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Abstract:

The present status of optical model calculations of neutron scattering and inter-
actions is reviewed, with special emphasis on more recent developments and the more
promising lines of research. The use of dispersion relations to provide an extra con-
straint on the potential is discussed, together with their application to studies of the
Fermi surface anomaly. The application of potential inversion techniques to determine
the form of the potential is also considered.

1. Introduction

The neutron optical potential remains an essential tool for analyses of neutron
scattering and reaction data, and continuing efforts are devoted to determining it with
higher precision over a wide range of energies and nuclei. Many precise optical model
analyses have been made with potentials adjusted to optimse the fits either to individual
nuclei or to ranges of nuclei across the periodic table. The parameters of these potentials
have been tabulated (Perey and Perey, 1974, 1976) and the results of many analyses
discussed in review articles (Hodgson, 1971, 1984ab).

This work will certainly continue, and enough new analyses have been made since
the last review to provide material for a new review. However it is more interesting to
concentrate on work that embodies new ideas, and to try to assess their usefulness for
the practical problems of understanding and describing neutron interactions.

In recent years neutron analyses have greatly increased in accuracy, and it has
become clear that a simple optical model parametrisation is no longer able to give
acceptable fits to the experimental data. In particular, the depth of the real potential
shows a non-linear behaviour around the Fermi surface; this is often referred to as the
Fermi surface anomaly. Precision analyses have also shown that it is no longer adequate
to assume that the radius of the real potential is independent of neutron energy.

It is of course possible to accommodate these and other departures from the simple
optical model by more complicated parametrisations, but in the absence of theoretical
guidance concerning the form of the parametrisation these are inevitably arbitrary and
are unlikely to be applicable outside the domain where they are fitted to experimental
data. What is required is a theoretical understanding of these anomalies that gives the
most appropriate form of the potential, so that when it is fitted to a restricted range of
data it can be extrapolated over a wider energy range with some confidence because it
has a sound physical basis.

This theoretical understanding is provided by the dispersion relations that connect
the real and imaginary parts of the optical potential. These have indeed been known for
some time, but it is only in recent years that the neutron data has achieved the precision
that enables them to be fully exploited. Several detailed analyses have now shown that
they are able to account in some detail for the apparently anomalous behaviour of some
optical model parameters, and thus make possible a consistent and accurate analysis of
neutron data that has a sound physical basis.
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In this review we are concerned with energies up to about 50 MeV. At the higher
energies in this range the analysis is straightforward since only shape elastic processes
contribute. At lower energies the analysis is complicated by the presence of compound
elastic processes: the cross-sections fluctuate with energy and the energy average can
be calculated from statistical theory. Inevitably this reduces the accuracy attainable.
At low energies rather few partial waves contribute to the scattering, and this raises the
question of the adequacy of the optical model description.

A broader view of the problem of determining the low-energy neutron optical
potential may be obtained by setting it within the context of the concept of the nuclear
mean field that extends from negative to positive energies. This potential behaves in
a continuous way. over the whole energy region: the overall nearly-linear variation of
the real part of the potential is the Hartree-Fock field, and its energy dependence is
attributable to the use of local instead of a non-local form for the potential. At negative
oiKMgics tlio potential is defined by the bound single-particle states. The imaginary part
of the potential also varies continuously, and at negative energies is defined in terms of
the energy spread of the fragmentation of the single-particle states due to the residual
interactions.

The energy variation of the imaginary part of the potential is centred on the Fermi
energy, and close examination of the real part shows that it departs from linearity around
the Fermi energy. This is the so-called Fermi surface anomaly, which perhaps should be
called the Fermi surface effect, since it is now well understood. This effect significantly
alters the optical potential in the energy region about 20 MeV either side of the Fermi
surface, and so is important in the energy region covered by this review.

From this broader point of view of the optical potential we can use a much wider
range of data to determine the low energy neutron optical potential: not only the elastic
scattering and total cross-section data in this energy region but also the data on bound
single-particle states. Furthermore, the real and imaginary parts of the potential are
connected by the dispersion relations, and this not only explains the Fermi surface effect
but also determines the parameters of the potential with higher precision.

In Section 2 the nuclear mean field is discussed in more detail, and in the following
section its detailed parametrisation is given, with particular attention to the aspects that
are inconsistent with the standard parametrisation. In Section 4 the dispersion relations
are described and expressed in a form suitable for the analysis of experimental data.
Some results obtained by applying the dispersion relations are summarised in Section
5, and conclusions drawn concerning the form of the optical potential. In Section 6 we
return to the problem of the 'fine structure' of the optical potential, and summarise
the present situation. Finally in Section 7 some results obtained by applying potential
inversion techniques to determine the radial form of the potential are described.

