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ABSTRACT

We find black hole solutions in higher dimensions with extra space

in orthogonal coordinates, which compactifies at infinity. We study the

effect of massless scalar fields, abelian electromagnetic fields and their

interacting combination advocated by the heterotic string theory. The

conditions under which the extra space blows up near the horizon are given.
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Recent progress in string theory shows that if gravity is to be a well-

defined theory at the quantum level and unified with the other interactions,

several new features should be added to the classical Einstein picture. First

of all, the gravity Lagrangian is modified by higher derivative terms coning

from the string loop expansion. Second, new bosonic fields like the dilaton

scalar and the antisymme' ic tensor are introduced in addition to the graviton

and the electromagnetic f elds. The new Lagrangian Is only the low-energy

quantum field theory limit of the genuine string theory. And at last, the

dimension of space-time appears to be greater than four, the favourite number

being ten. For some unknown reason (awaiting to be explained by the string

theory in the future) In the vacuum six of the dimensions are compactified into

a tiny Calabi-Yau manifold. Whether this extra space can unfurl in the presence

of strong gravity sources or during the early stage of the Universe is also un-

known.

In view of these modifications it is necessary to reconsider all cal-

culations in usual gravity and perhaps first of all the classical Schwarzschild

solution. There is already an extensive literature on this point. Without

making a complete list, ve mention that the effect of higher-order corrections

was discussed in [1], the influence of dilatons was studied in [2,3], higher-

dimensional generalizations of the Reissner-Nordstrom and Kerr solutions were

found in [4], while the combination of gravitons, dilatons and electromagnetic

fields was the subject of 15]. However in all these references the space-time

becomes at infinity H (d-dimensional, Minkowski). This contradicts the real-
4 d-4 d-4

istic condition that the a ymptotes should approach M x K where K (if

it exists) is very tightly compactified. Black holes with such asymptotes for

Einstein gravity are discussed in [6,7].

The purpose of this paper is to generalize their results for orthogonal

extra-space metric and to study the effects of dilatons and electromagnetism

when the boundary condition is kept the same. In spite of the increasing

complexity of the system under discussion, explicit solutions are still

available.

In sec.2 we consider the pure gravity case with metric in orthogonal

coordinates for the extra space. For the usual space-time we choose isotropic

coordinates because in them a crucial property holds: the metric components

are determined by a universal function in the sense that its differential

equation coefficients have no relation to the metric. Its integration constant

determines the horizon's position. The presence of the other fields, studied

in the subsequent sections does not affect this universal function. In Sec.3

we introduce a massless scalar field (dilaton in string language). We show that
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its addition is analogous in some aspects (but not completely) to the addition

of an extra dimension. In Sec.A the Reissner-Nordstrom solution is generalized

to higher dimensions, if the electromagnetic tensor has a four-dimensional form.

Physical solutions exist if the horizon is at a distance greater than some

critical one. In Sec.5 we study the bosonic sector of the heterotic string

theory (with the exception of the axionic fields), which is shown to reduce

technically to the system of the previous section. The last section contains

some concluding remarks.

Although string theory is a rather promising candidate for a unification

scheme, we have tried to be as general and as clear as possible and to proceed

gradually from simpler to more complex systems, than to treat aposteriori the

first as special cases of the second.

2. BLACK HOLES WITH ORTHOGONAL EXTRA-SPACE METRIC

We start with a discussion of the pure gravity case, the action being

tho Einstein one. The ansatz for the metric is chosen to be

Summation is understood in the last two terms. Greek indices run over the

values 1, 2 and 3, while i = 1,,,.,'n where n = d-4 and d is the total number

of dimensions. The three-dimensional radius is r ~ Ix x . Obviously the

metric is spherically symmetric in usual ^-dimensional space-time and in isotropic

coordinates. The extra space is in orthogonal coordinates with scale factors

that, vary with the distance. If all t. are equal we return to the case studied

in [6]. There only the overall scale of the extra space can change, while we

allow for some anisatropy and distortion of its shape too. Away from strong

gravity sources the extra dimensions form a small compact space. For simplicity,

we regard it as a torus and the boundary conditions at infinity of the black

hole are

•-to (2.2)

wht?re C are very small- The non-zero Christoffel symbols 3re (no summation

r ° - A _x_M
"0 "" A r

00

(2.3)
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The prime denotes a derivative with respect to r. The Ricci tensor is

