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ABSTRACT

A theorem is proposed for the areas of ra-sided irregular convex polygons, of given
lengths of sides. The theorem is illustrated as a simple but powerful one in estimating the
areas of irregular polygons, being dependent only on the number of sides n (and not
on any of the explicit angles) of the irregular polygon. Finally, because of the global
symmetry shown by equilateral triangles, squares and circles under group (gauge) theory,
the relationships governing their areas, when they are inscribed or escribed in one another
arc discussed as riders, and some areas of their applications in graph theory, ratios and
maxima and minima problems of differential calculus briefly mentioned.
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1. INTRODUCTION

From the principle of dimensional analysis, the area of a regular body in Euclidean
space, can be given in terms of the product of the square of the length of each side and a
constant. For instance, Spiegel [l] gives such a formula for the area of an n-sided convex
regular polygon of side t units as

(1)

In terms of the radius r of the regular polygon, Jacobs [2], gives the area formula and
perimeter as:

| j (2)
and

= 2 jrtsin is% jr (3)

respectively. And in terms of the radius a of an inscribed circle James and James [3], give
the area formula for the n-regular polygon as

= jntan'8%}

It is clear therefore that the area of any regularly-shaped body in Euclidean
space can be given in terms of the product of a constant and the square of a distance
characteristic of the figure in question. Eq.(4) can for instance, be written in terms of <r.
and I (after appropriate manipulations) as,

An = {0.5n}a x t (fl)

We can make extensions (from dimensional analysis) to cover all figures (regu-
lar, irregular and curved surfaces). For curved surfaces like circle, sphere, cone, cylinder
etc., the matter becomes a little more complex, because the constant here will involve
Pi w 3.14159..., which is transcendental, and to that extent the areas of such figures
remain an approximation (see Klein [4] and Ball [5]).

However, for irregular polygons (where the area does not involve Pi) the extension
is valid and justified. Secondly, Pottage [6] has proved that of all polygons having the same
perimeter, the regular polygon has the greatest area. There is no simple formula for the
areas of irregular polygons similar to Eqs. (l), (2), (3) and (4), as far as we know. It is
therefore desirable to evolve such a formula that witl apply to both regular and irregular
polygons when the appropriate characteristic distance is properly and similarly chosen.



This is our main objective in this paper imd we have accordingly given the area formula

(theorem) in terms of average length of the n sides of an irregular polygon.

Under gauge theory, symmetry has been recognized to play an important role in

the Universe because it is associated with invariance under appropriate transformations

(see Parker [7]). The electron and positron; the proton and neutron are two classes of

nearly symmetrical particles which differ either in charge or slightly in mass. Geometrically,

the equilateral triangle, the square and the circle have symmetry under rotation through

appropriate angles. This is important in group and graph theories. It therefore becomes

necessary to investigate the relationship between the areas of these fundamental figures

that even constituted the basis of ancient Greeks geometry. This is our second objective

in this paper.

2. THEOREM I

The area Arl of any rt-sided convex polygon (regular and irregular) can in general

bo given as

n = cne (6)

where t is the average length of all the n sides of the potygon and Cn is a dimensionless

constant, lying between zero and a certain upper limit Zn, That is 0 < Cn £ Zn and

Cn — Zn for a regular polygon, where

« sin2 ( 9 0 - "»>/„)

2sin3 C% l '

(The theorem is evidently true for circumscribable polygons.)

3. PROOF

We give the proof in terms of an equilateral triangle (smallest polygon) inscribed

in a circle in line with argument in Pottage [6] (see Fig. 1).

The angle subtended at the centre, 0, by one side I of any n-sided polygon (in

this case n — 3 for a triangle) is 3 e % . That is, from Fig. 1, the angle AOB subtended at

0 by the side t (AB or AC or BC) is 3a° /„. The angle OAB and OBA are both equal to

(180 — 3 e%)/2 because the triangle OAB is isoceles and hence the base angles are equal.

