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ABSTRACT

We discuss an extra supersymmetry present in the covariantly quantized Chern-
Sirnons action within the superfield formalism. By introducing scalar superfields we show
how the component transformations are naturally reproduced from the superfield trans-
formation. When the superspace is extended to include an additional odd coordinate for
the BRST symmetry, the entire theory is described by a single odd scalar superfield. The
implications of this supersymmetry for the renormalized theory are also discussed.

1 Introduction

Topological quantum field theories have recently received much attention.
Since their introduction by Witten jl] many new models have been con-
structed and the origin of the BRST symmetry has been understood [2].
One particularly interesting model is the three-dimensional Chern-Simons
theory introduced by Witten [3]. This theory allows one to obtain valuable
information on knot invariants [4] and also to recover important results in
two- dimensional conformal field theory [5]. The Chern-Simons term in
three dimensional gauge theory has previously been discussed by several
authors in different contexts [6]. In [7] we discussed the renormalization
of this model in a covariant gauge and showed that the symmetry of the
theory was preserved to one-loop order. An interesting property of the
theory which is present in the Landau gauge is the existence of an extra
global abelian supersymmetry. As mentioned in [7] the preservation of this
symmetry at the quantum level puts tight restrictions on the theory. In
particular the Lorentz structure of the gauge propagator is fixed by this
symmetry.

In this paper we give a superfietd description of this new supersym-
metry. We show in particular that by introducing two scalar superfields,
one commuting and one anticommuting, the component transformations
are naturally reproduced from the corresponding superfield transformation.
Futhermore, by extending the superspace to include an additional odd co-
ordinate for the BRST symmetry we find that these two superfields are in
fact related by the BRST symmetry. This allows us to express the entire
field content with a single Grassmann odd scalar superfield. Unfortunately,
it seems difficult to rewrite the quantized Chern-Simons action in terms
of this superfield. We also discuss the issue of whether this symmetry is
preserved at the quantum level. By computing the Jacobian of the trans-
formation we find that it is 1 and as such we do not expect any anomalous
behaviour.
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2 Chern-Simons SUSY in Superspace

We begin with the Chern-Simons action in three dimensions which is given
by

SC(A) = - i (1)

The covariantly quantized form of the action b obtained by adding the
appropriate gauge fixing and ghost terms. The quantum action ia

S, = SC{A) + I d3xTr{dd.A + bd.Pc- ^ad (2)

where a is the usual Yang-Mitfs gauge fixing parameter. The ghost fields b
and c are Grassmann odd, the multiplier field d is Grassmann even and all
are in the adjoint representation of the gauge group. We have defined the
gauge covariant derivative as Dac = dac + [Aa,c\. As mentioned above we
are interested in studying the theory in the Landau gauge (i.e. we choose
a = 0). The action (2) is invariant under the usual BRST transformations

6Aa

Sc

Sb

Sd

= -cPac
1

- E 2 ^ C ' '
= id
= 0 .

(3)

Here i ia a Grassmann odd scalar and these transformations are by con-
struction nilpotent. The conserved BRST current is obtained through
55, = / dae.JgRST where c is a local parameter. We find

J&RST = \*r"{eBrA, + Avdfc + 2cAvAe) + dD*c - \d»b.{c,c} . (4}

As usua! a trace over group indices will always be understood.

However as pointed out in [7] there is a rather surprising extra invariance
of the quantum action (2). This symmetry is a global supersymmetry with

transformation rules given by

(5)

Sb = i"Aa

Sc = 0
6d = e"Dac ,

where t" is a constant anticoimnuting vector parameter. It is straightfor-
ward to check that this is indeed a symmetry of the action (2) in the Landau
gauge. This is reminiscent of the usual super Yang-Mills transformations,
only here it is the bosonic field A which has first order field equations, while
the classical equations for the Grassmann odd fields b and c are of second
order. Since there are no spinors in this theory, one is led to consider in-
finitesimal transformations with an odd vector parameter. In the present
case however, the anticommutator of two supersymmetry charges vanishes
(i.e. the supersymmetry algebra is abelian). Indeed one can easily check
that

b,c,d) = 0 . (6)

The equations of motion for the fields in the theory are

0 = 8.A = d.Pc = B.Db (7)

0 = -^eaSlF^ - dad+ {dab,c} .