The Einstein equations simplify considerably if we use the scale invariant

quantities / /

01= A . h= -̂ - C- ~ Ci (2.5)
fit & ' ~f~

and apply the identity

Then they read

fA \ /*
JUL (2 . G )

B2 I-CV

(2.7)

(2.8)

4̂-

(2.9)

(2.10)

At first sight the system is overdetermined since there are four equations for

three unknown functions. Eq.(2.10), however, will turn out to be just a con-

straint on the integration constants. We want to find the explicit solution

of this system and to study the behaviour of the compact space near ths; hor izon

of the black hole. The method used here and in the following sections is based

on the following key observation. If we take the combination

±H (Z.Jl)



and sum (2.7-2.9) we obtain a universal differential equation (with coefficients

independent of the metric) for X:

Written in the form

(2.12)

It is easily integrated

rn_* (2.13)

\ is a positive integration constant which determines the horizon's position

and the Schwarzschild mass when the limit n = 0 is taken. There is another

solution like (2.13) but with plus sign in the denominator. It corresponds

to (2.13) with negative A and is unphysical.

Replacing (2.11) in (2.7-2.9) we get

(2.14)

(2.15)

The physical interpretation of these transformations is that the combined metric

components create a "mean field" X in which each of them propagates without

interfering with the others. Something more, a and c. are solutions of

one and the same equation and can differ only by the value of the integration

constant, while b can be determined not from the differential equation (2.15)

but from the .iLgebraic Eq.(2.11) after a and c. are known. Eq.(2.1O)

becomes after the use of (2.11) and (2.13):

(2.16)

The next step is to realize that (2.14) is in fact proportional to a full

derivative and can be integrated immediately

a -
cni

(2.17)
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where the integration constants aQ, c Q i are constrained by (2.16) to satisfyaQ, c Q i

(2.18)

At last, the expression for b easily follows from (2.11);

.2.

(2.19)

A, B and C. are obtained by integration of (2.17), (Z.19) and use of (2.2):

i = t?L

tf lr

(2.20)

CJ- - J
(2.21)

A horizon exists only if a^ < O and is situated at 2r = A. In order to make

contact with [6] (using the notation in this reference) we must put al] c.

equal to cQ . The result is the dictionary

ii - 1
(2.22)

after which the expressions (2.20) and (2.21) coincide with the corresponding

expressions of [6] while the constraint (2.18) transforms into their

constraint

(2.2:0

The usual four-diiaensional Schwarzschild solution (in isotropic coordinates) U

regained if all c0- = 0. Then (2.18) yields sQ = -4A and

Throughout this paper we work in units G = 1. Then (2.24) shows that A is

the mass of the usual black hole. In order to find the mass of the generalized

black hole (2.20), (2.21) a certain issue should be clarified first.
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It is usual in Kaluza-Klein and superstring theories to view

compactification as a reduction to an effective four-dimensional theory. The

metric is scaled g e - g ' 75- in order to obtain the exact Einstein
uv uv ^3

Lagrangian and C becomes another scalar field. This procedure makes sense

as long as only the quantum fluctuations of C are important, while its

classical value is tiny or zero. In the case of the solutions discussed

above this may be untrue, Eq.(2.2O) shows that if c
Q i is positive the

corresponding dimension "opens" as we approach the horizon. The effective

four-dimensional theory loses sense because space-time becomes truly higher'

dimensional. The Newton law however can be found directly from the equations

of motion (In the weak field limit):

(2,25)

ill,

where T is the proper time and capital indices run from 0 to d-1. For the

block diagonal metric (2.1) N = v and C^ do not appear in (2.25). Thus

(2.25) separates into

(2.26)

which is consistent with the fact that away from the black hole the extra

space is strongly coropactified and the test particle cannot move along these

dimensions, and the usual equation from it follows that

(2.27)

being the black hole's mass. Inserting (2.24) we find

(2.28)

Then Eq.(2.18) shows that if some dimensions blow up at the horizon the mass

of the black hole can shift from the Schwarzschild value m = A while the

horizon stays still at 2r = A.

