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ABSTRACT

In this paper we analyze the optics of a high energy beam which is focused

by its own wake-fields in an overdense plasma. We calculate the effects of lens

aberration on the focusing strength of the lens and on the dilution of the beam's

phase space density. From this we derive the minimum spot size achievable

using a cylindrically symmetric bi-Gaussian beam and, after inclusion of the

beam-beam disruption effect, the luminosity enhancement that can be gained in

principle. We estimate the luminosity enhancement in the case of SLC design

parameters and discuss limitations and possible improvements in plasma lens

performance. Motivated by the need to reduce the background event rate due

to beam-ion collisions, we discuss the optics of the underdense plasma lens and

introduce the concept of bootstrap disruption. Possible use of the underdense

plasma lens in a TLC-type collider is examined.

Submitted to Proceedings of the Capri Workshop on Future Linear Colliders

//

Work supported by the U.S. Department of Energy, Division of High Energy
Physics, Contract W-31-109-ENG-38.

MASTER



1. Introduction

The plasma lens, which uses the self-focusing wake-fields of a bunched rel-

ativistic charged particle beam in a plasma, has been recently discussed as a

candidate for a luminosity-enhancing linear collider final focus system. |1~4' Con-

firmation of the existence of strong focusing in plasma wake-fields has been ex-

perimentally verified in tests performed at Argonne Advanced Accelerator Test

Facility.!s'6' The calculation of the plasma physics involved is somewhat intricate,

but the basic physical mechanism is simply understood under certain conditions:

(l) the plasma is overdense, i.e. much more dense than the beam no >̂ nj, (2)

the beam length az is large compared to the plasma wavelength Ap = yVre/no,

and (3) the beam width ax is small compared to the plasma wavelength. If these

criteria are satisfied, then the plasma electrons move to approximately neutralize

the beam charge, leaving the beam current self pinching forces unbalanced (see

Refs. 1-3 for thorough discussion of the linear plasma fluid theory involved). In

this case the focusing wake-fields reduce, to a good approximation, to the mag-

netic self-fields of the beam. As a most relevant example, the design parameters

of the SLC beam near its planned final focus can satisfy all these criteria if the

plasma density is in the range no = 1018 — 1019 cm"3.

If we assume a cylindrically symmetric bi-Gaussian beam density profile given

by

where nj = Nj[2Tr)3l2aza^ and N is the number of particles per beam bunch,

then the magnetic self-forces everywhere inside the beam can be easily calculated

(to order -7~2) to be

Fr(r,z) = -Koimtc
3r''^'[^-(1 - e ' W ) ] . (2)

We have defined here the maximum focusing strength (in the core of the beam)
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KQ, which is calculated as

*° = J*!e • (3)
The radial force can be used to define a radial focusing strength, a function of

position (r, z),

Kr(r,z) = - ^ L = Koe-*V>°3'[24(1 - e ' W ) ] . (4)

For a perfect lens, Kr would of course be a constant, with no dependence on posi-

tion in the beam. For this to be true for the plasma lens, the beam density must

be constant, as this produces a magnetic self-force linear in r and independent

of z. (A detailed discussion of optimum beam pulse shaping and the full effects

of the plasma response is presented in Ref. 3.) Conversely, bi-Gaussian beams

yield self-forces that are less than ideal for focusing. We now proceed with the

business of calculating the effects of these aberrations on the final spot size one

can achieve with a plasma lens.

We would like to employ the notation and formalism of Twiss parameters in

our discussion, so we must take the expression for focusing strength in cylindrical

coordinates and convert to the equivalent effect in Cartesian coordinates. We

first note that for cylindrically symmetric distributions we need only examine

one transverse coordinate (x) and we have simply ax = oy ~ aT and

r cos ffmec*

Thus Kx is a function of all three coordinates (x,y,z), explicitly

K, = Koe-WlJ&pll - e(*
f+»'>/**)]. (6)

Since the beam distributions are assumed separable in longitudinal and trans-

verse coordinates, the variation in the focusing strength can be identified as



arising from longitudinal and radial aberrations separately. The longitudinal ab-

berations are statistical in nature, since the position in x is uncorrelated to its

longitudinal coordinate. The radial aberrations when projected onto the Carte-

sian representation have both a spherical aberration dependent on i (the focusing

strength falls off at larger x), and a statistical portion which enters in through y.

If we had chosen to calculate the optics in cylindrical coordinates this statisti-

cal term would correspond to the spread in the angular momentum distribution

found at a given radius. Inclusion of nonzero values of both y and z degrade the

calculated focusing strength.

