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ABSTRACT

Topological field theories can be formulated by beginning from a higher dimensional

action. The additional dimension is an unphysical time parameter and the action is the derivative

of a functional W with respect to this variable. In the d - 4 case, it produces actions which are

shown to give topological quantum field theory after gauge fixing. In d = 3 this action Scads to

the Hamiltonian, which yields the Floer groups if the additional parameter is treated as physical

when W is the pure Chem-Simons action. This W can be used to define a topological quantum

field theory in d ~ 3 by treating the additional parameter as unphysical. The BFV-BRST operator

quantization of this theory yields to an enlarged system which has only first class constraints. This

is not identical to the previously introduced d = 3 topological quantum field theory, even if it is

shown that the latter theory also gives the theory which we began with, after a partial gauge fixing.
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where the dual of the field strength is defined as
other one [7] is given as follows

1 Introduction

In [1]"[4] topological quantum field theories are introduced to derive some
topological invariants by making use of the field theoretical technics.

From the physical point of view four-dimensional manifolds are the most
important ones. But, on the other hand the desire to probe the underlying
geometry of the string theories made also important d — 3 case [5]. One
hopes that the canonical quantization of the Chern-Simons action will lead
to a better understanding of the two-dimensional conformal field theories.

The d = 4 topological quantum field theory [2j can be achieved after a
BRST quantization of the actions which are given in [6] and [7]. The one
which is introduced in [6l is

(1)

= \iw*'Fe°- The

(2)

where the auxilary field G+, is algebraically self-dual and anti-symmetric

Due to the reducibility of these gauge theories one uses the quantization
method of Batalin and Vilkovisky [8]. Thereby one fixes all the gauge
invariances. But in the original formulation [2] one keeps a part of the
symmetry. Nevertheless the above actions give the same field content of
the original theory, after also fixing all of the gauge freedom in the original
action. In [9], a superspace version of the topological quantum field theories
is given. By this method one can obtain an intermediate step in the gauge
fixing Buch that at this stage the symmetries of the original theory are
respected. In fact, in [10] it is claimed that the latter is the correct gauge
fixing procedure for having non-triviat observables. On the other hand,
in [11] and [12] it is shown that d = 4 topological quantum field theory
can be formulated in terms of the Nicolai map [13], with an action which
is the square of the Langevin equation. In [11] this interpretation of the
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topological quantum field theory is shown to be valid also in the topological
sigma. model [3].

In the next section we shall show that the action which is the square
of the Langevin equation follows from a gauge fixing of a system which
has one more (unphysical) time coordinate called 'stochastic-time', with
a Lagrangian density which is given as the derivative of a functional W
with respect to this additional coordinate. By an appropriate choice of
the functional W in d = 4, this system leads to (l) and (2) as different
formulations.

If we let the 'stochastic-time' be the unique time parameter in the the-
ory it should be treated as physical. In this case if W is chosen to be the
pure Chern-Simons action, the Batalin-Fradkin-Vilkovisky (BFV-BRST)
operator quantization [14] of it leads to the Hamiltonian which gives the
Floer groups of the three-manifold as its ground states[l],[2]. The topolog-
ical character of this theory suggests the use of the Chern-Simons action
by allowing the inclusion of a physical time parameter in addition to the
'stochastic-time' for defining a d = 3 topological quantum field theory.
In fact, in the formulation in which one performs the stochastic-time in-
tegral by respecting some boundary conditions, the theory leads to the
usual Chern-Simons action. In section 3 we analyse this system in the
Hamiltonian formulation of constrained systems, when the gauge group
is abelian. After finding out the constraints and the canonical Hamilto-
nian by respecting the resemblance between the gauge transformations and
the transformations generated in phase space by constraints, we shall use
the BFV-BRST operator quantization method. Thus we shall enlarge the
phase space such that the second class constraints become transformed into
the first class ones. Of course from the BFV-BRST operator quantization
method there also follows a Hamiltonian which generates the original dy-
namics in the physical subspace of the Hilbert space. In d = 3 there exists
another topological quantum field theory introduced in [15] and [16]. We
use the Hamiltonian methods to partially fix the gauge of this theory by
making use of the action given in [15]. By partial gauge fixing one achieves
the constraints and the Hamiltonian of the initial theory, where W is the
pure Chern-Simons action. But this theory is not identical to the one which
was obtained by enlarging the phase space.

