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Chapter I

General introduction

1 Introduction

Two dimensional conformal field theories (2D CFT's) have attracted much attention
recently. This is mainly because of two important developments.
The first development concerns the application of 2D CFT's in the study of 2-
dimensional critical phenomena [1]. It was realized that the continuum limit, of
2-dimensional lattice models exhibiting a second order phase transition can, in the
critical point, be described by a (Euclidean) field theory which is not only globally
scale invariant, but necessarily locally scale (i.e. conformally) invariant. It turned
out that the various critical exponents can be calculated purely from the theory at
the critical point by investigating properties of this conformal field theory. A clas-
sification of 2D CFT's would therefore give a classification of universality classes of
certain 2-dimensional critical phenomena.
The second important development was the rapidly increasing belief that string the-
ories could be good candidates for a TOE (Theory Of Everything), i.e. a theory
unifying the four fundamental interactions. One of the hopes is that string theory
will be a finite theory of quantumgravity. An argument that was always given in
favour of string theory was its seemingly high degree of uniqueness. In the last few
years, however, more and more 'string' theories were constructed. Though it might
still be that these theories can be interpreted as 'compactifications' of a more fun-
damental string theory, the point of view is now that essentially any 2D CFT can
serve as a building block for a string theory, provided it gives viable results for the
4-dimensional effective field theory in the low energy limit. In fact, it is argued that
to give a so-called 'second quantized' string theory one should have a classification
of 2D CFT's.

The reason that the concept of a conformal symmetry is so attractive is that the
2-dimensional conformal group, unlike in higher dimensions, is infinite dimensional.
This property, of having an infinite number of conserved currents, is well-known to
be closely related to the concept of integrability.
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The major breakthrough in the application of 2D CFT's came with the paper of
Belavin, Polyakov and Zamolodchikov [3], who made full use of the infinite dimen-
sional nature of the symmetry group. In the remaining part of the introduction we
will summarize some of their results and results obtained after that.

The main object in a 2-D CFT is the stress-energy tensor T^x), satisfying the
conservation law

WTIU,(S) = O. (1.1)

Because of local scale invariance it also satisfies the trace condition

r;(£) = o. (i.2)

It is convenient to choose a conformal gauge g^(x) = p(x)8^ 1, and introduce
complex coordinates z = Xi + ix-2,z = x\ — 1x2 (i.e. light-cone coordinates in a
Minkowski space-time and therefore also often referred to as left and right moving
coordinates, respectively). In terms of these coordinates conformal transformations
are just analytic transformations z —> w(z), z —> w(z) of the coordinates z and z.
The stress energy tensor then splits into two components T = Tzz = T n — T22 +
2iTi2, f = T22 = T n - T22 - 2iT12 which, due to the conservation law (1.1), only
depend on z and z, respectively. Because both components can be treated on equal
footing we will often restrict the discussion to the left moving components only.

The operator product expansion (OPE), i.e. short-distance expansion, for T(z)
can be argued to be 2

3 X l O T . , = r + + + , (1.3)
(z — wp (z — w)1 z — w

where c is a c-number called the central charge and the dots stand for the terms
regular in the limit z —• w.
Among the fields in the theory there exists a preferred set which transform as tensors
of weight (h, h) under conformal transformations z —> w(z), z —* w(z)

) • (1-4)

These are called primary fields of conformal dimension (h, h). The property that the
stress energy tensor T(z) is the generator of local scale transformations yields the

1 Throughout this thesis we will work in a 2-dimensional Euclidean spacetime for convenience. Most
issues , however, easily carry over to the Minkowskian domain.

2Whenever we write the product of two operators at non-coincident points we always implicitly
assume radial ordering. For example the product T{z)T(w) in (1.3) stands for T(z)T{w) if \z\ > \w\
and for T(u/):T(z) if \z\ < \w\.
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following OPE 3

( L 5 )

The OPE (1.3) is the most general OPE consistent with (1.5), translation invarian.ee
and global scale invariance. The other fields in the theory can be obtained by taking-
successive operator products with T(z). They are called secondary or descendant
fields.

The conformal field theory is completely fixed by the value of the central charge c,
the set of conformal dimensions {hi, ht) of the primary fields <j>i{z, z) and the structure
constants Cl}

 k , determining the OPE's of the primary fields [3]

«W; = £ C^lfo}. (1.6)
k

The notation [<f>k] stands for conformal family consisting of the primary field 4>k
its descendant fields. The relative occurrence of the descendant fields is fixed by the
conformal invariance.

To analyze the spectrum it is more convenient to rewrite (1.3) in terms of commu-
tation relations for the Laurent modes Lm of T{z) — J2meZ Lmz~m~2, or equivalently

JCo 2?rz

where the contour Co surrounds the origin 2 = 0 counterclockwise. So we have

=£

where the ^-integral is taken over a contour C consisting of the difference of two
contours \z\ > \w\ and \z\ < \w\, both enclosing the origin. Deforming the contour
C to a single contour Cw, surrounding the point z = w counterclockwise (but doesn't
enclose the origin), we have by (1.3)

Kit *mf J ^ ^ I I . ^

P^wn+1 f ^rrrn{m2 - l)wm-2 + 2(m + l)wmT{w) + wm+1dT{w)\
2irt 1.2.3! J

= T ^ r n ( r n ~ l)^m+n,o + 2(m + l)Lm+n — (m + n + 2)Lm+n .

So we finally obtain

[Lm,Ln] = (m - n)Lm+n + — m(m - l)<5m+n,0 . (1.8)

3The dependence on the right-moving coordinated is suppressed here. We will often do this in the
sequel.
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This infinite dimensional algebra is known as the Virasoro algebra. It is the algebra
of analytic transformations of z (generated by lm — — zm+1-^), i.e. the 2 dimensional
conformal group, together with a central extension.
The set {L-i,L0,Li} generates the s/(2,R) subalgebra of translations, global scale
transformations and special conformal transformations. The vacuum |0 > is a singlet
under this s/(2, R).
In a similar way (1.5) translates into

[Lm,<t>h{z)} = (m + \)zmHh{z) + zm+1d4>h{z) . (1.9)

States in the spectrum of a 2D CFT assemble into representations of the Virasoro
algebra. The relevant representations are those for which the (left) Hamiltonian LQ

is bounded from below. They are, by convention, called highest weight modules
(HWM's). The highest weight vector \h,c >, i.e. the state with the lowest Lo-
eigenvalue, is characterized by the properties

Lo\h,c > — h\h,c >

Ln\h,c > = 0 , n > 0 .

The module consisting of the states

-'•-*, X--*a - .L-km\h,c> , kt>0, (1.10)

is called the Verma module M(h,c). The Verma module M(h,c) admits an Lo-
eigenspace decomposition

M(h,c)= 0 M(h,c){N), (1.11)
N>0

where
M(h,c)lN) = {veM(h,c)\Lov = (k + N)v} . (1.12)

A basis for the eigenspace M(h,c)^) is given by the states

L.kl...L.hm\h,c> , f > = JV, k1>k2>...km>0. (1.13)

The dimension of the eigenspace M[h,c\N) is given by "Euler's partition function"
p{N), i.e. the number of ways of partitioning N into a set of positive integers.
The hermiticity conditions

Lj = L-n , n € Z , (1.14)

which follow from the self-adjointness of T(z), together with the normalization
< h,c\h,c > = 1, uniquely define a symmetric bilinear form < | > on the Verma
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module M(h,c). It is easily seen that the eigenspace decomposition (1.11) is orthog-
onal with respect to this bilinear form. Let M(h,c)^) be the p(N) x p(N) matrix
of inner products of a set of basis vectors of M(h,c)^y The determinant of this
matrix, (which is independent of the choice of basis upto a multiplicative constant),
is called the Kac determinant. It is given by [4,5]

det M(h,c)[N) = n II (* - Kr,s))p{N-k) , (1.15)
Nu

fc=l rs=k

where

h{r,s) = ~- ((13 - c)(r2 + s2) - 24rs - 2(1 - c) + ^(1 - c)(25 - c)(r2 - s2)) ,

r , 5 € Z > 0 . (1.16)

In general, the Verma module M(h,c) is not irreducible, i.e. contains invariant
subspaces. It is easily seen that the radical of < | >, i.e. those states v 6 M(h,c)
which are orthogonal to every other state w € M(h, c) is such an invariant subspace.
One can prove that Rad(< | >) is the unique maximal ideal in M(h,c), implying
that the coset vectorspace L(h,c) = M(/i,c)/Rad(< | >) is an irreducible highest
weight module. In physical terms: states which are orthogonal to every other state
decouple from all the correlation functions and can therefore be omitted altogether.
Physical spectra consist therefore of irreducible HWM's L(h,c). 4

It is clear that states in Rad(< | >) are in 1-1 correspondence with zeros of the Kac
determinant. By analyzing the Kac determinant one can therefore determine which
Verma modules are reducible (also called degenerate). In particular it is easily seen
that, for central charges c > 1 and h > 0 the Verma module is irreducible.
Another important issue is unitarity. A HWM L(h, c) is called unitary if all the states
have positive norm. The question which irreducible HWM's L(h,c) are unitary can
also be analyzed by means of the Kac determinant (1.15). It has been shown [6,7]
that the requirement of unitarity restricts the possible h and c values of an irreducible
HWM L(h,c) to either

c > l , ^ > 0 , (1.17)

or

in which case there are only a finite number of allowed /i-values given by

l<s<m. (1.19)

4The $1(2, R) vacuum |0 > corresponds to the trivial module L(h = 0, c).
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Information on the multiplicity of states in a HWM V is contained in the character
\v of V. This is the holomorphic function on the complex upper half plane
{r e C ,Im(r) > 0}, defined by

( £ ) q = e2*'r . (1.20)

From the discussion above, the character of the Verma module M(h,c) is found to
be

L C_

( ) ** £rf*)ff" = V
Explicit expressions for the characters of the irreducible HWM's L(h, c) can be found
in [8].

There exists a 1-1 correspondence between states \<f> > in the Hilbert space and
fields <{>{z,z), called vertex operators for the state \</> >. The correspondence is given
by ("in-states")

| ^ > = J i m o 4>(z,z)\0> • (1.22)

For a primary field (j>h^z,z) one easily shows, using (1.9), that the associated state
\4> > defined by (1.22) satisfies the conditions (1.10) of a highest weight vector
\h,c >ieft x\h,c >right. So the primary fields in the theory are in 1-1 correspondence
with the highest weight vectors.

The spectrum of a 2D CFT can be encoded in the so-called (torus) partition
function Z(T)

Z = Trn(q
L°-':/2*qLo-c/24) , q = e2*tT . (1.23)

This expression arises in string theory in the evalution of a closed string one-loop
vacuum to vacuum amplitude, which is topologically a torus. The parameter r G
C,Im(r) > 0 is then identified with the modular parameter of the torus, and the
modular group SL(2, Z) acts on T by

In terms of the character Xh of an irreducible HWM L(h, c)

Xk(r) = TrL{Kc)(q
L°-<<24) , (1.25)

we can write

.\'h-hXUy), (1-26)
h,h

where A ' ^ is a positive integer, denoting the multiplicity of the primary field <frh^.
The classification of 2D CFT's involves the classification of all sets of primary fields
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<f>i(z, z) and structure constants C^ k, satisfying the requirement of associativity of the
operator product algebra (OPA). In practice one is often interested in subsets which
satisfy additional requirements. In particular, for string theory one also requires
unitarity and modviar invariance of the partition function (1.23). It appears to
be fruitful to start the classification of such CFT's by examining the condition of
modular invariance ('modular bootstrap'), instead of working out the conditions on
C{

 k ('conformal bootstrap').5

For the unitary discrete series (1.18) a complete classification of modular invariants
(1.26), with positive integer multiplicities .\i\th, has been achieved [9]. It is known as
the Cappelli-Itzykson-Zuber (CIZ) classification.

For CFT's of central charge c > 1 the partition function (1.23) cannot be mod-
ular invariant unless an infinite number of irreducible Virasoro HWM's are included
in (1.26). For an important subclass of these theories the partition function can
nevertheless still be written as a finite sum

(1.27)

for some set of holomorphic functions !FI[T). These CFT's are, by definition, called
rational conformal field theories (RCFT's). A very important example of a RCFT
is the Wess-Zumino-Witten model which will be discussed in section 3. In the next
section we will discuss the example of a free massless scalar field.

2 The free massless scalar field
In this section we will illustrate the various concepts treated in the introduction by
a discussion of one of the basic examples of a 2-dimensional conformal field theory,
namely the theory of a single free massless scalar field <j>(a,T). This theory is one
of the fundamental building blocks for the construction of a string theory, where a
set of D scalar fields XM(<7, r ) describe the embedding of the 2-dimensional string
worldsheet in some Z)-dimensional space-time.

For convenience, we will assume that the scalar field <]>{&, T) is compactified on a
circle R/2-KR of radius R. The two dimensional worldsheet, parametrized by (<r, r ) ,
is taken to be an infinite strip a G [0,2TT],r G R, and we assume <f>(atr) to be periodic
in the a-direction.
The action is given by

S = - ^ j d a d r r,al3da<j>dp<i> , (2.1)

5Of course, the condition of modular invariance on higher genus Riemann surfaces is also very
important. We will, however, not discuss this subject in this thesis.
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where -qat3 = diag(l, —1).
The equation of motion is the 2-dimensional Laplace equation. In terms of coordi-
nates z — etl-'T+%T\ which transform the infinite strip to the punctured complex plane,
the most general solution is given by

4>(z,z) = <p(z) + <p(S), (2.2)

where, because of the periodic boundary condition, <p and <p are single-valued func-
tions on the complex plane. In terms of a mode expansion we have

d<p = i^2 « » z " " ' . (2-3)
neZ

and an analogous expression for d(p(z).
Canonical quantization gives the following commutation relations

[flm,a»] = mSm+nfi , (2.4)

which are equivalent to the OPE

) = ( z ~ 1
w ) 2 + --- • (2 .5)

The OPE (2.5), or equivalently the commutation relations (2.4), form the simplest
example of a Kac-Moody algebra to be discussed in section 3.
The stress energy tensor is given by

T{z) = -^(dipd<p)(z) (2.6)

where we adopted the convention to write normal ordering of operators at coincident
points by parentheses. In terms of modes we have in particular

A> = oal + E a-n(*n • (2.7)

By invoking the Wick theorem, we find the following result for the OPE of T(z)

T{z)T{w) = \

=
(z — w)4 (z — w)'

1/2 | 2T(w) | 8T(w)
(z — w)4 (z — w)2 z — w
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which proves that we are dealing with a conformal field theory of central charge c = 1.

The spectrum of the scalar field model is constructed as a Verma module over a
highest weight vector |A,A >. Explicitly

ao|A,A > = A|A,A > , ao|A, A >= A|A, A >

<*n|A,A >=dn\X,X > = 0 , n > 0 , (2.8)

and a basis is given by the states

a_ f c l . . .a_ f cma_ i l . . .a_jB |A>A> , h > 0, k > 0 . (2.9)

From (2.7) we find that the highest weight vector |A,A > has conformal dimension

To determine the set (A, A) that occur in the theory one observes that, by using
(1.22), the highest weight vectors |A, A > are obtained, from the vertex operators

Vx,i(z,z) = Vx(z)V-x(z) , (2.10)

where
Y iz\ — (e^v)/-\ V*(z\ — (p***) (z\ OTH

Locality requires that the spin h — h is an integer. Together with the invariance under
#—*((> + 2nR this restricts the momenta (A, A) to be on the lattice

r = |(A,A) = (-^ + - m i Z , ^ - - m / 2 ) | n , m € z | . (2.12)

The partition function is now easily computed

(2.13)
-tff

A special situation occurs for R = \/2, where besides the primary field d<p(z), there
are two other fields of dimension (1,0), namely

e t v ^ and e " 1 ^ .

The OPA of these three dimension (1,0) fields closes, and is called the Frenkei-Kac-
Segal vertex operator construction for the Aj Kac-Moody algebra [19].
So, for R = \/2, the scalar field model possesses an even larger symmetry algebra
then the U(l) Kac-Moody algebra given by (2.4).

Let us now briefly discuss a small modification of the scalar field model, known
as the Feign-Fuchs construction [5]. This modification forms the essential ingredient
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in the proof of the the Kac-determinant (1.15), discussed in the introduction.
The modification consists of putting a background charge Q at z = oo. This doesn't
alter the OPE (2.5), but it does modify the stress energy tensor to

T(z) = -\{d<pdv)(z) + iQd2<p(z) . (2.14)

The modified stress energy tensor (2.14) again satisfies the OPE (1.3), but now with
a central charge

c = l - 1 2 Q 2 . (2.15)

The effect of the background charge is thus to screen the central charge of the original
system.
Another consequence of the background charge is that the vertex operators

(z) , (2.16)

now become primary fields of conformal dimension

h{\)=l-\{\-2Q). (2.17)

Using this modification it is possible to give an explicit construction of null-states,
i.e. the zero's of the Kac determinant, and thus to prove (1.15).

3 The WZW-model and Kac-Moody algebras

One of the most interesting examples of an interacting 2-D CFT is the so-called
Wess-Zumino-Witten model.
The WZW-model is described by a nonlinear sigma model, where the target space is
a group manifold. To this a topological term, the Wess-Zumino term, is added [10].
In 1984 it was proved by Witten that this model is conformally invariant, provided
the relative coefficient in front of the two terms is fixed in a specified way [11]. The
spectrum of the model was determined by Gepner and Witten [12] (see also [13]).
Knizhnik and Zamolodchikov showed how to apply the techniques of [3] to the WZW-
model, and derived differential equations for the correlation functions [14]. These,so-
called Knizhnik-Zamolodchikov equations, in principle solve the WZW-model [15,16].

The key ingredient in the proof of conformal invariance of the WZW-model, is
the presence of a Kac-Moody symmetry. In fact, any 2D field theory with a Kac-
Moody symmetry carries a representation of the conformal algebra. Let us see how
this comes about.
Let g be the finite dimensional Lie algebra associated to the group manifold G, on
which the WZW-model is defined. The model possesses two conserved currents J(z)
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and J(z) {dzJ = OZJ = 0), taking their values in g.6

Choosing a set of generators {Ta, a = 1 , . . . , di

[Ta,Tb] = fab
cTc , (3.1)

the components Ja(z) satisfy the OPE

J°(z)Aw) = - * £ - + r k ^ + ••• . (3.2)
(z — w)1 z — w

The Cartan-Killing metric

lab = Tr(TaTb) , (3.3)

is used to raise and lower indices.7 The c-number k is called the central charge or
level. It is required to be an integer, to have a well-defined Wess-Zumino term.
The equivalent commutation relations for the Laurent modes J^m g Z of Ja{z) =
£ m e Z ^ ^ m " 1 are

= fVUn + ̂ 7a66m+n,0 • (3.4)

The algebra (3.4) is called the (untwisted) affine Kac-Moody algebra g (also denoted
by g^) associated to g [17]. Notice that the zero modes Jg satisfy the commutation
relations of the underlying finite dimensional Lie algebra g.
The spectrum of a Ievel-A; WZW-model consists of, so-called, irreducible integrable
highest weight modules (HWM's) for the left and right Kac-Moody algebra. As
for finite dimensional Lie algebras these HWM's are characterized by an integral
dominant weight A. The projection A of the weight A onto the weight lattice of
the underlying Lie algebra g characterizes the ^-representation of the vacuum. At
every level k G Z>o there are only a finite number of such integrable HWM's L(A).
As mentioned above, to every theory with a Kac-Moody symmetry is associated a
conformal algebra. More precise, every HWM of a Kac-Moody algebra g can be
extended to a HWM of the semi-direct sum g -\-s Vir of a Kac-Moody algebra and a
Virasoro algebra. This construction is known as the Sugawara construction [18].
The expression for the field T(z) in terms of the currents Ja(z) is

T(z) = ^L-^ab(rjb)(z) , (3.5)

where g is the dual Coxeter number of g [17].
Using (3.2) one can verify that T(z) indeed satisfies the Virasoro OPE (1.3), with a
central charge

,:_«<,,*) _ i H = J l . (3.6)

6 We again used the complex coordinates of section 1, and will henceforth restrict ourselves to the
left moving components J(z) only.