If we then apply the sine formula -^L- = -^-^ = -^Q to triangle OAB, we have

a -

(8)
sin 38%

• ] « • • • • « " • .

which reduces to

and hence

sin 3«% sin(90 - i»%)

tsm(90 - is%)

But, generally, the area of an n-sided regular convex polygon inscribed in a circle is given
by:

1 , . _ . „ , ( 1 Q )

which may be written (from dimensional analysis) as

An = zne (11)

if T is the radius of the escribed circle and t is the length of each side of the regular polygon.

From Eq.(lO) and (11)

Zn=^{ji2<An^U (12)

If we substitute Eq.(9) into Eq.(12), we get

(13)
_ n sin2 ( 9 0 - 1 S %
^ 2 sin *»/„

Eq.(13) is the same as Eq.(7) and by using trigonometry reduction formulas, such as

sin (90 ± A) = cos A and sin 2x = 2 sin x cos x, becomes

= n

" 2

n f cos "">/„ • cos iso/,,

2 sin

n

(14)

(15)

which is similar to Eq.(l) as given by Spiege! [l].

3.1 Corollary 1

Theorem I applies generally for all polygons including escribed ones that have

greater areas than their inscribed circles, and not only for inscribed polygons as used in

the above proof.



3.1.1 Proof of Corollary 1

What is required here, is th show that Eqs.(7), (13), and hence (14) and (15) are
valid for all cases of escribed polygons as well and not just for the inscribed ones only. We
shall therefore seek to prove Corollary 1, with the case of an equilateral triangle escribed
onto a circle of radius rn (less than the radius r of the polygon) and the length of each
side of the triangle is I as in Sec.3 above (see Fig. 2).

The angle COB = AOB - AOC = 3«yn and it is subtended by the length I.
Therefore the angle COD = DOB = BOF - FOA = AOE = COE = 18%, because it
is subtended by the length 1/2. Angle DBO - (180 - 3 S%)/2 = (90 - 18%) and it is
substended by the radius of the incircle rn. Applying the sine formula to triangle DOB,
gives

//
(16)sin 18O/D Ein(90 - «%)

and
_ I sin (90 - '•%) _ I ( cos i g% 1 _ I u

r " ~ 2 sin 18% = 2~\sin 18% J = 2 COt

But the area of an escribed regular polygon is, generally written as

And from dimensional analysis Eq.(l8) can be written as

But from Eqs.(18) and (19)

KH = *(-£)

(18)

(19)

(20)

where Kn = dsmensionless constant, like Zn. If we substitute Eq.(l7) into (20), for rn, we
get

_ n \ cos
^ 4 \ sin

cos 18% cos " % I sin
sin

I sin
J cos

ft r cos ia% 1 n
(21)

which is equal to Eq.{7), (13), (14) and (15).

Hence Kn = Zn as required. This means that the constant Zn is independent of
the fact that a polygon is either inscribed into or escribed onto a circle. The issue is that
not all irregular convex polygons are inscribable into or escribable onto a circle. But when

the average of the lengths of the sides of an irregular convex polygon is taken, it reduces
to a regular polygon of side equal to this average length and this makes it necessarily
inscribable into & circle and hence it satisfies the condition 0 < Cn < Zn.

This condition is satisfied because, as the circle is the greatest (limit) in area of
all regular polygons to which it is isoperimetric, the regular polygons are the greatest (the
limits) in area of all irregular polygons to which they are isoperimetric. Isoperimetricism
implies equality of perimeter which is ensured when the average of the lengths of sides are
taken for an irregular polygon. This can easily be illustrated for the case of equilateral
triangle (smallest polygon n = 3) using Hero's formula An = vM* -a)(s - b){s - c)
where a is the half perimeter \(a + b + c) and a,b,c are the sides of the triangle. The
product (a — o) [a — b) (a — c) must be a maximum, if and only if the difference between the
half perimeter and the individual sides are equal. That is« — a = s — b = a — t and this
implies a = 6 = e for a = constant, and hence An the area is a maximum.