2. Radial and Longitudinal Aberrations

We first investigate the severity of the radial aberrations and their effect on

the final spot size. To accomplish this, we must digress for a moment to derive

the transformations that a transverse phase space undergoes when it traverses

a thin, aberration prone lens. We consider a beam of initial Twiss parameters

CLQ and 0o and emittance eo- The effect that any source of additional, phase space

diluting divergence 60 (rms) is given by

3 = ^ — (8)

e = toy/l + (/3b/co)W
a. (9)

We now wish to calculate an rms divergence due to radial plasma lens aber-

rations, and for this discussion we set z — 0 in Eq. (6) and examine the vari-

ations in focusing as a function of x and y. The model we are employing as-

sumes that the phase space has an extra source of divergence SB that is indepen-

dent of i . This is not precisely the case, however. The rms divergence arising



from an uncertainty in focusing strength AK/K (K = Kz and K = (K) =

\y/2Tray\~
l /exp(—y1 j2a^)K[x,y)dy] generated through the random variable y

at any given point in x requires an average over y as follows:

f7(¥>
Ox J \ K i v>rma

To calculate this quantity we perform the integral by Monte Carlo methods. A

plot of the integral is shown in Figure 1, which also shows the average focusing

strength K as & function of x. Note that the average focusing strength falls from

approximately 0.8 near the origin to one half that at x = 2ax. The normalized

rms divergence ~ ( ̂ =r ) rises from zero near the origin to approximately
° * \ •"• / y,rm,3

0.2 over much of the bunch population. Two effects are important here, the first

being that larger impact parameter particles encountering obviously generate a

linearly larger (in x) rms divergence than small impact parameter particles. On

the other hand, the quantity -j£- is largest at small i , since the random variable

y has its strongest impact there, as can be deduced from inspection of Eq. (6). If

we sum over all x to obtain a single parameter characterizing radial aberrations

we find that ( ( — A^-) ) — 0.2, and that the average focusing strength
\ N ' /

) )

is (K)x a O.72fo.

The plasma lens transformations on a phase space are shown explicitly in Fig.

2. The initial phase space population (/?o = fo = lj <*o = 0) in Fig. 2(a) is trans-

formed by a thin plasma lens of nominal focal length /o = (KQI)'1 = /?o/3 to the

population in Fig. 2(b), where we have only considered radial aberrations. The

case of a linear (aberration-free) lens of the same focal length is shown in Fig. 2(c)

for comparison. Notice that the average focusing is noticeably smaller for the

plasma lens case, and that the rms divergence increase is indeed quite uniform

over the population, with no strong dependence on x, validating our approach to

the Twiss parameter transformations for radial aberrations in Eqs. (7)-(9).

Longitudinal aberrations can be treated easily, since there is no intricate

correlation with the transverse position. For this analysis we set x = y — 0 in



Eq. (6), and redefine K = (K)z. The rms induced divergence angle is now linear

in x, since AK/K is independent of x. We can calculate analytically the average

focusing strength

Jb l ^ ^ (11)

We can also calculate the rms value of AK/K

,1/2

0.33. (12)

The rms divergence increase comes from from a final integral over x, {x/ax)x rm3 =

1, and the longitudinal aberration contribution to the normalized divergence in-

crease is 0.33. The the total divergence increase is obtained by adding the longi-

tudinal and radial aberrations in squares

662 a (^)2(0.332 + 0.22) ~ 0.15(^)2. (13)

For the remainder of the discussion we take this coefficient of 0.15 to be desig-

nated as the parameter S2. This number has been calculated for a bi-Gaussian

distribution; it would be smaller for more uniform distributions.

With this understanding of the divergence increase, we proceed with our

Twiss parameter treatment of the aberrations. With a\ — /3oe substituted into

Eq. (13), Eqs. (7)-(9) simplify to

a = ao/P, P = fo fP, and e = e0P, (14)

where

P = (l + fy)f' (15)
is defined to be the aberration power, and the focal length / a /0/2 for a bigaus-

sian.



The average focusing in the thin lens changes the phase space ellipse orien-

tation further to give the final value

a / = P-1(ao+ &/ / ) . (16)

The total effect of the lens on the phase ellipse orientation is diluted by a factor

of P due to the aberrations. The other beam parameters are unchanged by the

average focusing in the lens.
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Figure 2
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radial aberrations included, (d) Transformation of phase space by a thin lens of

focal length / = /?o/3, all aberrations included.