In section 4 we analyse the action given in [15] when the gauge group is

lr«K#!!

non-abelian, by using the Hamiltonian methods. As in the abelian gauge
group case one can perform a partial gauge fixing such that the resulting
constraints and the Hamiltonian are identical to the ones which follow from
the theory where W is Chern-Simons action.

2 The General Action

Let us take a Lagrangian density which is the derivative of a functional
W with respect to a time parameter which will be called 'stochastic-time',
due to the fact that in [17] it is shown that the supersymmetric action
for stochastic quantization follows from an action where the Lagrangian
density is the derivative of a functional with respect to a time parameter.
Thus the beginning Lagrangian in terms of the stochastic-time is

S = - / dr—,
Jo dr

(3)

where W is a field theory action in (^-dimensions in terms of the bosonic
fields, so that this action can equivalently be written as

J

When we let the physical time be included in x,, the stochastic-time
should be considered unphyscial. In (3), the T integration can be performed
with the boundary condition W| r =r = 0 to yield

= f

Thus, effectively, we deal with an action given in terms of the Lagrange
density £($) in ̂ -dimensions.

Instead of integrating out r we may choose another way for sweeping
away the unphysical stochastic-time: the canonical momenta which follow
from (5) lead to the constraints

*• + 7^7 = °> (6)



and to the Hamiltonian

where ua are yet unspecified coe(Ecients[18). Due to the Poisson bracket
relations:

one can easily see that the constraints are first class.
Hamiltonian equations of motion are

<?,$„ = [*„ , H\p\s = I^IE, (8)

where S denotes the surface where all of the constraints strongly vanish.
The first class constraints generate some transformations in the phase

space which do not affect the physical state of the system [18]. In fact
the above equations of motion reflects this fact. Thus one needs to choose
a 'gauge'. In our case one can fix the gauge by choosing the coefficients
ua. Because of being linear in momenta the constraints (6) permit any
gauge fixing. For example, one can choose u, = 0, which yields a vanishing
Hamiltonian. This is a 'physical gauge', which is not interesting due to
the total time derivative character of (3). Hence we perform a 'relativistic
gauge' fixing:

so that the equations of motion read

= o. (10)

The first order action which follows from (7) in the gauge (9), when the
equations of motion (10) are satisfied, is

• = /„/•<"•
• & • •

Because of having used the equations of motion with respect to r, we
may now forget about the stochastic-time and use (11) for the physical
calculations.

If we take Mi = JZ x Mi_i and suppose that L depends linearly on $„,
where '.' denotes the derivative with respect to the physical time, (11) will
be the square of the Langevin equation.

In [11] it is shown that the Witten-type topological quantum theories
can be obtained as a gauge fixing of (ll) when 6£/$$a is related to the
Nicolai map.

Let us consider the following Lagrangian density, in d = 4,

t = (12)

where F^ is the curvature of the Yang-Mills connection A,,. By using this in
(5) one sees that in the procedure where the 'stochastic-time' is integrated
out, (l) follows.

By choosing a flat metric we may also write (12) in the following form

(13)

where F± = F±F denote the self-dual and anti-self-dual components of the
curvature. To use the action given in (4), the independent field variables
can be taken as

Thus by using the Hamiltonian density given in (7) the first order action
reads

L = I d*x [F£1,dTG+l"' + F^u8tG~'a' — «+'"'(G+, + F*v) — vT'a'{G~v + F~v),
(14)

where the momenta are denoted as TTO = (GJ1/1G(B/). The Hamiltonian
equations of motion are

8,1* = IL%, (15)

so that in the gauge

— u j , = Gj , -I- F£v ; u^v = 0, (16)

the on-shell (i.e. when the equations of motion in terms of the stochastic-
time are satisfied) first order action reads



This action still has a gauge freedom which permits us to choose the gauge
G*v = 0. In fact, in (17) we may scale G^ by - 1 so that it leads to (2).

