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TECHNIQUES FOR COMPUTING REACTIVITY CHANGES
CAUSED BY FUEL AXIAL EXPANSION IN LMR's

H. Khalil

Argonne National Laboratory
Argonne, Illinois 60^39

ABSTRACT

An evaluation is made of the accuracy of methods used to
compute reactivity changes caused by axial fuel relocation in fast
reactors. Results are presented to demonstrate the validity of
assumptions commonly made such as linearity of reactivity with fuel
elongation, additivity of local reactivity contributions, and the
adequacy of standard perturbation techniques. Accurate prediction
of the reactivity loss caused by axial swelling of metallic fuel is
shown to require proper representation of the burnup dependence of
the expansion reactivity. Some accuracy limitations in the methods
used in transient analyses, which are based on the use of fuel
worth tables, are identified, and efficient ways to improve
accuracy are described. Implementation of these corrections
produced expansion reactivity estimates within 5% of higher-order
methods for a metal-fueled FFTF core representation.

INTRODUCTION

The achievement of passive safety in liquid-metal cooled fast reactors
(LMR's) relies on exploiting intrinsic physical phenomena and feedback
characteristics to assure benign shutdown and decay heat removal under
accident conditions . Evaluations of the safety performance of proposed LMR
designs '^ make use of calculated values of the reactivity feedback
coefficients. This paper addresses the calculation of reactivity changes
caused by the axial relocation of fuel that occurs as a result of temperature
changes or applied forces.

Two examples of the importance of fuel axial expansion effects are given
in Fig. 1 and Table I. Figure 1 shows that the negative reactivity available
from axial expansion in an unprotected transient overpower (TOP) accident can
be greater in magnitude than that contributed by other feedback mechanisms.
Table I shows that axial fuel contraction contributes a significant fraction
of the "hot-to-cold" reactivity change that occurs between full-power and
refueling conditions.

Another important fuel expansion phenomenon, particularly for the
metallic fuel alloys being developed in the U.S., is the axial swelling of
irradiated fuel as a result of internal pressure exerted by fission product
gases. The available experimental and analytical evidence suggests that metal
fuel may grow axially by up to several percent before being restrained by the



fuel-clad contact that occurs at <2 atomj burnup. The resulting reactivity
loss over a burn cycle can be comparable to the reactivity effects of core
composition changes and must be accurately evaluated.

Previous studies '^ have explored the dependence on reactor size and
shape of the uniform axial expansion coefficient a, [=(Ak/kk1)/(AL/L) ], which
is an integral quantity used to compare different designs and to perform
simplified safety evaluations • . Here, we address the calculation of the
axial fuel expansion effect in greater detail, focusing on:

1. Testing the adequacy of various approximations commonly made in
evaluating afc and its components by reactor region.

2. Evaluation of the accuracy of a method that makes use of precomputed
tables of local fuel worths (the method implemented in the
SAS4A/SASSYS safety analysis codes •') to compute reactivity changes
for arbitrary fuel relocations.

3. Development of an efficient way to improve the accuracy of the
reactivity table method.

H. Investigation of the depletion dependence of a, and of the effect of
this dependence on predictions of reactivity changes caused by axial
swelling of irradiated fuel.

We consider only the reactivity effects associated with specified fuel
displacements and do not address the accuracy with which these displacements
can be predicted.

COMPUTATIONAL METHODS

Several techniques are available for computing the reactivity effects of
fuel relocation. For example, multigroup diffusion (or S_) k rf. calculations
can be performed for unexpanded and expanded core states to determine the
reactivity change for a specified fuel expansion. Note that the separate
expansion of individual (radial) core regions requires the introduction of
small axial mesh intervals where an axial burnup zone expands beyond its
original upper coordinate*; these extra intervals should be added in both the
expanded and unexpanded cases to minimize the mesh effect on the predicted
reactivity. On the other hand, simultaneous expansion of all radial fuel
regions by an equal amount can also be modeled by an increase in axial mesh
width, provided that corrections are made for any addition or removal of
material in non-fueled regions that are axially heterogeneous (most
importantly the displacement of control rods when the mesh is altered).

An alternative to the execution of k^r. calculations for each fuel
expansion case is the application of perturbation theory, which permits

*Axial rehomogenization of the original mesh cells is an option not attempted
in this study.



decomposition of the reactivity change computed for the entire core (using the
unperturbed flux and adjoint) into local contributions. Two types of
perturbation calculations can also be done, analogous to the mesh addition and
mesh expansion options described above. In the first type, the axial mesh is
made sufficiently detailed to model the expansion of each fuel region
explicitly by simply defining appropriate composition changes within each
cell. It should be noted, however, that if the composition change is large
(e.g. replacing sodium by fuel), the standard first-order perturbation (FOP)
expression for reactivity is not strictly valid when diffusion theory is used
-- even when the perturbed volume is very small. The proper treatment of
leakage perturbations in this case would require the application of boundary
perturbation theory '°.