Expressions (2.20) and the constraint (2.18) are quite reminiscent

of the cosmological Kasner solutions [8]:

(2.29)

-7-

Instead of the time variable we have the function . - raised to different

powers which satisfy one quadratic constraint. Unlike the Schwarzschild case

and like the Kasner solution, Einstein equations cannot determine uniquely a(

and cQi .

Finally, we remark that the d-dimensional black holes with Mc

asymptotes [4] cannot be extracted directly from (2.20), (2.21) since we have

fixed in the beginning the number of x coordinates to be 3. However all

expressions easily generalize if 3 is replaced by D, n = d-D and the results

of [4] are recovered if we put at r.he end n = 0.

0

3. THE EFFECT OF MASSLESS SCALAR FIELDS

Different unification theories have scalar fields in their light mass

spectrum. It is important to see what happens to the black hole solutions when

scalars are present. In this section we shall consider a free scalar field,

relegating the much more complicated case of a scalar interacting with an electro-

magnetic field to Sec.5.

The energy-momentum tensor of the scalar field (called riilaton in string

theory) is

A1/V f -i (3.1 )

The Einstein equations

C!. 2 )

become simply

n. 3)

Since we are looking for spherical symmetric solutions, we suppose that vp is a

function of r only. Then Eqs.(2.7-2.9) remain the same while (2.10) is modified

slightly



Thus we can apply the method of the previous section and the function X will

remain the same as before.. Eqs.(2114,2.15) also do not change while (3.4)

becomes

( 3 - 5 )

To the system (2.14), (2.15), (3.5) we must add the equation of the scalar field:

~0 (3.6)

where, as usual, g is the determinant of the metric,

in the metric (2.1) we have

which when compared with (2.11) yields the interesting result

(3.7)

(3.8)

Tn other words, X determines the operator fg" Ci . After some obvious trans-

formations Eq.O-6) becomes

(3.9)

The equation for -p' coincides with the equation for the extra length scales

c. (2.L4). Hence l.he formal analogy cp -.. In C^ Similar phenomenon was noticed

in [6j after a conformal repealing of the metric and in cosmology internal

dimensions also behave as scalars. The analogy however is not perfect: The

solution of (3.9) is

lr-
(3.10)

where <)"' sets the scale of the dilaton, while (p, is its value in the vacuum

(in st.ring theory its exponent is the string coupling constant). At B and

C ;ir*i ̂ iven by theLr previous expressions (2-20), (2.21) but the constraint

(3.11)

-9-

This equation is not symmetric with respect to aQ, c^Q, <pQ which slightly

spoils the analogy discussed, above. From (3.11) we infer that the presence of

a scalar makes

scalar charge

and c | smaller and consistency requires that this

(3.12)

For the special case of [6] (3.11) gives

(3.13)

If in addition n = 0 we recover the solution of (2J in isotroplc cooordinates.

The mass of the black hole is given by (2.28) with a- satisfying (3.11).

The results of this section are generalized in an obvious way if there are-

several scalar fields.

4. THE EFFECT OF ELECTROMAGNETIC FIELDS

Now let us introduce instead of scalar fields, electromagnetic fioliis.

The Einstein-Maxwell equations read

T - F
'MA/ - rA

F F
4$ r

AS
(•'4.2)

Contraction of the indices gives

(A.i)

It is well known that the trace vanishes (and the field is classically conforms]

invariant) only in four dimensions. Eq.(4.i) may be rewritten as

lti-2)
(A./,)

We look for solutions with the usual abelian electromagnetic field (which is long

ranged) with four indices is excited and depends only on r. It is useful to

write the components of f^, as three-dimensional vectors like in the Hat

case. A static gravity l.eld immitates a medium with electric and magnetic

susceptibilities equal to 1/A{9], The electric and magnetic fields are defined ;is
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^ _ A _

(A.5)

(4.6)

and indices are raised and lowered with the three-dimensional metric g » B 8 .