Thus the 5-dimensiona! action which has an unphysical time parameter
generates the known 4-dimensional actions which can be used to obtain the
original topological quantum field theory after a BRST quantization.

Now in d = 3, instead of taking r as an unphysical time coordinate
and letting x^ include the time parameter, we shall take x,, as the space
coordinates and the 'stochastic-time' as the physical time coordinate. The
W functional is chosen as the pure Chern-Simons one:

w = - (18)

where 'Tr' indicates the positive definite Killing form on a Lie algebra and
a is a constant. When (18) is used in (3) the usual definiton of canonical
momenta leads to some first class constraints and a vanishing canonical
Hamiltonian. Hence, in terms of the fields which satisfy the equal time
commutator relations

\M*) , P"iM)\ = «;«'(* - y), (19)

{Ms ) , *"(»)} = •«;«'(*-»), (20)
a BRST-BFV quantization [14] can easily be performed by the fermionic,
niipotent charge:

(21)

where >)„ is the anticommuting ghost field.
The total Hamiltonian can easily be found in terms of the gauge fixing

fermion, "it, as follows

H = -iJdix{Q, *} .

If we choose the gauge fixing fermion as

(22)

(23)

•« u

(22) yields the following total Hamiltonian

(24)

where B^ = -£iwpF"f and D^ is the usual covariant derivative in terms of
the Yang-Mills connection.

The commutator (19) can be realized by representing the momentum
as the derivative in terms of the gauge field: i"* = —iSjSA^. By this
realization one can easily recognize in (24) the Hamiltonian given in [l], [2j
which gives the Floer groups of the 3-manifold as its ground states.

3 d = 3 Topological Quantum Field Theory:
Abelian Gauge Group

In this section we shall study the theory which follows if we keep treating
T as stochastic-time, when W is the pure Chern-Simons action, (18).

The former formulation, which consists of integrating over the stochastic-
time by respecting the boundary condition, leads to the pure Chern-Simons
action. This theory has recently been studied in [5] from the topological
point of view.

We should like to analyse it by using the latter formulation, in which
one gets rid of the stochastic-time by using the Hamiltonian formulation
and the related equations of motion. For the sake of simplicity the gauge
group is taken as (7(1), and the non-abelian case will be considered in the
next section.

By setting $„ = A^ and *„ = if>v, the on-shell, first order action, (11)
reads [a = —1)

(25)

We have chosen a flat metric with the signature ( - , + , + ) . This action is
invariant under the following gauge transformations

(26)



We shall study this action in the Hamiltonian approach. Thus by using
the definition of canonical momentum, p — SL/6(di)q), one defines the
following momenta

Pvn = 0
Po = 0
P, = tijt

and the canonical Hamiltonian:

Ho =

+ diAa -
(27)

(28)

By following the procedure given by Dirac [18], one adds the primary con-
straints

Po i Pw. , (29)
which follow from the definition of the canonical momenta, to the canonical
Hamiltonian to some yet unspecifed coefficients to obtain the following total
Hamiltonian

H = H0 + J d 's^pj ; + KP0]. (30)

The primary constraints should be preserved weakly under time evolution.
This may lead to some secondary constraints and/or some conditions on
the coefficients. In fact one can easily see that in our case, by making use
of the Poisson bracket relations:

this procedure leads to the vanishing of all momenta. Thus the constraints
are all first class and the physical subspace of the local Hilbert space has
zero degree of freedom. On the other hand, in this procedure we loose the
information about the global properties of the theory. Thus, instead of
following naively the Dirac method, we should like to keep the resemblance
between the transformations generated in the phase space by the constraints
and the gauge symmetries of the Lagrangian (26). To this aim the arbitrary
coefHcents in (30) will be specified to yield

H = (31)

Hence the conditions d0P0 = 0, dop^o = 0, doP<pi = 0, respectively, lead to
the following secondary constraints

\ , ] p

"isi = [<Pi,B\P =

which are constant in time:

(32)

[Ti,J9> = 0 ; {T,,H}p = 0 ; [T3,., H\P = 0, (33)

so that there are no more constraints.
The Poisson brackets between all the constraints vanish, except the

following one

[?*>(*), T,(I/)JF = «»(*-!,). (34)