In the second type of perturbation calculation, the perturbation is defined
as a simultaneous change in composition and axial mesh. This option was not
used, however, because significant non-physical contributions to the fuel expan-
sion reactivity can be obtained in non-fueled regions as a result of the mesh
perturbation, making it difficult to determine meaningful regional contributions.

The reactivity distributions computed by perturbation theory can be used
in transient analysis codes (e.g. SAS1A/SASSYS '') to estimate the reactivity
changes produced by arbitrary fuel relocations. The validitiy of some addi-
tional approximations implicit in the use of such tables will be discussed below.

The diffusion calculations were performed using the DIF3D code , which
contains finite-difference (F.D.) 0 |' and nodal differencing options. The
perturbation calculations were performed using the VARI3D code -̂  using flux
and adjoint distributions computed by the F.D. method. Multigroup cross
sections (in 9- and 21-group structures) were.generated from the ENDF/B-V.2
basic data using standard processing methods ' .

CORE CONFIGURATION

The axial expansion studies were performed for a core configuration
representative of the equilibrium-cycle loading anticipated for FFTF after
completion of its planned conversion to binary (U—10% Zr) metallic fuel. The
core consists of 73 driver assemblies in three enrichment zones and contains
six internal blanket (I.B.) assemblies. It is reflected radially and at the
bottom, with a plenum zone containing displaced bond sodium located directly
above the fuel. A thermal output of 400 MW, a six-batch scatter refueling
scheme, and a cycle duration of 137 days were assumed, resulting in an average
fuel discharge burnup of about 10 atom %. In the burnup calculation,
performed using the REBUS-3 code , each row of assemblies was assigned to a
separate radial depletion zone, and the core height (92.3 cm) was divided into
five axial depletion zones: six control rods were inserted 26.1 cm at BOEC and
fully withdrawn at EOEC.

CALCULATION OF THE UNIFORM EXPANSION COEFFICIENT

Several diffusion theory k »(. calculations were first performed for the
EOEC core to confirm the insensitivity of the uniform expansion coefficient a,
to assumptions concerning axial mesh size (F.D. mesh width of 1.6 cm vs.



2.3 cm), differencing technique (nodal vs. F.D.), and group structure (9 vs.
21 groups). For a \% core expansion, the different calculations yielded
values of aa that differed negligibly (by less than W) from each other-
Although no transport theory calculations were performed, earlier analysis '
of an RZ model of the ZPPR-15A critical assembly'" indicated that diffusion
and Ŝ j values of a^ differed by only 0.1J.

Calculations of the fuel expansion reactivity are simplified considerably
by the assumptions of linearity of reactivity with elongation and additivity
of regional expansion reactivities. These assumptions were checked by doing
k p» calculations for the EOEC core in its unexpanded and several expanded
states. The linearity feature was confirmed by the nearly constant value of
a. for expansions AL/L as large as 10)1 (a4=0.238, 0.238, 0.239, 0.242 for
AL/L=1/t, 2%, k%t 8%, respectively). The additivity property was also
confirmed: The sum of reactivity changes caused by separate 1 cm expansions
(AL/L=1.08J) of each core zone (inner, middle, and outer) and of the I.B.
differed by less than 0.2? from the reactivity change (-0.258 jAk/kk') caused
by their simultaneous expansion.

The adequacy of the FOP approximation for computing expansion reactivity
was also tested. Regional expansion coefficients computed for each core
region using the FOP method are compared in Table II to the "exact" (i.e. e

difference) results for the 1 cm fuel expansion. The FOP values are seen to
be quite accurate even when the leakage reactivity component is linearized
with respect to number density changes. The largest errors occur in the outer
core zone (2.8/1 error) and in the I.B. (5.7% error). With the "exact" leakage
treatment, the FOP errors are gven smaller; they would remain finite, however,
even for very small expansions •".

Table II also compares the FOP fractional regional contributions for the
uniform expansion case and a for a corresponding uniform density reduction
without an accompanying elongation. The differences in these contributions
are relatively small for the driver regions and are in part attributable to
the presence of the I.B., for which (unlike the driver fuel) both the elonga-
tion and density reduction components of the expansion reactivity are positive.