7The metric 7O& is chosen such that \ip\2 = 2 for a long root ip of g. The trace is taken over the
fundamental representation of g.
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The primary field <̂ A, associated to the highest weight vector |A > of the HWM £(A),
has conformal dimension

4* - wh • (3-7)
where c^ is the eigenvalue of the second order Casimir in the ^-representation, char-
acterized by the highest weight A.
Summarizing, one can construct HWM's of the Virasoro algebra from HWM's of the
Kac-Moody algebra by means of the Sugawara construction. If this would be all there
is to say about the connection between Kac-Moody algebras and Virasoro algebras,
then the role of Kac-Moody algebras in the classification of (rational) conformal field
theories would be very limited. Not every conformal field theory also has a Kac-
Moody symmetry.
There exists however a construction, called the Goddard-Kent-Olive coset construc-
tion, which associates a conformal field theory to every coset pair (g,g'),g' C 5 of
affine Kac-Moody algebras [7]. 8 Let thereto T(z) and T'(z) be the Sugawara tensors
associated to g and g', which generate Virasoro algebras of central charges c(g,k)
and c(g', k'), respectively. One then constructs

f(z) = T(z)-T'(z). (3.8)

The operator T(z) generates a so-called 'coset' Virasoro algebra 9 , of central charge
c{g,g',k) given by

c(g,g',k) = c(g,k)-c(g',k'). (3.9)

An important additional property of this coset Virasoro algebra is that it commutes
with the affine Kac-Moody algebra g'. This implies that the g HWM's can naturally
be interpreted as HWM's of the direct sum of g' and the coset Virasoro algebra. In
particular the coset vector space, obtained from a g HWM by identifying states in
the same g' HWM, is a (not necessarily irreducible) HWM of the Virasoro algebra.
It is this construction that seems to provide the connection between a 'classification'
of 2D conformal field theories and the theory of Kac-Moody algebras. Whether this
a real connection or a mere manifestation of our meagre knowledge of CFT's will
hopefully be clarified by future research.

4 Overview

After this brief introduction into 2-dimensional conformal field theories we shall give
an overview of the remaining chapters of this thesis.

8The central charge k' of the Kac-Moody subalgebra g' is determined by k' = jk, where j is the
Dynkin index of the embedding g' C g.

9Warning: this coset Virasoro algebra does not have its origin in some sigma model where the coset
G/G' is the target space.
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In chapter II we classify all coset pairs (fif,*?') of untwisted affine Kac-Moody al-
gebras for which the coset Virasoro algebra has a vanishing central charge c(g, g', k).
The original motivation was to construct string models, in particular vertex opera-
tors, for non-simply laced Kac-Moody algebras g' from the Frenkel-Kac-Segal vertex
operators for the simply-laced Lie algebras at level 1. The construction results in
level-1 vertex operators for non-simply laced Lie algebras in terms of linear combi-
nations of Frenkel-Kac-Segal vertex operators [19]. This can be contrasted to the
construction of [20], which, aside from free bosonic fields, also uses parafermionic
fields.
In the coset construction the condition of vanishing coset charge, loosely speaking,
expresses the fact that the conformal structures of g and g' are identical. An embed-
ding g' C g of vanishing central charge is hence called a conformal embedding [21].
In chapter II it is argued that the classification of conformal embeddings can be re-
duced to the classification of coset pairs g' C g where g is a simple affine Kac-Moody
algebra taken at level 1, and the embedding g' C g is maximal. The classification is
then completed by a brute force method, i.e. simply by checking all maximal embed-
dings. For classical Lie algebras g the classification is related to the symmetric space
theorem of Goddard, Nahm and Olive [22] 10.

As an aside it should be remarked that the equality of central charges doesn't prove
by itself the equivalence of two CFT's. For this one also needs the same primary
field multiplicities (i.e. equal torus partition funtions), and equal structure constants
for the operator product algebra. For the WZW-free fermion correspondence this
question has been considered in [16].
Apart from the above physical motivation for the classification of conformal embed-
dings, it was realized that the property of a coset pair (g,g') being conformal has an
important algebraic consequence, which goes under the name of the finite reducibility
theorem: For a coset pair g D g' having vanishing coset charge c(g,g',k) = 0, the
HWM's £(A) of g at level k are finitely reducible into HWM's of g'.

In chapter III this theorem is used to give a physical model for the exceptional
modular invariant sesquilinear combinations of A[ characters, occurring in the
Cappelli-Itzykson-Zuber classification. The idea is that these 'exceptional' combi-
nations occur precisely when the symmetry algebra can be extended. To reinterpret
the exceptional combinations of characters in terms of irreducible characters of this
extended algebra, finite branching rules are required.
Using the classification of chapter II the cases in which the A)1' algebra can be ex-
tended to a higher rank Kac-Moody algebra is investigated. With one exception,
this gives a realization of the exceptional modular invariants as partition functions
of ordinary WZW-models based on a higher rank group.11 The exception is argued
to correspond to a WZW-model where part of the group is gauged [26].

10This remark was worked out in more detail in [23,24],
11 It has been shown that the equality not only holds on the level of partition functions but also for

the operator product algebras [25].
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In chapter IV this physical process of gauging part of the symmetry is put
into a mathematical setting. Also, the finite reducibility theorem is generalized to
c(g,g',k) < 1 cosets. In this case, finite reducibility holds for the branching of g
HWM's at level k to HWM's of g' •[• Vir, where Vir denotes the coset Virasoro alge-
bra.
This generalized finite reducibility theorem is used, among other things, to explain
how the c < 1 classification of modular invariants for the Virasoro algebra is related to
the A^' classification. The classification of all c(g, g', k) < 1 cosets was performed by
Bowcock and Goddard [24], along the lines of chapter II. A systematic computation
of the branching rules for the discrete cases in the Bowcock-Goddard classification
was undertaken by Kac and Wakimoto [27] 12.

In order to extend the finite reducibility theorem beyond cosets of central charge
c < 1 one has to extend the coset Virasoro algebra such that in terms of HWM's
of that extended conformal algebra W the branching rule g —> VV \ g' is finite.
More general, we will argue in chapter V that in order to classify all RCFT's for
c > 1 one has to classify all extensions of the Virasoro algebra. In analogy with the
Sugawara construction we will construct extended Virasoro algebras based on Kac-
Moody algebras g, by using the higher order Casimir invariants of the horizontal Lie
algebra g. We will investigate the question when these Casimir operators, together
with their descendants and normal ordered products thereof, form a closed operator
product algebra. We will prove in chapter V that the Casimir algebra clcses for the
level-1 HWM's of simply-laced Kac-Moody algebras.

In chapter VI we will discuss the coset construction for these Casimir algebras.
In particular, we will construct explicitly the coset 3rd order Casimir of SU(N). We
will also examine the representation theory of these Casimir algebras and formulate
some well-supported conjectures.

In chapter VII the classification program is approached from a different direction,
which doesn't make use of the conjectured correspondence to cosets of Kac-Moody
algebras. The classification of all possible (local) symmetry algebras which are exten-
sions of the conformal algebra by a single chiral primary field of (half-)integer dimen-
sion h is undertaken. It is shown that associativity of the operator product algebra
holds for a generic value of the central charge if and only if h £ {|, 1, | , 2,3,4,6}. The
h > 2 extended algebras are realized by the Casimir algebras of the rank-2 algebras
A2,C2 and G2- For the other values of h, associativity can only hold for a finite set
of c-values. We conjecture that these consistent c-values are members of the minimal
series for an even larger extended conformal algebra.

In the final chapter we will discuss twisted versions of both the torus compactified
string theory ('orbifold model') and the WZW-model ('twisted WZW-model'). The
term 'twisted' refers to replacing the periodic boundary conditions on the elementary

12The method they employ differs from ours in that they use asymptotic formulae for the weight
multiplicities [28]. This avoids calculating the first few grades in a HWM as in chapters III and IV.
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fields by twisted boundary conditions. In particular, we will twist the torus model
by a Weyl group element and the WZW-model with an automorphism of the corre-
sponding Lie algebras. We will give a convenient characterization of the 'twist' and
determine precisely when these CFT's are equivalent. This extends the well-known
torus-WZW equivalence as contained in the Frenkel-Kac-Segal vertex operator con-
struction.
Wiih regard to the classification program of 2D CFT's the equality of an orbifold
and a twisted WZW-model gives a set of branch points in the moduli space of all
CFT's.
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Chapter II

A CLASSIFICATION OF SUBGROUP TRUNCATIONS
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We give a classification of all embeddings G c G , with the property that the Virasoro
algebras related to G and G have equal central charges, i.e. % = O G . G o r G can be either simply
or not simply laced, and simple or semi-simple. The results are useful in constructing subgroup
truncations of the bosonic string as well as in constructing conformally invariant sectors of free
fermion models in two dimensions, which correspond to certain sigma models with appropriately
chosen values for the Wess-Zumino term.

1. Introduction

Using the Frenkel-Kac construction of vertex operators satisfying a Kac-Moody
algebra gA with a central charge k = 1 [1], it is possible to compactify the d=26
bosonic string over the /--dimensional tori

Tr=Rr/Ar, (1.1)

where Rr is the /--dimensional euclidean space and A r the even integral root lattice
of a simply laced algebra gA underlying gA (i.e. gA corresponds to An, Dn, E6, E7,
Eg, or direct products thereof). These compactifications are characterized by the
appearance of a gauge group G generated by gA, which is global for the open string
(in the sense that there are massless scalars transforming under the adjoint represen-
tation of G) and local for the closed string (massless vectors instead of scalars).

In ref. [2] a new class of consistent truncations of the torus compactifications was
constructed, where the G-invariance of the theory was reduced to a subgroup
G c G . It was shown that with the subalgebra g A c g A one could associate a
Kac-Moody subalgebra gA c | A with a central charge lc =jk where j is the Dynkin
index of the embedding %A c gA. In order for the truncation to respect the
conformal invariance of the string theory one has to require that the centril charge
of the corresponding Virasoro algebra remains unchanged. Restricting our consider-



- 1 8 -

F.A. Bats. P.G. Bouwknegt / The hosonic string

ations to the compactified part of the relevant operators this leads to the condition

PI-' .
DG(k) = DG(k), (1.2)

where DG(k) (DQ(1<)) refers to the central charge in the Virasoro algebra of the
conformal charges Ln (Ln) which in turn are constructed in terms of the vertex
operators J£ (J%) satisfying the Kac-Moody algebra g4 (g\) with central charge A:

(*)•
A number of interesting solutions (notably where gA is simply laced but gA is not)

were exhibited in r<*f. [2]. In the present paper we give the complete classification of
embeddings gA c gA which satisfy the criterion (1.2) for all simply and not simply
laced, simple and semi-simple algebras gA and gA. This classification is discussed in
sect. 2 and the results can be found in the tables.

It turns out that the solution of our problem is closely related to the question of
constructing two-dimensional conformally invariant sigma models which are related
to free fermion theories [3,4]. In the last section we discuss how the Hilbert space of
the free fermion model is reducible (not fully reducible) under the group of
conformal diffeomorphisms, and how certain G sigma models describe invariant
sectors of the aforementioned Hilbert space. In other words, with a given free
fermion model we may associate a sequence of sigma models each of which
corresponds to a particular conformally invariant truncation.

2. The classification

Before we give the full set of embeddings g c g which satisfy the equation

( k=jk, (2.1)

we recall some notions about subalgebras.
First of all, a subalgebra g of g is called maximal if there exists no subalgebra g of

g such that g c g c g (g =£ g, g =£ g). Every non-maximal subalgebra g of g can be
embedded in g via a sequence g c g, c g2 c • • • c gn c g of maximal embeddings.

The maximal subalgebras of a simple Lie algebra g are divided into two
categories, regular and special subalgebras.

(i) The maximal regular subalgebras of g can be obtained from the extended
Dynkin diagram of g according to the following rule [5]: Let the largest root 0 of g
be expressed as 0 = Lmiai in terms of the simple roots a, of g. Remove a vertex a,
from the Dynkin diagram of g. If the number ml attached to this vertex is one, the
subalgebra g is given by the product of the simple Lie algebra corresponding to the
Dynkin diagram after removing a, and a u(l) algebra. If the number mi > 1 then g
is given by the diagram after removing a, from the extended diagram. In particular
we see that maximal regular subalgebras g have the same rank as g itself.
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(ii) There is no general rule for obtaining all maximal special subalgebras of g.
However, there is a standard way to obtain the maximal special simple subalgebras
g of g when g is classical (to which we will henceforth refer to as maximal standard
special subalgebras). One simply takes a representation >̂ of g of dimension N. This
provides an embedding of g into SU(JV), SO{N) or sp( N), depending on whether the
representation admits no, a symmetric, or a skew symmetric bilinear invariant,
respectively. Only in the case of 4 series and 14 isolated cases this embedding is not
maximal. These exceptions are given in Dynkin's paper (ref. [6], table 1). (Notice
that for these maximal standard special embeddings the vector representation of
su(yV), so(N) or sp(N) always branches irreducibly.) For the non-standard special
embeddings we again refer to Dynkin, who has given a complete list of maximal
special embeddings for non-classical g and of maximal special embeddings where g
is not simple but semi-simple [6,7].

Another important notion is that of the Dynkin index of a certain embedding
g c g . If g is simple, a convenient definition is the following. Let an irreducible
representation 4> of g have a branching

into irreducible representations 4>p of g, and let the index /(<£) of a representation
be defined by

where
#(<>) = dim<>, Af(G) = dimG,

A is the highest weight of <f>,

8 = \ £ a = \ • sum over positive roots.

The index of the embedding g c g is then defined by

One can prove that the index so defined is an integer independent of the repre-
sentation <j> which was chosen, and that, moreover, it coincides with Dynkin's
definition [7].

For non-simple g, say g = gx + • • • + gn we define the Dynkin index j as the
n-tuple (Ji-,-..,jn) where y, refers to the Dynkin index of the embedding g , c g
induced by g c g.

Remark. Given g the Dynkin index does not uniquely specify the embedding.
We have for instance an embedding of g = D4 with index 2 both in Ag and D8. Even
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TABLE 1

Dual Coxeter numbers of simple Lie algebras

dimG h g ditnG

n(ln+l)
n(2
14

n + l
ln-\
n+l
Tin- 1)
4

E6
E7
E8
F4

78
133
248
52

12
18
30
9

more peculiar is that given g, g and j there may exist more inequivalent embed-
dings, for instance Ax c A7 where 8->2 + 2 + 2 + 2 and 8 -» 3 + 5 both have index
4. In computing the solutions to (2.1) these cases will however not produce
ambiguities.

To start off let g be a simple Lie algebra, and let g c g be an embedding with
Dynkin index j . Given a representation of the Kac-Moody algebra g~ with central
charge k the embedding g c g provides a representation of the Kac-Moody algebra
g with central charge lc =jk [2]. (For semi-simple g = g2 + • • • +gn j t means that we
have n-mutually commuting g, Kac-Moody's with central charges it, =j]k.) Via the
Sugawara form we can extend these representations of Kac-Moody algebras to
representations of the semi-direct product of a Kac-Moody and a Virasoro algebra
where the Virasoro algebra has a central charge

/cdimG

where h is half the second Casimir of the adjoint representation of G and is often
called the dual Coxeter number of G (table 1). (For semi-simple g = %x + • • • +g(I

As discussed in [2], the embedding g c g only makes sense in string theory when
the relation (2.1) is satisfied. (It means that the conformal algebra can be realized
on the truncated Fock space.) Trying to solve (2.1) for all possible embeddings g c g
the following observations are useful:

(i) DG(k) is a monotonically increasing function of k for k > 1.
(ii) We have D^{kj) < DG{k) for every embedding g c g and for all k > 1. This is

easy tojprove once we notice that [Lm-Lm, Z j = 0. Considering the norm of
(L_ 2 -L_ 2 ) | 0> we have

0<(0|(L2-Z2)(I_2-I_2)|0>

= <0|[L2) L_2] - [L2, L_2] - [L2, L_2] + [Z2, Z_2]|0>
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In other words, ^(jk) ^ DG(k) is saying that the coset G /G "satisfies" a
Virasoro algebra with positive central charge [8].

(iii) The relation (2.1) has no solutions for k > 1. For suppose ^(jk) = DG(k),
then jdimG/dimG = (kj + Jt)/(k + h) (we take g simple for the moment). Now
the function f(k) = (kj + Ji)/(k + h) is monotonically increasing, because
(d/dk)f(k) = (jh - h)/(k + h)2 and jh > h for every embedding g c g . (We even
have h>jh by considering the branching of the adjoint representation of G.) So we
have jdirnG/d\mG = (kj + h)/(k + h)>(j + h)/(l+h)>jdimG/dirnG, where
we have used DQ(J) < DG(l) in the last inequality. This is clearly a contradiction,
so this proves our assertion. (For semi-simple g the proof is analogous.)

(iv) Suppose the embedding g c g is non-maximal but satisfies (2.1) with k = l,
then any intertwining algebra g (i.e. g c g c g ) must be embedded in g with index 1
and satisfy (2.1) with k = 1. To prove this, let j , j and j be the Dynkin indices of
the embeddings g c g, g c g, g c g, respectively. One basic property of the Dynkin
indices is that they multiply upon successive embeddings, i.e. j =j -j. Applying (ii)
to the different embeddings we have

So supposing g c g satisfies (2.1) means that all inequalities must be strict equalities
and in view of (iii) this means j = 1.

(v) Similar reasoning as above leads to the result that there are no solutions for g
semi-simple other than solutions which can be found by taking products of
embeddings into the simple factors of g.

Summarizing the above observations we find that all embeddings which provide
solutions to Dsijk) = DG(k) are those which satisfy the relation for k = 1 and are
maximal unless they are obtained by using further consistent embeddings with

TABLE 2

g c g regular maximal, g simply laced

g I g 1

A,, D,-A,-V,-i(U/<»-2) E7 D r E ,
A,, Di-A,,,, E7 A7

D D, • D , E-, A, • Dt

Dn A r A, ' -D w _ 2 Ea D8

E6' D", • D5 ' EK A 2 • E 6

E« A, • A 5 E 8 A , • E 7
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TABLE 3

g c g regular, maximal, g non-simply laced

g

B,,
B„
B„
B„

D.
A,
D,
A,

•B„

A, •
• B „ . ,

• D «

g

i

B„ .2

1

y

(-.1)
( l . l . l )

2) (1.1)
(2.1)

g

c,,

F4

G;

D,
A,
A,
A,

loo

• c ,
• A ,

•A,

V

(-.2)
(1.1)
(2.1)
(3.1)

Dynkin index 1. So together with (v) it suffices to find all solutions to D^(j) = Do{\)
for maximal embeddings into simple g.

We have worked through the complete list of maximal embeddings given by
Dynkin using the Patera tables for the indices [9] and the results can be summarized
as follows:

(I) g c g regular, g simply laced. All regular subalgebras g of a simply laced
algebra g are itself simply laced and embedded in g with index 1. Furthermore, for
simply-laced algebras g: DG(\) = rank G, so the relation is satisfied in this case
precisely when rank G = rank G. (Notice that this even works when g is non-maxi-
mal as for instance in (U(l))n c SU(n + 1).) The maximal ones are listed in table 2.

(II) g c g regular, g non-simply laced. This category consists of a few cases
which are listed in table 3.

(III) gcg special, g simple. These consist of a number of series (table 4) and
some isolated cases (table 5).

(IV) g c g special, g semisimple. These are given in table 6.

Remarks, (i) In our tables we have omitted embeddings which are related by
simple isomorphisms such as A3 = D3, B2 = C2. (ii) We stress that our tables also
contain solutions to (2.1) for which -DG(1) is non-integer.

TABLE 4

g c g special, maximal, g simple (series)

A,
A,

Av,

A,,
Bn

*2n

B,„
B2„

O
O

I

(n>3),

1 + 1
n

+ 1

+ 1

g

A(„-l)(„ + 2)/2
A„(„ + 3)/2
PD2/i2 + 4n + l

-̂*2n(n + l)
A2„
B{4»+1X» + 1>
B4n2 + 7n + 2

D„(4n+1)

D„(4»i + 3)

i

n-\
n + 3

l(n+ 1)
2 n + l
2
4n+ 1
4n + 5
4 « - l
4n + 3

I

c2n

C 2n
^2,1+1
D„
D2n
D 2n+1
D2„
D 2 n + i

g

S»»'-.-!
B(4n+l)(n+n
Un(4n+ 1)

D„(4n + 3)
A2/1-1
B4n2 + n - l
B„(4n + 3)

^n(4n-l)

D(JI+ 1X4(1+1)

y

2 n - l
2(« + l)

2/1 + 1
2n
2
2(2n+l)
4n
4 « - 2
4(« + l)
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TABLE 5

g c g special, maximal, g simple (isolated cases)

g

A2

A2

C4

c4

B2
G2

E6

E7

C l o

D35

E8

c'
E6

10
28
9

21
6

10
12
2
5
1
7

E7

E7

E8

G2

rt15

DM

A 2 6

D39

4
8

16
6

12
12
18
30
3
9
3
4

su( m)
sp(2 m
so( m)
so( w)

B,,, • B,,

g

• su( n)

) - s p ( 2 n )

• so( n)

• su(2)

g c g special.

g

su( mo)
so(4 mn)
so( mn)
sp(2m)

TABLE 6

maximal;

j

{n.m)

(n.m)

(n,m)

(4, m)

(1.1)

g semi-simple

I

G2-A,
G, -A,
A, -G,
A,-F4

G 2 -C,
A2-AL

G2 F4

g

F4

E6

E7

E7

E7

E8

E«

./

(1.8)
(1,2)
(7,2)
(3,1)

(1,1)
(6,16)
(1,1)

3. Discussion

Though we have succeeded in finding some criteria which simplified the search
for solutions of the relation Ds(k) = Z»G(1), to the extent that we could compile the
classification by exhaustion, there remains the question whether there is not a
general criterion which characterizes the complete solution uniquely. We have not
been able to establish such a property though some come very close. (We are faced
with the well-known fact that embedding problems are always plagued with excep-
tions especially when exceptional groups are involved.)