Using these one can construct by the usual Noether procedure the conserved
supercurrent Jap- One finds

Jap ~ cdfiAa - dac.Ag + fa/313
7c.(rf- {t, e}) (8)

= 0 .

We would like to find a superfield description of this symmetry. Unlike
ordinary supersymmetry, the infinitesimal parameter is a vector (Grass-
mann odd and real). This suggests the introduction of a superspace whose
even coordinates are xa, accompanied by a real Grassmann odd vector 9".
We define the superspace covariant derivative by



The flat superspace transformations of the coordinates are given by

6x" =
(10)

Our conventions are (efl)1 = fff£f and Da is hermitian. We note that with
this choice of covariant derivative we have the property {Da,Dp} — 0,
consistent with the fact that {Qa, Qp} — 0, where Qa is the supersymmetry
charge.

We now consider a scalar superfield whose 6"-expansion is given by

*(x, H = A
For convenience we choose

(n)

(12)

= BA

Computing this we find that

At this point we do not fix whether 'J' is even or odd. The superfield
transformation law is defined as

(13)

(14)

(15)

+ 6/3) -

This gives the component

SA =
SBa =

SCa =

6D =

transformations

EaBa

tl>ialH(id->A + 2 C )
. 1

E°-E ^ C .

t
(^3

id.B

At this point we can identify the components of * with our original
fields {Aa,b, c,d). By doing so we also fix the Grassmann parity of the
superfield. We can make the following identification:

J4 = 6 ,B a = ila iC
r« = | a a ( e - f 6 ) ,D = -±a.A . (16)

Using the identification (16) in (15) we see that the original transformations
(5) are recovered except for that of the d field. This is because the multiplier
field is not part of the supersymmetry multiplet. In terms of the original
fields the Grassmann odd superfield is given by

- ib]

with

(17)

(18)

In order to recover the d field transformation we must choose a Grass-
mann even superfield which is obtained by making the identification

A = d,Ba = Dac,Ca=-t-da(d+Uc,c}),D = -t-d.Dc . (19)
I £ o

This is determined by taking A = d and letting the transformations (15)
fix the other components. The resulting Grassmann even superfield is then

*, B") = d + OaDac + 9aesta^ —d^d + i{e, c}}

with
= Vac ~

(20)

(21)

An alternative way to proceed without the introduction of a second
superfield is to integrate out the multiplier field and then modify the trans-
formations accordingly. However, this involves the introduction of non-local
terms in the transformation rules as follows:

6A* = (22)



One can easily check that these transformation leave the action invariant
in the a —> 0 limit, as expected.

At this point, we have seen that the component supersymmetry rules
of equation (5) are encoded in the two scalar superfieids $ and * . It is
gratifying that these two superfieids are in fact related by the BRST sym-
metry. To see this, we now consider a superspace which includes the BRST
symmetry on an equal footing with the supersymmetry. Our superfieids
will now be functions of the coordinates (xa,8a,6), and the transformation
rule of a scalar superfieid x(x°,Sa,$) is given by:

Here £ is the infinitesimal scalar Grassmann odd parameter of the BRST
symmetry. The single scalar superfieid which describes the Chern-Simons
theory in the Landau gauge is none other than:

x(xa,9a,8) = t(i°,f) + 8<b{xa,9a) . (24)

This one superfieid now encodes all of the component transformations of
the combined BRST-SUSY symmetries. In this respect, one sees that only
when the combined symmetries are considered does the superfieid formu-
lation yield an irreducible representation. We should note here that a su-
perfieid formulation of the BRST symmetry in standard Yang-Mills theory
has previously been discussed in [8].