The general argument can be extended to polyhedra (regular and irregular) cir-
cumscribable about a sphere, because the sphere will be the limit ( in volume and area) of
all such polyhedra, while the regular polyhedra shall be the limit to the irregular polyhe-
dra of the same average dimensions; for it is known, Pottage [6] that for such polyhedra.,
the volume ratios are equal to surface area ratioe, just like in the case of isoperimetric
polygons, whose area ratios are equal to their perimeter ratios. However, for the case
of all curved surfaces (as stated earlier) the constant (from dimensional analysis) cannot
be determined exactly, because of the implicit involvement of the transcendental number
Pi = 3.14159..., making the areas and volumes of such figures to be mere approximations.
This concludes the proof of our Theorem 1 and its Corollary.

4, APPLICATION AND RESULTS

The theorem was applied to the least admissible integer n of a polygon (corre-
sponding to the triangle n — 3) and its successor (n -I-1) (corresponding to the case of a
quadrilateral n = 4) in a manner akin to mathematical induction method of proof. In all
the cases of arbitrary dimensions and forms of these two classes of polygons tested, the
results were valid and consistent with the theorem. These forms include, for the triangle,
the cases of (i) a scalene, (ii) isoscales and (iii) equilateral; and for the quadrilateral, the
cases of (i) a rectangle (ii) a parallelogram (iii) a trapezium (iv) a rhombus and (v) a
square.

4.1 For the Triangle (n = 3, Zn = y/3/4 = 0.433 ...)

We recall that the three sides of lengths a,b,c can form a triangle if and only if
none of the sides is equal to or greater than the sum of the other two sides. Thus, for any



triangle whose a,b,c are given, we can always use the Hero's formula for area

An = y/s{s-a){s-b){s-c) (22)

as a check, for the constant Cn(n = 3), since Cn — An/£ from Eq.(6), The maximum
value of Cn occurs when the triangle is regular, that is, equilateral, and for that case
Cn = Zn = \/3/4 or 0.433 ....

4.1.1 Results

The results are shown in Table 1, and demonstrate consistency with the theorem,
for aU classes of triangle (scalene, isoscales and equilateral) or even right angled ones.

Table 1

Showing the results of the application of Theorem 1 to the case of least polygon
n = 3 (triangle) of various forms and dimensions

Serial
tjunihrr

S/n
1
2
3
4
5
6
7
8
9
10
11
12

Til* three sides of

a
3
5
9
5
6
7

1.96
4
8
24
1
7

b
4
7
11
6
7

24
6.72

6
15
28
1
7

a triangle

C

5
8
12

7.81
7.81
25
7
9
17
36

7

Area
An

6
17.32
47.33
20.12
20.12

84
6.59
9.56
60

335.62
0.5

21.22

Average

i
4

6.67
10.67
6.27
6.94
18.67
5.23
6.33
13.33
29.33
1.14

7
MEAN

constant

cn0.375
0.390
0.416
0.381
0.418
0.241
0.241
0.238
0.338
0.390
0.386
0.433

0.354±0.070

constant

zn0.433
n

»

ft

n

Ti

n

i t

4.2 For the Quadrilateral n = 4 Zn = 1

We recall that the limiting value of Cn is Zn, and for a regular quadrilateral
(i.e. a square) Cn = Zn = 1. We therefore tested the theorem for the various forms
of quadrilateral namely: rectangle, parallelogram, trapezium, rhombus and a square. It
will also be noted that for any quadrilateral ABCD, of sides a,b,c,d the well known area
formula

An = J{s-a}(s-b){o-c)(a-d)-r (23)

"7".*::3»:- .tt 1 .it ••..,{- •,;:

where
r = abcdcot,2{^{B + D)} and a = ~{a + b + c + d} holds. (24)

Thus, the cyclic quadrilateral (of which the square is a special case) has the maximum
area and is also inscribable in a circle. For this case B + D ~ 180° (supplementary).