First of all, as we have already seen, almost all embeddings satisfying (2.1) are
maximal. The only ones which violate this rule are the series gi c g2 c • • • c gn of
maximal embeddings for which g, c g )+1 is a maximal embedding of Dynkin index
1 for all / > 2. These can only be regular embeddings or the embedding C4 c E6.

Secondly, concerning the maximal standard special embeddings it turns out that,
apart from only a few exceptions, they satisfy (2.1) as long as the dimension of the
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TABLE 7

Consistent maximal embeddings but non-isotropy irreducible

g g

B,
A", • G,
A , - A ,

12
(7,2)
(6.16)

A 4-A 4
sp(2m)
so(m) •

•sp(2n)
so(n)

Eg
so(4wn)
SO(/MH)

(l.D
(n,m)
(n,m)

representation characterizing the embedding falls within the bounds set by eq. (2.1).
Explicitly this means that because DQOC) < Z)g(oo) = dimG the representation <J> of
G which determines G c SU(dimcj>), SO(dim^) or Sp(dim<|>) (= generically
G(dim<j>)) should satisfy

(Effectively this means that we only have to look for representations <j> satisfying
d i m ^ < 2 dimG.)

Another criterion which comes close to a classification of all solutions is the
notion of isotropy irreducibility. In terms of representations of the algebras this just
means that the adjoint representation of G branches into the adjoint of G plus
another representation which is required to be irreducible over the field of real
numbers. An important class of isotropy irreducible coset spaces G /G are the
symmetric spaces. The nonsymmetric irreducible coset spaces have been given by
Wolf [10].

The relation (2.1) turns out to be almost equivalent to the requirement of isotropy
irreducibility, however there are exceptions in both directions. These are sum-
marized in tables 7 and 8.

To conclude this discussion we will show in the following that part of the solution
to the relation DQ(J) = £>G(1) has already been considered in a slightly different
context. For this we focus our attention to the cases where G is a classical group
SO(N), SU(N)orSp(N).

TABLE 8

Isotropy irreducible but non-consistent maximal embeddings

g

B3

ISO g

B,,

1

(1.1)
1
1
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First of all by considering the embeddings

SU(JV)xU(l)cSO(2iV),

Sp(2^)xSp(2)cSO(4iV), (3.1)

which both satisfy the consistency equation and both map SU(N) or Sp(2N) with
Dynkin index 1 into an orthogonal group we see that to every solution G c G where
G is S\J(N) or Sp(2N) we can associate a solution G x U ( l ) or GxSp(2),
respectively, embedded in an orthogonal group SO(JV'). Conversely, having all
solutions of the form G c SO(JV ), provides all solutions G c G where G is classical.

Now we observe that for G = SO(N) we have £>G(1) = ^N, which is precisely the
contribution of N real free fermions to the central charge in the Virasoro algebra.
This observation relates our work to the work of Goddard, Nahm and Olive [4],
who, in their investigation of fermionizable theories, proved the following theorem:

The solutions to the equation DQ(J) = J9SO(/v)(l)= 2^ (where j is the Dynkin
index of the embedding G c SO(iV)) are in one-to-one correspondence with sym-
metric spaces G/G. The correspondence is given by the embedding of G into the
tangent-space group SO(dim G/G).

As indicated, not all embeddings obtained in this way are maximal but sometimes
contain (3.1) as an intermediate step, thus providing all solutions for G = SU(JV) or
Sp(2JV).

In the language of Goddard, Nahm and Olive this would correspond to the
observation that the free fermion theory is rather a theory of complex (Dirac) or
quaternionic fermions.

From the viewpoint of bosonization/fermionization we would like to reinterpret
the result of Goddard, Nahm and Olive by saying that the equivalence between the
SO(iV) non-linear o-model with properly quantized Wess-Zumino term and a
theory of N rear free fermions as proved by Witten [3] is really the fundamental one,
and that the G o-models can be obtained by a consistent truncation of both the
spectrum of the o-model and the spectrum of the fermion model as was proposed in
ref. [2].

"For the cases where G is an exceptional group one encounters interesting
peculiarities which we hope to report on in a future publication.

Note added

After finishing the manuscript we were informed that B. Schellekens and N.
Warner [11] obtained similar results.
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ABSTRACT

We show that the EQ and E$ modular invariant combinations of A\ charac-

ters in the classification of Cappelli, Itzykson and Zuber can be realized as parti-

tion functions of k=l conformally invariant WZW models on the group manifolds

of Sp(4) and <22 respectively. Together with the D4 combination, which is known

to be realized by the WZW model on SU(3), these are the only such cases where

the SU(2) local symmetry extends to a larger one. The E^ combination is briefly

discussed.
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In string theory, the profound role of modular invariance has been known

since a long time.'" More recently its comparable importance for 2-dimensional

statistical systems began to emerge, in particular for continuous phase transi-

tions yielding conformally invariant quantum field theories. Many modular

invariant theories of this kind were constructed.13' Using the transformation

properties of the characters of Kac-Moody and Virasoro algebra representations

an attempt has been made to classify all modular invariant sesquilinear combi-

nations of the basic specialization of characters for the highest weight modules

(HWM) of the A^ Kac-Moody algebra.1*1 The A^ case is of particular im-

portance, because as shown by Gepner one can construct modular invariant

combinations of Virasoro characters out of those for A\ ' and it is even conjec-

tured that this correspondence is an isomorphism. [4]

Under reasonable assumptions Cappelli et. al. solved the classification prob-

lem for A\ ' and found the following modular invariant combinations:

level:

fc+i

k = 4p,p>l Z=
jodd=l

k = 4p-2,p>2 Z = £ |xy|f + |x>p|a+ £ biXXt-i + cc-)
joii—\ jeven=2

and these exceptional cases:

k = 10 Z= |xi + X7|2 + |X4 + X8|2 + |x5+Xii | 2

* = 16 £ = |xi + Xli\% + \X5 + Xis|2 + |X7 + Xnl2 + |X9|2+

+ (X3 + Xl5)X9 + X9(X3 + X15)*

k = 28 Z=\xi+ Xu + Xi9 + X29|2 + |X7 + Xl3 + Xi7 + X2s|2

where we have labelled the characters at level k by the dimension of the
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- representation in which the highest weight vector of the HWM is in (notice

that at level k the integrable A\ representations are 1, 2...., fc+l). For a yet

unknown reason the dimensions occurring in the diagonal terms of the above

sums are precisely the exponents of the finite simply laced simple Lie algebras

Ak+i,Dip+2,D2pt-i,Ee,E7 and E% respectively, and the levels k at which they

occur satisfy h = k+2, where h is the Coxeter number of this Lie algebra.

The modular invariance of the A series is implied by general results on the

transformation properties of characters of affine Kac-Moody algebras. 6 The A

and D series were found by Gepner and Witten T as the partition functions of the

level k conformally invariant faLJ(2) and SO(3) WZW models respectively. Two

of the exceptional cases were found by Gepner 8 using a comprehensive computer

program. The Eg case was found by Cappelli et al, and independently by one of

us (W.N.) after noting the ADE pattern.

No unifying construction of all cases is known so far. In this paper we will

show that exactly three of them allow larger local symmetry groups than SU(2)

and correspond to the WZW models with fc=l for the three simple rank 2 groups

-^2)^2,^2. In the ADE classification they are labelled by Di,E6,Es-

Let us recall that to every subalgebra § of a finite dimensional Lie algebra g

one can associate a Kac-Moody subalgebra g of an untwisted Kac-Moody algebra

g by identifying the derivations 8 (i.e. identifying the basic gradations). Doing

this the central charges of the Kac-Moody algebras get identified with a relative

factor 3 given by the Dynkin index of the embedding g C g. '*' This implies

that every level k HWM L(A) is reducible into a sum of level k — jk HWM's

L(A) under g. In general this branching is not finite, i.e. the HWM L(A) of g

is not finitely reducible under jj. One can prove however1'0' that L(A) is finitely

reducible under g if and only if the corresponding Virasoro algebras have equal

central charges, i.e. iff

D-g(k) = Dg{k) (01)
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where

Dg{k) = n
k"""J\, D-g(k) = g""Tv (02)

Here /c(g) and /c(g) are the dual Coxeter numbers of g and g respectively, and k

and k = jk the levels of the g and § HWM's.

Recently all solutions to (1) have been classified.'11' In particular relation

(l) can only be satisfied if h=l.

For completeness we review the proof of the finite reducibility theorem and

the algorithm to calculate the branching in actual computations.

On the one hand, using the asymptotic formula for the multiplicity of a weight

X-nSin& HWM L(A) of level kll2]

multL(A)(\ - n6), ~
v ' (n —> oo)

where I — rank g, b is some constant and Dg(k) is given by (2), one can easily

see that finite reducibility can never occur if (1) doesn't hold. On the other

hand if (l) holds the Virasoro algebra generators obtained from g and g are

identical ("quantum equivalence theorem", for a self-contained proof see ref.'13'

In particular LQ = LQ. On a highest weight vector |A >. LQ has eigenvalue

cA/2(fc + K(g)j, where cA is the second Casimir of the representation in which the

highest weight vector is in. One finds that only HWM's L(A) of § can occur for

which:

C A Cn

+ n =

where the non-negative integer n gives the grade at which |A > occurs in £(A).

Because the number of distinct HWM's of § at level k is finite it is clear that

L(A) can at most contain a finite number of HWM's of g, hence L(A) is finitely

reducible under g.
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To actually compute the branching one simply calculates the Casimirs of the

integrable representations at the given level and checks which combinations sat-

isfy (4). (This was called accidental degeneracy in [14]). To find the multiplicity

of L(A) in L(A) one only has to find the g content of Z ( A ) at grade n, given by

(4).

This finite reducibility theorem can evidently be used to build finite modular

invariant combinations of characters for § starting from a known modular invari-

ant combination for g. We will employ this procedure for A)1'. In this case there

are three embeddings satisfying (l) " :

{i)AidA2 k = 1, jfc = 4

The HWM's of A^ at level &=1 are the 1, 3 and 3*, and by the above

procedure one can check that 1 —• 1 + 5,3 —> 3,3* —> 3 so the k=l modular

invariant A\ ' combinationtT| : Z = |xi|2 + |X3|2 + |X3 * |2 reduces to the k=A

modular invariant A\ ' combination Z — |xi + Xs|2 + 2|x3|2, which is precisely

the D$- combination in the CIZ - classification. (This case has already been

discussed by Bais et.al.)

(ii) Ax C C2 k = 1, k = 10

One finds 1 -+ 1 + 7,4 -»• 4 + 8,5 —> 5 + 11, so the modular invariant

C p combination Z = |xi|2 + |X4|2 + |xs|2 reduces to the exceptional k=10 A^

combination given before.

(iii) Ax C G2 k = 1, Jfc = 28

One has 1 -> 1 + 11 + 19 + 29, 7 -> 7 + 13 + 17 + 23, so the k=l modular

invariant G\ ' combination Z = |xi|2 + |XT|2 reduces to the exceptional Ar=28

A\ combination.

That no further similar cases occur can be checked by looking for the contri-

bution of states j(x)\vac > with new currents 3 to the partition functions. They

yield primary states with gradings (1,0) or (0,1). As at level k the grading of the
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primary state corresponding to XiX*j ls

one needs terms XIXJJXJXI with j ' 2 = 4fc + 9 in the partition function. This only

happens in the three cases described above.

To summarize, we have shown that finite modular invariant combinations

of characters of Kac-Moody algebra representations can be found by reducing a

known modular invariant combination under a Kac-Moody subalgebra satisfying

the finite reducibility condition. In particular we have shown that the exceptional

A\ combinations called E$ and Eg are the partition functions of the k=\ C%

and k = 1 G2 conformally invariant WZW - models, respectively.

To obtain the A[ ' combination labelled by ET, we have to proceed differently.

There is a subgroup SU[2)/Z-i x SU(Z)/Z3 of E8 for which j = (16, 6). As'11'

the unique k = 1 character x for i?8 is finitely decomposable into products of

SU(2) k = 16 and SU(3) k = 6 characters. If we label SU(3) characters by x^,

where tf is the SU(3) representation corresponding to the highest weight vector,

we obtain

+ (X3 + XlB + 2X9)X27

If one now takes the k = 1 E% WZW model and gauges the {STJ(3)/Z3)L X

{SU{Z)JZZ)R subgroup, one obtains"5' as partition function of the massless sector
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+ Xxrf + 3 JX7 + Xilj* + 3 |X5 + Xis/2

In the CIZ classification,

Details will be discussed elsewhere.

We would like to thank F.A. Bais, V.G. Kac and J.B. Zuber for valuable

discussions.

I
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We give an algorithm to construct modular invariant sesquilinear combinations of characters
of both affine Kac-Moody and Virasoro .ugsbras. It provides an insight into why the modular
invariant combinations for the A^1' and the Virasoro algebra are so closely related. Apart from
reproducing all known combinations for Â > and the Virasoro algebra we will find some new
combinations for other affine Kac-Moody algebras. Finally, as a byproduct, we obtain an
algorithm to compute characters of Qj1' representations at level 1.

1. Introduction

It need no longer be emphasized that conformal algebras play a profound role in
both statistical physics and high energy physics (see e.g. ref. [1]).

The main object under investigation of this paper is the partition function Z of
such a conformal invariant theory

Z ( T ) = Tr(exp(27r/TL0)exp(-27r/fZ0)), (1.1)

where the trace is over the Hilbert space of the theory, and Lo (Lo) is the
contribution of the right (left) moving modes to the total energy operator H = Lo +
Lo. (We include the zero mode energy into Lo.) T is a parameter in the complex
upper half-plane.

In statistical physics this expression comes about after transforming the two-
dimensional plane to a strip with periodic boundary conditions [2], and in string
theory this is the 1-loop contribution to the vacuum-vacuum amplitude of closed
strings [3].

The parameter T can be identified with the modular parameter of the torus. The
group of global reparametrizations of a Riemann surface is called the modular
group. For the torus it is the group F = PSL(2, Z). It acts on T in the following way
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The modular group F is generated by the translation T and the inversion S

T: r -» T + 1 - ( J !)•
1

S: T - » - - S =
T

If we want the theory to depend only on the conformal equivalency class (i.e.
complex structure) it should make no difference if we parametrize the torus by T or
by gf, gG r. In other words, we should require that the partition function is
invariant under the modular group. From the discussion above it is clear that it
suffices to check this invariance for 5 and T.

In this paper we will consider theories for which the spectrum consists of certain
representations, namely highest weight modules (HWM's), of the Virasoro algebra
or of affine Kac-Moody algebras. In this case the partition function can be written
as a sum of certain functions of T, to be called characters, associated naturally with
the HWM's of these algebras.

We will restrict ourselves to sesquilinear combinations of characters, meaning

(1.4)

where the A's label the HWM's and hAA, is a matrix of positive integers telling us
which representations occur and what their multiplicity is. The genuine character of
a HWM, to be denoted by chL(A), does transform anomalously under the modular
group. Therefore we've introduced modified characters XA> which transform nicely,
by extracting the anomalous part. The anomalous part is a function of the central
charge c of the algebra. Either this arises as a consequence of the anomalous
conformal transformation to the torus in the case of statistical models [2,4], or as is
the case in string theory, we should require that the remaining part of the theory (in
particular the ghost sector) is such that the total value of c vanishes. The conclusion
is that it is really the part between brackets in (1.4) that we should require to be
modular invariant.

The search for this class of modular invariants was first undertaken by Cardy for
the Virasoro algebra [2], and in more detail by Itzykson and Zuber [4,5]. The
Kac-Moody case was first considered by Gepner and Witten [6]. A connection
between these two began to emerge when Gepner noticed that one can construct
modular invariant combinations for the Virasoro algebra out of those for A ^ ['/]. A
systematic analysis to classify all AlP modular invariants was undertaken by
Cappelli, Itzykson and Zuber [8]. Under reasonable assumptions they solved the
classification problem and suggested that the relationship between A ^ and the
Virasoro algebra is an isomorphism.
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It was pointed out by Bais and Taormina [9] that modular invariants could be
constructed by reducing known invariants to subalgebras under the assumption that
the HWM's are finitely reducible. This construction was then used by the author
and Nahm [10] to rederive the classification of Cappelli et al. and to interpret all
combinations as the spectra of certain Wess-Zumino-Witten models [11,12]. The
main goal of this paper is to generalize the subalgebra construction to a larger class
of subalgebras.

This paper is organized as follows. In sects. 2 and 3 we will review the definitions
and modular properties of the characters of the Virasoro algebra and affine
Kac-Moody algebras respectively. In sect. 4 we will explain the finite reducibility
theorem for a class of subalgebras of a Kac-Moody algebra and its application to
the construction of modular invariant combinations of characters will be discussed
in sect. 5. In the subsequent sections we will apply this to rederive the classification
of modular invariant combinations for A\1J and the Virasoro algebra as proposed by
Cappelli et al. and clarify the relation between the two. In sect. 8 we will use our
method to obtain recursive relations for the characters of C^n representations at
level 1, which allows one in principle to compute them explicitly. We will end with
some conclusions, conjectures and comments.

2. The Virasoro characters

The 2-dimensional conformal algebra is an infinite dimensional algebra. It's
generators can be split into two commuting sets {/-„} and {Ln}, corresponding to
left and right-moving conformal transformations. They both satisfy a Virasoro
algebra [1]

[Lm,Ln] = (m-n)Lm+n+j-2cm{m2-l)Sm+n0, (2.1)

where c is the central charge.
The irreducible highest weight modules (HWM's) L(h, c) of the Virasoro algebra

(Vir) are characterized by the value of c and the Lo eigenvalue h of the highest
weight vector \h, c). h is called the conformal weight of the representation L(h, c).
The unitary HWM's form an important subset, especially for 0 < c < 1, where one
can show that the central charge c must be in the series [13,17]

c = c(m) = 1 - 6/m(m + 1), m>2; (2.2)

m is called the level of the HWM L{h,c). The conformal weights which can occur,
given a 0 < c < 1 are also severely restricted by unitarity. They are labelled by two
integers (p, q) such that 1 </> < m - l , l

„ - ,,'-mq) - 1
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The characters of the irreducible unitary HWM's for 0 < c < 1 were determined by
Rocha-Caridi [18]

chz.(A,c)(T) = Trexp(2irn-L0)

(2.4)

where

(m + \)p±mq]2

(2.5)
Hmym -r i)

and

T/(T) = exp(2wiT/24) El (1 - exp(2wwT» (2.6)

is Dedekind's T|-function. If we extract the anomalous term exp(^7riTc) we have a
modified character

(2.7)

The transformation properties under the modular group are most easily derived
when we rewrite the (modified) characters in terms of the classical Jacobi theta
function

exp(2irik(j2r-jz)). (2.8)

Introducing k — m(m + 1), n± = (m + \)p ± mq we have

(2.9)

Using the well-known transformation properties of the ©-functions

0 f l , * l r s O»,*(z> T + 1, / ) = exp(mn2/2k)0n,k(z, r, / ) ,

= (-'>)1/2 I exp (-iV«mA)€>mj,(z,r)/)(2A:)-1/2 (2.10)
meZ mod2A:Z
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as well as

V\s=(-ir)1/2V, (2.11)

one can derive the following transformation rules

p,q\T e X P

min\ mi

(2-12)

which she*' that the (modified) characters are in fact (up to a phase) invariant under
the subgroup F (4w(m + 1)) of the modular group F = PSL(2,Z), and constitute a
(projective) unitary representation of the finite group r /F(4m(w + 1)). (Recall

= c = 0mod N

3. The affine Kac-Moody characters

In this section we will assume that the reader is familiar with the basic concepts
of the theory of Kac-Moody algebras, (introductions can be found for instance in
[19,20]). In this paper we will mostly use the notations of Kac and Peterson [21,22].
We will restrict ourselves to the untwisted Kac-Moody algebras.

The Kac-Moody algebra will be denoted by g, its Cartan subalgebra by h. Objects
referring to the underlying finite dimensional Lie algebra g of rank /, will be given a
bar. For instance

h = h © C c ® C d , h* = h*ffiCA0®C5,

where c and d are the central element and the derivation respectively, and A 0 and
8 their duals.