The results summarized so far suggest a simple procedure for computing
the regional contributions to the uniform expansion reactivity. This
procedure, which avoids the inefficient introduction of small axial mesh
cells, utilizes a mesh expansion and density reduction procedure to estimate
the eigenvalue change for a full-core expansion. This reactivity, which must
corrected for the unavoidable axial displacement of control rods, can then be
allocated to different core regions in proportion to their FOP density
reduction reactivities. As shown in Table II, this procedure yields
acceptable accuracy for the core region (errors <6%); the large error for the
l.B. seems tolerable because of the substantially lower expansion worth.

USE OF REACTIVITY TABLES FOR TRANSIENT ANALYSES

c 7
Transient analysis codes (e.g. the SAS codes '') typically make use of

tables of local fuel worths to compute reactivity effects of axial fuel
relocation. The fuel worths wki (=6p/5mr,if where 6p is the reactivity change
associated with a change Sm^^ in the fuel mass of axial cell i of assembly or



channel k) are precomputed using the FOP method. The net reactivity change Ap
is calculated by assuming that reactivity contributions Ap^, of the different
cells are proportional to the local mass changes Am^ and additive, i.e.

Ap = I I Apk., Apk. = Amk.wk.(n.)( (1)
K 1

where n^ symbolizes the initial fuel isotopic makeup of cell i, and where the
explicit dependence of wkj on m has been indicated. In the cells above and
below the fuel, the
composition is that

w^: are typically computed by adding fuel whose
or the top and bottom fuel cells, respectively.

The validity of some of the assumptions made in applying Eq. (1)
(linearity, additivity, and the adequacy of FOP worths) has been demonstrated
in Section III. Some additional approximations implicit in the fuel worth
method of Eq. (1) are:

1. The coefficients wki are used irrespective of the isotopic makeup of
the fuel entering cell i; this assumption may not be justified when
the compositions of neighboring cells are different, as is the case
when they belong to different axial depletion zones.

2. The coefficients w^^ are cell-average values which may not be suffi-
ciently accurate in regions with large axial flux gradients when the
physical perturbation in fuel mass occurs near the cell boundary.

3- The reactivity effect of displacing the above-fuel material (e.g.
axial blanket or plenum sodium) is neglected.

The errors caused by these approximations were examined by applying the
fuel worth procedure to a uniform 1 cm upward expansion of the FFTF core
fuel. The required coefficients wkj(nj) were computed using four axial mesh
intervals (mesh width = 4.61 cm) in each of the five axial depletion zones.
In the plenum zone, the mesh width was 5.^7 cm. The reference solution was
obtained by performing an FOP calculation in which (a) the mesh was
sufficiently detailed to model the expansion of each axial fuel zone
explicitly and (b) the material above the fuel (plenum sodium) was displaced
upward by the fuel expansion.

Table III compares the expansion reactivity contributions by axial zone
(for the inner, middle, and outer core enrichment regions) as determined by
the fuel worth and reference methods. The axial pattern of the discrepancy
between the two methods is seen to be very similar for all three core regions:

1. In the negative worth zones, where fuel density is reduced, the
error in the magnitude of the predicted reactivity decrease is zero
in the lowest axial burnup zone, is positive in the zones below the
fuel midplane (into which less depleted fuel is introduced by upward
fuel expansion), and negative in zones above the midplane (into
which more depleted fuel is introduced). The error increases in
magnitude as the difference in composition between the zone and its
lower neighbor increases and as the distance of penetration of the
lower zone fuel increases. The largest error (up to 2H%) occurs in
the top burnup zone, into which fuel of significantly different
composition penetrates a relatively large distance.



2. In the positive worth (plenum) zone, where upward expansion
introduces fuel, the fuel worth method predicts the reactivity
change surprisingly well, benefitting from fortuitous compensation
of relatively large errors caused by the use of cell-average
reactivities and by neglecting displacement of plenum sodium. The
former results in underprediction of the reactivity addition, since
the average fuel worth in the first above-fuel cell (5.467 cm) is
lower than that appropriate for a 1 cm expansion, while the latter
results in overprediction of the reactivity, since the sodium worth
is positive (the void worth is negative) for this uranium-fueled core.

3. The fuel worth method underpredicts the magnitude of the net
reactivity change for the entire core by 7.8J relative to the
reference FOP value [and by 9.^t relative to the exact (
difference) result].