2. The Nuclear Mean Field

The one-body potential between a nucleon and a nucleus is a concept that has
been extensively used to unify a wide range of phenomena in nuclear structure and
nuclear reaction physics. At negative energies, the eigenvalues of the potential may be
identified with the centroid energies of the bound single-particle states and at positive
energies the potential gives the differential cross-sections and polarisations of nucleons
scattered by nuclei.

Many studies of both bound and scattering states have enabled the parameters
of the potential for a wide range of nuclei to be established with some precision. The
centroid energies of the bound single-particle states can be obtained from distorted wave
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analyses of the cross-sections of nucleon transfer reactions, together with the widths of
the fragment distributions. These energies and widths can be described quite accurately
for a range of nuclei by a real potential with parameters that depend only on the mass
number and the nuclear asymmetry parameter (Millener and Hodgson, 1973; Malaguti
and Hodgson, 1973). Furthermore, this potential can be used, in conjunction with single-
particle occupation numbers also derived from analyses of nucleon transfer reactions,
to calculate nuclear charge and matter distributions that are in good accord with the
experimental data (Malaguti et al, 1978, 1979ab, 1982, Brown et al 1979, 1984; Ray
and Hodgson, 1979.

This potential varies with energy in a continuous way from the negative energies
appropriate to the bound states to the positive energies of the scattering states. This
energy variation has been described for the real central term by Bauer et al (1982), and
for the spin-orbit term by Cooper and Hodgson (1980). The imaginary term is included
in the optical potential for scattering states in order to account for the flux removed
from the elastic channel by non-elastic processes. It can also be defined for negative
energies by relating it to the width of the single-particle fragment distribution.

In all these analyses the real and imaginary parts of the optical potential are
adjusted independently to fit the experimental data. There is however an important
connection between them provided by the dispersion relations (Hodgson, 1984; Mahaux
et al 1985), and these give an additional constraint that can be used to define the
potential more precisely. It is the principal aim of this paper to describe how this can
be done, and to evaluate the advantages of this method of analysis.

3. Phenomenological Characteristics of the Nucleon Optical Potential

We begin this section by summarising the overall characteristics of the nucleon
optical potential, as determined by phenomenological analyses of elastic scattering and
polarisations. For convenience of calculation the optical potential is written in the form

where Vc(r) is the electrostatic potential of the nucleus (included only in the proton
optical potential), U, W and Us are the real, imaginary and spin-orbit potential depths
and the form factors fi(r) = [1 -f exp{(r — Ri)/ai}]~1, g(r) = /w(r) (Saxon-Woods
or volume form) or ga(r) = — 4awdfw(r)/dr (derivative Saxon-Woods or surface form).
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3.1 Depth of real central optical potential for protons as a function of proton energy,
corrected for the isospin and Coulomb terms. The curves refer to the quadratic
fit (full curve) and to the calculations of Brown et al (1979) (dotted curve) and
of Mahaux and Ngo (1981) (dashed curve) (Bauer et al, 1982).
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These form factors are no more than approximate representations of the radial variations
of the potentials, and it will be shown below that there are important differences between
them and the more precise forms revealed by the dispersion relations and by the potential
inversion techniques.

Many analyses of experimental data have shown that the real potential depth U
decreases almost linearly with nucleon energy, and in addition shows some non-linear
behaviour in the region of the Fermi energy, as shown in Fig.3.1. The overall dependence
can be expressed as a function of energy (Bauer et al 1982)

U = 52.4 - (0.37 ± 0.02)E+ (0.0007± 0.0001)£2 + 2 4 ^ ~ Z + 0 . 4 - ^ . (3.2)

This smoothly-varying part of the potential is identified as the Hartree-Fock field,
and its energy dependence is attributed to the non-locality of the potential. The anoma-
lous behaviour in the vicinity of the Fermi surface, called the Fermi Surface Anomaly,
is attributed to the effect of coupling to non-elastic channels.

The spin-orbit potential has a small energy dependence that can be represented
for the whole energy range from negative to positive energies by (Cooper and Hodgson,
1980)

U, = 6.5 - 0.023.E (3.3)

The energy variations of the real potential shown in Fig.3.1 can be conveniently
described by an efFectivo mass m* defined by (Hodgson, 1983)

Since the overall energy variation (3.2) and the Fermi surface anomaly have dis-
tinct physical origins it is useful to describe them by separate effective masses m and
m defined respectively by

dV\~l , m
) d

The overall energy variation then gives

— = 0.73 + 0.0007£ (3.6)
m

The Fermi surface anomaly is described by an effective mass that peaks at the
Fermi energy and Brown, Dehesa and Speth (1979) have proposed for the total effective
mass the expression

l " ) (3-7)
where hwo = 41i41'3. The energy variation corresponding to this expression is included
in Fig.3.1.