The representations we are interested in are the so-called irreducible integrable
highest weight modules (HWM) L(A), which are characterized by a weight

A e P + = { A e h * | < A , « , v > G Z > 0 , / = 0 , . . . / } , (3.1)
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The module is constructed from a highest weight vector |A) such that

= ( A , h ) \ A ) , A e h . (3.2)

Every weight satisfying (3.1) is a positive integer combination of a set of fundamen-
tal weights { A 0 , . . . , A,} given by

<A,,a/> = S,, i,y = 0 /, (3.3)

i.e. A = Y.miAi where m, = (A, a/1') are the Dynkin labels of L(A). The level k of a
HWM L(A) is defined as the value of the central charge e = La,va,v in this
representation

* = <A,c>=Ia/<A,O=I>,a ,veZ, ( ) . (3.4)

The a,v are the dual Coxeter labels of g and constitute a left zero eigenvector of the
Cartan matrix a,y of g. It is clear that at every level there are only a finite number of
HWM's.

The character ch / (A)(z, T, 0 of a HWM L(A)

ch L ( A ) ( r ,T , / )= £ multL(,1)(A)exp(-2iri(A,r + T.A0 + /8)) (3.5)

is a function on h* = h* ©CAoffiCS and converges for Im(r)>0. The sum is
taken over the weight system P(A) of L{A) and each weight is counted with its
proper multiplicity multi(A)(A).

The Weyl-Kac character formula expresses the character in terms of theta
functions

where we have introduced

e(w) = deth.H>, (3.7)

|A + p | 2 | P | 2 _ cA 1 . „
A 2(* + g) 2g 2(k + g) 24 k + g ' {*-af

where c^ = (A + 2p, A) is the value of the second Casimir Q in the HWM L(A),
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and p G h* is such that

(3.9)

(Notice that p = p + gA0 where p= \T.a^^ a and g is the dual Coxeter number.)
The sums in (3.6) are over the elements in the Weyl group W of g. Finally the

theta functions we have introduced in (3.6) are generalizations of the classical Jacobi
©-function of (2.8). They are defined for characteristics

yeM+l/k
(3.10)

The sum is over vectors in an /-dimensional lattice M shifted by A/A:, where A is the
projection of A on h*. M is the lattice generated by the long roots of g.

It is easily seen that (2.8) is the ©-function for A'/' for characteristic A = nAx +
(k - n)AQ of level k = (A, c). The action of the modular group F on h* is given by

ar + b c\z\2

2(cr
(3.11)

it acts on functions defined on h* by

(3.12)

The transformation properties of @x are

M*

A:M

-1/2

* mod A M

(3.13)

where M* is the lattice dual to M and |M*/7rM| denotes the order of the finite
group M*/A:M.

Let us define a modified character x,\ by

(3.14)
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Then by (3.6) and (3.13) the modified character transforms according to

XA\S= I ( - ' )

M*
-1/2

X
» e W

(3.15)

It follows that the set of characters {ch / (A)} of HWM's at fixed level k = (A, c)
form an invariant subspace under the modular group T, and that F is represented
unitarily on this set. Moreover one can show that every character is invariant (up to
a phase) under the subgroup F(r(k + g)) n F{rg) of F. (r is the smallest integer
such that r M * c M and r(y,y)^2Z. for all yeM*) . Therefore we have that
{chL(A), A e ? t ) form a (projective) unitary representation of the finite group
F/F(N) where TV is r times the least common multiple (l.c.m.) of k + g and g.

Let me make these formulae more explicit for A',1', where we have two simple
roots ax = a and a0 = S — a.

The dominant weights A at level k are

Pk
+ = { A = n A l + ( k - n ) A o n = 0,...,k}

with projection A = \na onto h*.
The dual Coxeter number for A*/' is g = 2, and p = p + 2A0 where p = ja. So we

have

1

k + 2

H(M A-

A- + 2 2 /c
(3.16)

Then for A = wA, + (A - n) Ao we can rewrite the modified character x.\ in terms
of the ©-function of (2.8)

X A ~ X n, k

with transformation properties

" - n - I. A + 2

©1.2-0-1.2
(3.17)

1/2

( 3 1 8 )
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The set {xn k, n = O,...,k] form a (projective) unitary representation of
r/r (l.c.m. (4(* + 2),8)).

As a last remark it must be said that generally we are not interested in the full
character but only in a special combination of their arguments, reflecting the Lu

eigenvalue of a weight (i.e. the partition function). To discuss this we will have to
know how Lo is related to the Kac-Moody algebra. This will be discussed in the
next section.

4. The finite reducibiliry theorem

It is well-known that one can extend a HWM L(A) of an untwisted Kac-Moody
algebra g to a module of the semi-direct sum Vir + g (see for instance [20]). This
so-called Sugawara construction is most easily described in the current algebra form
of g,

[ * ( « ) , y(n)] = [ x , y]{m + n) + c m ( x , y ) 8 m , n 0 . (4.1)

where x, y eg and x(m), m e Z the corresponding g-generator with eigenvalue m
under d (i.e. the basic specialization).

For L(A) of level k = (A,c) we define

where {«', / = 1,... ,dim g} is an orthonormal base in g w.r.t. ( , ). The {Ln} satisfy
the Virasoro algebra

[Lm, Ln] = (m - n)Lm + m + £c(g, * )m{m2 - l)8m + nA) (4.3)

together with

[Lm,x(n)] = -nx(m + n ) , (4.4)

where the central charge c(g, k) is given by

k dims
c(g, * ) = — — . (4.5)

k + g

In particular one can easily check that Lo is related to the second Casimir Q of g
[22] by
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so that the highest weight vector \A) has conformal weight cA/2{k + g), i.e.

< 4 - 7 )

Comparing this to the character definition (3.5) and recalling that d ~ A,, under the
isomorphism h = h* we find the following expression for the partition function (1.1)

Z ( T ) = Tr/(A)exp(2w/TL0) = exp 2 T T / T — - ^ — J c h M V)(0, T,0)

= exp(2*/Tc(g, k )/24)x.A(0, T,0) , (4.8)

where x,\ >S t n e modified character of (3.14). x.\(0-T-0) is called the basic
specialization of the character.

Now suppose we take a Lie subalgebra g' of g. This can trivially be extended to a
Kac-Moody subalgebra g' of g by identifying the derivations in g' and g [23]. It is
well-known that every irreducible integrable HWM L(A) of g can be written as a
sum over irreducible integrable HWM's L{ A') of g' [23], of level k' =jk where A- is
the level of L(A) and j is the Dynkin index [24] of the embedding g' c g. So we
have two Virasoro algebras {Ln } and { L'n} corresponding to g and g' respectively,
and with central charges c(g, k) and c(g\ k') both satisfying (4.4) for all ,v e g. One
can also define a "coset" Virasoro algebra {Ln} = Vir by [16,17]

Ln = L,,-Ln' (4.9) ,

of central charge

c(g,g\ *) = c(g, k) - c(g\ k') > 0 (4.10)

and commuting with g'.
In other words; the irreducible integrable HWM L(A) of g can be written as a

sum of irreducible HWM's of the direct sum g' ffi Vir where every HWM L(A') of g'
must be integrable of level k' =jk and every HWM of Vir has central charge
c(g,g', k) as in (4.10) and is, by construction, unitary!

The first important theorem [25] is (see also [20] where it is called the quantum
equivalence theorem) j ;

Theorem 1. if c(g,g', k) = 0 then Ln = L,,' on every HWM L(A) of g. :

This theorem, which is an easy consequence of the fact that the singlet is the only i
unitary representation of Vir with central charge c = 0 asserts that for c(g, k) =
c(g\ k') the coset Virasoro algebra Vir has no content, or in other words, that the
conformal algebras belonging to g and g' are the same. The solutions to c(g,g\ k) = 0
have been classified completely [26,27].
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In sect. 5 we will show how to use subalgebras g' of g to construct modular
invariant combinations of g' or Vir out of existing ones for g. The important
ingredient to obtain finite combinations is the finite reducibility theorem for
HWM's L(A) of g.

Theorem 2. (Finite reducibility theorem) Let L( A) be an irreducible integrable
HWM of a Kac-Moody algebra g, and let g' be a Kac-Moody subalgebra of g and Vir
the corresponding coset Virasoro algebra of central charge c(g,g', k) = c(g, k) -
c(g', k'). Then

(i) The HWM L(A) is finitely reducible into HWM's of g' ® Vir if and only if

c(g,g'.*)< 1.
(ii) The HWM L(A) is finitely reducible into HWM's of g' if and only if

c(g,g',*) = 0.

Part (ii) of this theorem was discussed by Goddard, Olive and Nahm [29.30] and
special cases already occurred in the work of Kac and Peterson [28]. The general
content of the theorem was realized shortly after the invention of the coset
construction [31]. For completeness we will discuss the proof.

Proof: Suppose a HWM L(A')X L(h,c(g,g',k)) with highest weight vector
\A\h~) of g'© Vir occurs in the decomposition of L(A), then by applying the
equality Lo = Lo' + Lo to the highest weight vector \A\ h) we have

V ,, +h. (4.11
')

„ , / . + n , , , / ,, +h.
2(k + g) 2{k' + g')

where the positive integer n gives the grade at which \A\ h) occurs in the HWM
L(A). Because all representations are unitary we conclude that for c(g,g',k)< 1
only a finite number of possible h can occur (given by (2.3)). Since there are also a
finite number of integrable HWM's of g' at level k' we conclude thai relation (4.11)
can at most be satisfied for a finite number of n's. which proves the finite
reducibility for c(g,g\ k) < 1. Moreover it gives an algorithm to actually compute
the branching.

The converse, that for r(g,g', k)^ 1 the branching cannot be finite is a conse-
quence of Cardy's theorem [2] that no finite modular invariant combination of
characters of Vir exists for c > 1, because as we will show in the next section finite
reducibility would imply the existence of such a combination.

It is also possible, by a modification of Cardy's argument, to show directly that
no finite combination of characters of g' © Vir can be modular invariant for
c (g ,g ' ,* )> l .

The second part of the theorem is proved in a similar way by noting that (4.11)
still holds with h = 0, as a consequence of theorem 1. The converse is proved by
noting that for c(g,g', k) =£ 0 the coset Virasoro does not have finite representations.
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5. The construction

In this section we will show how to apply the finite reducibility theorem of sect. 4
to construct new modular invariant sesquilinear combinations of (modified) char-
acters for both affine Kac-Moody algebras and the Virasoro algebra.

Suppose we have a modular invariant sesquilinear combination x of (modified)
characters of a Kac-Moody algebra g at level k. We can write this as

X ( * , T , / ) = I xX{^r,t)h%A,Xlv(^r,t), (5.1)
,\ , A'

where h\lV can be considered as a modular invariant metric on the finite dimen-
sional vector space spanned by all x.,\ of level k. Notice that the / dependence of x
vanishes because they are just phase factors. To interpret x as a partition function
of some theory for z = 0, we must demand that the h\v are positive integers. We
will restrict ourselves to this case.

Now it is clear that if we have an embedding g ' c g such that c(g,g', k)<\ we
can write by the finite reducibility theorem

y= T (ye,VVir )h\ir . fvV.YVir ) (5 2)
A Ls \A.,\X.p.<{}"A,p,q;.\\pr.i!'\XAXp',</}' K-1-^)

A,A'.p,q,p\q'

i.e. a finite modular invariant combination of characters of g' © Vir. The HWM's
L(A') of g' have level k' =jk and the HWM's L(h, c) of Vir have c = c(g,g', k). (If
c(g,g', k) — 0 one can write x analogously as a finite combination of only g'
characters.)

More explicitly; the finite branching g -* g' © Vir induces the following equality
between characters

X $ = E "x-.A.p.nXfxX^^ a\:.\.P.«eZ->o ( 5 J )

and we have

In principle this is true for general argument (Z,T, t) of the characters, if we take the
proper relation between the z coordinates of g and g', given by the embedding
g ' c g . For the partition function z — 0, so this causes no problems.

Summarizing we've obtained modular invariant combinations for g' © Vir char-
acters (or g' characters if c(g,g\ k) = 0) out of known combinations for g. However
we would like to have a way to extract finite modular invariant combinations of Vir.
Moreover g' can be semisimple so we also would like to have a way to construct
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modular invariants for the simple factors of g'. This, however, is very easy once one
realizes that contractions of various modular invariant tensors again give a modular
invariant tensor. So suppose, for example, h^-v

p"q. A. p, ̂  is an invariant tensor
obtained by applying the subalgebra construction, and Ajj';V is an invariant tensor
for g' then

*?.W.,-= £ *C%:^'.^v (5-5)
A. A'

gives an invariant tensor, hence a modular invariant combination of characters, for
the Virasoro algebra. (We hav. used the fact that F is represented unitarily on the
set of characters at a fixed level.) In the same way one may project out invariant
tensors for the simple factors of g'.

The above construction v/as physically interpreted in [32] as gauging part of the
symmetries of a WZW model on a group manifold, and was applied to construct
modular invariant combinations for the first time in [10].

The construction of modular invariant combinations for a simple affine Kac-
Moody algebra g then basically boils down to considering all embeddings of g in a
larger Kac-Moody algebra such that the finite reducibility condition holds, and then
projecting out the g-part of the obtained modular invariant tensor. One has to use
tensors which are already known to be modular invariant, such as 8AA- as explained
in sect. 3. Then analogous constructions can be applied to the Virasoro algebra.

It should be emphasized that the construction is not restricted to sesquilinear
combinations though we will restrict ourselves to this case when we discuss
applications in the next section.

6. Modular invariant combinations for A(,n

The easiest case to which the construction outlined in the previous section can be
applied to is the affine Kac-Moody algebra A'/'. Let us denote the (modified)
character of a HWM L{A) with A = nAx + (k — n)AQ at level k by x.<, = Xn,k

 a s

in (3.17). If no confusion can arise we will write xn f° r X,,.k- Note that \n is the
spin and n + 1 the dimension of the Aj representation occurring at grade zero (in
the basic gradation) of L(A).

Before we give the derivation let us give the results, summarized in table 1.
The dimensions occurring in the diagonal terms of the above sums are precisely

the exponents of the finite simply laced algebras Ak + l, D2p+2, D2/>+i> E6, E7, E8,
and the level k at which they occur is related to the Coxeter number h of these
algebras by h = k + 2. It is still unknown why this is the case but it strongly
indicates that this table is in fact a complete classification!

The A and D series were found by Gepner and Witten [6], as the partition
function of the level k conformally invariant SU(2) and SO(3) WZW models. The
E6 and E7 cases were conjectured by Gepner [7] as the result of a computer
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TABLE 1

Modular invariants for A1/'

ElX, , l 2

4/;-2 2/J--3

E I X , , | 2 + I X 2 ^ - i | 2 + E (X,?X4^ 2 - , , + c c . )
«-0 (1 = 1

ne2Z «<=2Z+I

Xo + X 6 l 2 + I X . - t + X 7 | 2 + I X 4 + X i o i 2

+ | X « | 2 + (X2 + XI4>*XK + X*(X2 + X u )

28 IXO + XIO + XIK + X 2 « | 2 + 1X6 + X12 + Xi6 + X22I2

calculation. The complete list was first given by Cappelli et al. [8]. Using the
subalgebra construction, first applied by Bais and Taormina [9], the author and
Nahm showed that the exceptional cases could also be interpreted as partition
functions of WZW models.

Without going into too much detail (that can be found in [10]) let us show how
the construction goes.

The A series are known to be modular invariant because this is a simple
reformulation of the theorem in sect. 4 that the set of characters at a fixed level k of
a Kac-Moody algebra form a unitary representation of the modular group. This
combination therefore exists for every g and will be called the standard or trivial
combination. To find the others we have to consider subalgebras g ' c g such that Ax

is a simple factor of g', and c(g,g', k) = c(g, k) - c(g', k') = 0 where k' =jk, assum-
ing we don't know anything at this stage about Virasoro modular invariants. The
subalgebras which have c(g,g', k) = 0 have been completely classified [26,27].

There are only three solutions to c(g, g', k) — 0 for which g' = Aj is itself simple.
Namely A , c A 2 (k = l, 7 = 4), Aj c B2 (A: = 1, j =10), A1czG2 (k = l, / = 28).
Taking the standard combination for A2, B2 and G2 this leads to respectively the
D4, E6 and Eg invariant combination. '

There are many more solutions to c(g, g', k) = 0 when we only require g' to be
semi-simple with A1 as a simple factor. As explained in sect. 5 this leads to A^1'
invariants after projecting out the other simple factors with known invariants. In
this way the E7 case in table 1 can be found by taking A 1 © A 2 c E g (k = l) with
Dynkin index (16,6) and projecting out the standard A'^ combination at level 6.
Finally the D series can be found from the embedding so(n) © Ax c so(3n) (n > 2)
with Dynkin index (3,2M) and level k= 1 for so(3n). Projecting with the standard
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metric for so(«) this leads to the D,, + 2 (n > 2) combination, (i.e. after subtraction of
the A-series). We omit the proof.

We have also done the calculation for the other embeddings where A'/' is
involved but this didn't lead to new combinations. This once more indicates that the
classification given in table 1 is complete.

7. Modular invariant combinations of Virasoro characters

Modular invariant combinations of Virasoro characters were first analyzed by
Cardy [2], by means of certain sum rules obtained by working out explicitly the
transformation rule (2.12). More progress was towards a complete classification was
made by Gepner [7], who noticed the similarity in the transformation rules of the
A(i] and Virasoro characters (formulae (2.12) and (3.18)) and proved that if h™n

2.
and h™~1, are invariant tensors for A'/' at level m — 2 and m — \ respectively that

« - l , l < ? < ™ (7.1)

provides an invariant metric for the Virasoro algebra at level m, i.e. for central
charge c{m) = 1 - 6/m(m + 1). (Our notation is the same as in sect. 6, so the
subscripts on h refer to a highest weight A = «A, + (k - n)A0, i.e. the SU(2)
representation appearing at grade zero in L(A) is (n + l)-dimensional.)

This correspondence was then used by Cappelli et al. [8], who conjectured that the
correspondence (7.1) provides an isomorphism between the A'," and Virasoro
modular invariants, to give a list of modular invariant combinations for the Virasoro
algebra.

By using the construction developed in sect. 5 we will clarify why (7.1) works, and
we will provide a deeper insight in the intimite relationship between Vir and A'/1.

Consider the diagonal subalgebra g' = Al of g = A,©A1 . As observed by
Goddard et al. [17] if we take a level (1, N) HWM in g then we will obtain level
N + 1 HWM's of g'. Therefore the coset Virasoro has a central charge

c(g,g',(l, N)) =c(A</\ N) + c(A<;\l) - c(A<1
I), N+ 1)

3) (7.2)

giving the complete unitary series 0 < c < 1 if N = 1,2,3,...
Applying the finite reducibility theorem we conclude that we can write every

character_of g = A(/^e A*/* at level (1, m - 2) (w > 2) as a finite sjom of characters
of g' © Vir= A*]1' ® Vir at level m - 1 for A*/' and charge c(m) for Vir. Explicitly we
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have [17]
m

vlvm-2_ y m - 1 Virc(m)
A.OA.p-1 L* Aq-l Ap.q '

<7=1

1 m - 2 _ y »n-l Virc-(m) l-j -5\
AlA/j-1 LJ Xq-lXp.q i \'-->)

p-tj<=2Z + l

so the branching coefficients ax. A pq in (5.3) are

= 2 Sn + \.p

)

The factor between brackets is needed to project onto even or odd p — q, as in (7.3).
(This is just saying that the SU(2)-spin properties of left- and right-hand side of
(7.3) coincide.)

Taking a modular invariant metric h"'^2 of A^ at level m - 2 (at level 1 we only
have Snn) and contracting the resultant /i6-Vir with an invariant metric /i"',;"' at
level m - l w e obtain as in (5.5)

tVir,c(m) _ tm-2j.m- 1/ _
"p.q-.p'.q' " nri mm' \u0, n; m, p, q"0. n'; m', p', q'

i , « ; m , / ? , < y l . n ' ; W , / ? ' , f y ' /

which is precisely (7.1). In the last step in the derivation we've used that for
hp'I2

p-_i respectively h™l\ q._x to be invariant under T we must have

P2-P'2
 w .

E Z andAm 4 ( w + l )

which in particular imply p + p' = 0(mod2) and q + q' = 0(mod2).
Summarizing, we have shown that one can construct, by the methods outlined in

sect. 5, a series of modular invariants for Vir with central charge c(m) using the
diagonal embedding A ^ A j ® A,. The invariants are characterized by two A'/1

invariants h™~.2, h™~.1 at level m - 2 and m - 1 respectively. Using the classifica-
tion of A'/' invariants of sect. 6 we find back the (A, A), (A, D) and (A, E) series of
Cappelli et al. For explicit tables we refer to their article [8]. Notice that because
either m — 2 or m — 1 is odd, and (assumed table 1 is complete) the only modular
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invariant for odd levels is the standard one (i.e. the A-series) one of the hnn. must be

Again we have no proof that the classification is complete, nor that the correspon-
dence (7.1) is an isomorphism, but we strongly believe that both are the case. We've
checked many other embeddings but they all leave to one of the previous combina-
tions.