4.2.1 Results

(a) For a rectangle: The area formula is An = ab, where a is the length and 6 is the
width. If a = 5, and ft = 3, then A = 15, I — 4 and Cn = 0.938.

(b) For a parallelogram: The area formula is An -- bh = a&sinfl, where the symbols
have their usual meanings. If a = 5, 6 = 8 and 0 = 63°, then An = 35.6, t = 6.5 and
Cn = 0.843. If a = 6, b = 11 and 8 = 62°, then An = 58.3, I = 8.5 and Cn = 0.807.

(c) For a trapezium: The a real formula is An = i/i(a-f 6) If h = 4.782, a = 6, b = 12
and the other two sides are 5 and 6.592, then ,4,, = 43, I = 7.398 and Ca = 0.786 (Note:
the angle 8 between the sides 5 and 12 is 73").

(d) For a rhombus: The area formula is An = a2sin0 where 9 is the angle between
any two sides and a is the length of one side, all the sides being equal. If o = 6 and 0 = 60",
then An = 36sin 60° = 31.18 and I = 6, hence Cn = 0.866.

(e) For a square: The area formula is An = a2. If a = 10, then An = 100, t = 10
and hence Cn = Zn — 1. Thus, all these cases show that the theorem is valid for the
quadrilateral of any form since 0 < Cn < 1 here. Because the theorem is valid for the least
admissible (value n = 3) polygon and its successor (n + 1 = 4), we may generalize using
Peano's axioms, that it would apply for all the higher values of n, and hence for all the
polygons.

5. RIDERS

5.1 Rider 1

The area of any equilateral triangle circumscribing a circle of radius r is equal to
4 times the area of another equilateral triangle circumscribed by the same circle.

5.1.1 Proof

We use the general formulas for inscribed and escribed polygons (see Fig. 3); as
given by Eqs.(4) and (10). Using Eq.(4), and substituting r for o, the area of the outer
(bigger) triangle circumscribing the circle becomes

An = nr2 tan l 8 % = 5.196152424r2 (25)



Using Eq.(lO) for area of the inner smaller triangle circumscribed by the circle, we have

A'n = -n r 2 sin wo/u = 1.299038105rs (26)

Dividing Eq.{25) by Eq.(26) gives An/A'n = 4.0000, hence

An = 4A'n (27)

as required.

5.2 Rider 2

The area of any regular quadrilateral (square) circumscribing a circle of radius
r, is two (2) times the area of another regular quadrilateral (square) circumscribed by the
same circle.

5.2.1 Proof

Again we use the procedure as in Rider 1, employing Eqs.(4) and (10) (see Fig.
4). If we apply Eq.(4) to the bigger external square, we get

and using Eq. (10) for the inscribed square, we have

= 2

(28)

(29)

(30)
Dividing Eq.(28) by Eq.(29) gives

i.e. Ai — 1Ai as required.

5.3 Rider 3

The sum of the areas of an equilateral triangle and a square which are both
inscribed in a circle of radius r is approximately equal to the area of the circle, the ratio
being about 1.05.

5.3.1 Proof

We adopt the procedure used for proofs of Riders 1 and 2 above (see Fig. 5).

From Eqs.(4) and (10), the area of the triangle n = 3 is A3 = 1.299038105r2 and

that of the square is A4 = 2r2, giving a sum of

A7 = 3.299038105r2

9

(31)

The area of the circle is
A s = 3.141592653ra

Dividing Eq.(31) by Eq.(32) gives

Q = 1.050XX6443...

(32)

At « 1.05A©

Ai « A©

as required.

(33a)

(336)

6 . DISCUSSIONS AND CONCLUSIONS

6.1 Discussions

We have proved Theorem 1 and shown that it is independent of whether a convex
n-gon is inscribed or escribed onto a circle. The averaging process reduces a convex
irregular n-gon to a regular one, thus making it inscribable into a circle. The condition
that of all isoperimetric polygons of the same number of sides, the regular polygon has the
greatest area, then ensures that irregular polygons obey equation (6). The constant Zn

can be given in various ways as in Eq.(6), (14) or (15) as convenient and marks the upper
limit for Cn.

