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ABSTRACT

An appropriate subsidiary condition is introduced in the classical actions of the
p-branes (p arbitrary). A general class of exact solutions of the resulting nonlinear
oquations of motion arc obtained which yield a broad class of characteristics for the original
covariant equations of the p-branes.
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Recently the p-branes and their supersymmetric generalizations are actively stud-
ied [l]-[9] in connecti m with the construction of new effective low energy models. As it
is well known the description of the p-branes is based on the minimization of the (p+1)-
dimensional world—volume in the d—dimensional background Minkowski space. The world-
volume is swept out from the piece of p-dimensiona.1 hypersurface when it moves freely.
Among the all p-brane models the membranes are the most worked out (exce , the strings,
p = 1, and the particles p = 0). The experience we have from the (super-) u tnbrane the-
ories shows that they are very compicated even on a classical level.

In the present work we derive a general class of solutions of the classical bosonic
p-branes for arbitrary p which are simultaneously characteristics of the nonlinear p-brane
equations of motion in a particular gauge. We hope that, similarly to the simplest case p
= 1 (string theory), these solutions may be relevant for understanding of the quantization
of the p-branes and that the procedure here proposed may be generalized to the super
p-branes.

Instead of the well known p-brane action

d'asj\det(haf,)

we start with the following modification of the latter:

A =

(1)

(2)

where ha$ = daX^dpZ^ is the induced metric on the world-volume; i ( i(p) are the embed-
dings of the s-dimensional world-volume into d—dimensional Minkowski space (d > s); X
is the lagrange multiplier; T is a constant with dimension of (mass)*. The indices take
the following values: at/3 (initial Greek letters) from 0 to s-1; /i,f, u-from 0 to d-1 (in the
background space). We need also the indices which run from 1 to s-1. In this case we use
the same a,/3 (or the other initial Greek letters) but underlined a,/? etc.

Clearly, the modified action (2) leads to the problem of minimizing the world
volume of the p-brane with the additional condition:

! - 1 = 0

Let us point out, that the action (2) is not entirely identical to a partially gauge
fixed p-brane action (1) with the gauge-fixing condition (3). The aim in the present paper
is to solve the nonlinear equations following from (2) assuming a particular functional
dependence of the Lagrange multiplier A on x11. It will turn out that further restricting
this choice for A yields, upon inserting it into the resulting from (2) nonlinear equation for
X1*, a general set of characteristics of the fully covariant p-brane equations following from

(!)•



It is very instructive for the sake of the subsequent derivation, to observe that

det{h<xg) entering (1) and (2) may be rewritten in the following form

Here iM = dsx"d0Xv and the matrix f[p have the form:

where D^S- is the inverse matrix to the h,^:

The quantity f[Jl ' s a projection matrix with the properties:

(4)

(5)

(6)

(7)

(8)

Now we can see that i,, f ]^ is a vector normal to each point of the (s-1)-

dimensional hypersurface. As usually we consider the normal vector as a time-like vector.

The first factor in the right hand side of Eq.(2/ x1 Yl^ i" is the length of this vector.

Upon variation of (2), using the representation (4) we get:

= T f d*

T J d'c(yJ\det{h!ll)\-l)SX+

The last term in (9) vanishes for the following choice of A:

(9)

(10)

It will become clear that the choice (10) is compatible with the solutions of the resulting

equations of motion from (9):

/ 1 (11)

T f d'ffB^x^Yiy =0

It is easily seen that Eqs.(ll) are precisely the variation equations corresponding to the

truncated action

A = T j s/inUyd'c (12)

Let us note that (12) is noting but the original p-brane action (1) with the

condition (3) explicitly inserting therein. The action A is analogous to that of a single

particle and it is invariant under the specific reparametrizations:

- T°{C°) (or o° = T.0 _ ,0»

that satisfy the condition

(13)

(14)

Now, it is straightforward to obtain the equations of motion from (12). We have the

following expression for the canonical momentum:

n> id
5i"

we get the corresponding constraints

(15)

i^ = 0 (a = 1 ,2 , . . . ,« - 1)

Similarly, we have

pxx

After simple algebra we obtain that

6A

where

(16)

(17)

(18)

(19)

Now we can write down the equation of motion in the terms of the above defined

quantities:

JV - I-d«Pn = 0 (20)

c\I* = 0 (21)

Here we have taken into account the first of the constraints (16).