3 Supersymmetry Ward Identities

One may now derive the associated Ward identities for this symmetry. The
quantum action (2) is supplemented with the following source terms:

JaAa - SaVac (25)

The notation in (25) is the following. (Ja,M, N, Q) are the usual sources
for the fields (Aa,b,c,d) with Grassmann parity and ghost number assign-
ments given by (+,—,—,+) and (0,1,-1,0) respectively. Sa and V are

the composite sources for the non-linear transformations 6Aa and 6c. Sa

is odd with ghost number —1 while V is even with ghost number —2. It is
worth noting the difference between the composite source terms introduced
above and those given in [7] for the case of the topological Yang-Mills-Higgs
model. In the latter case the composite sources also coupled to fields $a

and <j>. These fields are not present here as the symmetry we are quantizing
is of the standard Yang-Mills variety.

For completeness we first give the Ward identity associated with the
BRST symmetry. It takes the form

STST
(26)

In a similar way we find that the Ward identity encoding the supersym-
metry is given by

0 = sr sr
6V>

(27)

Upon differentiating (27) with respect to A^ and c , setting the fields
to zero and using the transversality of the A field inverse propagator and
the d equation of motion we find the following relation:

(28)
'6c°(z)6b'-(y)

We see that this relation tells us that when either the gauge or ghost
inverse propagator vanishes, the other is automatically zero. As shown in [7]
the one-loop contributions to both the gauge and ghost inverse propagators
vanish. These manipulations are really only valid if there are no anomalies
in this extra symmetry. One cannot be certain of this as the transformations
involve the e symbol. This means that the dimensionally extended action is
not invariant under these transformations. However, an anomaly will only
arise if there is a divergent loop integral involved, which may not be the
case here because of the fact that the dimension is odd. Futher evidence
for the absence of an anomaly is found if one computes the Jacobian of the



transformation (5). One finds that it equals 1. For this reason we then
expect no anomalous behaviour in the supersymmetry. This is also true
for the BRST symmetry of the model. Finally, an interesting feature of
this symmetry is that one may now rewrite the Schwinger-Dyson equations
solely in terms of the ghosts (thus eliminating the Lorentz tensor structure).
We have from (28)

62T[O] £3r[o]
(29)

and this fixes the Lorentz structure of the A field inverse propagator. Given
the fact that we expect no anomaly this relation then tells us that there is
no need for F 2 type coupterterms in the theory which in turn ensures us of
the metric independence of the renormalized theory.

4 Conclusion

We have shown how the component transformations for the supersymme-
try in the covariantiy quantized Chern-Simons theory can be recovered in
a natural way by introducing two scalar superfields. By extending the su-
perspace to also accomodate the BRST symmetry we found that these two
superfields can be combined into one. Unfortunately it is not clear how
to rewrite the quantized Chern-Simons action in terms of this superfield.
However, if such an action exists then clearly the extended superspace in-
troduced here is the correct framework within which to construct it. We
should also emphasize the fact that we have been working in flat space.
For our considerations to be valid in curved space we need a parameter £„
which is covariantiy constant i.e. Daip = 0. This leads to the integrability
condition on the Riemann curvature R^ — 0. We have also shown how the
Ward identities for this symmetry yield powerful constraints on the theory
when combined with the usual BRST Ward identity. For this reason it is
important to examine the preservation of this symmetry at the quantum
level. We have argued that since the Jacobian of the transformation is
equal to 1 we do not expect any anomalous behaviour.

It would be interesting to explore the possibility of constructing a field

theory with a local supersymmetry of the type discussed in this paper. In
analogy with standard supergravity where the gauge Geld for the local su-
persymmetry has an additional spinor index, here one would expect that
we need a gauge field with an additional vector index. Of course addi-
tional ghost fields would also be required. The advantage here is that the
symmetry is valid on any 3-manifold.

In a recent paper by Horowitz [9] a class of diffeomorphism invariant
topological theories were constructed. These theories are of the Schwarz
type (see [7J) i.e. the classical action is metric independent. An interesting
problem would be to examine these theories in their quantized form and
search for extra symmetries like that described here. Work on this problem
is in progress.

Acknowledgements
D.B. would like to thank Professor Abdus Salam, the International

Atomic Energy Agency and UNESCO for hospitality at the International
Centre for Theoretical Physics, Trieste. D.B. would also like to thank
Matthias Blau and George Thompson for useful conversations.