8. Cj,l) characters at levell

In this section we will derive some explicit results for the characters of C,1,1'
HWM's at level 1, for which not much seems to be known so far.

First of all there exists an embedding of symplectic groups which, analogous to
sect. 7, produces the complete unitary serie of central charge c(m) of the Virasoro
algebra. This is the regular embedding of index (1,1) [16]

Cm_2 © C t c Cm_l.

One can easily check

so the HWM's_of C ^ at level 1 can be written as a finite sum of HWM's of
Cm-2 © Cl1' © V i r a t leVel (1.1. «)•

In C^1' every fundamental weight is of level 1, so there are precisely n + 1
integrable HWM's at level 1. Let us enumerate them as follows

0 1 2 n - 1 n

with modified characters x A" s xf "•
Because the characters of C^ are not explicitly known, we have to compute the

branching by the algorithm outlined in sect. 4. (This amounts to explicitly calculat-
ing the first few levels in a HWM.) We have done this for small values of m, but
conjecture the following result is generally true

m-2
Cm_2 C, vVirc(m)

Xj X ( , - y ) m o d 2 X 7 + l . i + l

The reason to believe this is first of all that the conformal dimensions on the left-
and right-hand side match. We omit the calculation, which is straightforward, but
nevertheless it is rather surprising to see the cancellation between various terms. The
second reason to believe (8.1) is that anything else would immediately lead to either
new combinations for C{ly at level 1 (which do not exist) or new combinations for
the Virasoro algebra which we also do not believe to exist. Though we have not
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done the calculation, we believe it should be possible to prove (8.1) by checking that
the modular transformation properties of left- and right-hand side agree.

The important thing about (8.1) (assuming it is true) is that it provides a recursive
way to compute the C^ characters at level 1 explicitly, starting with known
expressions for C(j2) = A^ and Vir.

As a last example of the construction of modular invariants we consider the
embedding

of the Dynkin index (1, n). It is an example of an embedding for which the coset
carries no charge if we take level 1 representations of D ^ [26].

Let us denote the level 1 HWM's of D ^ by Ao, Av, As and As. (i.e. the basic,
the vector and the two spinors), and their modified characters by Xo- Xv e*c- With
the same remarks as before we conjecture

i]
AO ~ L, X2iX2i

Xv

YD2 n = y c c,
As La A2( Xn-2i '

( = 0

X? ; "= I x£" + iX^ ( 2 , + I). (8.2)
/=o

Assuming this is indeed correct, we find a whole series of modular invariants for
Cy} using our knowledge of C|1J invariants at level «. For example using the
standard invariant for D8n and the orthogonal level An invariant of C1,1', which was
called D 2 n + 2 in sect. 6, we obtain that

«-i , ,

L |Yc,,, + Yc4n r + ?|vc4,1r /o -i)
1X2/ ^ X 4 n - 2 < | + z | X 2 / i | Ka-J)

i-0

is a modular invariant for C$ at level 1. We remark that for Qj 0 this combination
can also be found from the embedding C4 c E6 which also has coset charge
c(g,g', 1) = 0. Using (8.3) in (8.1) we again find modular invariants for Vir already -
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occurring in the list. This provides a double-check on the correctness of both
branching rules we have conjectured.

9. Conclusion and discussion

In this paper we have shown how to use Kac-Moody subalgebras together with
the finite reducibility theorem to construct new modular invariant combinations of
characters for both affine Kac-Moody algebras and the Virasoro algebra. This
construction is a generalization of the work of Bais and Taormina [9] and the author
and Nahm [10]. We showed how to obtain all known combinations for A'/' and Vir,
but also indicated that its use was not restricted to these "simple" cases, and gave
explicit examples for C^K We even conjecture that it is possible to construct all
modular invariants starting from the standard ones. Work is on progress to give a
systematic analysis of modular invariants other than for A*/' obtained by this
subalgebra construction.

One may also visualize the extension of this subalgebra construction to super
Kac-Moody algebras and their super-Virasoro partners [33,17] to obtain a classifica-
tion of modular invariants for these superalgebras (for some examples see [34]).

A last remark concerns the fact that the application seems to be restricted to
subalgebras for which the coset Virasoro algebra has a charge 0 < c < 1, it might
very well be possible to use not only the Virasoro algebra but also the information
contained in higher order Casimirs of g to generalize the finite reducibility theorem
in such a way that for c > 1 still finite modular invariant combinations of g'
characters can be found.

I would like to thank Sander Bais for many discussions, Sander and Michael
Surridge for reading the manuscript. This work was financially supported by the
"Stichting voor Fundamenteel Onderzoek der Materie" (FOM).

Note added

After completion of this paper we received a preprint by Bowcock and Goddard
in which similar results were obtained [35].
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Chapter V

Extended Virasoro algebras constructed from
higher order Casimir invariants

1 Introduction
In the previous chapters it was noted that there exists an intimate relation between
2D CFT's and coset pairs {g,g'),g' C g of Kac-Moody algebras. It is hoped that
this relation may eventually evolve in a complete classification of 2D CFT's. In this
chapter we will make a further step towards classification by constructing extensions
of the Virasoro algebra by integer spin fields based on Kac-Moody algebras. Before
we get into detail let us first discuss the basic ideas and motivations.

As discussed in chapter I, the spectrum of a CFT can be assembled into irreducible
HWM's L(h, c) of a (left x right) Virasoro algebra

[Lm, Ln] = (m - n)Lm+n + —m(m2 - l)<5m+n,0 . ( L 1 )

characterized by a central charge c and conformal dimension h. The Lo-eigenvalue
of all the states in the spectrum is encoded in the partition function 2, which can
be written as a sesquilinear combination of irreducible characters \h of the Virasoro
algebra

Z = Y,Xk{r)Mhl^J7) . (1.2)
h,h

For CFT's with central charge c < 1 the unitarity constraint restricts the possible
c-values to a discrete series

c = l - — - ^ — T , m = 2,3,4, . . . , (1.3)
m(m + 1)

with only a finite number of allowed conformal dimensions for each c-value [1,2].
In chapter IV we have shown how this c < 1 discrete series as well as the CIZ-
classification [3,4] of modular invariant partition functions (1.2) can be derived from
the coset pair (A^fyA^, A^) of affine Kac-Moody algebras at level (1, m-2 ) , m > 3.
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Our knowledge of CFT's with c > 1 is far less complete. Unitarity only requires h > 0,
and also it is known that modular invariance for c > 1 is only possible if an infinite
number of irreducible Virasoro HWM's are included in the partition function 2 [3].
There exists however an important subset of CFT's, with properties remarkably
similar to the c < 1 CFT's. These are CFT's for which the partition function can
still be written as a finite sesquilinear sum of holomorphic functions

(1.4)

where each ^FI(T) is an infinite sum of irreducible Virasoro characters Xh- These are
by definition called rational conformal field theories (RCFT's) as it seems that this is
only possible when both c and all the conformal dimensions in the theory are rational.
It is very unlikely that an infinite number of Virasoro representations combine to an
expression like (1.4) unless there is a symmetry responsible for this. The functions
iFi{r) would then be irreducible characters (or finite sums thereof) of this extended
symmetry algebra. The index I denotes a collection of eigenvalues characterizing
HWM's of this extended algebra. So the first step towards classifying RCFT's would
be to investigate extensions of the Virasoro algebra.
By an extension of the Virasoro algebra is meant here a (finite) collection of chi-
ral primary fields which form, together with their descendants and normal ordered
products thereof, a closed operator product algebra, for generic values of the central
charge c. Furthermore we will restrict to chiral primary fields of integer or halfinteger
dimension such that the OPA is local. This implies that we can use an equivalent
formulation in terms of (anti-)commutators and that HWM's can be defined and
analysed in the usual way.

Examples of extended Virasoro algebras are, of course, extensions by dimension-1
fields giving rise to Kac-Moody algebras or the N-extended superconformal algebras
containing dimension-3/2 fields. For these cases a (partial) classification, analogous
to the Virasoro algebra, has been achieved.
For a full classification it is however necessary to go beyond dimension-2 primary
fields. If one goes beyond dimension-2 fields the OPA starts to contain composite
fields in its singular terms, which show up as composites in the commutation relations.
This feature makes the analysis of dimension > 2 OPA's a little more involved.

A systematic classification of extended conformal algebras can, in principle, be
undertaken by investigating the associativity constraint on possible OPA's. This in-
vestigation was started by Zamolodchikov [5] (see also [6,7,8]), and will be the subject
of chapter VII. In the next two chapters we will restrict ourselves to the construction
of examples of extended Virasoro algebras related to coset pairs (g, g') of Kac-Moody
algebras. Let us first discuss a possible way of tracing extended symmetry algebras
in concrete models.
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The belief is that not only an infinite number of Virasoro HWM's which arrange
in the way of (1.4) indicate the presence of a larger symmetry, but even more, the
existence of a nondiagonal modular invariant J\fjj ^ Sjj for some symmetry algebra
indicates the presence of an even larger symmetry algebra. This was clearly demon-
strated in [9], where three of the nondiagonal A[ modular invariants (denoted by
D4, E6 and Es) were shown to be the diagonal modular invariants w.r.t. some rank-2
Kac-Moody algebra.
For instance, the k = \Q invariant denoted by Ee contains a term X7XT> i.e. a coupling
of a left handed 7-dimensional A\-representation (which has conformal dimension 1)
to a right-handed singlet. In other words, the spectrum contains 7 primary fields
<f>k£ of conformal dimension (h,h) — (1,0). So one might expect that the 3 currents
of A\ together with these extra 7 primaries arrange to give an invariance group of
dimension 10. This was indeed shown to happen.
For the other nondiagonal modular invariants of A^ it is not proved that they are
diagonal w.r.t. some extended symmetry algebra. We have however shown [9,10]
that they can be obtained from a coset construction from higher rank Kac-Moody
algebras. It seems likely that some of the symmetries of these Kac-Moody algebras
survive in the coset.
So, a possible strategy to find extended symmetry algebras can be formulated as fol-
lows: Classify all modular invariants for the discrete series of some symmetry algebra.
Single out the nondiagonal modular invariants that can nevertheless be written as
a sum of holomorphic squares. Investigate whether the chiral primary fields which
are present in this modular invariant form a closed operator product algebra. If this
operator product algebra allows an (associative) extension to generic c-values then
we have found and extended symmetry algebra for which, most probably, the original
nondiagonal modular invariant becomes a diagonal one in terms of the irreducible
characters of this extended symmetry algebra. The corresponding c-value will be in
the discrete series of this extended symmetry algebra.
To illustrate this in an explicit example: For a central charge c = | , occurring in
the Virasoro discrete series (1.3), there exists a nondiagonal modular invariant cor-
responding to the 3-states Potts model. In terms of the Virasoro characters Xh it is
given by

2 = IXo + X3|2 + 1x2/5 + X7/5|
2 + 2|X2/3|2 + 2|xi/i5|2 • (1.5)

The operator product algebra of the dimension (h,h) = (3,0) field, say $3,0, and
the identity field indeed closes. The rest of the primary fields is local w.r.t. $3,0;
for instance <p3fi exchanges $2/5,2/5 and $7/5,2/5- Furthermore the factors of 2 in (1.5)
suggest that the fields $2/3,2/3 and $1/15,1/15 come with two different eigenvalues under
this dimension (3,0) operator, which are also exchanged by taking operator products
with $3>o -
In this example the modular invariant (1.5) can be obtained by the construction of
[10] from the coset pair (A{

2
1) + A$\ A^) taken at level (1,1). This sugests that the
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senes

m[m
= 3,4,5, . . . , (1.6)

is the discrete series for a dimension-3 extended Virasoro algebra. And indeed as
shown in [5] there exists an associative dimension-3 extended symmetry algebra. The
set of minimal representations for this extended algebra contains the series (1.6), and
the (finite) set of conformal dimensions for these c-values was computed [11]. For
c = | this set consists of h = 0, §, | and ~.
Though the construction of [11] indicated a correspondence with SU(3) it didn't ex-
plain the relationship. In particular we would want to have an explicit construction of
the dimension-3 operator from the A\ • • • A2 currents, commuting with the diagonal
4 Kac-Moody algebra. As an extra result this would also prove unitarity of the
representations of the dimension-3 algebra obtained in the coset.

The example above clearly illustrates the problems we will address in chapters
V and VI. What is the extended algebra W corresponding to a coset pair (g,g') of
Kac-Moody algebras ? Is the discrete series of unitary representations for this algebra
given by the set of charges c(g,g', k) obtained by varying the level k of g ? What is
the allowed set of conformal dimensions ? Finally, is the branching rule g —* g' •] • VV
finite ?
We haven't been able to answer all these questions in general, but for the 'diagonal'
cosets (g-\-g, g) at level (1, m) for simply-laced g we believe to have solved the problem,
though some of the proofs are still lacking.

The conventional way to analyse the representation theory of some (extended)
conformal algebra is the so-called Feign-Fuchs construction [12]. One tries to find a
realization of the algebra in terms of free bosonic fields (and parafermions if neces-
sary), and then varies the central charge by coupling the bosonic fields to a back-
ground charge. In the language of a coset (g ~r <?,<?, (I, m)) (where / is kept fixed) this
would correspond to finding a convenient realization in the limit m —> oo and, subse-
quently, modifying the realization so that it is valid for every m. The m —> oo limit
corresponds to the coset {g,g) at level I where g is the finite dimensional horizontal
Lie algebra of g. So the philosophy is to determine the extended symmetry algebra
of the cosets (g,g) first. This will be the subject of this chapter. The discussion of
the cosets (g + g,g) will be postponed untill chapter VI.

The remaining part of this chapter is organized as follows. In section 2 we will
show that one can use the Casimir invariants of g to construct operators which com-
mute with g. These operators will be constructed as composites in ^-currents in
analogy with the Sugawara construction of the Virasoro algebra. The dimension-3
operator corresponding to the 3rd order Casimir invariant of SU(N) will be treated
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in detail. In section 3 we will show that the vertex operator construction of the
level-1 HWM's of simply-laced Kac-Moody algebras can be used to obtain a free field
realization of these Casimir algebras, which is the starting point for the Feign-Fr.chs
construction. In section 4 we will argue that the OPA of Casimir operators closes on
HWM's of simply-laced Kac-Moody algebras g at level 1. We briefly discuss exten-
sions beyond level 1. An appendix is added to explain notations and calculational
techniques.

This chapter is an adapted and updated version of [13] in which some detailed
calculations can be found which have been orrJ.tted here.

2 Casimir algebras

In the introduction we have argue-i tha", a classification of RCFT's for c > 1 would
require a classification of all extensions of the conformal algebra. We furthermore
motivated that a useful extension could be obtained from the coset pair {g,g) of an
afrine Kac-Moody aigebra g and its horizontal finite dimensional Lie algebra g. In
other words, we are looking for a set of primary fields, constructed from the currents
of g, which should be singlets under g and form a closed operator product algebra.

Let g be a semi-simple finite dimensional Lie algebra with generators {Ta\a =
1,2,..., dim <?}, and commutation relations

[Ta,Tb]= fah
cT

c . (2.1)

Group indices are raised and lowered by means of the (non-degenerate) Cartan-Killing
metric 1

7afc = Tr(Tar6) , (2.2)

where we have normalized the generators such that \ij>\2 = 2 for every long root V1 of

9-
The untwisted afrine Kac-Moody algebra g ( = g^), based on g, is defined by the
OPE (see chapter I)

^ ^ • , (2.3)
z — w

where the central charge k is a positive integer within each integrable HWM of g. )
k is called the level of the HWM. In dealing with OPE's we will make use of the
conventions and calculational techniques as described in the appendix. In principle,
all the computations can be done in terms of the mode expansion of the currents
Ja(z), but we found that dealing with the currents themselves is much more tractable.

'In this chapter, traces will be taken in the fundamental representation of g.
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On the HWM's L(A) of g, a Virasoro algebra is realized. Its defining current is
given by the Sugawara construction

T ( 2 ) = 2(kT^^jajb){z}' (2-4)

where g is the dual Coxeter number of g. The central charge c(g, k) of this Virasoro
algebra is given by

The OPE

/ ^ --- , (2.6)
w)

expresses the fact that Ja(z) is a primary field of dimension 1 with respect to this
conformal algebra. It implies the following commutator

[JS, T(w)] = <f ~ J\z)T(w) = 0 , (2.7)

indicating that the Virasoro algebra obtained from the Sugawara construction com-
mutes with the horizontal finite dimensional Lie algebra g, generated by the JQ .

In other words, in a HWM L(A) with a highest weight vector |A >, all the states
in the Verma module obtained by acting with the modes Ln on |A > give highest
weight vectors of the horizontal Lie algebra g of highest weight A. In particular, all
the states obtained by acting with products of the generators Ln on the vacuum are
singlets under g.

To construct other singlet operators under g is easy. Assume that Ahl"'bn(z) is
some composite operator in the currents and its derivatives

Abi"K{z) = (dilJln(d*2Jh2(...d">j'"')(z) , (2.8)

then in the notation of the appendix

,A^"^{Z)] = {jM i"- t"} i (z) . (2.9)

The full OPE between Ja{z) and AhlJ>n(w) is hard to evaluate, but it is easy to see
that the simple pole term {JaAblJ>n}i only receives contributions from the second
term on the right hand side of (2.3). Explicitly

1 (
z) = }2fab'cA>>-b'-lCl>^>-bn(z) . (2.10)

So, perhaps not very surprisingly, Abl"bn(z) transforms under g precisely as suggested
by its tensor structure.
To obtain singlets under g we therefore make contractions with ^-invariant tensors.
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This procedure obviously generates an infinite number of singlet fields. These can
however be grouped into conformal families of primary fields and their descendants.
The question is: Can we find a finite number of primaries which together with their
descendants and normal ordered products thereof, form a closed operator product
algebra ?

Let us consider composites with no derivative terms. In this case we only need
the completely symmetric (jr-invariant tensors, because for any anti-symmetrized pair
of indices the operator can be reduced by using (A.7), which in this case reads

A symmetric invariant tensor dai...an, or rather the.object Cn — dai,..ariT
ai ...Ta",

is called an n-th order Casimir of g. It is well-known that for any simple finite
dimensional Lie algebra g of rank / there are precisely / independent Casimirs. Denote
their order by A,,i = 1, . . . , I. It is possible to choose the corresponding ^-symbols
mutually orthogonal. In particular we always have a second order Casimir given by
7ai,. Orthogonality then implies tracelessness of the higher order Casimir d-symbols.
So we propose to consider the OPA of the / composite fields

T^\z) =.\^\g,k)dai...aKt(J
a>(...(J^ J*\){z) , (2.12)

where A^x'\g, k) is some convenient normalization constant.
With this definition the 2nd order Casimir just gives back ihe Sugawara form (2.4)
of the stress energy tensor. For shortness, we will often refer to (2.12) as a Casimir
operator of the Kac-Moody algebra g, though it doesn't commute with the full Kac-
Moody algebra.