3. The Thick Lens Correction

We now have all the optics tools to conceptually design a thin plasma lens

final focus system. Unfortunately, the present phase space densities in linear

collider beams may not be large enough to provide sufficient focusing in a thin

lens. The normalized focal length, which should be moderately small compared

to unity, is

f/fk = 2 / /W = ̂ fn~ (17)

where for SLC design parameters: N = 5 x 1010, az — 1 mm, eB = 3 x 10~5

m-rad and / is the length of the thin lens. Thus we can estimate

f/0o{SLC) a (g.S/tcm))-1. (18)

Note that if we want to take ///3o = 6 to maximize the focusing efficiency, we

calculate that I = 6.2 mm, which is nearly equal to the conventional final focus

beta /?£ = 7 mm. Thus the thin lens approximation, which assumes that the

beam size is constant inside the lens, does not hold. We are in need of a thick

lens model.

We start by writing the equation of motion for the beam /^-function, and

attempt to solve analytically whatever differential equation arises. The starting

point is the first order Twiss parameter equations

i (19)

P' = -2a (20)

and

V = 2Ka. (21)

The prime indicates differentiation with respect to distance along the beamline

s. From these, we can derive the familiar third order linear differential equation
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for the /?-function

0'" + 4K0' + 1K'0 = 0. (22)

For the situation at hand we take

K = O.lKo = S/0 (23)

to examine the transverse slice at z = 0, where f is the total phase space density

which, and is numerically equal to 1.3 x 103 m~3 for SLC parameters.

To solve equation (22)we must first integrate through the <?-function in K' at

the start of the lens

A/?o = -2K0Q. (24)

The other two initial conditions are just continuity requirements 0' = 0'o, and

0 — 0Q. Also note that 0Q = 2[0Q just before the lens, where 0Q is the value at

the waist that would be formed in the absence of the lens.

Now that we have the correct intial values, we can rewrite Eq. (22), with

Eq. (23) inserted, as a nonlinear third order elliptic differential equation,

= 0. (25)

The first integral of this equation is, using the derived initial conditions,

0" + 2f [In (/?/#>) + 1] - 2 / # = 0. (26)

This nonlinear equation may also be integrated easily by multiplying by 0', and

applying the continuous initial conditions on 0 and 0'

+ S0H0o/0)- (27)

We can numerically integrate Eq. (27) to provide the correction to the thin

lens theory. As an example, we take a lens which starts 5 mm from the final focus
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of an SLC beam, and has a thickness / of 3 mm. The plasma density is taken

to be no = 5 x 1018 cm"3. The effective thin lens focal length for this case is

calculated, with the thin lens placed at the mid-point of the plasma region, and

found to be 3.34 mm. A naive calculation from the thin lens formula w 'd. yield

/ = (if/)"1 = 3.64 mm. This is in contrast to conventional thick lens ihavior,

where the focal length of the lens would rise with use of the correct ' ick lens

expression. The focal length drops because the lens gets stronger as the beam

pinches.

This analytical treatment has been confirmed numerically by a particle-in-

cell code written by J. Simpson.T| Thick plasma lens behavior has been observed

experimentally in the intense driving beam used in the Argonne plasma wake-

field acceleration experiments.' In these experiments the beam pinched to its

approximate equilibrium size given by /? cz

4. Luminosity Enhancement

We wish to see what improvement can be made in ultimate spot size can be

made using a strong yet aberration prone lens. We note first the reduction in

spot size from the lens position to the next waist is

P*e P2

However, the eventual spot size would be given by /?Q£O in the absence of the

added lens, with

jSb = /?o(l+(*/#)2)- (29)

The net compression factor HD\ (or the luminosity enhancement excluding dis-

ruption effects) realized is thus

) ~ 1 + ft/if,
J •

This expression shows clearly the limitations of an aberration prone lens such as
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the plasma lens. The compression one obtains is a strongly increasing function

of the parameter (%) in the absence of aberrations. The aberration term in

the denominator is (4r<5)2, however, and we note that the aberration effects are

amplified by the strong compression force. For our assumed 6 and / < /?o, the

function given by Eq. (30) is a maximum at about /3Q ^ PQ + / . Thus in the case

of large compression force (/?o » / ) , the optimum placement of the a plasma lens

is very near the minimum spot one obtains from conventional focusing and Eq.

(30) becomes for large 6

or a* JOQ ~ 1/6, as is derived by simple physical arguments in Ref. 4. Thus the

limitation on luminosity enhancement due to aberrations is about {S)~2 ^ 6.7.

If one overdoes the focusing, i.e. makes /?o// ^ l/^> the consequences are more

severe than this apparent saturation of the luminosity, however. The rms angle

of the beam leaving the lens becomes very large in this case, and that poses the;

problem of damaging conventional final focusing elements, as well as lowering the;

possible luminosity boost due to beam-beam disruption. We will return to this

point later.