From now on to simplify notation- we accept that c. = c for ail i. Then,

taking into account that

f (4.7)

(4.8)

we can represent (4.4) as

(4.10)

(4.11)

where H" = >̂ H UH^ and the same for E . No confusion between the square

sign and the second component mark should arise since the components always

appear Greek-lettered. Now the basic equations (2.7-2.10) take the form

(4.12)

(4.13)

f i

where the symbols

(4.14)

(4.15)

-11-

'd-l A *i-l A

were adopted. The most natural way to match the two sides of

ansatz for radial fields

is the

(4.17)

Then (4.15) acquires the form

The Maxwell equation

)= o

(4.15a)

(4.18)

is satisfied automatically for the magnetic field, while fnr N = O we gut

Its solution is

or equivalently

(4.20 )

(4.21)

where q is an integration constant proportional to the electric charge.

The second Maxwell equation

-= 0

becomes similar in structure to (4.19)

-,'i

(4.22)

(4.23)
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and correspondingly the solution is

X

with K being proportional to the magnetic charge.

Now we are prepared to apply the method used before. It is amazing

that, when (4.12-4.14) are summed (the second one with coefficient n) the

light-hand side of the sum vanishes identically for any d and we again art

at Eq.(2.12) for

- if J> f nc (4.25)

Thus electromagnetic as well as scalar fields have no effect upon X. This

property is not related to the vanishing of the energy momentum trace (see

(4.3)), which anyway holds only for d = 4. If we had summed all Einstein

q̂viat ions tine right -hand side would have been proportional to

and vanishes when d = 4. What we obtain instead by carrying out our summation

is proportional, to

-TL—T f- TTM
tA (4,26)

when-

(4.2fi) is identically zero after use of Eq.(4.8) is made.

iccHHitng <-is bofore we get instead of (4.12), (4.13)

(4.27>

(4.28)

WP introduce nf>xt the intermediate variables

(4.29)

-13-

and express a and c (and consequently b from (4.25)) through them

(4.30)

(4.31)

!-})K-h (4.32)

and the integration constants aQ, cQ. The insertion of these formulae in

(A.15a) gives

The relation (4.25) in integrated form becomes

4,-2.

(4.33)

(4.34)

With its help f' can be expressed combining (4.21) and (4.29) via A alone:

t'--
while for k' there are two equivalent formsi

(4.36)

The system of coupled differential equations(4.3O)-4.33), (4.35-4.36) determines

A, B, C, f and k. Afterwards E and H arc found from (4.17), (4.21) unil

(4.24.). In principle there is a way to solve this system in general

Eqs,(4.30), (4.31), (4.-35), (4.36) form a closed subsystem for A, C, f and k

which leads to two second-order coupled differential equations, which are rather

complicated. In this paper we shall follow an easier route based on Eq.tA.33),

which is of first order and obtain exact solutions in the followingfour special

cases;

-14-



.1) d = 4 (n = 0)

2) H^ = 0 (k = 0)

3) E, = 0 (f = 0)

4> H E, (f = k>

For simplicity, we choose the coefficient of proportionality in the last case

l.o be equal to one. In either case (4.33) contains one unknown function x:

h
Ux+P (4.37)

and can be integrated immediately to give f or k. Then A,B. C follow from

(4.30-/4.32) and finally E and H are found as above. The system seems

ovp.rdetnrmlriHd since it is not clear whether (A.35), (4.36) will be satisfied.

However it appears that both sides have the same functional structure and serve

to relate the electric and magnetic charges to the constants in the solution of

(4.37). As we said in Sec.2, A is positive for physical solutions, hence

tlm right-hand side of (4.37) integrates in a unique way. The form of the left-

hand side depends on the sign of fi = 4MP-N

zMx i hi- FZ
•& < 0

ZMx t-ft ~o (4.38)

An arbitrary constant is understood implicitly in each case.