Thus we have two second class and six first class constraints. But not all
of the first class constraints are linearly independent. There is a linear
relation between them:

r1 + e ^ T y = 0. (35)

Therefore the physical subspace of the local Hilbert space has zero degree
of freedom as it should be. '

To get rid of the second class constraints one may use the Dirac brackets,
which is equivalent to strongly imposing the vanishing of the second class
constraints. In another method one can leave the basic Poisson brackets in-
tact but enlarge the phase space to transform the second class constraints
into some first class ones [14]. To use the latter procedure one can en-
large the phase space by introducing the fields which satisfy the following
quantum equal time commutator (h = 1)

, v{y)\~-i&*{x-y)t (36)

and also transform the other Poisson brackets into the quantum equal time
commutators by using the usual rule: [, \p —» —«'[ , j . One can now define
the following constraints

(37)
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such that the new set of constraints

Ta = (Po, P * . Ti , T'j, T3 t , TO, (38)

is composed of the first class constraints:

( r . , 21] = o.

To use the BFV-BRST operator quantization method [14], one needs to

introduce the fermionic ghosts, which satisfy

where a = ( l ,2»,3,4,5t ,6) , and also the bosonic ghost satisfying

|P l(x), b{y)] = i6*[x-y], (40)

to take into account the linear dependence given in (35). Hence the nilpo-

tent BFV-BRST charge can be shown to be

n = n' + n" + J <f2i(uij8 + p^n*), (41)

where n ' and fl" are related to the first and second class constraints, re-

spectively, and they are defined as follows

The unitarizing Hamittoniajj Hu is defined in terms of B! = pu , 5j = v

d

where H[6), which satisfies the boundary condition

H[0) = H' = H + ijtTii + nsivn,

is defined to satisfy the following differential equation

(43)

11

where
Hi = <ja, n, = fjt. (44)

Therefore one can show that the unitarizing Hamiitonian reads

ip;) I (45)

and satisfies the following relation

[n , Ha] = 0.

Due to the nilpotency of H the unitarizing Hamiitonian is defined up to a
term like {fl, * } , where 9 denotes the gauge fixing fermion.

In d = 3 there also exists another topologtcal quantum field theory which
is introduced in [15] and [16]. To see the relation of this theory to the one
which is analysed above, we should like to study it in the Hamiitonian
formulation.

The action introduced and studied in the Lagrangian formalism in [15]:

(46)

(47)

is invariant under the following gauge transformations

Bv =i

This action leads to the following canonical momenta

Po = 0

Pw = °
Pi = UjPj + diA0 -
Pu =<Po~ \uj{di

and the canonical Hamiitonian:

H0 = f d'x {-\{P^+

(48)

(49)

12



Similar to the previous case, the naive Dirac method leads to the van-
ishing of all the momenta, so that the physical subspace of the local Hilbert
space has zero degree of freedom. The information about the global prop-
erties is also lost. As in the previous case we want to keep the resemblance
between the Lagrangian and Hamiltonian formalisms, so that we choose
the coefficients of the primary constraints such that the Hamiltonian reads

\
(50)

The conditions d0Pa = 0, dap^a = 0 and dop^i = 0 lead, respectively, to
the following secondary constraints

T, = -dtPt

Tj = Pa + d (51)

These are conserved under time evolution and one can easily see that all
the constraints are first class but not all linearly independent. They satisfy
a linear relation which is equal to the one given in (35). Now we may fix
a part of the 'gauge invariance' by the following 'gauge fixing conditions',
which are constant in time

Xi = Pi»o + v - 0
Xt = <Pa - \tij{d<Aj - dj = 0

(52)

The Poisson brackets of the gauge fixing conditions with the constraints
vanish, except the following ones

(S3)

(54)

in the Hamiltonian and also in the constraints. One can easily see that after
this substitution, the Hamiltonian and the constraints yield the ones which
we found in the above case before enlarging the phase space, (29)-(32).

