 ordering. 

We stress that the stochastic potentials ¥ and <f> we have introduced here are 
by no means free energies of some constraint state. They however converge to the 
free energy for zero external forcing. 

Finally, we believe the methods and the conclusions introduced here are of 
broader use than irradiation effects and should apply e.g. to other dynamical 
forcing such as ball milling or high temperature fatigue. 
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