The energy dependence of the imaginary potential is more difficult to determine
because the form factor lias predominantly the surface form at low energies, changing
continuously to the volume form at higher energies. Furthermore, the experimental
data do not fix the strength of the imaginary potential as accurately as that of the real
part. At low energies the energy variation of the imaginary potential determined from
analyses assuming only a volume form is approximately (see Fig.5.2)

W = W0(E - EF)2 (3.8)
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More precise optical model analyses have provided evidence that the parametri-
sation (3.1) is inadequate. In particular, there is evidence that the radial dependence is
not adequately represented by the Saxon-Woods form (Hodgson 1984) and that if nev-
ertheless it is constrained to have the Saxon-Woods form then the radius and diiTuseness
parameters vary with energy.

As an example of such work, analyses of experimental data on the elastic scattering
of 30, 40 and 61.4 MeV protons by 208Pb and several other nuclei by Sinha and Edwards
(1970, 1971) showed that an improved fit to the differential cross-section is obtained
by adding a surface-peaked potential of the Saxon-Woods derivative form to the usual
Saxon-Woods potential. Initially they interpreted this additional potential as an isospin
term, hut this possibility was later excluded when it was found that the improvement
persists in nuclei like 40Ca, for which the isospin term must be zero.

Another example is provided by the work of Finlay et al (1985) on the scattering
of 7 and 22 MeV neutrons by 208Pb. Optical model analyses of the differential cross-
sections gave significantly different values of the geometrical parameters at the two
energies: rI{ = 1.254, rj = 1.31 fm at 7 MeV and rn = 1.18, r, = 1.26 fm at 22 MeV. It ;
was found possible to fit these and other data from 0 to 24 MeV with potentials having
energy-dependent geometrical parameters rn ~ 1.302- 0.0055£, rj = 1.363- 0.0042£,
ai = 0.7 and a« = 0.162 -f 0.019 fm. If the data are analysed with energy-independent
form factor parameters the overall fits are significantly poorer, and the optimum real
potential depth departs from the linear dependence at low energies. The volume integral
of the real potential shows an anomalous departure from linearity with energy in the
region of the Fermi Surface.

Subsequently, detailed optical model analyses of the elastic scattering of neutrons
by yttrium and bismuth have also provided evidence for energy-dependent form factor
parameters (Lawson, Guenther and Smith 1986,1987).

4. The Dispersion Relations

Theoretical studies of the optical potential show that it is complex and also non-
local both in space and in time. The spatial non-locality is equivalent to a momentum
dependence and the temporal non-locality to an energy dependence-and so we write it
as V(h, E). It is an analytic function of the energy and therefore satisfies the dispersion
relation

"<*•*>• I S / T ^ T ? ' * • (4J)

Since the potential is complex it may be separated into real and imaginary parts

V(k,E) = V(kiE) + iW{k,E) (4.2)

Substituting into (Jf.l) and separating into real and imaginary parts gives

(4.3)

(4.4)f
-oo

These dispersion relations connect the real and imaginary parts of the optical
potential, and thus impose additional constraints on the phenomenological analyses.
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To apply them to the analysis of experimental data, we separate the real potential
into tlic Hartree-Fock field Vnf-(k) that depends only on the momentum and an energy-
dependent part V(E), giving

1 f°° W(E')
V(*, E) = VHF(k) + - / i±-f,dff (4.5)

This provides the required connection between the real and imaginary parts of
the phenomcnological potential, and also enables us to understand the empirical energy
dependence shown in Fig.3.1. The overall linear energy dependence is attributed to
the Hartree-Fock field, and the 'anomalous' behaviour centred on the Fermi energy is
attributed to the effect of the imaginary potential.

The practical application of the dispersion-relation (4.5) encounters the difficulty
that the integral of the imaginary part of the potential extends over an infinite energy
range. This may be overcome in two ways, firstly by separating the imaginary potential
into two parts and secondly by using subtracted dispersion relations. These will now
be discussed.

The first method depends on a separation of the imaginary potential into surface-
peaked and volume components

W(r) = W3(r) + Wv(r) (4.6)

Phcnoinenological optical model analyses with both suiface-peaked and volume
imaginary potentials show that the former dominates at low energies while the latter
becomes important only for energies of some tens of MeV. Each gives a contribution
to the real potential of its own radial form. Since the major part of the real optical
potential V//r( r) has the volume form IVv(r) has the effect of altering its depth by a
rather small amount at energies far from the Fermi energy and thus has the effect of
altering the curvature of V / / F ( £ ) .

The surface-peaked potential Ws(r) however gives a small surface-peaked addition
to the real potential centred at the Fermi energy, and this has the effect of increasing
its radius. Since most of the phenomenological analyses are made with fixed radius R
this implies a phenomenological potential of increased depth.