Thus we may strongly substitute

13

Even the theories defined by the Hamiltonians (45) and (50), when
one suppresses the ghost coordinates, and the related constraints (38) and
(29), (51), give the theory defined by the Hamiltonian (31) and the related
constraints (29) and (32), after a partial gauge fixing, are not identical. In
fact one cannot find a canonical transformation which makes the constraints
and the Hamiltonians identical.

4 d — 3 Topological Quantum Field Theory:
Non-Abelian Gauge Group

In this section we should like to study the latter theory which is used in
the previous section when the gauge group is non-abelian. We shall begin
from the non-abelian version of (46) [15], and show that by a partial gauge
fixing of it one can extract the theory which one obtains by taking in (3)
the functional W as in (18) with a non-abelian gauge group.

The action introduced in [15] for defining a d = 3 topological quantum
field theory is

\j# \ (55)
where Dp denotes the usual covariant derivative with the connection one-
form A». This action possesses the gauge symmetries defined by the fol-
lowing transformations

6 A,, - DpU + e^

Sv = [u,w] + £

The definition of canonical momentum leads to

Pi = ctjipj + DiA0 - d<,Ai - (ijDjV ,
- Dov ,

= 0.

and also to the primary constraints

(56)

(57)

(58)

• T "



The canonical Hamiltonian reads

Ho = [ \ i t \
J L £ £ .

(59)
By adding the primary constraints (58) to some arbitrary coefficients and
following naively the Dirac procedure, leads to the vanishing of all the
momenta as in the abelian case. But again we should like to keep the re-
semblance between the gauge symmetries of the Lagrangian and the trans-
formations generated by the constraints in the phase space, so as not to
loose the global information. Therefore we specify the coefficients of the
primary constraints in the following way

Ho + / d2x {{
+{<Po - \tij

+ iijDiA0}D,pv0 (60)

Thus the conservation of the primary constraints in time yields the following
secondary constraints

(61)

which are conserved under time evolution.
In the Hamiltonian formulation XQ plays a different role from the other

coordinates. This shows up in the primary constraints. Indeed this pe-
culiar role of XQ leads to an arbitrariness in the choice of the secondary
constraints, even if we define them by respecting the resemblance between
the Lagrangian and Hamiltonian formalisms. This arbitrariness should be
eliminated by choosing the secondary constraints to define a closed algebra
and asking that their Poisson brackets with the Hamiltonian should be ex-
pressable in terms of themselves. In fact, the set of constraints which we
have chosen give a closed algebra:

(62)
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J!LiLjit

and the others are zero. They also satisfy

(63)

where Ta denotes all of the constraints and C£ are some structure functions.
This can easily be seen by noting that the Hamiltonian is given as

B = ~\[P?+pt)+U"Ta, (64)

where the coefficents U" can be read from (60), and by making use of (62).
Because the non-zero Poisson brackets of the constraints with -{P? + pj)

These first class constraints are not all linearly independent, but they
satisfy the following linear equation

»j + W, Tj] + \DiV,Pvi] = 0. (65)

We may fix the gauge partially by the following gauge fixing conditions

x^P^ + v (66)

These satisfy the following equations of motion

which are weakly zero, so that they are preserved under time evolution.
Thus we may set strongly

so that the constraints yield

= - D ^ + UjDiDjPv0 , (68)

16



which give a closed Poisson bracket algebra except the following one

= s2{z-v)- (69)

They also obey a linear relation which follows from (65):

4>, + U}Di<l>sj = 0 . (70)

Therefore we have five independent first class and two independent second
class constraints.

Use of (67) in (60) leads to the following Hamiltonian

( '

It can be shown that the Hamiltonian and the constraints which follow
from the action given in (3) when W is the Chern-Simons action with a
non-abelian gauge group, by respecting the resemblance between the gauge
symmetries and the transformations generated by the constraints in the
phase space, are given by (71) and (68). Thus in the (partial) gauge given
in (66), the d = 3 topological quantum field theory action introduced in
[15] leads to our initial theory.

By enlarging the phase space in the framework of the BFV-BRST op-
erator quantization method, we may obtain from (68) and (71) a theory
which possesses only first class constraints and leads to the initial theory
by suppressing the new variables used for enlarging the phase space. Be-
cause of the results obtained in the previous section this theory cannot be
identical to the one given by (58)-(61).
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