The crucial issue is how to determine the value of Cn in each case of given sides
of an irregular n-gon. This is the subject of a subsequent paper, as Cn appears to depend
not only on n, but on the actual lengths of the sides of the polygon in question. The
application of the theorem to the cases of n = 3 and n = 4 shows consistency and suggests
that we can (using Peano's axioms) generalize for any n-*gon in a manner analogous to
mathematical induction method of proof.

We have also discussed as riders, simple problems involving the relationship be-
tween the areas of equilateral triangle, square or circle when they are inscribed or escribed
on one another. Although these riders may appear trivial, their results can be applied in
problems of ratios, maxima and minima (see Tranter [8]), graph and group theories (see
Coxeter [9] and (Fig. 6); Parker [7]), and this was the main reason for their considerations.

The question that naturally arises about Theorem 1 is: "Why must we restrict
the area formula in Euclidean space to the product of a constant and square of average
length of the figure, since from dimensional analysis the area of any figure can generally

10



be given in terms of the product of a constant and the square of a characeristic length of
the figure in question"? The answer to the question is as follows:

(a) For the class of figures of polygons (which is the subject of this paper) it is
only the average length that reduces the irregular polygon to a regular polygon of the same
number of sides and hence makes it inscribable into a circle. This means that the limit set
for Cn i.e. 0 < d < Zn is clearly and easily denned.

(b) For the other classes of figures such as polyhedra or curved surfaces, the area
formula different from this simple type (of average length) may run into the difficulty of
not being able to specify the limits of Cn, as this necessarily involves the transcendental
number Pi = 3.14159....

(c) Thirdly it seems also that it is only the averaging process that ensures that
the figure is circumscribable about a circle or a sphere as appropriate. The use of any
other characteristic distance, appears to be possible only after the figure has been made
regular by the average length procedure.

The Riders 1, 2, 3 are very interesting especially 3, which seems to demonstrate
the probable reason, why some ancient philosophers call the representation of Fig. 5, the
figure of God (see Levi [10]). This is because the triangle has 3 sides, and the square
4 sides, the sum of which gives 7, the number they usually associated with the circle or
perfection (see Levi[ll]).

It is clear that whether Cn can be computed explicitly or not, Eq.(7) has set its
limit and hence Eq.(6) can always be used for estimation of the areas of irregular polygons.
It will also be useful in computing the value of Cn, when the area and sides are given for
any n-gon.

From the average of Cn = 0.354 ± 0.073 calculated from Table 1, it is clear that
Cn shows considerable variation with changes in the lengths of sides of polygons (for n = 3)
because the standard deviation is only about one fifth of the mean value. Although the
population of the sample here is not much to allow any conclusive remarks, yet it appears
that the mean value of Cn = 0.354 ± 0.073 may be a good index for estimating the areas
of irregular n-gon (n = 3) using Eq.(6).

Also since this average of Cn is about 82% of the value of Zn - the maximum
value of Cn, one may therefore suggest that as "a rule of the thumb" the area should be
estimated using

Cn = 0.82/B (34)

if only the sides are given, for an irregular triangle n = 3. For the case of a quadrilateral
in which our calculated mean of Cn is 0.873 ± 0.082, the mean value is about 11 times the
standard deviation, showing that Cn here does not in fact vary much with changes in the
lengths of the sides of quadrilaterals. The mean Qn is also 87.3% of the maximum value

11

Zn, (for n = 4, Zn — 1). Following the above argument, "the rule of thumb" for estimating
the areas of irregular quadrilaterals of given sides (using Eq.(6)) will be

(35)

It must be mentioned here, that the use of these "rules of thumb" of Eqs.(34) and
(35) may not necessarily give very accurate results for the areas, but only their estimates.
Nevertheless, they are simple and straightforward enough for easy computations since
Eqs.{6) and (7) have already set the bounds of Cn. With few computations in each case,
a rule of thumb can similarly be defined for all higher irregular n-gons, and the mean Cn

appears to lie between 70% to 95% of Zn generally.