It is of interest also to calculate the position of the next waist. We obtain in

a similar manner the distance as measured from the strong lens,

L = V Po , . (32)
(^)2 K / ( f f ) v / i 2

The luminosity enhancement one calculates from application of Eq. (30) with

these parameters is about 4.1. The new waist is about 0.8 mm in front of the old

waist, so there must be some adjustment of the conventional optics to get the final

foci for both beams to coincide. The emittance has been blown up by a factor

P = \/ l + 6.5«J2 ~ 1.4, and the final beta function 0* = 7mm/(4.M.4) ^ 1.2

mm. Since this is not small compared to az, it appears that there is a depth

13



of focus problem. In fact, since we are in a regime of nontrivial beam-beam

disruption, we must calculate the enhancement due to this effect, which renders

the question of depth of focus moot.

Thus the next topic is the luminosity contribution due to beam-beam dis-

ruption effects. The disruption effects from the interaction of round e+e~ beams

have been recently studied in detail by Chen and Yokoya.'*' The disruption lu-

minosity enhancement is influenced by two factors: Tht strength of the pinch,

represented by the disruption parameter D,

and the effects of the inherent divergence of the beam, represented by the param-

eter A = az/0*. The luminosity enhancement is found to satisfy the following

scaling law found empirically by fitting to simulation generated data,

. (34)

The above expression reproduces the computer simulation data shown in Fig.

3 to an accuracy around ±10%. The simulations do not take into account the

correlations between final focusing and longitudinal position in the beam due

to the plasma lens. To this extent, our analysis below is approximate. With

the design parameters of the SLC, we see that with the given parameters of /3Q

and eo» Do = 0.67, and AQ = 0.14. Therefore, from Eq. (34), one expects an

enhancement HDO — 1.8. On the other hand, with the insertion of the plasma

lens, and using the approximate new values for /?* and e, we expect to have

Do = 2.7, and A = 0.83. The new disruption enhancement factor would then be

a 2.1. The overall luminosity enhancement can now be estimated,

= 4.8. (35)

It can be seen that although we are able to push the disruption parameter D

up by a factor of 4.1, the fact that we have blown up the emittance of the beam

14



by a factor of 1.4 and substantially reduced /?* has in turn made the inherent

divergence of the beam more severe. The net result in this case is that one

does not benefit as greatly from the mutual pinching during the beam-beam

interaction as in the case of aberration-free final focus lenses.
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Figure 3
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5. Perspectives on the Overdense Lens

Thus far we have studied the beam optics of of a self-focusing overdense

plasma lens by taking into account the aberrations due to geometric variations

in the focusing strength and have calculated the correction due to the finite

thickness of the plasma lens. Furthermore, we have formulated an analytical

estimate of the total expected luminosity enhancement, taking into account both

the reduction in the effective spot size due to the plasma lens, and the pinch

effect due beam-beam interaction.

The design parameters of the SLC were taken as an example to investigate the

possible performance of an overdense plasma lens. All the calculated parameters

for an SLC lens are listed in Table 1, and the total luminosity enhancement factor

is estimated to be around 5. To appreciate the performance of this plasma lens,

let us consider a hypothetical strong lens which is aberration-free. The only effect

that this strong lens introduces is the reduction of /?*. Now since both D and

A vary as 1//?*, it can be seen from Eq. (34) that there is an optimum vaiue

of P* below which HD will be degraded. For the SLC parameters (except 0*)

this optimum occurs at 2.2 mm, which corresponds to D = 1.8, A = 0.38 and

HE>2 = 3.3. This optimum value of H02 does not correspond to the best possible

performance of the lens when the contribution from Hpi = PQ/0* is included.

The variation of H#2 and the combination HD\ • -ffj?2 (which is the ratio of the

luminosity £ to the SLC design luminosity excluding disruption £0) as a function

of /?* is plotted in Fig. 4. The optimum is found to be at /3* = 1.05 mm and the

total enhancement is

^ ~ 7.7. (36)
-".DO

With all parameters except /?* fixed, the above value is the best luminosity

enhancement one could achieve over SLC design, independent of the specific

nature of the strong, ideal lens. We thus find that the plasma lens of our example

has a performance which is about 60% of an optimized, ideal aberration-free lens.
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To improve the optical quality of the overdense plasma lens, it is necessary to

reduce the radial and longitudinal aberrations. As we discussed earlier, since the

focusing strength of a plasma lens is dependent on the form of the magnetic self-

fields of the beam, a proper shaping of the beam charge density can in principle

mitigate the aberrations. One way to reduce the radial aberration is to install

an octupole upstream from the plasma lens to create a distribution that is more

"flat-topped" than a Gaussian distribution.