From (4.'J3) we compile the following list:

Cassi I:

(4.39)

Case 2;

a ~i U(J-l)

-15-

Case 3:

H-

(4.41)

Case 4:

(4.42)

It is obvious that 4 < 0 if X > *c (n,a0>cQ) i 0. If the critical > Q,

the cases A - 0 and A > 0 are also possible. If a^ = c ~ 0, \ = 0

in all cases and only A < 0 is possible.

Let us discuss first Case 1 in detail in order to bett.ec understand the

physics behind the formulae and to arrive at the familiar . solution ot

Reissner-Nordstrom. The system of equations is

(4.41)

Since A < 0 we have from (4.38):

JLzXL (4.44)

where W is positive constant. The solution is

Taking into account the relation

i-W J

= i (4.46)

-16-



we have

- ± .47)

In order to be able to obtain the Reissner-Nordstrom solution k* = 0 or

x' = f it is. clear from (A.29) that the plus sign should be chosen in (4.45)
2 2

otherwise x'/U - Ar ) is negative. Furthermore, using the boundary conditions:

A = A0
|WM| (A.48)

g_ (4.49)

F r o m ( 4 . 6 ) , ( A . 2 1 ) , ( 4 . 2 4 ) w e h a v e

At. infinity A - 1, B = L while r « p (the standard radical coordinate) and

Uius the electric and magnetic charges are

n .1
(4.51)

from (4.29) and (4.40) wn also get

(4.52)

When > = 0, k1 = 0 and x' = f . This condition gives a relation between

W n and L|:

(4.53)

Jsnally, tht- H-N solution is given in standard coordinates in which the metric is

-17-

We recall the relations that follow after a comparison with (2.1)

(4.55)

The R-N solution is characterized by a radial electric field whose only non-

vanishing component is

(4.56)

He want to show that this is equivalent to formula (4.SO) in isotropic co-

ordinates. The proof is contained in the following chain of equalities:

#

So we have to prove (up to normalization factor)

K4.57)

i?
or after using (4.55)

(4.58)

We take the logarithmic derivative and transform it into an equation for a,

which is nothing but the last equation of (4.43). This completes the proof.

The solution is unique - the constant an turned out to be irrelevant.

Returning back to isotropic coordinates we see from (4.48) that at

2r = A there is a horizon A - 0. To find its positron in standard coordinates

we use again (4,55):

(4.59)

From (4.53) ph satisfies

(4.60)

This coincides with the horizon equation in standard coordinates

(4.61)

-18-



after the identification X - m - q . Here m is the mass of the charged
2 2

black hole. Hence we obtain in isotroplc coordinates the condition q < in

for a physical solution.

The passage to the Schwarzschild solution can be performed directly

in isotropic coordinates* Eq,(4.53) becomes

.62)

and when q -+ 0, W_ -» °° . Then A (4.48) and B (A.49) reduce to the well-known

form (2.24). The mass of the black hole m can be found from (4.48) and the

Newton law (2.27).

Eq.(4,5O) reflects the duality between electric and magnetic fields in

4 -d imensions t When both fields are present the equality x' = f -f g1 gives

(4.63)

while the Newton law defines the gravitating mass as

(4.64)

Exclusion of W, yields

(4.65)

This expresses the first free parameter of the solution in terms of physical

quantities while the second one, WQ becomes

(4.66)

We have paid so much attention to the four-dimensional case because many

of its features are typical for the other three cases. It will also help us

lo outline clearly the modifications that higher dimensions bring in. There

are three classes of solutions according to whether X is greater, equal to or

smaller than the critical distance X^ . We begin with the class X > X ,

a < 0 which is similar to the R-N case.