We are not going to consider the edge conditions in this work, because our aim

is to construct a general solution only. Eqs. (20) and (21) do not depend on the choice

of the parameters a" under the action of the reparamctrizations (13). However, Bq.(21)

is not covariant according these reparametrizations. This means that the quantity I—



must reproduce itself under the action of the reparametrizations (13) and at the same
time it must satisfy Eq.(21). Using definition (19) one may find the transformation law of
the quantities I— under the reparametrizations (13). Let us denote with y^ and i f the
transformed embeddings X^ and Is- after reparametrization of the form (13). Then we
have

la- = a ^ j f - a0o^ (22)

where

is the inverse reparametrteations and

Let us introduce a set of arbitrary independent functions

such that

where

dcf
= 1

are the inverse functions.

Let us also define the following quantities:

(23)

(24)

(25)

(26)

where S— (CT°) are arbitrary functions of the variable cr°. It is understood that after we
have taken the derivatives in the right hand side of Eq.(26) we must substitute all f— with
their expressions from (23).

Now we can prove the following two statements:

i. Under the action of the reparametrizations (13) the quantities (26) transform
according to (22) and preserve their form, for anuy arbitrarily chosen set of functions (23).

ii. The quantities L—[a] satisfy Eq.(21).

One may verify these statements with direct calculations (see the Appendix).

Taking into account these two facts we can identify I~(o) with IA(rr), i.e.:

Then the equation of motion (20) takes the form

dof
(27)

The components of the moment urn p^ are functions of a0 , a—. The last two
terms in Eq.(27) show that p^ depend on these variables through the functions f^-(a°,a2-}
because of the identities:

dp*

Now Eqs.(27) takes very simple form

It is easy to solve it and the general solution reads:

where n^[z—) are arbitrary functions of s-1 variables

Is- = / S^du + f2-^0^)

(28)

(29)

(30)

(31)

and a— are arbitrary constants.

To find the embeddings Jf* we must put the expression (30) into Eq.(l5). The
equation thus obtained can be solved without any difficulties as well. The result is:

(32)

where z3- are given by the expression (31): t^z—) are a new set of arbitrary functions of
the same vairables z— and G(cr°) is a single arbitrary function of the variable a".

As we can see the solution (32) contains various sets of arbitrary functions. The
first two sets of functions n^z—) and tM(*a) are connected with this solution (it is well
known that two sets of arbitrary functions have to appear in every general solution of a sys-
tem of second order partial differential equations). In this sense the functions n^z—) and
t^z3-) characterize the general solution of the equation of motion (20) and (21). Choosing
a different concrete form for these functions we can obtain different partial solutions. The
functions G(aa), S^a0) and /—(<T°,CT—) are connected with the remaining gauge freedom
due to the reparametrization invariance under (13). In particular G(cr°) can be changed

6



with the first of the reparametriiations (13). Let us also note that the constraints lead to
a set of conditions for the functions n^z—) and (,,(*—).

Substituting the solution (32) into (10) one gets:

(33)

i.e. the choice (10) for A is compatible with the variation equations (9) provided A is an
arbitrry function of the single variable a0. In this way we have obtained a broad particular
class of solutions of (9).

We end up with the following observation. If one sets A = 0 in the variation
(9) then the resulting equations of motion exactly coincide with those obtained from the
original p-brane action (l) with the gauge fixing condition (3).

In the case A = 0 we have

(34)

Thus, Eq.(34) together with Eqs.(20) and (21) yield a class of characteristics* for the
covariant equations of motion corresponding to the original action (l). The explicit form
of these characteristics may be obtained from Eq.(32) taking into account the condition
(34):

x,L = const n^z-) + t „(&*•) = «*»(**) (35)

where u^z—) are arbitrary functions of s — 1 variables z— defined in (31).
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Let us recall that a characteristics of a given second-order partial differential equation in
s variables is a (s-l)-dimensional hypersurface lying on the s-dimensional integral surface
of the corresponding differential equation (i.e. satisfying this equation) on which some of
the highest derivatives of the unknown function cannot be determined from this equation
[11].

APPENDIX

We shall prove here the statement i:. In the parameters (8) the quantities Lf(r)
have the form:

drf
Lf(r)=sV)-^T =

(remember that f° = T° = a0 and S°(r°) = -1) . Multiplying this equality with d\td^ we
obtain Eq.(l7).

To prove the statement ii: we must differentiate the identity (19):

o = sF Hat)] ^ d^W- {jfd - Jf^Jl3^
On the other hand we have
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