The first important property of these Casimir operators T^\z) is that they are
primary w.r.t. T(z) — T^2\z) of conformal dimension \

T ( 2 ) T w = + + . ( 2 . 1 3 )
(z — w)2 z — w

This property is a direct consequence of the fact that the d-symbols were chosen
to be traceless, and the fact that they are symmetric. To calculate the OPE's
T(Xx\z)T(x>\w) is, in principle, possible with the techniques of the appendix but
extremely cumbersome for large conformal dimensions.
A priori one can see that since partial contractions between <i-symbols produce higher
order ^-symbols one will in general generate all the independent Casimir operators
by starting with the lowest A; > 2. Also, a priori, there is no reason why there
shouldn't appear in the OPE, fields which are neither descendants of the Casimir
operators nor normal ordered products thereof. To investigate this in an explicit
example we study the easiest (nontrivial) example, which is the operator product
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algebra of a third order Casimir operator. These 3rd order Casimirs only exist in
the group SU{N),N > 3, so from now on we assume g = AM-I (= Lie(SU(N))).
Explicitly

daic = Tr({Ta,Tb}Tc) . (2.14)

As an intermediate step in the calculation of T^3\z)T^3\w) it is convenient to define

Qa{z) = dabc{JbJc){z) , (2.15)

such that
T^(z)=.M'^(g,k)(JaQa)(z). (2.16)

It is straightforward to verify that Qa(z) is a primary field of conformal dimension 2.
The OPE's of Qa(z) and T&(z) with the elementary fields Ja{z) read

— W)
(2.17)

The order (z — UJ)"1-terms confirm that Qa{z) and T^3\z) transform respectively
under the adjoint and singlet representation of the horizontal algebra g = J4AT-I-

The various d- and /-tensor contractions, used to arrive at (2.17), were taken from
[14] (see also [13]).
After a tedious calculation, using the rearrangements lemmas of the appendix, we
arrive at the following result

} _ c/3 2T{w) dT{w)

^— \b2dA(w) + ̂ -
— w { 1515

(2.18)

provided one chooses the normalization

ty < 2 1 9 )

In (2.18) we used the abbreviations

c - C(c - c{

62 = 2

\(z) = ((TT) - ^T) (Z)



-64-

Apart from the identity field and its descendants an extra primary field R^4\z) of
dimension 4, and its first descendant dR^\z), enter in (2.18).2

Explicitly

= -2b2A(z) - ^d2T(z) |

N) (,V3'(41), k)f (QaQa)(z) - (2.21)

The term (QaQa)(z) involves the contraction of two 3rd order d-symbols. For N > 4
this will produce an independent 4th order d-tensor, corresponding to the 4th order
Casimir of AN-I- For N — 3 no such independent 4th order Casimir exists. Using
the explicit d-tensor contraction one can show that for A2

R(i)(z) = /(*) ((TT)(z) - 8-^d*T(z) + 24(fc
+

+
53}(^a^)(^)) > (2-22)

where

f(k] _ 36 ( f c + 3 ) 2 ;2 23)
I { 1 ~ 5 ( 3 1 f c + 33)(2Jfc + 3 ) ' { '

Summarizing, the operator product algebra of the 3rd order Casimir of AN-I for
N > 4 produces a new primary field of dimension 4, involving an independent 4th
order Casimir. For A^ the field R^(z) reduces to an expression in the currents Ja{z)
where all the contractions are performed with the Cartan-Killing metric -jab-
To find the complete algebra of composites one has to evaluate the OPE's with the
newly obtained R^(z), and so forth.

There is one important case in which this whole discussion can simplify drastically.
That is if the field i#4'(,z) is a null-field, for then it can consistently be put equal to
zero. As will be shown this happens if and only if N — 3 and k = 1.
There are various ways to show this. One could for instance show that the field
R(A\Z) together with the fields generated from R^4\z) by taking further OPE's, form
an ideal in the complete operator product algebra. (For more details we refer to
[13].) Alternatively one can use the SU(3) level-1 Frenkel-Kac-Segal vertex operator
realization, in which the field R^'(z) should vanish identically. This will be discussed
in the next section. The easiest and most illuminating method, which uses some
information on the Kac-Moody HWM's on which the Casimir algebras are realized,
will be discussed in sec;' m 4. This method alsc _uggests results for higher order
Casimir algebras.
When RS*\z) vanishes the algebra (2.18) coincides with the dimension-3 algebra
proposed by Zamolodchikov [5]. It should be stressed that the fact that we have

2The relative coefficients in front of the descendant terms agree with the general results of [15].
This provides a check on the calculations.
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constructed a realization in terms of composites of currents satisfying an associative
OPA assures associativity of the dimension-3 algebra (2.18). On the other hand, so
far we have only found a realization with vanishing R^4\z) for c = 2 (i.e. A% , level
1) while Zamolodchikov proves the stronger statement that the dimension-3 algebra
is associative for any c.

3 Reduction to the Cartan subalgebra

In this section we will briefly discuss how the previous discussion simplifies in the
case of level-1 HWM's of simple, simply-laced Lie algebras g. We will use the level-1
Frenkel-Kac-Segal vertex operator construction to realize the Casimir operators of
AN_t, in terms of N — 1 free scalar fields. For simplicity we will give the results for
A2 only, though they generalize to higher rank. As an application, we will derive
that the primary field R(4)(z), occurring in the previous section, is indeed a null-
field. In fact, because of the nature of the vertex operator realization, it vanishes
identically in this realization. The most important reason for introducing the vertex
operator realization here is that this realization is the starting point for the Feign-
Fuchs construction for these extended Virasoro algebras, to be discussed in chapter
VI.

The level-1 vertex operator realization of an (untwisted) affine Kac-Moody algebra
g, corresponding to a simple, simply-laced Lie algebra g of rank I, is a realization for
the currents Ja(z) in terms of / free scalar fields <j>l{z), i — 1 . . . , / . We normalize the
two-point function as follows

< <j>\z) <f>3{w) >= -Sijln(z - w) . (3.1)

That such a realization might be possible can be seen from the central charge (2.5)
of the associated conformal algebra, since c(g, k = 1) — I (i.e. the same as that of a
set of I free scalar fields). In the language of chapter II, the coset pair (g, (u(l)^)1) is
conformal for k = 1. The Sugawara stress energy tensor for the subalgebra g' = u(l)1

z), (3.2)

hence equals the Sugawara operator (2.4) for the full algebra.
In a Cartan-Weyl basis for g, the currents Ja(z) in the Cartan subalgebra are given

by
ir(z) = id<p(z), t = i, . . . ,f. (3.3)

The 'off-diagonal' generators are given by

E"(z) = c_a (e~*) (z) , (3.4)
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for the roots a. of g. Details on the vertex operator construction as well as the defi-
nition and construction of the cocycle factors ca can be found in [16] (and references
therein). Normal ordered products of vertex operators can be simplified in the follow-
ing way. One uses the CBH-formula to multiply vertex operators at distinct points
z and w, then subtracts the singularity for z —> w, and uses l'Hopital's rule in the
limit z —» w. In this way the Sugawara stress energy tensor (2.4) can explicitly be
reduced to (3.2). We now want to show that a similar reduction is possible for the
higher order Casimir operators T^'\z). For simplicity we will discuss the 3rd order
Casimir operator in g — A2 only.

First of all the field Qa{z) of (2.15) in the Cartan-Weyl basis equals

Q\z) = lyfii&H'Xz) ,

Q\z) = ^y/l{Hx&-H2H2){z), (3.5)

Q±c"(z) = -((lt.H)E±a')(z) , / = 1,2,3.

The vectors 7, (/ = 1,2, 3) obey

50
•yi.au = 0 , 7(.7( = — , (3.6)

for the three positive roots at of A^ (see figure 1 in [13]).
Using this we arrive at

= -\{3H\HlH2)-H2(H2H2)){z) . (3.7)

So we succeeded in expressing the 3rd order Casimir operator of A2 in terms of
the generators of its Cartan subalgebra ! If we evaluate a similar expression for the
Cartan subalgebra only we find a result which is proportional to (3.7) but smaller by
a factor of 10

I . (3.8)

The reduction for the 3rd order Casimir hence gives a similar proportionality as for
the 2nd order Casimir, i.e. the Sugawara tensor.
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The c ~ 2 realization (3.7) of T^z\z) in terms of 2 scalar fields was also proposed in
[11]. There it was the starting point for a Feign-Fuchs construction of realizations
for c < 2, by means of coupling the scalar fields to a background charge.
By inserting the vertex operator realization in (2.21) or (2.22) one can show that,
as claimed, R^A\z) vanishes for the A2 H W M ' S of level I.3 Alternatively one could
compute the OPA of T'3^(z) directly from (3.7), in which case one would obtain (2.18)
with c = 2 without the field R^4\z) being present.4

4 Discussion

In the previous sections we have argued that meaningful extensions of the Virasoro
algebra could be derived by investigating the operator product algebra of a set of
composites in currents generating a K<:.. Moody algebra, obtained from the Casimir
invariants of the horizontal finite a -- • onal Lie algebra. We investigated in detail
the algebra of the 3rd order Casiu. ir • \nt of Ajq-\ and mentioned that on A2

HWM's of level 1, this algebra closes on the set of fields given by the identity and
dimension-3 primary field, their descenaants and normal ordered products thereof.
We outlined some methods of proving this. :
It is however cumbersome to extend this analysis beyond dimension-3 operators,
though one might expect in analogy with A2 that the algebra of the I Casimirs of a
rank I Lie algebra g closes, in the sense described above, if the level is taken to be
unity. This expectation is based on the following observations [17]:

Remember that all the modes of a Casimir operator generate singlet weights
under g from the vacuum. On the other hand, it is clear that the set of all fields
corresponding to the singlet weights under g, form a closed operator product algebra.
So, if we can prove that there are no other singlet weights in the HWM L(AQ) other
than those obtained from the Casimir operators, we will have proved that the Casimir
algebra closes on the level-1 HWM L(A0)-

5

Consider the decomposition of a HWM L( A) of g to HWM's of the horizontal Lie
algebra g. In terms of characters

Xi(9,*)=«** E *A(«)xi(*), (4-1)

i
where x>. a r e the characters of the finite dimensional ^-representation L(X) with |
highest weight A. (s^ is given in chapter IV equation (3.7).) -?

3In fact one can write R^(z) ~ (JaIva )(z) (see chapter VI), vnd it is even easier to show the
vanishing of Ra (z).

4This computation can be found in [11].
5For the other level-1 HWM's the results evidently follows from the action of the center of g.
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In the branching function

*£(?) = £*i,ffB. (4-2)
n>0

$xn denotes the multiplicity of L(X) in the highest weight module L(A) at Lo eigen-
value n. From the previous discussion it is clear that ^\(<}) is a character of the
algebra of singlet fields under g, which at least contains the Virasoro algebra.
There exists a general expression for the character $\(q) in terms of the string func-
tions of g (see [18,19]) which can, in principle, be used to study the algebra of
singlets [20]. For general level k the expression is however rather complicated. Only
for k = 1, g simply-laced (4.2) is relatively simple because there we have a unique
string function. One can show that [18,21]

where A+ denotes the set of positive roots of g, and p = |(I^ae&+
 a) IS the principal

vector of g.
For the singlets (i.e. \ = 0) contained in L(A0) we can simplify this expression
further by noting that p is the defining vector of the principal Ai-subalgebra of g
[22] (see also chapter VIII). As it is well-known that the adjoint representation of g
decomposes into / irreducible representations of this Ax with spins ê  given by the
exponents {e;|i = 1,...,/} of g [23], we have

r i=l \n=l

So

because the exponents are related to the orders Â  of the independent Casimirs by

= et
Now, because the modes L^ of the Casimir operators satisfy

L^\0>=0, n>_A,- + l , (4.6)

we find that $o°(<7) ' s precisely the character of the Verma module generated by
the Casimir operators. It is tempting to conjecture that no other singlet fields are '
present. This conjecture would be proved if we could show that the Verma module I . '••
generated by the Casimir operators doesn't contain null-states. We do not know how \ .
to prove this in general. i '

Specializing to the AS2 ' level-1 case, discussed in sections 2 and 3, we have '
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A basis for the 3-dimensional eigenspace of ./^-singlets with io-eigenvalue 4, is
{X_2i-2|0 >,I/_4|0 > , i_ i | 0 >}. It is straightforward to show that no null-states
are contained in this. This proves the previous assertion that the field R(4\z) is a
null-field for the level-1 HWM's of A(

2
1].6

To summarize, we have provided a convincing argument for the closure of the
OPA of Casimir operators on the level-1 HWM's for every simply-laced Kac-Moody
algebra g. A general proof is however still lacking. Moreover, we would however like
to prove the stronger claim that the Casimir algebra is associative for a generic value
of the central charge, in analogy with the Az Casimir algebra of [5]. In particular we
would want to prove that the unitary representations of this Casimir algebra include
the cosets (g •!> g,g) where one of the simple factors of g •[ g is taken at level 1 and
the other is arbitrary. This could be done either by a Feign-Fuchs construction or
by an explicit determination of the coset Casimirs out of the g •}•• g currents. This
investigation will be started in chapter VI ([24]).
There is however some evidence that these Casimir algebras, for simply-laced g,
do exist for a generic value of c. This is based on the observation that a BRST
construction for such an algebra would involve the introduction of a set of I ghost
fields of dimension Xi, leading to a critical central charge [25,13]

ccrit = 2 ^ ( 6 A f - 6 A t + l ) . (4.8)

In analogy with the Ai case, the critical central charge can also be determined from
the Feign-Fuchs construction (see chapter VI)

ccrit = 21 + 4g dim g . (4.9)

In terms of the exponents e; = Xi — 1 this leads to the equality

X>te + l) = ^g(g+l). (4.10)

The validity of this equation (see chapter VIII for some methods of proof and gen-
eralizations), strongly supports the conjectured existence of an associative Casimir
algebra for generic values of the central charge c.

A Appendix
In this appendix we summarize the notational conventions and calculational tech-
niques used in this chapter. For more details we refer to [13].

6The same analysis for level k > 1 HWM's of A[X) shows that i?<4)(*) is not a null-field if k > 1.
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Products of operators A and B at non-coincident points are implicitly assumed to be
radially ordered, i.e. A(z)B(w) stands for A(z)B(w) if \z\ > \w\, and for B{w)A(z)
if \z\ < \w\. The OPE, for two operators A and B of integer conformal dimension
AA and As, respectively

>

defines the expansion coefficients {AB}r(w).
In general we don't write down the full OPE, but only the singular terms as z —> w.
The + • • • then always stands for extra regular terms of order in (2 — w) at least one
higher than the last term which is explicitly written down.
The normal ordered product (AB)(z) of two operators A(z) and B(w) at coincident
points is defined by [6,7]

—A(x)B(z), (A.2)

where the contour Cz winds once around z counterclockwise.7 With this definition
the normal ordered product is the first regular term in the expansion (A.I), i.e.

(AB)(z) = {AB}0(z) . (A.3)

The mode expansion of a single valued field A(z), of integer conformal dimension
A*, is

A(z) = J2 Anz-n~hA , (A.4)

where the Laurent coefficients can be calculated by a contour integration around the
origin

dA«=L^-zzn+AA^- <A-5>
Deforming the contour around z in (A.2) as a difference between two contours \x\ > \z\
and |a;| < \z\, both enclosing the origin, the mode expansion of (AB)(z) is found to
be

(AB)n = ]T AvBn_T + J2 Bn-VAV . (A.6)

It should be emphasized that the normal ordering we have chosen is neither commu-
tative nor associative. By exchanging z and w in (A.I) the commutator can explicitly j
be shown to equal {

\

{{A, B)){z) = (AB)(z) - (BA)(z) = £ tL-ff{AB}r{z) . (A.7)
r>0 v

7We have chosen to denote normal ordering by parentheses to avoid accumulation of colons, and
as emphasized above the product A(x)B(z) is assumed to be radially ordered.
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Another useful rearrangement lemma is

(A(BC))(z) - (B(AC))(z) = (([A,B])C)(z) , (A.8)

which is most easily proved by using (A.6).
By iteratively using (A.7) and (A.8) one can relate expressions with a different nesting
of normal ordering. For example we have

(A(BC))-((AB)C) = (A(BC))~(C(AB))-(\(AB),C})
= (A(CB)) - (C(AB)) - {[(AB), C\) + (A([B, C]))

(A.9)

indicating that in general the normal ordering of (A.2) is indeed not associative.
Finally let us remark that in order to check associativity of the operator product
algebra from the operator product expansions, one has to know the complete OPE,
including the regular terms. This is why the investigation of crossing symmetry of the
four-point function is usually easier. There is however a consequence of associativity
only involving the singular terms in an OPE

This Jacobi identity for normal ordered products of commutators can be derived from
(A.8) by cyclically permuting A, B and C and adding the expressions. By exploring
the consequences of this Jacobi identity for various choices of the fields A, B and
C (not necessarily primary !) one can derive important restrictions on the possible
OPE's.8

The OPE (A.I) can be decomposed as follows

A{z)B{w) = A(z)B(w) + (A(z)B(w)) , (A.ll)

where the contraction A(z)B(w) is the singular part of (A.I)

and the normal ordered expression of operators at non-coincident points (A(z)B(w))
is denned by (A.ll). To evaluate the singular contributions in the OPE of composite ^
fields we make use of the following version of the Wick theorem, which generalizes 5
the Wick theorem for free fields, i.e. is also valid for operators which do not even ;«*
commute classically -* .

1 f dx) f
"For instance the various identities of [6] can be found easiiy by this method.
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A similar expression can be written down when the composite operator (BC){w) is
on the left of A(z). Alternatively, one can just interchange z and w in the acquired
OPE. By iteratively using equation (A. 13) one can compute contractions between
any two expressions of normal ordered operators.
We end this appendix by remarking that the formulas can be extended to operators
of halfinteger conformal dimension, by just inserting minus signs wherever the order
of two fermionic operators is interchanged.
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We discuss extensions of the Virasoro algebra obtained by generalizing the Sugawara
construction to the higher order Casimir invariants of a Lie algebra g. We generalize the GKO
coset construction to the dimension-3 operator for g = AN^l and recover results of Fateev and
Zamolodchikov if N = 3. Branching rules and generalizations to all simple, simply-laced g are
discussed.

1. Introduction

In a previous paper [1], henceforth referred to as I, we discussed extensions of the
Virasoro algebra which we constructed from Kac-Moody algebras g by generalizing
the Sugawara construction to higher order Casimir invariants of the underlying
finite dimensional Lie algebra g. This was done in an attempt to understand the
occurrence of larger symmetries in d — 2 conformal field theories and their implica-
tions for the physical spectra.

The starting point in I was a conformal field J(z) taking values in a Lie algebra
g. Its components J"(z), defined with respect to an antihermitian basis {Ta,
a = l,2,. . . ,dim(g), lr(TaTb) = -Sab}, satisfy the operator product expansion
(OPE)

The Fourier modes J° satisfy the commutation relations of an untwisted affine
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Kac-Moody algebra g. We proposed to consider the operators

TiX-)(z)=JriX-)(g,k)d"hr-(j''{jh(Jc(...)(z), (1.2)

where ~V{Xi)(g,k) is some normalization constant and dabi • is the completely
symmetric invariant tensor of order X, (/" = 1,2,...,/ = rank(g)) of g, so that
7-<*-> = (jabc... j-°jbTc i s t h e ̂  t h o r d e r Casimir of the underlying Lie algebra g.

In particular, the operator T{z)= T{2){z) is the usual Sugawara stress-energy
tensor satisfying the OPE

)
^ r ^ T r ^ + --- d-3)

- W) (Z — W) (2 ~ w)

with central charge

kdim(g)

when the normalization is chosen as

In these formulas g is the dual Coxeter number of g [2]. It is not very hard to show
that the other fields T(X<\ / = 2,3, . . . , /, are primary fields w.r.t. T{z) if the
d-symboh are chosen to be traceless (the //-symbols can be chosen such that they are
mutually orthogonal).

The currents T(X'}(z) generate a set of local currents through OPE's: two currents
A(z) a n d B{z) g e n e r a t e ( A B ) r ( z ) , rel >0, w h e r e

A(z)B(w)- E -^^+O(z-W). (1.6)

Let us denote by S the set of currents generated this way The following ut> 'ous

2. US,
3. A(z)GS=
4. A(z),B(z)eS=>(AB)(z)<=S.

A case of special interest is when S is the minimal set of currents obeying these
requirements, i.e. when all the fields generated in the singular part of OPE's can be
written as normal ordered products of the T(X'](z), i — 1,2,...,/, and their deriva-
tives.
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The set S together with the products { }r: (A,J3)-^> {AB}r, r^I>0, can be
viewed as an abstract operator algebra, which we will denote as Vir[g, k]. The
operator algebra Vir[g, k] is equivalent to the commutator algebra of the Fourier
modes An = <f(dz/2iri)A(z)z"+AA~l. However, due to the presence of composite
expressions this commutator algebra is not a Lie algebra in general (an exception is
the case Vi^A^, k]). It is therefore not very natural to pass to a formulation in
terms of components An in this situation; we will instead do the analysis directly on
the level of currents A(z) and products { } r , r e Z >0. In this context we define a
representation of Viifg, k] to be a linear map p from Vir[g, k] to a set 5" of
currents acting on some Hilbert space V such that

0)
(ii)

(iii) p{{AB}r)(z)={p(A)p(B)}r,

In I we explicitly investigated the operator product algebra of the Sugawara
stress-energy tensor

T(z)= 2{~^s)S
ab{rjb){z), (1.7)

and the third-order Casimir operator

N

2k)(N2-4) ' ( 1 - 8 )

for g = AN_l (for conventions and method of calculation we refer to I). Apart from
the result that T(z) satisfies the Virasoro OPE and that Ti3)(z) is a primary field of
dimension 3 we found that the OPE of T°\z) and T(3)(w) is given by

(z-w)6 (z-w)4 (z-w)3

1

(z-W)

1

•\2b2A{w) + ± d2T(w)

_ • [b2dA(w) + ± d3T(w) + \

(1.9)
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where

In the expansion (1.9), apart from the identity operator and its descendants, an
extra primary field Rw(z) and a corresponding descendant field dR(4\z) are
present in the singular terms. For general N the field Rw(z) contains a term
proportional to the 4th order Casimir of AN_V For N = 3, however, no independent
4th order Casimir exists and one therefore expects some simplifications. In I we
have shown that in the vertex operator realization of the level 1 representation of
A(p the field Rw{z) vanishes identically. This shows that for k = 1 the field R(4)(z)
plus the fields generated in OPE's with Rw(z) form an ideal in the complete
operator algebra and can consistently be put equal to zero. Thus the operator
algebra Vhf/l^, 1] is minimal in the sense described above; we read off from (1.9)
that it is actually equivalent to the algebra given by Zamolodchikov in [3] with c = 2.
It was shown in I that in the vertex operator realization for A(

2
l\ k = 1, the

expression for T<3)(z) reduces to the free field realization of this operator as given
by Fateev and Zamolodchikov [4].