The second method uses subtracted dispersion relations. From (4.5) we obtain

This integral converges sufficiently rapidly for it to be evaluated unambiguously.
It is therefore possible to use phenomenological values of W(E) obtained from analyses
with the volume form only. Mahaux and Ngo have divided this integral into two parts
corresponding to the polarisation contributions from energies above the Fermi surface
and correlation contributions from energies below the Fermi surface.

All the potentials in these dispersion relations are r-dependent, with the parametri-
sation described in Section 3. The phenomenological analyses however determine certain
moments of the potential with greater accuracy than the individual parameters of the
potential. It is thus often useful to work with dispersion relations integrated over the
radial variable. Particularly useful is the volume integral per nucleon defined by

Jv=^- /°V(r)r8dr (4.8)
A Jo
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The corresponding dispersion relation is

ME) = J?"(k) + ± /_~ J~§^dE> (4.9)

In general one can define the qth moment of the potential

j[»> = ^ f°° V(r)r"dr (4.10)

which satisfies the dispersion relation

Subtracted dispersion relations for the integrated potentials can be defined as
before.

The physical reason for the Fermi potential anomaly is the coupling between the
elastic and inelastic channels, which is greatest when the incident energy is comparable
with the energies of the excited states. The effect of the inelastic scattering given either
by the complete set of coupled equations connecting the wavefunctions in all open
channels or by the imaginary potential in the simple phenomenological optical model.
It is thus possible to calculate the effect on the real potential in the simple optical
model of the coupling to inelastic channels by using the coupled-channels formalism to
generate a differential cross-section and then fitting it with an optical potential. Several
analyses made in this way have confirmed that the coupling to inelastic channels does
produce changes in the real potential similar to the observed Fermi potential anomaly
(Gyarmati et a/, 1981).

5. Applications of the Dispersion Relations

In this section we describe several applications of dispersion relations to elastic
scattering data that account for the Fermi surface anomaly and also show how the
optical potentials can be extrapolated from positive to negative energies.

Alunad and Haider (1976) used the dispersion relation (4.5) to calculate the
surface-peaked component of the real potential from the surface-peaked component
of the imaginary potential. For this analysis, they used the potentials found by Van
Oers (1971) for 10-60 MeV protons elastically scattered by 40Ca. The depths of the
surface-peaked potentials, together with the resulting surface-peaked real potential, is
shown in Fig.5.1.

This calculation was possible because the surface-peaked imaginary potential falls
to zero around 60 MeV, so that the dispersion integral converges. The analysis is
however subject to the difficulty that it is not possible to separate the volume and
suifaco-peaked components very accurately by a purely phenomenological analysis. If
the imaginary potential is taken to have only the volume form, the depth may be deter-
mined more accurately, and convergence can still be obtained by using the subtracted
dispersion relation (4.7). This was done by Mahaux and Ngo (1979), using the energy
variation of the imaginary potential shown in Fig.5.2. The values of the strength of the
imaginary potential were obtained from single-particle spreading widths for negative
energies, from neutron strength functions at small positive energies and from elastic
scattering data at higher energies. These data show some scatter, but at small values
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5.1 The real surface-peaked component V5 of the optical potential as a function of
energy for aw = 0.549 (full curve) and aw = 0.732 (dashed curve). The inset
shows the imaginary surface-peaked potential as a function of energy obtained by
Van Oors (197 i) from an optical model analysis of the elastic scattering of protons
by 40Ca (Ahmad and Haider, 1976).
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5.2 Energy dependence of the imaginary part of the optical potential for medium-light
nuclei (Mahaux and Ngo, 1979).
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5.3 The sum of the polarisation and correlation contributions to the real part of the
optical potential, together with the total real potential as a function of energy
(Mahaux and Ngo, 1979).
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of (E - Ep) they are consistent with the quadratic form

W<x(E-EF)2 (5.1)

At energies more than 40 MeV above or below the Fermi surface the value of
the imaginary potential is very uncertain, but use of the subtracted dispersion relation
ensures that this has little effect on the calculation of the real part of the potential.

The results of this calculation are shown in Fig.5.3. In the analysis, they split the
dispersion integral into two parts corresponding to the polarisation contributions from
energies above the Fermi surface and the correlation contributions from energies below
the Fermi surface. When these are added together it is found that the result is quite
similar for energies less than 40 MeV to that obtained by Ahmad and Haider (noting the
difference in sign between the definitions of the real potential). The energy variation
of the effective mass corresponding to the polarisation and correlation contributions
were obtained using (4.7) arid are shown in Fig.5.4. Combining this with the value
of m obtained from the overall energy variation gives the results for m* also included
in this figure. Similar results for tho energy variation of the effective mass have also been
obtained from nuclear structure calculations (Dortignon et al, 1982).