For a bi-Gaussian distribution, the longitudinal aberrations have been shown

to be more severe than the radial aberrations, and it is thus more important to

ameliorate them by tailoring the longitudinal profile. In order to make the longi-

tudinal distribution more uniform, we can debunch the beam slightly by applying

a nonlinear accelerating waveform to the beam and sending it through a trans-

port line containing bend magnets with a total nonzero longitudinal dispersion.

This could be done, for example, at the exit of the damping rings.

As an aside, we note that the nonlinear waveform could be derived from the

longitudinal self wake-fields of the beam in an iris loaded metallic tube. As an

example, we take the case of the beam length az equal to one-half the fundamental

wavelength of the wake-fields. The initial beam profile and associated wake-fields

are shown in Fig. 5(a). We take the initial Gaussian rms momentum spread as

Ap/p = 0.1%, If the amplitude of the wake-field induced momentum spread is

taken to be 1.5Ap, and the longitudinal dispersion of the transport line is tjz =

—600az, the final longitudinal distribution is flattened significantly, as shown in

Fig. 5(b). Since the waveform for debunching is nearly sinusoidal this scheme

is not dependent on use of wake-fields, yet they may prove to be the handiest

source of strong, short wavelength fields.

After proposing improvements in the plasma lens, it is necessary to temper

the discussion by noting that the parameters used in this paper describing the

phase space density of the beam at final focus are marginal for effective plasma

lens focusing. If the actual values of the these parameters in any way reduce

18



the phase space density of the beam, he effectiveness of the plasma lens focusing

system degrades dramatically. We also have not yet mentioned the problems of

misalignment due to beam jitter, or background event generation from beam-

plasma ion collisions. It is the background issue that causes most concern among

particle physicists. For example, studies of the SLD detector have indicated that

a background target thickness of plasma ions of 2 x 1016 cm"2 is acceptable.(10'

Our overdense plasma lens example, while offering a factor of 5 in luminosity

gain, has a target thickness for backgrounds of 3 X 1018 cm"2 . Driven by our

concern over the background problem we now consider the underdense plasma

lens, which as we will see, holds promise for amelioration of aberrations.
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Figure 5
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Table 1

A Set of Plasma Lens Parameters for SLC
Plasma Lens Parameters

. no [cm~3]

I [mm]

Beam Parameters

N

£ [GeV]

Co [m-rad]

e [m-rad]

cx [mm]

f K-3]
Beam Optics Parameters

«o [mm]T

/ (mm]

ao

Po [mm]

Po [=H
£' [mm]

6
P

Luminosity Enhancement

DQ

D

Ac

A

EDO

ED\

SDI

ED

Values

. 5 x 1018 '

3.0

5 X 1010

50

3.0 x 10~s

4.2 x 10"5

1.0

1.3 X 103

3.5

3.3

-0.5

8.8

7.0

1.2

0.39

1.4

0.57
2.7
0.14
0.83
1.S
4.1
2.1
4.S

'Measured from lens midpoint.

Plasma and optics parameters for overdense plasma lens.
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6. The Underdense Plasma Lens

In an underdense plasma lens, an electron beam of peak density nj is focused

in a plasma of density no < n-t/2. The linear plasma theory no longer applies

in this case, and the plasma electrons response is to completely leave the region

occupied by the beam, leaving a constant density ion column. This situation

should produce nearly linear focusing, and simulations by the UCLA group l l

have shown that the aberrations are on the order of l\KfK a 0.03. Several

aspects of this scheme should be emphasized before we begin the optics analysis.

First, the scheme works only for the e~ beam, as the nonlinear response of the

plasma electrons to a dense e+ beam is quite different and not as beneficial

for beam focusing. This asymmetry will motivate us to consider the effects of

disruption by a smaller beam on a larger beam. Second, although the lens is now

relatively aberration free, the focusing strength is much less, as it is dependent

on the plasma density, which is less than the beam density. Thus one expects to

be able to place the underdense plasma lens further from the interaction point,

but the lens will be much weaker than the corresponding overdense lens.

If we examine again the cylindrically symmetric bi-Gaussian electron bunch

of normalized emittance en, rms length <xz and number of particles N, then we

can redefine the phase space density parameter

y/8ireo

and the focusing strength of an underdense plasma lens is, with /? = @o and

= 1/2 at the start of the lens,

( 3 8 )

We now use the third order differential equation for the evolution of the /?-

function Eq. (22) for the case K = constant, and using the initial condition Eq.
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(24) and continuity requirements P'[so) = P'o, and /?(so) = A), we obtain

/?'"+ 4K0 = 2/p*0 + 2K0O. (39)