-19-

According to Eq.(4.38) the main equation is

Z1-
in

(4.67)

Squaring both sides we obtain its solution

2M
£ + *[ )
i-y/J

11
(4.68)

Eqs.(4.44) and (4.45) are a special case of (4.67) and (4.68) and as befori? wi:

choose the plus sign in (4.68). Then

Xr (4.09)

Case 2. For this case (4.68) is

The equations for a and c are

and with the help of (4./0) can be integrated to

(4.70)

(4.71)

(4,72)

(4.73)

B is determined from (4.34). The horizon always exists and its positron is

2r = X. If C is to blow up at the horizon it should have a pole. This

happens when

ji > 0 (4.74)

-20-



For a0 = cQ = 0 this is true. In general either

>0
.75)

(4.76)

should hold. One should remember also the condition A > X
c

which is compatible with (4.74) and (4.75).

The electric charge is related to WQ when (4.70) and (4.35.1 are

comparedi

while, the Newton law defines the mass as

i. Now

( 4 .77 )

(4.78)

(4.79)

a and c sat: i ̂  f y t.hi*. same equaLion

(4.80)

whi t:h g Lvti

- 2 1 -

( 4 . 8 1 )

(4 .82)

The existence of horizon ; ensured by

in K- (4 .83)

If afi > c_ this is stronger than X > X . The condition for C to blow up

(4.84)

A necessary condition is c_ > an and then (4.83) is also satisfied. Hence

the extra space can "open" near the horizon. The magnetic charge and the mass

are given in terms of X and W :

t_

m -

-A

*/0

(It. 85 )

(4.86)

Case 4 (f = k). We just list the relevant formulae. The equation of c is

unaffected by the electromagnetic field

(4.87)

(4.88)

(4.89)
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(4.90)

Howfiver the condition f = k.1 leads to q = C'nK which can be satisfied

only if cQ = 0. Then

(A.

(A.92)

There is always a horizon but C stays compactified. In fact we return to

case 1 because 6 = -64A and space-titne is effectively four-dimensional.

The electromagnetic fields in all three cases are given by the expressions:

Their asymptot.es show that the physical electric and magnetic charges are

it (4.94)

VJi? see that the symmetry between E and H in four dimensions is distorted

in (4.93) by the presence of the extra space length scale. The analogue of

11 > is the renormalized (C^/C^ )F ̂  •

Let us discuss next the second class of solutions with t ™ 0 or

A = A j- 0. Then (4.38) is

X -
hi

> y" J ^ '
\ - \, -

(4.95)

The constant part of x is the same as in (4,68). As an example we will

study case 2. The other cases are treated in a similar manner. We have

(a is some constant):

a ̂  -
V t

(4.96)

-23-

and using the boundary condition we find

The new feature is that the boundary condition does not fix AQ which we

take to be positive. We have next

4- Up + (J-})(o4

Obviously, when 2r = A there is a horizon, C develops a pole if

(.4.98)

«„+• (̂ 3 (4.99)

This coincides with condition (4.75). The electric charge and the mass arc>

(A- 100)

(4.101)

The previous class of solutions depended on 3 free parameters >> , a , c .

Now A is fixed to its critical value but again the tree parameters are 3:

Ao, aj. ! c . An interesting feature is that m ""Op.

At last for the third class of solutions with A > 0, O •̂ \ < \. we

have

(•'4. 102}

«ith g being an integration constant.

More specifically for case 2:

(4.103)

The equation A = 0 has no solution, hence there is no horizon. On the othrr

hand, there are singularities when A = •». This happens at

-24-
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z- (4.104)

ZQ being a positive constant, <t is an arbitrary integer. For the plus

sign the outermost singularity is for e - 0- and rfi > | . For the minus

sign the outermost singularity is when I - » and is equal to j , The

outcome is an infinite number of naked singularities that renders the

solution unphysical. In cases 3 and 4 the power of the cosine in (4.103)

remains negative, although in A the multiplier Y raised to some power

appears, which leads to a horizon at r = j . However, as we have seen, there

is a singularity out of the horizon so presumably the solutions again are

unphysical.