This peaking of the effective mass in the region of the Fermi surface describes the
Fermi surface anomaly and enables the energy variation of the real part of the potential
to be calculated. The results are shown in Figs.3.1 and 5.3.

The dispersion relations can also be used to extrapolate the optical potential from
positive to negative energies. Smith, Guenther and Lawson (1985) has done this for the
potential describing the elastic scattering of neutrons by 93Nb using the dispersion
relation (4.9) for the volume integrals of the potential. Phenomenological optical model
analyses of the differential cross-sections for the elastic-scattering of 2-14 MeV neutrons
by 93Nb gave potentials with volume integrals with the energy variations

j{,E) = 4 4 5 - 2V
(i
w

= 52
iAB)o<E<U

Oils I
MeV (5.2)

5.4 The energy variation of the effective masses fh/m utd m'/n. around the Fermi
energy obtained using the dispersion relation (3.7) from the energy-dependent
imaginary potential shown in Fig.5.2 (full curve). The dashed curve corresponds
to the parametrisation (2.8) (Mahaux and Ngo, 1979).-
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To apply the dispersion relation the energy variation of Jw outside this range was
described by the expressions

and

J{w]= 102- 0.6E for E > 14 MeV
]= 0.52(£ + 10)2 for - 20 < E < 0 MeV

(5.3)

This enabled the energy variation of Jv(E) to be calculated for negative energies,
and the result is shown in Fig.5.5. At negative energies it can be compared with the
integrals of the potentials corresponding to discrete bound states. Subsequently similar

500 r

4 0 0

Nb

-15 -10 -5 0 6 10

5.5 Volume integral per nucleon of the real neutron potential for93Nb for bound and
unbound energies. The points at positive energies are obtained from optical model
analyses of elastic scattering data and those at negative energies from the bind-
ing energies of particle and hole state. The curves show: A, a linear fit to the
scattering data; B, the enemy variation calculated from the expression of Brown
et al and C, calculated from a dispersion relation formula (Smith, Guenther and
Lawson 1985).
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5.6 Volume integral per nucleon of the real neutron potential for J09Bi for bound
and unbound energies. The points at positive energies are obtained from optical
model analyses of elastic scattering data and those at negative energies from the
binding energies of particle and hole states. The curves show: a, a linear fit to
the scattering data from 4.5 to 10 MeV; b, a linear fit to all scattering data;
c, calculated from a dispersion relation formula (Lawson, Guenther and Smith,
1987).
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analyses have been made for the potential describing the scattering of neutrons by
yttrium and bismuth (Lawson et al 1986, 1087).

The results for bismuth are of particular interest because of the relatively large
number of single-particle states that can be used to determine the potential at negative
energies. As shown in Fig.5.G, the curve obtained using the dispersion relations fits the
overall trend of this data quite well.

The dispersion relations (4.11) for the moments of the potential have been used
by Maliaux and Sartor to extrapolate to negative energies the potential for neutrons
scattered by 208Pb. They calculated the moments corresponding to q = 0.8, 2 and 4
and noted that these moments suffice to define the three parameters U, R and a of the
real part of the optical potential. To apply the dispersion relations, they represent the
energy variation of the moments of the imaginary potential by the expression due to
Brown and Rho (1981)

= -Wq
(E -

(5.4)

This is compared with the experimental data for q — 2 in Fig.5.7. They also
assumed that the moments of the Hartree-Fock field have a linear energy dependence
given by

J$F(9)(E) = Bq + CqE (5.5)

These two expressions were then inserted in the dispersion relation (4.11) and
the parameters Bq and Cq adjusted to optimise the fit to the data, with the result for
q = 2 shown in Fig.5.7b. This clearly shows the anomaly in the region of the Fermi
surface. The extrapolation to negative energies can be compared with the potentials

1
I

20 40

5.7 The energy dependence of the volume integrals of (a) the imaginary and (b) and
(c) the real parts of the optical potential for neutrons on 208Pb. The crosses
are empirical values from phenomenological optical potentials. The curve in (a)
is a least squares fit using the parametrisation (5.4). The curves in (b) are the
calculated values of J^'HF = 2?2 + C^E (dashed line) and of Jy' (solid curve)
obtained by determining Bi and Ci by a least squares fit to the scattering data
(crosses). The open squares show the experimental values of Jv'{Ej) for the
bound single-particle states obtained by adjusting the Saxon-Woods potential
depths Uv(Ej) using the shape parameters Rv(Ej) and av(Ej) obtained from
the extrapolated values of Jy(Ej) for q = 0.8, 2 and 4. The curves in (c) are
similar except that the open squares are included in the data set used to determine
Bq and Cq. The full dot gives the result for the /in/2 state (Mahaux and Sartor,
1986).
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5.8 The energy dependence of the parameters of the real part of the Saxon-Woods
optical potential. The dashed curves were obtained from the moments Jj]F {E)
of the Hartree-Fock field for q — 0.8, 2 and 4. The solid curves were obtained
from the moments Jy (E) of the real part of the complete potential (Mahaux and
Sartor, 1986).