The particular solution to this equation is

Pp = l/2KP*+/3o/2 (40)

and the general homogeneous solution is

j3h = A cos (i/s) + JSsin (us) (41)

where u2 = 4-K". Applying the continuous initial conditions once more, we calcu-

late

f 4 ^ ^ n W { ' - s o ) ) - (42)

It is straightforward to show from Eq. (42) that the maximum reduction in /?

that one can achieve with this lens occurs when one places the lens at a position

—so » /?Q. This reduction is given by

£ = (1+ *#)-*• (43)
Po

For SLC design parameters we have f = 9.4 x 102 m""1, and a possible reduction in

0 of 1/7.5. It is also interesting to note that according to this formula, one should

never back off of the focus, r'.e. make /3Q larger, as the ultimate 0* attainable is

inversely proportional to f + (l//?o)- This implies that one should minimize @Q.

It also says that if £/3Q < 1 then a plasma lens is irrelevant, as it is not strong

enough to overcome the inherent divergence in the beam.
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If one only reduces the spot size of the round bi-Gaussian beam electron beam

in the collisions, then the luminosity enhancement due to the lens Hu\ possible

(excluding depth of focus and disruption effects) is easily shown to be

( 4 4 )

which is strictly less than two. For example, a reduction m a of one beam by b.

factor of 2.5 gives a luminosity enhancement of 1.73. This is a very modest num-

ber - it is boosted, however, by the disruption enhancement. We can consider the

underdense plasma lens focusing of the electrons to be a type of pre-disruption.

When positron beam is focused by the smaller electron beam, it is more strongly

disrupted than by an equal size beam, and a luminosity enhancement results.

Thus we can term the entire process bootstrap disruption, as the self-focusing of

the electron beam causes a cascading effect which focuses both beams.

The bootstrap disruption effects may be quantitatively estimated for SLC by

numerical calculation of the luminosity, by ray tracing calculations of the positron

motion to yield a luminosity enhancement we term HB> • This treatment assumes

that the electron beam is not significantly distorted during its collision with the

positron beam. Inclusion of this effect would raise the luminosity further by a

factor which we term

As an example, we again take /?< — /?>/5, and the SLC parameters, and we

calculate the positron bootstrap disruption HB> enhancement of 1.9. The total

luminosity enhancement is given by

HB> • HB< Hpi
( 4 0 )

where HDO is the disruption enhancement in the absence of lens, and can be found

from Chen and Yokoya's calculations. Assuming that HB< is approximately equal

to or smaller than this value, we estimate a total enhancement HT < 3.2.
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In fact, we can improve this estimate by use of simulations. Yokoya's luminos-

ity calculating code for colliding beams (ABEL) has been employed to calculate

the disruption enhancement for beams of different /3-functions. The total boot-

strap disruption enhancement Hp is shown in Fig. 6 as a function of a<]a>. The

effect saturates below cr</o> < 0.4, at a value of Hp a 2.8 — 2.9. Thus we find

that our previous estimate of approximately 3.2 was fairly accurate, if slightly

optimistic.

The requirements on plasma length and density can be deduced from Eq. (42)

and the condition of the distance of drift from the end of the focusing section to

the next waist

L - 4TW {46)

for the SLC, we would also like to require that the plasma stay out of the SLD

vertex detector, which requires a final drift of 5 cm. A solution which meets the

requirements of a reduction in /3* of 6.25 and the correct drift length is to place

5 cm of plasma directly upstream of the vertex detector, with the electron beam

initially tuned for a focus 10 cm downstream of the desired interaction point

(so = —20 cm). The plasma density in the 5 cm column is thus required to be

no = 1.5 X 1015 cm"3. This is over three orders of magnitude lower than for the

aberration prone, overdense plasma lens.

Although the underdense plasma lens appears to give about two-thirds as

much luminosity enhancement as the overdense lens for the SLC design param-

eters, it has some distinct advantages. These include better tolerance of jitter,

as the jitter tolerance is nearly the same as with no plasma lens present, less de-

pendence of the lens performance on beam characteristics - the beam must still

be approximately cylindrically symmetric, but the focal properties of the lens

are now much more sensitive to plasma, density and length variations) - and of

course, reduction of lens generated backgrounds. The target thickness for back-

grounds seen by the beams is 7.5 x 1015 cm"2 for the underdense case, compared

to 3 X 1018 cm""2 for the overdense lens pair previously considered. Thus the
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underdense lens with bootstrap disruption leads to a factor of 400 reduction in

backgrounds. Note that the target thickness for the underdense case is below the

acceptable threshold of 2 x 1016 cm""2 for the SLD detector. It would seem that

the underdense lens is acceptable from this point of view, while the overdense

lens is not. It should be noted in this regard that the limit on reduction in /?* that

is given by Eq. (43) can be circumvented by chirping the plasma density upward

as a function of distance inside the lens. The optimum density profile could be

determined by the solution to Eq. (27) with the substitution of our redefined f.

