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Abstract 

The effect of energetic trapped particles on the ideal and resistive 

internal kink mode is analyzed including diamagnetic effects. The relation 

between different approaches to the problem is discussed. 

Riassunto 

Si studia l'effetto di particelle energetiche intrappolate sulla stabilità del 

kink interno includendo gli effetti diamagnetici. Si discute inoltre il rapporto tra 

differenti approcci al problema. 
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New phenomena have been experimentally observed in tokamaks, when a 

population of energetic trapped ions is produced. During perpendicular neutral beam 

injection in PDX an increase of the MHD activity has been measured [1], associated 

to the so called fishbone instability, while on JET the sawtooth has been completely 

stabilized [2] in conjunction with ICRF heating which produces high energy trapped 

ions. These observations have stimulated the theoretical investigation [3-10] of the 

effect of such particles on the internal kink mode stability [11-12] both in the ideal 

and resistive limit. In particular two different approaches have been followed in the 

past. Within the first approach [3-7] the stabilizing effect associated to the ion 

diamagnetic frequency u«j [11] is entirely neglected. In this case the dispersion 

relation yields two different branches, a low frequency branch, which can be 

identified with the internal kink mode, and an high frequency branch, created by the 

hot particles and associated to the fishbone mode. The hot ion resonance plays a 

stabilizing role on the first branch and a destabilizing role on the second branch. At 

some critical value of the hot particle beta ft, = 8/uih <K>/H2 the internal kink is 

stabilized and the fishbone is destabilized. 

Within the second approach [8-10] the ion diamagnetic effects are first invoked 

for Ph = 0 in order to produce two purely propagating modes [11], a low frequency 

mode (w <t w«j), again identified with the internal kink and an high frequency mode (o> ~ 

(o*,). These two roots are then made respectively stable and unstable by the hot 

particle resonance and the high frequency mode is identified with fishbone [8]. The 

inclusion of a small amount of resistivity destabilizes the internal kink and stabilizes 

the high frequency mode yielding again a finite threshold value of Ph for the 

stabilization of the internal kink and the destabilization of the fishbone. 

The difference in the two approaches is reflected by the nature of the solution 

of the dispersion relation. To be specific the frequency of the fishbone mode is 

related in the first case to the average magnetic drift frequency of the beam and in 

the second case to the ion diamagnetic frequency. The internal kink mode frequency 

at threshold is larger than in the first case while it is much smaller than in the 

second case. More important the threshold value both for the low frequency and the 

high frequency mode depends on the bulk plasma parameters in the second case while 

is almost independent of the properties of the core plasma in the first case. As the 

characteristics of the solution are very different in the two approaches, it is 

important to investigate the relation between the two analysis. In this paper it is 

shown that three different branches of the general dispersion relation are 

simultaneously present. In the first approach the third branch is neglected because it 

corresponds to an unphysical solution, while in the second approach the branches 
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corresponding to the and trapped particles mode coalesce leaving again only two 

physical solutions. 

The aim of the present paper is to make clear the range of validity of the two 

approaches* To simplify the analysis we consider here the dispersion relation for a 

slowing down hot ion distribution function Fa E-3/2 with E < Km 

* t I \ M 8r|(A-"+5V4| (1) 

w + u ufn( i - - I - ma-a,.)m — — ™ 

where Q = w/u>d. wj = ETO q/cBrlt, is the bounce averaged magnetic drift frequency of 

the hot ions with E = Em, Q.j = w.j/wd, with w*i = - c/enBr(dpi/dr) being the ion 

diamagnetic frequency, Wc = wA/u>,|8Wrt withuA being the shear Alfven frequency and 

6WC being the internal kink potential energy as e.g. given by Bussac et al. [12], pt, = 

PnWA/faM and A = -ilt|U(Q-Q«i)(Q-Q..)|«/3, with R =S«« WJ/MA» Q*t = w„/u>d. S being the 

magnetic Reynolds number and (•>*, = c/enBrtdtVdr + 0.71 ndTe/dr) being the electron 

diamagnetic frequency. 

It is useful to consider first the ideal limit Wc < 0, R -» ». In this case Eq.(l) reduces 

to 

- MliUl-U.,)!"2 -\ ì y i f n ( l - 1 j + Wc = 0 (2) 

which has to be solved with the condition \m[iì(iì'iU,)Vn > 0. For ph = 0 Eq.(Z) yields 

two different roots 

- 'U«i±<»ì-4W?"'' (3) 
* " 2 

and the behavior of the solution for Ph * 0 depends on the sign of U2«j-4W;
t. If il*, < 

2lWcl then the results of Ref. [3-7] are obtained. In particular the growing solution, 

which corresponds to the internal kink, is stabilized by the hot particles resonance if 

0 > Wt > Wm> while it is destabilized if We < Wm. At marginal stability the frequency 

is determined by 

nW c-f |0(i l -0. , ) |v sfn 1 - r = 0 W 

with (I** <tt < 1/2. For sufficiently low Wc Eq.(4) yields two solution. The low 

frequency solution, with 11 > D*t, corresponds to the internal kink, while the high 
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frequency solution, with U - 1/2, corresponds to a new branch induced by the hot 

particle population, which has been identified in Ref. [3] with the fishbone branch. 