Our main goal in this paper is to present an extension of the Goddard, Kent,
Olive (GKO) coset construction of a so-called coset Virasoro algebra to the
dimension-3 field T(3)(r). This will allow us to make contact with the results for
c < 2 in [4].

In fact we expect that a similar extended coset construction can be given
more generally whenever we have a Kac-Moody subalgebra g' c g. The operators
resulting from this construction constitute a representation of an extended Virasoro
algebra which we will denote by Vir[g, g', k]. In this paper we focus on Vir[g ffi g, g,
(A:, 1)] where g c g © g is the diagonal embedding.

This paper is organized as follows. In sect. 2 we explicitly give the construction of
the coset dimension-3 operator T^\z) of \'v^A(}i

)_l®A^)_vA^_l,(ki,k1)]. For
N = 3, k 2 = 1, the operato- product algebra is shown to reduce to Zamolodchikov's
spin-3 algebra. In section 3 we present some results on the representation theory of
Vir[g © g, g,(k, 1)] for simple, simply-laced g. We do not have a complete proof of
these results but we give a number of non-trivial consistency checks which
strongly support our formulas. In particular we will point out the relation of
Yir[A^ll e A$_v ^ ^ . ( l , 1)] with the parafermion algebras [7]. Sect. 4 deals with
the branching rules for irreducible HWM's of g © g into HWM's of gdiag ©
Vir[g © g, g,(k,l)]. Also here we give no complete proof but we go through a
number of convincing consistency checks, one of which is the construction of some
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modular invariants. In sect. 5 we end with some conclusions and remarks. An
appendix is added to explain some of our notations.

2. Coset construction

In this section we discuss how to extend the GKO coset construction [5,6] to the
Casimir operators of higher conformal dimension. We make this explicit for
the dimension-3 operator associated to A^)_l (Af> 3) For N = 3 we compare the
resulting operator product algebra with Zamolodchikov's spin-3 algebra.

Before we address the construction of the extended coset Virasoro algebras let us
first review the ordinary GKO coset construction.

The construction starts from a set of currents (with central charge k) correspond-
ing to an untwisted affine Kac-Moody algebra g. The Sugawara construction (1.2)
gives a field T(z) satisfying a Virasoro algebra with central charge c(g, k) as in
(1.4). Let g'c g be a Kac-Moody subalgebra of g. Restricting the Sugawara
construction to the currents corresponding to g' we obtain the Virasoro current
T'(z) with central charge c(g\ k'). The value k' i; determined by the embedding
g ' c g through k' =jk where j is the Dynkin index of this embedding [9]. Now it is
easily shown that the difference

f{z) = T(z)-T'{z) (2.1)

also generates a Virasoro algebra Vir with central charge c(g, g', k) given by

c(g,g',k) = c(g,k)-c(g',k'). (2 2)

An important property of the coset Virasoro algebra Vir is that in the commutator
algebra it commutes with the subalgebra g'. This allows us to write every HWM
L(A) of g as a sum over irreducible HWM's of the direct sum g' ffi Vir. It can be
shown that an irreducible integrable HWM L(A) is finitely reducible into irreduc-
ible HWM's of g' © Vir if and only if c(g, g',k)<l [10-16]. This property is very
powerful. For the diagonal embedding A[X)c: A[l)® A^ at level (k,l) it has been
shown that most (if not all) properties of the Virasoro algebra can be derived from
those of A^ by exploiting this embedding.

For c(g, g', k) > 1 we have no finite reducibility in terms of g' ® Vir alone. This
indicates that for those cases we should look for an extension of the coset Virasoro
algebra which includes more generators than f(z) alone. It is the aim of this section
to provide such an extension which will allow us to extend the finite reducibility
theorem beyond c{g, g', k) < 1.

The following is a tentative definition of what we mean by an extended coset
Virasoro operator algebra.
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For a given untwisted affine Kac-Moody algebra g let Vir[g, k] be the operator
algebra generated by the Casimir operators T(X'\z) at level k. Let g' be a
Kac-Moody subalgebra of g. The extended coset Virasoro operator algebra
Vir[g, g',k] should have the following properties

(i) the generators of Vir[g, g', k] are local currents constructed by taking normal
ordered products of the currents for g at level A: and their derivatives.

(ii) Vir[g, g', A:] contains the Virasoro generators f(z) as in (2.1) and cost:
analogues r ( X i )(z), / = 2 ,3 , . . . , / , of T<X|)(z) which transform under f(z) as primary
fields of dimension X,.

(iii) Mutual operator products of Vir[g, g', k] with the currents of g' are regular,
i.e. in the commutator algebra Vir[g, g', k] and g' commute.

Here we construct explicitly the dimension-3 operator contained in V i r ^ ^ ^ ffi
Afil^ Aftl^ikt, k2)] where Aftl^Afil^Afili is the diagonal embedding. De-
noting the generators of A$_1(BA<)P_1 as J"X)(z) and J("2)(z) and those of the
diagonal A$_i as J'"(z) we have the relation

(z), k' = kl + k2. (2.3)

The Virasoro generator for Virf/l^.! ® A^i, A^L^ik^ k2)] is given by

f(z) = T(1)(z) + Ti2)(z)-T'(z), (2.4)

with T{l)(z) and T^{z) as in (1.6). The coset central charge is

(2.5)
[ kx

k2 + N kx+k2

In order to write down the coset analogue f(3\z) of (1.7) we inspect the
requirements (i), (ii) and (iii). From (i) and (ii) we learn that f(3)(z) is a normal
ordered product cubic in the Kac-Moody currents J"n(z) and J"2)(z) (it is easily
seen that bilinear terms involving a derivative are no good). The requirement (iii)
implies that fO)(z) is a singlet under the underlying AN_X subalgebra of g'. This
restricts us further to the terms

U:>Ga,)(*), {J°DQCI>)(Z)> U2)Ga,)(*), (J&QtnM (2-6)

where

Qa{z) = dabc{JbJc){z). (2.7)

Notice that the combination T${z) + T$(z) - T'O)(z), which is the natural
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analogue of f(z) in (2.4), does not satisfy the requirement (ii). We therefore allow a
general linear combination of the terms appearing in (2.6) and proceed by imposing
the requirements (ii) and (Ui). Extensively using the results of I (in particular (2.11),
(2.12) and the techniques of appendix A) we have found that the requirement that
fO)(z) is a primary field of dimension 3 under f(z) uniquely fixes f°\z) up to a
normalization factor Bu(kv k2):

(2.8)

It turns out that the remaining requirement (iii), expressed as

fm{z)J'a{w)~ regular, (2.9)

is now already satisfied.
The next step in our construction is to determine the structure of the operator

algebra Vir[A(^Ll® A^iy, A^^ik^ k2)}, i.e. to calculate the OPE
After much arithmetic one finds

3f(w)
(z-

1

' ( *

' (z

+ ••

W)6

1

-w)

1

-w)

( •

2 [2

w

z-w)A (z — w)3

dA(w) + ^dif(w

(2.10)

where

^ r (2-11)
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provided the normalization is fixed as

BN{kltk2) =
3{N + kJiN + k2)(N + kx + k2)

N
2(N + 2k1)(N + 2k2)(2N + 2kx + 2k2)(N

2 - 4) " *2"12 '

The field R(4)(z) is a primary field of dimension 4 under f(z). Notice that the
structure of the OPE (2.10) in Vir[^^_, QAftl^ Aftl^ik^ k2)] is similar to that of
the dimension-3 operator in Vir[i4jJ)_i, k], eq. (1.9).

For general N the field R(i\z) will contain the coset version of the 4th order
Casimir of AN_V One therefore expects that for N = 3 the expression for /?(4)(z)
simplifies. For general (kv k2) this is not the case but we found that the field
i?(4)(z) decouples from the theory if one of the levels (kx, k2) is equal to one!

We derived this remarkable result by showing that if we put k2 = 1 and we
explicitly insert the vertex operator realization for the level 1 currents J"2)(z) then
the field JR(4)(z) vanishes identically. Let us briefly discuss some of the details of
this calculation. First of all, for k2 = 1 many of the terms in /?(4)(z) vanish simply
because they contain a multiplicative factor (k2- 1). The remaining terms can be
written as

{?)%)), (2.13)

where

/?(3)a(z) = 3(JaT)(z) +fabc(jbdJc)(z) - 2 d2J"(z),

R<2>ab(z) = (58ab8cd + 24 8ac8bd- 8facmfbdm)( JcJd)(z), (2.14)

and C,(^x) are some constants with the - ~operty C, (kx = 1) = 0 wh >se precise form
is irrelevant for the following discuss -\ The fields R(2)ab(z) and R{3;a(z) are
primary fields of dimension 2 and 3 respectively (w>.j remark that (JaRii)a)(z) is
proportional to the field /t(4)(z) occurring in the expansion (1.9)). Fxnhermore, by
inspecting the OPE's of Ja(z) with /?<2>a*'» and R(3)a(w) one finds that Ra)ab

and R(3)a transform respectively as the 22 and the 8 representations of the SU(3)
algebra generated by the 70". By inserting the vertex . perator realization of the
currents J^(z) (remember k2 = l) and using the techniques Aascribed in I Dne
easily shows that both Rm"b(z) ai.d R0)a(z) vanish.
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We do not fully understand why the terms occurring in (2.13) turn out to have
nice transformation properties under both T(z) and Jg but we believe that this
observation is essential if one tries to generalize the present construction to the
higher order Casimirs.

The operator product algebra Vir[^^ ® A2
l\ A2

l),(m - 3,1)], (m = 4,5,...) has
thus been proven to be equal to Zamolodchikov's spin-3 algebra W with central
charge given by (2.5)

12 \
(2.15)m(m + l

In the remainder of this section we summarize some results on the representation
theory of this algebra [4], which form a starting point for the generalizations we
present in sect. 3-5. These results were obtained by Fateev and Zamolodchikov,
who constructed a free field representation in the spirit of Feign and Fuks [17], and
Dotsenko and Fateev [18]. They considered highest weight modules L(/i (0) of "W
which contain a highest weight vector \h(i)) obeying

> = 0, « > 0 , / = 2,3 (2.16)

where L<,() = $(&z/2mi)zn+i~1T{i){z). The main result of [4] is that precisely for the
c-values given in (2.15) there exist (completely) degenerate representations L P s

s
l\

of TT with

(2 1
6«(m

[{m + l)(2f! + r2) -m(2sl + ̂ 2)] [{m + l)(2r, + rx) - m(2s2 + j j ]

9m(m + l)/[2»a + 5)(2m - 3)

(2.18)

such that the finite set of primary fields

e e [•(£ ;;)] (2.19)
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generate a closed operator algebra, with OPE coefficients that resemble the A2

Clebsch-Gordan coefficients. The construction we have given above clearly demon-
strates why it is that properties of A2 come into the game.

In sect. 3 we will discuss how these representation theoretical results can be
extended to Vir[g ® g, g,(k,\)] for all simple simply-laced Lie algebras g. In
particular we will give the analogues of the expressions above.

3. Generalizations

It is rather cumbersome to find explicit expressions for the other extended
Virasoro algebras Vir[g, k] and the coset algebras Vir[g, g', k] by the methods we
have explored for A2

1].
In I we showed that the expression for T{3)(z) in the algebra \ir[A2

l\ k = 1] can
be reduced to an expression depending only on the Cartan subalgebra generators,
thus giving a free field representation which is determined by the ̂ -symbols in the
Cartan subalgebra only. Assuming that a similar reduction can also be done in more
general cases we can try to obtain information on the extended Virasoro algebras by
generalizing the free field construction as given by Fateev and Zamolodchikov [4].

Though we have not yet completed our analysis, the structure given below is seen
to emerge. Independent arguments for this generalization were presented in sect. 5
of I. The main result is an expression for the conformal dimensions of primary fields
$(p,q) which generate highest weight states for irreducible representations of the
extended coset Virasoro algebras Vir[g ffi g, g,(k,l)]. This information is then used
in the following section to postulate branching rules for certain products of
Kac-Moody representations.

In the following we make frequent use of the notation of Kac and Peterson [2,19]
concerning Kac-Moody algebra theory. The appendix contains a summary of
notation and definitions.

Let g be a finite dimensional, simple, simply-laced Lie algebra. Consider / =
rank(g) free scalar fields <pa(z) with two-point function

= - 2 8°blog(z - w) (3.1)

coupled to a background charge ya. The stress-energy tensor T(z) = Ti2)(z) reads

r(̂ ) = -i«"(¥V)(^) + 'Y'5V(:). (3.2)

The central charge for its corresponding Virasoro algebra is given by

c = / - 2 4 | 7 | 2 . (3.3)
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Let r ( X ; )(z), / = 2, . . . , / , be the expression for a higher order Casimir in the free
field realization.

A set of highest weight states in the spectrum is provided by the vertex operators
Vp(z) = exp(//?<p)(z) which are primary fields of conformal dimension

(3.4)

It is easy to see that the state J^(0)|0) is also a highest weight state w.r.t.

of LhK) eigenvalue, say, h(X'\fi).
In order to construct null-states following Fateev and Zamolodchikov [4] we have

to find solutions to

l . (3.5)

In principle we could take any background charge y, but the most natural general-
ization of the construction in [4] seems to be to take y = aop, where p is the defining
vector of the principal Al embedding in g defined in the appendix. In this case (3.5)
allows for 2/ solutions

/8 = « ± a / , / = 1,2,...,/, (3.6)

where

a + +a_=a0, a+a_=-^, (3.7)

and a(, i = 1,2,..., /, are the simple roots of g.
The fact that the vertex operators

(3.8)

have conformal dimension 1 assures that

^ ) ••• • (3.9)

Certainly (3.6) does not give all solutions to (3.5), but there is reason to expect that
they are precisely the solutions such that

= d -

(3.10)
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This implies that the states

occurring in the Verma module with highest weight vector f^(0)|0) will be null
states. The condition for these states to be non-vanishing is

2a\{n — 1) + 2a + (a/,2Y — /J - wa+a,) = — m — 1, m,n = 1,2,... . (3.12)

This equation can be reduced to

(a i , j 8 )=o + ( l - » ) + « _ ( l - m ) . (3.13)

In terms of the fundamental weights At, i = 1,2,..., /, of g the solution of (3.13)
reads

/?(/>„<?,)=-(/>,« ++?,«-)A, , / = 1 , 2 , . . . , / , /v<?, = 0,l ,2 (3.14)

Writing p = L'i=iPiAi we can interpret the pt, / = 1,2, /, as the Dynkin labelling
of a finite dimensional representation of g. It is convenient to add one more positive
integer p0 to the set {pt} and associate to it a dominant integral Kac-Moody
weight p = If_0 /»A e p1 of level k = Z'^oa

i;Pl.
If one substitutes (3.14) into (3.4) the result is that degenerate representations

L(p, q) of the free field algebra {TiX-\z)} exist for

_ l-c
h{2)(p, q) = (pa + + qa_+ aop, pa + +qa_+aQp) - - ^ - . (3.15)

where

p| 2 = / -2ga 0
2 (dimg), (3.16)

l-c / 4g(dimg)

8 g ( d i m g ) [ - V l-c J- v '

In general the operator product algebra of the fields $(p,q) corresponding to
degenerate representations L(p, q) will involve infinitely many of the fields $(p, q).
Taking however 2a\ = (w + l) /m (or equivalently a2, = \/2m(m + 1)) where m =
g + 1, g + 2, . . . we find the so-called main sequence of minimal models [20] with

, x . / . 8(g + V \ .
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Since the coset charge c( g © g, g, (m - g, 1)) of the diagonal embedding g c g © g
equals c(m) (use (A.10)) we see that this main sequence is the one relevant for the
coset algebra Vir[g © g, g,(m - g,l)]. It should be possible to prove positivity by
using this correspondence.

Comparing the above with the results for g = A$* leads us to the following claim.
Let g be a finite dimensional, simple, simply-laced Lie algebra, g = ga). The

operator algebra Vir[g, k = 1] is minimal in the sense described in sect. 1. The
Cartan subalgebra reduction of the vertex operator representation of Vir[g, 1], which
has c = /, results in a free field representation of this algebra; It corresponds to the
above construction with background charge 0, i.e. m -» oo. The coset operators
f(X'\z), defined for the diagonal embedding gOg®g at level ( m - g , l ) , m =
g + 1, . . . , generate the operator algebra Vir[g, g © g,(m - g, 1)] which differs from
Vir[g, 1] only through the value of the central charge which is now c = c ( m ) < / a s
in (3.18). These c-values, which correspond to the free field construction in the
presence of a background charge with strength al = l/2m(m + 1), are precisely
such that unitary HWM's L(p,q) of the algebra exist. The unitary HWM's for
c = c(m) are parametrized by dominant integral g-weights p and q of level m - g
and m — g + 1 respectively. The fields

© © [*(/».*)] (3-19)

form a closed operator algebra. The conformal dimensions of the fields $(p,q),
found by combining (3.15), (3.17) and (3.18), read

m) = {{m + l)p - mq, {m + 1)^ - mq + 2p)

' • ' 2m(m + l)

p e / > ? * , q £ / T 8 + 1 . (3.20)

Precise information on how the HWM's L(p,q) are contained in level (m ~ g,l)
tensor product representations of g © g is provided by a branching rule which we
present in sect. 4.

If we write (3.20) in terms of the labels r, = /», + 1 and s,f = qt + 1, i = 1,2,...,/,
and the inverse Cartan matrix G of g the expression becomes

m) = ((m + l)r, .- ms,-)G0.((m + l)r, .- ms,) - (g/12)dim g

2m{m + l)

i i

r,,s, = l,2,..., £ < r , < m - l , Y.afc*m. (3.21)
i-i 1=1
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In this form it can more easily be recognized as a generalization of the dimension
formula for the Virasoro algebra [21] and of (2.17) for g = A^\

We stress that the validity of (3.20) and (3.21) in particular hinges on the
assumptions that Vir[(g ©g, g,(k,I)] exists and that eq. (3.10) holds. There is little
doubt that the proposed formula is correct because it passes the following tests.

(i) For all the c-values (3.18) in the region c < 1 [15] one can check that eq. (3.21)
produces A(2) eigenvalues which are allowed by unitarity. Especially interesting is
the case c(£"g

(1) © £8
(1),(2,1)) = 21/22 where the h(2) values given by (3.21) give the

subset of all Virasoro A-values at c = 21/22 contained in the non-standard modular
invariant combination (^410, E6) [22].

(ii) For Vir[/l#Li ® ̂ ft-i* ^ - i » ( L l)} t h e v a l u e s

(3.22)

exactly reproduce the set of c-values of the Z N parafermion algebras [7]. Moreover,
in this case the h<2) values (3.20) agree precisely with the set given by [7,8]. By (3.20)
we have

k,l,m = 0,l,...,N-l, (3.23)

where

(N-a)b a>b

So for instance in the region k> l> m

where

. l(N-l)

=O,l,...,ic, ic = 0A,...,N-m-\
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Formula (3.24) is precisely the result of ref. [8]. The other regions can be identified
similarly.

Let us conclude this section by making a remark about Vir[(g ©g, g,(l, k)\.
From the expression (3.20) for hm{p,q) it is clear that hi2) is at least invariant
under the action of the automorphism group of the weight lattice of g which in
particular contains the Weyl group W(g) of g. In general, however, the eigenvalues
h^Xi\p, q) of the higher order Casimir operators will break this symmetry. Consider
for exampi, the case of g = A^\ By explicitly working out the action of the Weyl
group one finds that h(2) is invariant under the order-6 group S3~W(A2)
generated by two elements R and S with R2 = S3 = 1 which act on the labels \p

p\ *
as

\ [PI

Pi ] \

It is however easy to check from (2.18) that /z(3) is in general only invariant under S.
This breaks the symmetry to Z3 [4]. This breaking also shows up if one computes
the table of h(2) values for all p e P^~\ q<= P™~2. One finds that the h{2) values
are either 3- or 6-fold degenerate. Those which are 3-fold degenerate have h(3)

eigenvalue 0 whereas the 6-fold degenerates split into two sets of 3 with opposite
A(3) eigenvalue.