This is probably not worth the effort, however, as the background rates would

soar, using this scheme, and the bootstrap disruption effect has already reached

saturation in our SLC example.
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Figure 6

LUMINOSITY ENHANCEMENT

I 1 I I ! I I ( ! I _. 1 . 1 • I I t I 1 I I t

The total luminosity enhancement for SLC parameters as a function of the

ratio of small beam size CT< to large beam size o> = 1.5^m. Notice that a

saturation of the bootstrap disruption occurs if <r</o> < 0.4, with Hj) a 2.8—2.9.
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7. Future Linear Colliders: Flat Beams

For future linear colliders such as the TLC, it is commonly accepted, that the

one should use flat beams at the final focus. Typical TLC design parameters'"1

are: horizontal - eniI = 5 X 10~6 m-rad, 0* = 15 mm, vertical - enjJ, = 5x 10~8

m-rad, /3* = 50^m, longitudinal - oz — 40/xm, and N = 1.8 x 1010. These

parameters imply beam densities near the collision point of the order nj < 8 X1022

cm"3 (twice the density of liquid water!). An overdense lens should have even

worse aberrations in the flat beam case due to to the extra degree of freedom.

The underdense plasma lens would seem to be the only plasma lens for this type

of machine, as the plasma densities and background event rates are absurdly high

for the overdense lens, with relatively little promise for large luminosity gain.

The underdense plasma lens for a flat beam works in much the same way as

in the round beam case. It differs in that one only is compressing the beam in the

minor dimension, as Ky/Kx = cx/ay. Thus the luminosity enhancement scales

maximally only as (^y)"1'2, and the addition of the lens is not as dramatic. On

the other hand, we will show below that the underdense lens/bootstrap disruption

scheme works reasonably well for flat beams with TLC parameters.

The fundamental question about the usefulness of non-conventional lenses in

TLC-or-CLIC-type collider is whether or not they are necessary. Since the above

design values indicate that one has at cz /?*, reducing the vertical dimension of

the beam does little, as the depth of focus problem then suppresses luminosity

enhancement (see the Chen and Yokoya's discussion in Ref. 8 for further discus-

sion of this point). On the other hand, these design values are dependent on

manufacturing of as yet undeveloped high strength, miniature final focus quads

with stringent tolerances. Also, use of conventional final focusing schemes leads

to spot size limitations due to the uncorrectable aberrations due to synchrotron

radiation losses in the final quads (the Oide limit " ). One can ameliorate these

effects by using thicker lenses close to the interaction point. It is thus relevant

to ask whether a plasma lens can ease the reliance on standard optics tools.

29



To this end, we assume that the final value of f3v is constrained to be no less

than ten times Palmer's design value, or /?y = 0.5 mm. Using the rest of the design

numbers, we will presently describe a scenario in which an underdense plasma

lens/bootstrap disruption scheme allows one to regain nearly all the original

luminosity, which is degraded by approximately \/l0 without a plasma lens.

In the flat beam, underdense plasma lens regime, the maximum beam density,

given by
N

"•b = ,n , , , / , > (47)

is greater than or equal to twice the plasma density no, and the maximum focusing

strength in y is given by

Nr
K = 2nren0/i < — ' ' . (48)

We assume that the position of the plasma lens entrance with respect to the

conventional focus — .so <. fix and thus ax is nearly constant. We now rewrite the

focusing strength in the spirit of the cylindrical beam treatment asK = ^f/y/P^o,

where j3yo is the initial /3-function at the lens entrance, and we have explicitly

(49)

It is straightforward to show that there is no limit on minimum spot size achiev-

able under this scheme analogous to the cylindrical beam limit of Eq. (43) if

one includes only the linear betatron effects. In fact the minimum achievable /?-

function decreases with increasing fiyo as /?* ~ l/\l>/?^2 for very thick lenses. In

reality, however, the vertical spot size in this scheme will be aberration limited.

For example, in a plasma with no = 1019 cm"3, the focusing strength is K =

2 x 105 m~2. A thin lens of this density with length 0.5 mm placed approximately

5 mm away from the conventionally achieved waist gives a reduction in /?* of a

factor of ten. Note that the target thickness for backgrounds is 4 X 1017 cm"2
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in this (non-optimized) example, which is larger than acceptable for the SLC,

but beam-ion backgrounds may not be as problematic at higher incident energy

due to the collision kinematics, and the extent of the problem is also clearly

detector trigger dependent. We have been able to use a thin lens with the TLC

parameters because the beam is so dense in phase space that we do not have to

worry about thick lens behavior and other symptoms of weak focusing strengths,

unlike SLC-type examples. We now examine the bootstrap disruption effects on

the dynamics of the positron beam as it collides with the smaller electron beam.