Note also that the third branch of Eq.(2), the low frequency damped root of Eq. (3), is 

destabilized by the beam but the resulting mode is unphysical because it does not 

satisfy the condition I^UNiMl.,)!'* > 0. Note that the ion diamagnetic effects are 

not essential in order to stabilize the internal kink. However if U», = 0 the critical 

value of ph for the internal kink mede stability coincides with the threshold value of 

Ph for the onset of fishbones. So the term is important to open a stable window of 

operation. Indeed the two critical values of Ph are given by Pt* = (l-iWU>"2/n with 11 

determined by solving Eq.(4). The quantity Wm also depends on il»,. For il», = 0, W„, * 

0.1 while for U„-> l/2,Wm-*0. The behavior of the two physical solution of Eq.(Z) in 

the complex plane are plotted in Fig. la), lb) with increasing Ph. The corresponding 

behavior of the growth rate vs ph is shown in Fig. Za), Zb). For Wc < W,„ the internal 

kink is destabilized by trapped particles and no marginally stable solution exists. 

We now turn to the limit U», > 2lWcl considered in Ref. [8-10]. In this case for |)h = 0 

two marginally stable physical solutions exist. Upon expanding Eq.(3) around these 

solutions for il», i> 2lWcl the next order corrections are easily found [8] 

0 0 10 0.20 0 30 0.40 0 50 0 60 

Fig. I - The compiei frequency plane showing the kink and fishbone branches for a) Wc 
* • 0.0», R • », Q,, * 0,0ft; b) Wc = - 0.1, K = - , Q,, * 0.0ft; c) WC = • 0.08, K = », »., = 0.2; d) 
Wc =-O.Oft.K = 30,fl#l = 0.2 



8 

040 

Fig. 2 ~ Growth rate vs p„ for the same cases as in Fig. 1. 

812 = 2 « l W l | » t 

(5) 

W |2 
512 = - 2 n P.IW I — 

* c I Q. 

Again the hot particle resonance stabilizes the low frequency root 11- (the internal 
kink) for any |i„ value. Note however that the resulting damping rate is much smaller 
than in the previous case because the frequency of thè mode is very small. Therefore 
resistive corrections, which destabilize the mode, are expected to yield a threshold 
Ph value for the internal kink mode suppression. This can be seen by expanding the 
Euler gamma functions in Eq.('i) for large arguments yielding 

A 5 
Pi... = 7 -

r.a 

rA« 4" R3W212.. 'We»°'. 
(6) 

Equation (6) is valid in the limit Ini P 1 or R3W2
C U», • 1 and it yields a critical value 

of Ph dependent on resistivity and quite different on the critical ph found in the 
previous case. An analogous result can be found for the high frequency root which 
has been identified in Ref. [8] with the fishbone mode. Again the growth rate of the 
mode is very weak and resistivity, which now plays a stabilizing role, yields 
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** 4 " K,IW>IQ..(Q..-Q.) <7> 

Equation (7), which is again valid in the limit K3WZ
C Q., > 1, is correct as far as the 

beam contribution can be treated perturbatively. With increasing ft, the M«Ì branch 

connects with the trapped particle branch yielding a robust instability. This mode has 

the same characteristics of the fishbone mode obtained in the case 0«j < 2lWcl. The 

behavior of the internal kink and w«i root in the complex Q plane for the case R =«• 

and Q«i > 2IWCI is shown in Fig. lc). The corresponding growth rate vs ft, is shown in 

Fig. Zc). In Fig. Id) and 2d) the behavior of the same mode is considered for finite 

values of resistivity R=30. 

It is interesting to observe that the limit K3WZ
C U», > 1 is also required by the 

first approach for the validity of the ideal theory (7). However in this case it is not 

necessary to solve Eq. (3) perturbatively in R because both the internal kink damping 

rate and the fishbone growth rate for ft, * Phcare much larger than the corresponding 

resistive growth and damping rate. 

Finally we observe that in Ref. [10] a slightly different approach has been used. 

The nonresonant hot ion response is first invoked to make the internal kink mode 

marginally stable, then the resonance stabilizes the mode. The condition for marginal 

stability from Eq. (2) is [10] 

«•j2 - 4 Wt'+ 4ft,lWcl 11* = 0 (7) 

Note however that the condition for neglecting the resonant contribution is 

satisfied only for very low Ph and in this limit Eq. (7) reduces to the previous 

condition Q„ = 4lW«! 

In summary we have shown that the results obtained in Refs [3-7] and [8-10] 

correspond to very different limits of Eq. (1). Therefore in order to explain the 

experimental results the correct limit of validity has to be chosen case by case. 
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