corresponding to the neutron bound states, and shows qualitative agreement. The fit
to these states was improved by adding a spin-orbit term to the potential to allow the
energies of these bound states to be calculated and then repeating the fitting procedure
including both the scattering and the bound state data. This gives the result shown
in Fig.5-7c, which is in excellent agreement with the data. The curve was further
extrapolated to the deeply bound lhn/2 state at -15.9 MeV and good agreement found.

The resulting energy variations of the three moments of the potential enable the
parameters of the potential to be determined as a function of energy, and these are
shown in Fig.5.8. The dashed lines correspond to the Hartree-Fock potential alone and
the full lines show the effect of adding the dispersive correction. This figure shows the
limitations of the Saxon-Woods parametrisation of the optical potential.

A particularly detailed analysis of the interaction of neutrons with 208Pb from —20
to +165 MeV has been carried out by Johnson, Horen and Mahaux (1987) making full
use of the dispersion relations to constrain the values of the parameters of the potential.
The Hartree-Fock field was described by a Saxon-Woods potential with parameters
Vfi = 46.4 MeV, To = 1.24 fin and a — 0.68 fm at the Fermi energy (—6 MeV) with an
energy dependence exp( — aE), where a = (m/2/i2)/?2 and /3 = 0.74 fm; this gives

Vn{E) = 46.4 - 0.31 (E - EF) (5-6)

in the vicinity of the Fermi surface.
The imaginary part of the optical potential was assumed to be symmetric about

the Fermi energy and to consist of surface-peaked and volume components with depths
represented by the linear segments shown in Fig.5.9. The parameters defining these seg-
ments and the associated energy-independent radius and diffuseness parameters were
determined by analysis of the experimental data. The dispersive corrections to the real
part of the potential obtained by inserting these surface-peaked and volume imaginary
potentials in the dispersion relation (4.3) are also shown in Fig.5.9. The optimum
values of the real and imaginary potential depths obtained from this parametrisation
are compared with the best fit values at each energy in Figs.5.10 and 5.11. Throughout
this analysis the spin-orbit potential was fixed to the values Ua = 5.75 MeV, r, = 1.105
fm, aa = 0.50 fm.
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5.9 The energy dependence of the depths of the volume and surface peaked compo-
nents of the imaginary optical potential (full lines) together with the correspond-
ing corrections to the real optical potential obtained using the dispersion relations
(dashed curves) (Johnson ct al 1987).
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5.10 (a) The depth of the volume imaginary potential (full line) compared with optical
model analyses, together with the corresponding correction to the real potential
obtained from the dispersion relatipn (dashed curve)
(b) The depth of the Hartree-Fock potential (dashed curve) and the total depth
obtained by adding the dispersion correction (full curve) (Johnson et al, 1987).

This potential gives an excellent fit to the differential and total cross-sections
and analysing powers for neutron scattering by 208Pb, and also to the eigenvalues of
tin; hound si ngli;-particle Ktsilos and the values of the single-particle wavefunctions at
large distances as determined from sub-Coulomb pick-up experiments. Furthermore, it
automatically explains the special features of the potential that were found in previous
optical model analyses, in particular the near-independence of the real potential depth
on energy from 4 to about 20 MeV and the decrease with energy of the radius of the
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5.11 (a) The depth of the surface imaginary potential (full line) compared with the

results of optical model analyses.
(1>) The depth of the dispersive correction to the real potential compared with
the results of optical model analyses (solid points) and values obtained by the
energies of bound single-particle states (crosses) (Johnson et al, 1987).

potential in the same energy region. Additional calculations showed that the fit to
the data may be still further improved by allowing the potentials to depend on orbital
angular momentum.

Another indication of the usefulness of the dispersion relations is provided by
the analysis of the inelastic scattering of 5-11 MeV neutrons with excitation of the 3~
state in 208Pb recently made by Cheema and Finlay (1987). Previous analyses gave a
sharp increase of the deformation length for energies less than 11 MeV. Cheema and
Finlay repeated the analysis using potentials and form factors that include the dispersion
correction and found that the deformation lengths at low energies were reduced to values
consistent with those obtained from data at higher energies.

Further support for the usefulness of the dispersion relations is provided by the
analysis of the analysing power for the elastic scattering of 9.9 to 16.9 MeV neutrons
by 40Ca recently carried out by Delaroche and Tornow (1987). Previous analyses of the
differential cross-sections and analysing powers required a small imaginary spin-orbit
potential and even then the fits to the analysing powers were not satisfactory (Honore
et a/, 1986). However when the analysis was repeated using potentials satisfying the
dispersion relations a much improved fit to the analysing powers was obtained without
an imaginary spin-orbit term, as shown in Fig.5.12.