For the purpose of writing an equation of motion for the positrons, we approx-

imate the Gaussian longitudinal density profile as cos2(irz/4a1:). We designate

the rms vertical size of the e~ beam as cry< and the e+ beam as ay>. If the

positron impact parameter is outside of the electron distribution in y, it is not

contributing to the luminosity. We therefore examine the motion of these par-

ticles (in the x = 0 plane) to find out when a disrupted positron enters the

electron distribution by solving the equation of motion as it collides with the

electron bunch

y" + B{1 + cos (KZ)) = 0, \KZ\ < it, (50)

where B — y/nNre/qaxaz and K = TT/CTZ. TO shed more light on the scaling of

the motion, we use the normalized independent variable £ = zjaz, and write Eq.

(50) as

y" + ^Dycy<(l + cos (*£)) = 0 , |f| < 1, (51)

where Dy — 2Nrta2jay<ax is the vertical disruption parameter. If the initial

conditions at z — —az are y = yo y' — 2/o> then the general form of the solution is

V = VO + y'o(Z + 1) - \J\Dy°y<\\ ' (£ + I)2 + ^ • (1 + cos (*£))]. (52)

If Dy is much greater than unity the bootstrap disruption dominates the dynamics

and one can ignore the term corresponding to the initial divergence y'Q. In order
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to find out how large of an impact parameter a positron can start out at and still

contribute to the luminosity, we write yo = j<*y<, and evaluating Eq. (52) at the

middle of the collision z = 0 and at y = cy< we have

j = l + V^Fl>y(j + ^ ) . (53)

For Palmer's numbers, we conclude that the maximum impact parameter for

luminosity contributing positrons is j = J/O/OJK — 6.6, which is contains all of

the positrons in our plasma lens example, where ay>jay< = y/lO. For the motion

in an arbitrary plane in x the above discussion holds provided one multiplies Dy

by exp (-x2/al).

We can again estimate the luminosity enhancement in this case by assuming

the electron distribution is unaffected by the positrons, and numerically evalu-

ating the evolution of the positron distribution equations of motion to calculate

the luminosity integral. Integrating over all planes in x, we obtain a bootstrap

enhancement of HB> — 2.18. Since the enhancement from the pinching of the

electron beam by the plasma lens alone is HQ\ = \f2o>/{c> + a%) = 1.35,

the product HD\ • HB> — 2.94 which is almost equal to the factor of \/l0 in

luminosity (without disruption) that we had lost due to the relaxation of our

conventional final focus. Scaling from the round beam simulations, we thus ex-

pect that with all the effects folded in, the luminosity of the fiat beam collider

with plasma lens/bootstrap disruption would be approximately 80% of the lu-

minosity originally sought in Palmer's design, as opposed to 30% without the

under dense plasma lens.
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8. Conclusions

We have examined in some detail the options for using a plasma lens in present

and future linear colliders. The analysis presented here employs approximations

of the type not usually found in the precise world of accelerator optics, but it

suffices to quantitatively delineate the different regimes of the plasma lens. While

not claiming dramatic gains in luminostiy, we have shown through our analysis

that interesting scenarios exist where use of plasma lenses is of potential value

in high energy linear collider final focus systems. We have not analyzed other

possible uses of the plasma lens, e.g. in linear collider BB factories. It is hoped

that the methods we have used will be employed to obtain a first order design, and

that computer simulations be used to verify the details of the lens performance.

The plasma lens is a potentially powerful optics tool, yet it has some major

problems that must be addressed before one considers them as a part of final focus

system. Aberrations have been evaluated to a great extent here, but remain a

concern that should be examined experimentally. The backgrounds are perhaps

most troublesome, and may be severe enough that detector physicists must take

into account the trade-off between luminosity and background rates, and modify

detector design accordingly. The problem of spatial jitter is severe if the beams

are misaligned on average by greater than one standard deviation of their (larger

of the two beams') density distribution. In this regard, as in backgrounds, the

underdense lens is clearly preferable.

All of the issues described above remain on the research agenda at several

institutions. Interested groups are active at Argonne, SLAC, and UCLA, pur-

suing further experimental, theoretical and computational studies. The previous

experimental studies and most theoretical work has until now concentrated on

the overdense regime of the plasma lens; the underdense regime is now beginning

to come under closer scrutiny. "

The authors acknowledge useful discussion with S. Rajagapolan, J.J. Su, J.

Norem, and J. Simpson. This work supported by U.S. Department of Energy,
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