It should be noted that the differences in composition between adjacent
axial zones, which are primarily responsible for the errors obtained with the
fuel worth method, can be reduced by use of smaller axial depletion zones.
However, the effect would be to introduce smaller composition differences at a
larger number of points, and thus the resulting error is not expected to be
very different with a more detailed burnup calculation.

CORRECTED USE OF THE FUEL WORTH COEFFICIENTS

A way oC improving the accuracy of the fuel worth procedure can be
illustrated by focusing on an arbitrary axial cell i (of some assembly k)
whose isotopic composition is n^ and initial linear mass density is tj-
Upward fuel expansion introduces fuel composition n., at some fraction f* of
its initial linear density c., into the lower fraction (xj) of the thickness
h^ of cell i, while the remaining fraction (1-x^) is occupied by the original
composition n, at the altered density fjCj. The composition n, differs from
n^ if it originated in a different depletion zone. For this case, the
contribution of cell i to the expansion reactivity change can be written as

where "^(n^) and w"(n.) are the worths per unit mass of fuel n^ averaged over
cell i and over its upper (1-x^) fraction, respectively; and w-^in,) is the
worth per unit mass of fuel n. averaged over the lower (x^) fraction of cell i.

In the fuel worth method, both the worth variation within cell i and the
potential worth difference between fuel compositions n^ and n, are neglected, i.e.

is assumed, and therefore Eq. (2) becomes



The quantity in brackets is simply the fuel mass change Am^ in cell i, in
agreement with Eq. (1).

If we denote the worth of fuel n: over the lower portion of cell i by
w. .(n.) and formally define the quantities axj and Aw, . as

wki(Oi> = axiwki(^i) and wki(5j> = wki<ni> + A wki'

we can rewrite Eq. (2) without approximation as

% i - 1 ( ^ - 1 ) ^ ^ , - ax.Xihi(fjcJ-riCi)lwki(n.) + x.h.f^jAw^.. (6)

Note that Eq. (3) implies Aw. .=0 and axj=1, which properly reduces Eq. (6) to
Eq. (iJ). Given appropriate values of a x i and Aw. ., Eq. (6) represents a
corrected expression for the reactivity contribution of a single mesh cell in
the fuel worth method.

j
The quantities axj and Aw. . can be adequately approximated using a

parabolic axial worth shape determined in each cell by an interpolation
utilizing the cell-average fuel worths within the same burnup zone. Figure 2
shows the axial worth distribution generated in this way for the middle core
region and reveals the worth discontinuities whose occurrence at the interface
between adjacent depletion zones gives rise to the last term in Eq. (6). The
value of a i (for a specified fractional penetration x«) follows directly from
the axial worth distribution. The quantity Aw. . is non-zero only when
compositions n< and n^ are different (i.e. when they originate in depletion
zones J-1 and J, respectively), in which case we make the approximation

I U 8.

ki * WJ-1 " WJ'

where w. . and w. are the fuel worth coefficients for zones J-1 and J,
respectively, evaluated at the interface between the two zones.

The reactivity contribution predicted by the fuel-worth procedure in the
above-fuel zone can be refined by accounting for the displacement of the
above-fuel material (e.g. axial blanket, sodium, or reflector) by fuel using
the in-cell variation of the worths of the two compositions. Again, an
interpolation/extrapolation scheme can be used to determine the above-fuel
axial worth profiles.

The improvement in accuracy achieved by implementing these refinements is
demonstrated in Table III for the uniform 1 cm expansion of the middle core
region of the FFTF model. The error in the top burnup zone is reduced from
22? to 2% when the corrected procedure is applied, while the error in the
plenum zone is \% without reliance on error cancellation. Finally, the
correction scheme reduces the error in the net expansion reactivity for the
middle core region from 1% to \%. Similar accuracy improvements are obtained
for the inner and outer core regions.



CALCULATION OF FUEL AXIAL GROWTH REACTIVITY

The reactivity lost over a burn cycle as a result of the axial growth of
irradiated fuel can be a significant component of the BOC excess reactivity
requirement, especially with metallic fuel. The fuel elongation is believed
to be uniform axially and its rate is a strong function of burnup, saturating
at <2 atom/t burnup, when fuel-clad contact first occurs. Therefore, it is
important to account properly for the burnup dependence of of the fuel
expansion coefficient when computing the reactivity loss.