6. The Fine Structure of the Optical Potential

Accurate optical model analyses of the differential cross-sections for the elastic
scattering of protons by a series of medium weight nuclei have shown that the potential
depth depends not only on the nuclear asymmetry parameter a = (N — Z)/A but also
on the isospin Tz = \(N - Z) (Perey and Perey, 1968; Novo et al, 1981).

The available neutron data are not yet sufficiently accurate to show this effect but
as it is very likely to be present it is appropriate to consider it here.

62



0 30 60 »0 120 ttO 160

5.12 Analysing powers for the elastic scattering of 9.9 to 16.9 MeV neutrons by <l6Ca
compared with optical model calculations with an imaginary spin-orbit term
(dashed curves) and without an imaginary spin-orbit term but using dispersion-
relation potentials (full curves) (Delaroche and Tornow 1987).
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The fine structure in proton optical potentials shown by the 11 MeV data of Perey
and Pery can be fitted by a variety of phenomenological expressions (Hodgson, 1970,
1985) of the form

Vp = Vo - iE + pA« + cVj + 7FC (6.1)

where t = (N ~ Z)/A is the nuclear asymmetry parameter, V\ is the isovector potential
and 7 ^ the Coulomb correction term. Equally good fits to the data can be obtained
with the exponent a = — | , * or 1, with corresponding optimised values of (3. The
dependence of the potential on the mass number is indeed suggested by the folding
model.

A more fundamental explanation of the fine structure was provided by Yang and
Rapaport (1986), who showed that it essentially disppears if the energy is measured
from the Fermi surface. This gives

Vp = Vo - i(E - EF) + eVi + yVc (6.2)

It is notable that in their analysis they used values of 7 = 0.78 at 11 MeV and
7 = 0.60 at 14 MeV obtained from the analysis of Perey (1963). These are much higher
than the value 7 = 0.3 corresponding to the Hartree-Fock field and are a consequence
of the additional term introduced by the coupling to higher states and given by the
dispersion relation.

More recently, a very extensive global optical model analysis of proton and neutron
elastic scattering data has been made by Varner et al (1987). They used a potential
with a radius parameter

R = r00 + r0A
1/3 (6.3)

instead of the usual R = roA1/3. Their global potential fits the data very well, and
thus accounts for the fine structure. The reason for this is probably that the more
flexible parametrisation (6.3) of the radius parameter is essentially equivalent to the
addition of the A-dependent term in (6.1), through the well-known VR2 ambiguity. It
may however be suggested that an equally good, and perhaps even better fit to the
data would be obtained by measuring the energies from the Fermi surface and using the
simpler parametrisation of the radius.

At higher energies, the 65 MeV data of Noro et al has been fitted by Haider et
al (1984) using potentials obtained from Brueckner theory nuclear matter calculations.
It remains to be 6hown that it can also be understood using the model of Yang and
Rapaport, using the lower value of 7 appropriate to the Hartree-Fock field.

7. Potential Inversion

The application of the dispersion relations as described in the previous sections
shows how the Fermi potential anomaly can be understood as the addition of a surface-
peaked imaginary term to the underlying volume term in the real part of the potential.
All this work 16 carried out in the framework of the Saxon-Woods and derivative Saxon-
Woods parametrisation of the real and imaginary parts of the potential. Since we are
now looking at relatively fine details of the potential it may be asked whether this
parametrisation is sufficiently accurate for the purposes. This question is given added
weight by the analysies at higher energies that certainly show that the Saxon-Woods
parametrisation of the real potential is inadequate.

It thus becomes important to see whether the Saxon-Woods potential is really
satisfactory at low energies, and if not whether it can be improved. This can be done
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if the potential could be determined from the experimental data, without the use of
standard analytical form factors. This is the classical potential inversion problem, to
which much attention has been devoted over the years.

Potential inversion proceeds through the intermediate stage of the phase shifts
or their equivalent scattering matrix elements 5/,. The differential scattering cross-
sections and polarisations can be expressed by simple analytical formulae in terms of
the scattering matrix elements. It is thus relatively easy to obtain the matrix elements
corresponding to a particular 6ct of experimental data, providing it is sufficiently accu-
rate. If it is not sufficiently accurate, there may be distinct sets of matrix elements that
give equally good fits to the same set of data. The meaning of 'sufficiently accurate'
can only be found in each case by detailed numerical analysis. Iterative methods have
been devised to obtain the matrix elements from the data, using as starting values those
obtained from a phenomenological optical model analysis.