References

|1] E. Witten, Comrn. Math. Phys. 117 (1988) 353; E. Witten, Comm.
Math. Phys. 118 (1988) 411; E. Witten, Phys. Lett. 206B (1988) 601.

[2| J.M.F. Lasastida and M. Pernici, Phys. Lett. 212B (1988) 56; Phys.
Lett. 213B (1988) 319; L. Baulieu and I.M. Singer,Topotogical Yang-
Mills Symmetry, LPTHE preprint 88/18; R. Brooks, D. Montano
and J. Sonnenschein, Phys. Lett. 214B (1988) 91; D. Birmingham,
M. Rakowski and G. Thompson, Phys. Lett. 2MB (1988) 381; Phys.
Lett. 212B (1988) 187; BRST Quantization of Topological Field The-
ory, ICTP preprint, July 1988, Nucl. Phys. B to appear; L. Baulieu
and B. Grossman, Phys. Lett. 212B (1988) 351; Phys. Lett. 214B
(1988) 223; J. Home, Supzrspacc Versions of Topological Theories,
Princeton Univ. preprint, June 1988; J.P. Yamron, Phys. Lett. 213B
(1988) 325; J.M.F. Labastida, M, Pernici and E. Witten, Nucl. Phys.

T"



B310 (1988) 611; D. Montano and J. Sonnenschein, Topological Strings, t
SLAC preprint, SLAC-PUB-4664; F. A. Schaposnik and G. Thompson, ''
Topological Field Theory and Two-Dimensional Abelian-Higgs Instan-
tons, LPTHE preprint, 88-51; R. Brooks, Topological Invariants and
a Gauge Theory of the Super- Poincare Algebra in Three Dimensions,
SLAC preprint, SLAC-PUB-4799, November 1988; D. Montano and
J. Sonnenschein, The Topology of Moduli Space and Quantum Field
Theory, SLAC preprint, SLAC-PUB-4760, October 1988.

|3j E. Witten, Quantum Field Theory and the Jonts Polynomial, IAS
preprint, August 1988.

[4] V.F.R. Jones, Bull. AMS 12 (1985) 103; Ann. Math. 126 (1987) 355.

[5] S. Sen and P. Murphy, Constraints on Two Dimensional Confor- '
mat Field Theories from Knot Invariants, Trinity College Dublin *
preprint; M. Bos and V.P. Nair, f/(l) Chern-Simons Theory and '
c = 1 Conformal Blocks, Columbia University preprint, January 1989;
T.P. Killingback, Quantum Chern-Simons Theory, DAMTP preprint,
DAMTP/88-31.

[6] A. Schwarz, Lett. Math. Phys. 2 (1978) 247; R. Jackiw and S. Tem-
pleton, Phys. Rev. D23 (1981) 2291; S. Deser, H. Jackiw and S. Tem-
pleton, Phys. Rev. Lett. 48 (1983) 975; Ann. Phys. (NY) 140 (1984)
372; J. Schonfeld, Nucl. Phys. B185 (1981) 157; G. Zukerman, Action
Principles and Global Geometry, in the proceedings of the 1986 San
Diego Summer Workshop, ed. S. T. Yau; A. M. Polykov, Mod. Phys,
Lett. A3 (1988) 325.

[7| D. Birmingham, M. Rakowski and G. Thompson, Renormalization of '
Topological Field Theory, ICTP preprint IC/88/387, November 1988, I,
Nucl. Phys. B (submitted).

[8| S. Ferrara, O. Piguet and M. Schweda, Nucl. Phys. B119 (1977) 493;
K. Fujikawa, Prog. Theor. Phys. 59 (1977) 2045; L, Bonora and M.
Tonin, Phys. Lett. 98B (1981) 48.

[9] G. T. Horowitz, Exactly Soluble Diffeomorphism Invariant Theories,
Santa Barbara preprint, NSF-ITP-88-178, November 1988.

10



"T"



Stampato In proprlo nella tlpografla

del Centro Intemazionale di Fisica Teorlca