Figure 3 illustrates the approximate burnup dependence of the reactivity
change resulting from a 1 cm expansion of a single assembly located in the
middle core enrichment zone. This variation was determined using the "stage-
average" local flux <t>c/\ and the stage-dependent assembly composition
resulting from a depletion performed using 4>ĝ . For each residence stage, the
expansion reactivity at BOC is seen to exceed that at EOC by about 1*)%, with
roughly equal contributions to this difference made by the lower EOC fissile
concentration and the flatter EOC axial flux shape. Moreover, the stage-1
(fresh fuel) values, are about 13% greater than the stage-average value for
this six-batch core. Thus the use of a stage-average expansion coefficient
would significantly underestimate the reactivity loss, since the fuel growth
occurs almost entirely at low burnup.

SUMMARY AND CONCLUSIONS

Several basic features of the schemes used to compute reactivity changes
associated with axial fuel expansion have been analyzed. The linearity and
additivity of the uniform expansion reactivity have been verified, as well as
the adequacy of the FOP approximation. Some limitations of the fuel worth
scheme used in some transient analysis codes have been identified and the
resulting errors shown to be potentially large. An efficient correction scheme
was devised to improve accuracy of the fuel worth method, and its implementa-
tion produced very accurate expansion reactivity results for a metal-fueled
FFTF core model. Finally, the burnup-dependence of the axial expansion coeffi-
cient has been analyzed, and the need to account properly for this burnup
dependence when evaluating the axial growth reactivity loss has been established.
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TABLE I

Components of the Reactivity Difference Between
Full-Power and Refueling Conditions in 3500 MWt
Oxide- and Metal-Fueled Reactors

Doppler

Sodium Density

Axial Contraction

Radial Contraction

Total

Hot-to-Cold

(U,Pu)O2

2.3^

-0.31

0.70

0.49

3.21

Reactivity Change, $

U-Pu-10*Zr

0.61

-0.45

0.36

0.58

1.10



TABLE II

Comparison of Regional Expansion Coefficients
Computed by Different Hethods

Inner
Core

Hlddle
Core

Outer
Core

Inner
Blanket

Number of Assemblies

Expansion Coefficient,
(Ak/kk1 )/UL/L)

25 IB 30

"Exact" (kerr Calculations)

FOP (Exact Leakage)

FOP (Linear Leakage)

Hesh Expansion*

Regional Contributions", * of Total

Expansion

Density Reduction

-0.092*

-0.0938

-0.0915

-0.0952

• 3920

• 3992

-0.0650

-0.0657

-0.06*10

-0.0626

•27.11

•26.23

-0.0891

-O.OB95

-0.0866

-0.0810

•37.11

•35.20

•0.0082

•0.0080

•0.0087

•0.0032

-3.72

-1.35

'Corrected for control rod displacement and allocated to regions based
fractional contributions to FOP density reductions worth.

"Based on FOP calculations with linearized leakage treatment.

TABLE III

Comparison of Zonal Reactivity Contributions Determined by the Fuel North Procedure
and by the Reference Perturbation Calculation for a 1 cm Core Expansion

Axial
Zone*

Core 1

Cor* 2

Cor* 3

Cor* 1

Cor* 5

Plenum

Total

Inner

Reference
FOP

-2.71

-3.86

-1.31

-1.11

-3.19

8.30

-9.91C

Core

Fuel Worth
Procedure

-2.71
(0.0)"

-U.02
(1.2)

-1.15
(3.3)

-3.79
(-7.8)

-2.11
(-23.6)

8.10
(1.2)

-9.01
(-8.8)

Reactivity

Reference
FOP

-1.76

-2.57

-2.89

-2.70

-1.99

1.98

' -6.93C

Change, x 10'",

Hiddle Core

Fuel Worth
Procedure

-1.76
(0.0)"

-2.67
(3.9)

-2.97
(2.8)

-2.51
(-7.0)

-1.55
(-22.0)

5.00
(0.1)

-6.16
(-6.8)

»k/kk'

Corrected
Procedure

-1.76
(0.0)"

-2.56
(-0.1)

-2.89
(-0.1)

-2.71
(0.1)

-2.03
(2.0)

1.91
(-0.7)

-7.01
(1.1)

Outer

Reference
FOP

-2.33

-3.-8 --

-3.93

-3.63

-2.56

6.56

-9.39C

Core

Fuel Worth
Procedure

-2.33.
(0.0)"

3.60
(3.D

-1.01
(2.8)

-3.39
(-6.6)

-2.03
(-20.8)

6.71
(2.3)

-8.67
(-7.7)

"Thickness of each core zone is 18.5 cm; zones arc numbered from bottom to top.
"Percent error In magnitude of reactivity change relative to reference value.
c"Exact" values determined from eigenvalue differences arc -10.0, -7.01, and -9.65
(xiO 4k/kk') for the inner, middle, and outer core regions, respectively.