The problem is then to determine the potential from the scattering matrix ele-
ments. There are very general theorems that enable the potential to be reconstructed
from a knowledge of the matrix elements at all energies. What is needed, however, is a
practical method of obtaining the potential from data at a limited set of energies, sub-
ject to some restrictions concerning the form of the potential. In general, the potential
is highly non-local and dependent on the orbital angular momentum, and a set of data
restricted to one or a few energies is certainly insufficient t6 determine all these fea-
tures. It is thus necessary to restrict the potential to a form that is sufficiently flexible
to explore the inadequacies of the Saxon-Woods parametrisation and yet not so general
that it cannot be determined with sufficient accuracy. This may be achieved by allowing
a genral radial dependence, but no non-locality, and in some cases by also allowing a
parametrised angular momentum dependence.

A practical technique for potential inversion has been developed in recent years
by Mackintosh and colleagues (Mackintosh 1979; Mackintosh and Kobos 1976, 1979;
Ioannides and Mackintosh 1985, 1986, Mackintosh and Ioannides 1985). Their iterative
perturbative procedure is based on the observation that" the response of the scattering
matrix elements SL to perturbations in the optical potential are generally quite linear.
The method begins with a reference potential Vo(r) that can be the best phenomenolog-
ical potential that determines a set of S^ that are good approximations to the known
accurate SL obtained from the data. Next one selects a set of linearly independent po-
tential perturbations Ui{r) that enable the potential to be adjusted in a systematic and
comprehensive way. For each of these the response AS™ of the SL. can be determined

4 4 5 (7.1)
Then we require that

5L = 5? )
 + ^« 1 A5f )

 (7.2)

Solution of this set of equations for the a.{ gives the required potential

,(r)

Since the relation (7.2) is only approximately linear, the calculation must be iterated
to convergence.

The practical details of this calculation, in particular the choice of basis functions,
can only be studied numerically, and this gives information on the speed of convergence
and the reliability of the potential obtained. Many such calculations have now been
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made by Mackintosh and colleagues, and as a result the iterative-perturbative procedure
has been developed so that it can give reliable information on the potential for a variety
of interactions.

In the present context we are primarily interested in whether the potential in-
version method has produced any results relevant to the dispersion relations analysis
of elastic scattering. In a recent survey Mackintosh and Ioannides (1985) remark that
one limitation of their method is that it is unreliable at low energies, that is about
25 MeV for protons. Essentially this is because the small number of partial waves at
these energies implies that the system is not sufficiently determined. The choice of basis
functions is then critical and makes it difficult to establish a unique potential. This is
a severe limitation in the present context, as we are mainly interested in lower energies.
Nevertheless, there may still be relevant results that have been obtained by the potential
inversion method.

When applied to accurate nucleon elastic scattering data, phenomenological anal-
yses give very good overall fits but there remain significant deviations that correspond
to quite high values of x2. These deviations certainly indicate inadequacies in the form
of the potential used. Studies using the potential inversion method have now shown
that precise fits to the data can be obtained by using either a //-dependent potential
or one that oscillates radially (Kobos and Mackintosh, 1979). This has been done by
inverting the Si, obtained from i-dependent potentials. Inversion" of the SL obtained
from a L-dependent potential of the Majorana form V(r)(l + C(—)L) gave potentials
with the same volume integral as V(r). Thus knowledge of the volume integral gives no
information about possible £-dependence of the potential.

More relevant to the dispersion relations are the results of applying potential in-
version to elastic and inelastic scattering simultaneously. As has been remarked already
the physical origin of the Fermi surface anomaly is the coupling to inelastic channels;
this coupling increases the imaginary part of the potential and thus affects the real part
in a way that can be calculated using the dispersion relations. The coupled-channels
formalism enables this to be studied explicitly. These coupled equations contain the
so-called 'bare' potential and the equations themselves contain the coupling terms. If
this is replaced by the single equation for the elastic channel alone, the optical poten-
tial now has to include implicitly the effects of the coupling. The relation between the
'bare1 and 'dressed' potentials can be studied by finding the potentials in the two cases
that give the same scattering matrix elements, and this can be done by the potential
inversion method.

These calculations have been done both for inelastic scattering and for transfer
reaction channels. As an example, Ioannides and Mackintosh have analysed the elastic
and inelastic scattering of 104 MeV alpha-particles by 20Ne, taking into account the
coupling to the 2+ and 4+ excited states. They found that the volume integral of the
real potential is JR - 367.5 MeV fm3 for the bare potential and 346.2 MeV fm3 when
the coupling to the excited states is included. This is just the enhancement of the
potential that lias been found phcnomcnologically and accounted for by the dispersion
relation analysis. Subsequent calculations showed similar effects on proton potentials
due to the coupling to pickup channels.
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