Under group, gauge and graph theories, symmetry plays an important role and is
usually associated with invariance. This is also the case in geometry. For instance a circle
is invariant under rotation through any angles, and is said to have a continuous symmetry.
A square (n = 4) remains the same when rotated through angle 90°, while an equilateral
triangle (n = 3) is invariant when rotated through angle 135° (see Fig. 6).

From Fig. 5, the area ratios of a circle to a square and to an equilateral triangle

3.14159 : 2 : 1.299 or 1 : 0.636 : 0.414

while their perimeter ratios are respectively

6.283 : 5.657 : 5.196 or 1 : 0.9 : 0.827

(36)

(37)

Eqs.(36) and (37) therefore emphasize the well known fact, that the more the number of
sides n, of a regular polygon, the nearer that polygon is to the circle, which is the limit
of all such polygons. Perhaps, the less obvious implication which emerges in terms of the
symmetry considerations, is the fact, that a higher regular polygon requires a rotation
through a smaller angle to achieve its symmetry and hence remain invariant. This is
indeed interesting, because it implies that a higher regular polygon (or even a polyhedron)
is more symmetrical and stable than a lower one; complete symmetry and stability being
achieved only when the polygon (or the polyhedron) graduates into a circle (or sphere) as
appropriate.

This seemed to have been anticipated by Euclid in his "Elements", when he con-
structed the so-called Platonic figures in which four solids were assigned four natural ele-
ments of corresponding qualities of perfection, depending on their number of faces. Thus,
a cube was assigned Earth, a tetrahedron, fire; an octahedron, air; and an icosahedron,
water; (see Coxeter [9]).

12



6.2 CONCLUSIONS

(1) The necessary condition that of all isoperimetric polygons, the regular ones
have greatest areas, has enabled us to propose a simple theorem for estimating the areas
of irregular polygons of given sides.

(2) It has been shown that if I is the average length of all the sides of an n-aided
polygon (regular or irregular), then the area An of such a polygon satisfies the Eq.(6)
An — Cnl and Cn is a dimensionless constant, defined by

n <r C < 7 « W 7 -0 < Cn < Zn, where Zn -

as appropriate.

2sin36%
. — —cot 1 8 0 /

2 sin 3«>/n - 4 c o t /»•

(3) In the cases of a triangle (n = 3) and a quadrilateral (n = 4), we have given
"rules of thumb" (Cn = 0.82Zn and Cn = 0.87JJn respectively) for estimating the areas
based on the calculated average values of Cn in both cases.

(4) We have also obtained some useful relationships between the equilateral tri-
angle, the square and the circle, which can be applied not only in problems involving ratios
but in maxima and minima problems of differential calculus.

(5) Finally, our symmetry considerations show that a higher regular polygon (or
a regular polyhedron) requires less angle of rotation to achieve symmetry and invariance
and hence, these higher regular figures can be regarded as more stable (in this sense) than
their corresponding lower ones.
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Figure Captions

Fig. 1 Showing an equilateral triangle ABC of side t representing a regular polygon (of
n = 3 sides) inscribed in a circle of radius, r.

Fig. 2 Showing an equilateral tringle ABC of side t and radius r, representing a regular
polygon (n = 3 sides) escribed onto a circle of radius rn .

Fig. 3 Showing an equilateral triangle ABC of area An, circumscribing a circle of radius
r, which in turn circumscribes another equilateral triangle A'B'C of area A'n.

Fig. 4 Showing a square of area Ai circumscribing a circle of radius r, which in turn
circumscribes another square of smaller area A?.

Fig. 5 Showing a circle of radius r circumscribing a square and an equilateral triangle.

Fig. 6 Symmetry of a square, a triangle, and a circle. Arrows show rotation. The object
remains the same when rotated by the amount shown in the diagram (after Parker
(1986)).
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Fig.5

Fig.6
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