5. THE BOSONIC SECTOR OF THE HETEROTTC STRING

The last and most complicated system to be considered in this paper

is the bosonic sector of the heterotic string(without the antisymmetric

Lensor). The Lagrangian is

F (5.1)

The different fields were introduced and studied in the previous sections.

Tho equations of motion are

(5.2)

'/ ti -o
(5.3)

(5.4)

and the identity (4.22). It happens that the method applied throughout the

paper works for this system too. Eq.(5.2) is a simple combination of (3.3)

,'irul (h.h), and leads to the system (4.12-4,14) but now the notation is(instead

of (.'..16)):
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(5.5)

and Eq.(4.15a) receives on the right-hand side the addition -2f'2. The function

X is the same as before, thus (4,30-4.32) again are satisfied. To them we

join the scalar field equation after transformations similar to those that lead

to (3.9). Thus (5.2), (5.3) are equivalent to the system

hhtnt =X (5.6)

while instead of (4.33) we have

(5.7)

and again cases 1 to A are solvable, Eq.(4.24) is the same but written in the.

new notation (5.5) looks like

Br1

Eq.(5.4) can be treated exactly as Eq.(4.18) and gives

Eq.(4.29) becomes

(5.8)

(5.9)

(5.10)

From Eq.(5.6) we see that again the addition of a scalar field (but with the

specific coupling given by the third term in (5.1), which is string inspired)

resembles the addition of extra dimensions and we have the formal analogy

- -^2 ~ c, which like in Sec.3 is slightly spoiled by (5.7) because q>' and

c do not enter symmetrically this equation. Thus we have reduced the problem
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to the one in Sec.4 where a detailed discussion was carried out. This allows us

to be very brief in this section. In the four dimensional case the last

equation in (A,A3) becomes

Now the electric and magnetic fields do not enter symmetrically and in

fact case 1 becomes solvable when f - 0 or k = 0 or f » k, i.e. is not

different from cases 2-4. The coefficients H, N, P are modified. For case 4

only P is changed into P + 2^/d-Z. For cases 2 and 3, M 1 - M + ~

f/ i i hth A remN

g ^ 1

N i y , PL = P + 2fg/d-2 . The question arises whether Ac remains

i ily seenpositive after these alterations. For case A the answer is easily seen to

be yes. We shall prove the same for cases 2 and 3. From (4.40) we have

(.5.12)

where p is positive. The condition A < 0 can be written as

which is equivalent to

(5.13)

As we saw in Sec.4 the right-hand is positive. The question is: does it

remain positive after the modifications due to the dilaton? We have to

prove

(5.1A)

which follows from

For

when

(5.15)

this is true, while the minimum of the left-hand side is obtained

-27-

and is

A-A

It is positive because (5.13) is positive. This completes the proof that.

A < 0 for A > A > 0. Then the solutions can be classified as in the

previous section.

6. CONCLUDING REMARKS

In this paper we have found exact solutions for higher-dimensional

black holes in pure Einstein gravity and when scalar or electromagnetic

fields are present, alone or in the combination advocated by the heterotic

string. We imposed realistic boundary conditions which break the symmetry

between the usual four coordinates (approaching at infinity Minkowski space-

time) and n extra space coordinates, which form at infinity a tightly

compactified manifold, taken for simplicity to be a torus. The method of

solution rests upon a universal function which determines the metric and the

fields and resembles the mean field method. It works in isotropic coordinates.

In standard coordinates one cannot write the equations in terms of the

variables (2.5) since B appears explicitly. The general conclusion is that

the extra space may blow up near the horizon under certain conditions and the

space-time becomes then truly higher dimensional. Unfortunately, at present

we cannot treat massive scalar fields, scalars with potentials, the cosmological

constant and the most general case of electromagnetism. It is interesting

to see whether the method works when there is an antisymmetric tensor or its

four-dimensional axionic remnants and higher-order string corrections. Tt

is important to repeat the calculations in standard coordinates since there

are hints that additional constraints on the free parameters seom to appear.

They also allow to study the region inside the horizon.
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