We expect that in the case g = A$_l one should be able to prove in the same way
that the symmetry of the coset model is ZN, which we know to be the case for the
first term, i.e. Vir[(y4 '̂_i ®-4/J-i, -4jJ-i.(l,l)] where we have shown the correspon-
dence with the Z jy-parafermion models.

4. Branching rules

Let us from now on assume that for g .simple and simply-laced the coset algebra
#""= Vir[g © g, g,(m - g,l)] can be constructed and that our formula (3.21) for the
conformal dimensions of the fields is correct. As pointed out in sect. 2, one expects
If to provide the additional structure necessary to extend the finite reducibility
theorem for the diagonal embedding g c g © g with certain ovalues larger than
unity. In other words, we claim that the irreducible HWM's of g © g at level
(m — g,l) (m = g + 1, g + 2,...) are finitely reducible into irreducible HWVTs of
Sdiag © ̂  at level m - g + 1 for gdiag and coset charge c(m) given by (3.18).

Let xT(p,4) be the character of the irreducible HWM L(p, q) of "W, i.e.

* " /7-c(m)/24Tr /J
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where Lo is the zero component of the coset stress-energy tensor f(z). The full
character also contains information on the L^3) eigenvalue of the states, but the
specialization (4.1) is sufficient for our purposes.

We propose the following branching rule

X.L(r)XL(p)=

for r e P\ , p e P™~g, where the sum runs over all irreducible integrable HWM's
L(q) at level m — g + 1 such that r + p - q is an element of the root lattice AR(g)
of g. xi(A) denotes the character of the HWM L(A) of g in its homogeneous
specialization [2,19] (i.e. only Lo eigenvalues).

For g = A[^ this branching rule is well-known [6]. Though the generalization (4.2)
is presumably hard to prove we make four independent checks which provide strong
evidence for its validity.

(i) In order to prove that both sides of the branching rule (4.2) have the same
transformation property under T -* T + 1 we have to check that the conformal
dimensions on both sides of (4.2) match modulo positive integers. Let L(A) be an
integrable HWM of g at level k = E'=oafw,, then

Therefore

2m(m + l)

- mq,(m + l)p - mq + 2p) (f,r + 2p)
+

(4.4)

Now use that p — q=* —f + a where o e AR(g), and that n = \(a, a) + (r, a)
Z j , 0 for simply-laced g. The expression (4.4) reduces to
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It is not very hard to show explicitly that g(r, r) - 2(r, p) vanishes identically for
all level 1 integrable HWM's L{r) of simply-laced g. This proves our assertion.

(ii) In all the cases we checked (4.2) reproduces the well-known branching rules
for tensor products of the finite dimensional representations of g occurring at the
highest grade of the Kac-Moody HWM. It should be remarked that if one succeeds
in proving (4.2) one actually has a generating formula for branching rules of tensor
products of representations.

(iii) One can use the branching rule (4.2) to construct modular invariant sesqui-
linear combinations of characters (string partition function). For details of this
procedure of constructing modular invariants we refer to ref. [16]. For iP"=
N'v^A^ ® A^\ A^\{m - Z,l)\ the result is the following. First of all, the set
{xT(p q)\P G •P+~3><?e-P+~2} is stable under the modular group. Secondly, there
exist modular invariants of If labelled by three modular invariants Hj$. of A^ at
level k = 1, m — 2> and m — 2. If we use the explicit form of the two A^ invariants
at level 1 [23]

I: (1,1) +(3,3) +(3 ,3) , i.e.//W, = 8AA,- (4-5)

II : (1,1) + (3,3) + (3,3), (4.6)

corresponding to the level 1 WZW models on the group manifolds of SU(3) and
SU(3)/Z3 respectively, the results are

I: HZpp-Hfi-Wj-nd?-?)-(?-?)), (4.7)

II: HZ:ffi-H%-»H#-*8{(p+p')-(q + q')), (4.8)

where 8(X) is defined by

(I X*AR(A2)
K ' \0 otherwise. l '

If we use in particular H}$. = 8AA' for both k = m - 3 and m - 2 we obtain from I

P9,P1 PP 19

Taking into account the redundancy in the labelling with p and q we can rewrite
this as

HZ:P3 -3 V>, *«» V>, *<»> (4.io)

which is precisely the "unitary" combination we would have expected to occur
anyhow. As a second example, if one takes m = 4 (c = 4/5) and uses the known
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SU(3) and SU(3)/Z3 invariants at level 1 and 2, the eqs. (4.7) and (4.8) give a total
of 8 possibilities which can all be identified as either (4.10) or

^ • ^ - V . ^ ' V , -*<3>- (4.H)

However, if we take into account only the r-dependence of the characters (as in
(4.1)) both (4.10) and (4.11) reduce to the partition function of the 3-states Potts
model (eq. (1.7) in I).

From the analogy with the A[^ case one might expect that (4.7) and (4.8) give all
modular invariants for #".

On the other hand, by using the result (4.10) one can for instance inductively
construct the modular invariant partition function at level k for the SU(3)/Z3

WZW model by starting with the level-1 invariant (4.6). One finds successively

k = 2: (1,1) + (8,8) + (3,3) + (3,3) + (6,6) + (6,6),

k = 3: (1 + 10 +10,1+ 10+ 10)+ 3(8,8),

k = 4: (1,1) + (8,8) + (27,27) + (10,10) + (10, IS)

+(6,6)+(6,6) +(3,24) + (3,24) +(24,3)+ (24,3)

+ (151,I51) + (15!, 15^ + (1*2, B 2 ) + (I52,152).

The k = 2 and k = 3 results were already given by Gepner and Witten [23].
It is clear that the above construction can be extended to all simply laced g [24].

It may even be possible to achieve a complete classification of all modular
invariants this way.

(iv) For the special case of g = A$) we have been able to show, by explicitly
acting with the operator L^3) on the highest weight vector occurring on the l.h.s. of
(4.2), that the A(3) eigenvalues given in (2.18) are also in agreement with the
branching rule (4.2)*.

5. Discussion

In this paper we have shown that a coset construction for the 3rd order Casimir
operator Ti3)(z) of vii{.<4$-i, k] exists and we determined the corresponding
operator algebra. In particular this determines the complete coset algebra

* In this way we discovered that eq. (5.6) in ref. [4] is wrong by a factor of 2.
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A2
1], A(

2
l\{kv k2)]- For k2 = 1 this algebra has been shown to reduce miraculously

to Zamolodchikov's spin-3 algebra.
We conjectured the existence of coset algebras Vir[g, g', k] for every Kac-Moody

subalgebra g' of g and gave expressions for the conformal dimensions h(2\p, q) of
a main sequence c = c(m) of minimal models corresponding to the diagonal coset
algebras Vir[g ©g, g , (m-g , l ) ] for simple, simply-laced g. We also postulated
branching rules for HWM's of g © g in terms of HWM's of gdiag © Vir[g © g, g,

< « - f e l ) ] .
It is clear that a lot of work remains to be done in proving these conjectures

(though a number of consistency checks have made them more than plausible) and
extending them to all coset algebras Vir[g, g', k] or even to super Kac-Moody
algebras. We believe that a complete understanding of Vir[g, g',k] might very well
lead to a classification of all (rational) 2D conformal field theories, which would be
of great interest in string theory and statistical mechanics.

In ail the work on 2D conformal field theory which has been done so far there
seems to be an intriguing relationship among a triplet

(i) a (rational) 2D conformal field theory.
(ii) a coset pair (g,g'),

(iii) an integrable lattice model.
In this paper we have tried to work out the relationship between (i) and (ii).
Concerning (iii) we can remark that recently Jimbo et al. [25,26] constructed a
family of exactly solvable two-dimensional lattice models by extending the construc-
tion of "restricted solid on solid" (RSOS) models by Andrews et al. [27]. These
models are based on the weight space of A$_v It is conjectured that the local state
probabilities of these models in the continuum limit are related to the irreducible
decomposition of characters for the coset pair (J4$J'_I ®A^LI, ^{J^i) as is known
for N = 2 [28]. It therefore seems likely that the coset Casimir models we have
constructed are the continuum limits of the RSOS models of Jimbo et al. It would
be very interesting to unravel this correspondence and, in particular, to make
explicit the higher symmetries in these lattice models.

Note added

After completion of this paper we received a preprint by Fateev and Lykyanov
[29] containing results for A^_t agreeing with ours in sect. 3. We also received a
thesis by Hayashi [30] who studied higher order Casimir operators.

We would like to thank M. Jimbo for providing refs. [29,30] and O. Foda for
interesting comments. P.B. and K.S. are financially supported by the "Stichting
voor Fundamenteel Onderzoek der Materie" (FOM) and M.S. is supported by a
SERC/NATO postdoctoral fellowship.
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Appendix

In this appendix we give some conventions for our notation. We will follow
mostly the conventions of Kac and Peterson [2,19].

An untwisted affine Kac-Moody algebra will be denoted by g, its underlying
finite dimensional Lie algebra by g. A bar on a root or weight of g will always
denote the corresponding root or weight in g.

h and h* are respectively the Cartan subalgebra of g and its dual. The simple
roots of g are {a,, / = 0,l , . . . , / = rankg) ch* . Their duals {< , i = 0,l,...,l} ch
are such that the Cartan matrix atj is given by

«„-<«,,<>. (A.I)

The element pe/i* is defined by

( p . O - l , i = 0 , l , . . . , / , (A.2)

and the central element c of g is given by

c-ZaX, (A.3)
i = 0

where the dual coxeter labels a? constitute a left zero eigenvector of the Cartan
matrix djj. The dual Coxeter number g is defined by

g=<P,c>= £ < • (A.4)

The irreducible integrable highest weight modules (HWM's) L(A) are labelled by
the integral dominant weights A:

A e / > + = { A e * * | < X , < > e Z > 0 , i - 0 , 1 , . . . , / } . (A.5)

Every A e P + can be expressed as a sum A =£{_om,A,, where {A,} is a set of
fundamental weights

<A/5a;> = S0., i, 7 = 0 , 1 , . . . , / , (A.6)

and the positive integers mi, = (A, a") are the so-called Dynkin labels of the HWM.
The level k of a A e P+ is the positive integer

*=<A,c>= X>?ro,; (A.7)
/-o



-94-
F.A. Bais et al. / Extended Virasoro algebras (II)

we denote

P \ = { A ^ P + , ( A , c ) = k } . (A.8)

Finally, we often used the Freudenthal strange formula

!£!!_«£! (A.9)
2g 24

and a formula only valid for simple, simply-laced algebras g

d imf= / (g+ l ) . (A.10)
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Chapter VII

EXTENDED CONFORMAL ALGEBRAS

Peter Bouwknegt
Institute for Theoretical Physics, University of Amsterdam
Valckenierstraat 65, 1018 XE Amsterdam, The Netherlands

Abstract

We investigate extensions of the Virasoro algebra by a single primary field
of integer or halfinteger conformal dimension A. We argue that for vanishing
structure constant C&£, the extended conformal algebra can only be associative
for a generic c-value if A = | , 1 , | , 2 or 3. For the other A < 5 we compute
the finite set of allowed c-values and identify the rational solutions. The case
C&£ 5̂  0 is also briefly discussed.
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Receiitly much progress has been made in our understanding of 2-dimensional
Conformal Field Theories (CFT's). An important subclass of all CFT's are those for
which the partition function is composed of finitely.many analytic building blocks.
These are called rational CFT's [1]. It is hard to imagine how this finiteness comes
about for central charges c > 1, unless there is some larger symmetry algebra in the
game. The analytic building blocks would then be the characters of this extended
algebra. So it is argued that one can classify all RCFT's by finding all possible ex-
tensions of the Virasoro algebra.
There is an ambiguity in what one would call the symmetry algebra of a RCFT. We
adopt the convention that the symmetry algebra is a minimal set of primary fields,
forming a closed operator product algebra (OPA), that have to be added to the Vi-
rasoro algebra such that the torus partition function is a finite sesquilinear sum of
irreducible characters of this extended conformal algebra. With this definition it is
very likely that, at least for RCFT's with periodic boundary conditions, only inte-
ger dimension primary fields have to be added [2]. However for fermionic theories,
allowing for anti-periodic fields, it might prove to be convenient to introduce also
halfinteger dimensions.

Motivated by the apparent relation between RCFT's and coset pairs of Kac-
Moody algebras, many extended conformal algebras have been constructed [3,4].
Their representation theory has been investigated by generalizing the Feign-Fuchs
construction [3,5]. Recently, a step towards classification of RCFT's of central charge
c > 1 has been taken by deriving very restrictive conditions on the central charge and
conformal dimensions of the primary fields present in a closed associative OPA [6,7].
The results, however, do not put any restrictions on the possible symmetry algebras,
as defined above.
In this paper we will make an attempt towards clasincation of the symmetry algebras
by considering extensions of the conformal algebra by a single chiral primary field
4>&, of conformal dimension A.
We normalize cj>& such that

^ A = £ [ / ] + CA£[*A] (1)

where [/] and [4>A] stand resp. for the conformal family of the identity operator and
the primary field <j>& [8].
Motivated by the discussion above we will restrict ourselves to integer or halfinteger
A. * Algebras of this type for A < 3 were first systematically analyzed in [10]. The
outcome was that for A = | , 1 , | , 2 and 3 the OPE (1) gives rise to an associative
OPA for a generic value of the central charge c. We will argue that for vanishing

*In fact the condition 2A € Z>o is not too restrictive as it has been shown that algebras of type
(1) require 4A 6 Z > 0 [6].
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structure constant CA^ these are in fact the only possible conformal dimensions. For
C&& ̂  0 it is also possible to take A = 4 and A = 6.

The object of our analysis is the four point correlation function of the primary
field 4>&, which because of projective invariance has the form

)4>dz2)M*3)Mz4) >= (*1 - ^)~2A(Z3 - * 2 r 2 V A ) ( s ) (2)

where x is the anharmonic ratio

(zx - Zi)(z3 - Z2)

Associativity of the extended conformal algebra (1) is equivalent to requiring crossing
symmetry of the four point functions [8]. If only one primary field </>A is present in
the symmetry algebra only the four-point function (2) provides a nontrivial check.
Using the OPE (1) we can express the 'chiraP four point function (2) in terms of the
conformal block functions ^ (A, A', a;) of the intermediate states <j>^

\x) + ... (4)

The . . . stand for the conformal blocks of the primary fields entering in the regular
part of the OPE (1), which are secondary with respect to the extended symmetry
algebra.
The conformal block can be computed perturbatively [8] 2

JF(A, A', x) = xA'-2A £ *» :Fn(A, A') (5)
n>0

On the other hand, if 2A G Z>o one can use (1) to write down Ward identities
expressing the four-point functions in lower order correlation functions [8,10]. The
Ward identities allow one to compute Q^A\x), after which crossing symmetry can
explicitly be verified. This method was employed in [10] for A < 3, but becomes
rather cumbersome for larger A because the OPE-coefficients of the secondary fields
have to be computed explicitly. However, as we will show in the following, using
some ingredients of finite group theory, the possibility of crossing symmetry can be
investigated by means of simple counting arguments.
From the Ward identities one can easily see that the four-point function G^\x) is a £k
linear combination of functions from the set '•>'"

2For the put pose of this paper we computed J\,(A, 0) upto n = 9, and ^"n(A, A') upto n = 3 [9].
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Let us now define the following transformations on meromorphic functions f(x)

(Sf)(x) = x-^fC~)
(Tf)(x) = f(l-x) (<}

For integer A, S and T generate the dihedral group V3, defined by the relations S2 =
T2 = (STf = 1. For halfinteger A, S and T generate the double covering I>6 = C2

P3> defined by S2 = T2 = (ST)6 = 1 [11]. The requirement of crossing symmetry is
the requirement that Cj^A^(x) should be a singlet under V3 for integer A, i.e. transform
according to the identity representation p(S) = l,p(T) = 1. For halfinteger A it
should transform according to the 1-dimensional representation/^ 5) = —1, p(T) = 1.
The set S forms a basis for a reducible representation of D3, resp. D6, which we also
denote by 5. To count the number of independent crossing symmetric functions in H,
we have to count the number of representations p, say Np, that are present in S. This
is most easily done by computing the character XH(<?) — Tr S(g) of the representation
H, for every group element g. The number of representations p can then be computed
by taking inner products

N" = ^G T,X>(9)xz(s) ,iov G = V3 vesp. P 6 (8)

The result is
^ (9)

where
f - 1 if A = 1 mod f

(10)

A basis -[P^ \i = 1,...,Np} for these crossing symmetric functions can easily be
constructed by taking /^-orbits of functions / £ S.

- 1
0
1

2
3 ( /

if
if
if

A = l
& = \
A = 0

1
3^

mod f
mod |
mod |

For instance the orbit of f(x) = ^E is given by

We can express the four-point function (2) as

) = Y:aip^(x) (is)

By comparing the first few terms in the perturbative expansion (5) with the explicit
form of the functions P} the expansion coefficients a, can be computed. In general
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this is an overdetermined system of equations allowing only solutions for specially
chosen values of c. It is this observation that we will analyze in more detail.

First consider the case CA£ — 0. In fact CA^ can only be nonzero for A € 2Z>0,
because of spin statistics and symmetries of (1). In case CA£ = 0 only the conformal
block f(A, 0, x) is present.
The analytic properties of the conformal block functions JT{ A, A', a;) were studied in
[12]. It turns out that J-{A, A',x) is a meromorphic function of c with poles only
in the finite c-plane, their position being determined by the Kac-formula [13]. From
the pole structures in c of the conformal block coefficients ;Fn(A,0) (5) it follows
that the coefficients jT2n(A,0) are linearly independent. Also one can argue that the
coefficients jF2n+i(A, 0) can be expressed as a linear combination of the jF2i., k < n [9].
Obviously, the four point function (2) can only be crossing symmetric for a generic
c-value, if the number of invariants Np is greater or equal than the number of different
pole structures Tn for n £ {0,1,2, . . . , 2A — 1} (i.e. in the singular terms of the OPE
(1)). This only happens for A = \, 1, §, 2 and 3.
Summarizing, we conclude that only for A = | , 1, | , 2 and 3 there are enough invari-
ants to build the conformal block J-(A,0,x) for a generic value of c. Realizations of
these symmetry algebras for A < 2 are well-known. Recently it has been shown that
the A = 3 algebra [10,14] can be realized as the Casimir algebra of SU(3) [3].
For the other A's there appear consistency conditions on the c^ which can only be
solved for a finite set of c-values. We list the cases A < 5:

A _ 5 _ _ 1 3
^ - 2 c ~ 14
A — 7- ~~* r — 2 ! _ i9. _ 161
" 2 22' 6 ' 8

A = 4 ~> c = 86 ±6(V2 (14)
*-* 2 26' 20' 22 ' 10 ' °

It is remarkable that all the rational solutions for c (except for c = —35) are members
of the minimal series [8]

ir - s)2

r(r e'j — i _ e i i_ l]^}

c(r,s) — i — o. {id)
rs

obtained from the level 1 A\ vertex operator realization, by the Feign-Fuchs con-
struction.3 The positive rational solutions are members of the unitary discrete series
[15].
We remark that the rational A = 5 solutions c = f, —7 and — y-p are also members
of the minimal series of the E(6) Casimir algebra [3]

c(r,s) = 6 ( 1 - 12.13. *r ) (16)

3 From the known fusion rules of the minimal models [8] one can of course also obtain a set of
consistent c-values for larger A's.
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Apparently, for the c-values f,—7 and — ̂  the higher order Casimirs of E(6) are
null fields, and the symmetry algebra is effectively reduced to the algebra of the 2nd
and 5th order Casimir only. We believe that in general consistent rational c-values
signify the presence of a minimal series of some extended algebra containing (f>&.
We have no explanation nor interpretation for the occurrence of nonrational consis-
tent c-values. We should stress, however, that (14) only lists the consistent c-values,
obtained by comparing (13) with the singular terms in the perturbative expansion
(5). It may still be possible that some c-values turn out to be inconsistent at a deeper
level in the perturbation expansion. In any case the nonrational solutions wouldn't
correspond to RCFT's, because it has been shown that having a finite set of primary
fields in the operator content of a CFT implies rationality of c [6].

The mechanism which makes associativity of the OPE hold only for special values
of c can be made more explicit. Suppose we have an operator product expansion
between two fields A and B of integer or halfinteger conformal dimension

A{z)B(w) = £ {fBUZ] + iAB}o(w) + ... (17)
Z Wr>0

and normal ordering of A and B is defined by : AB : (z) = {AB}o(z). Then the
normal ordered 'graded' commutator of A and B is given by [3]

Y . T z ) (18)
T>0 r -

Associativity of the OPA implies the Jacobi identity

:[:[A,B]:,C]:(z) + cycl. = 0 (19)

Consider for instance the case A = | . Using the explicit OPE [10] it is straightforward

(20)
to verify

where

that 4

V30 (r
So in general the associator doesn't vanish. However, precisely for c = — j | the
descendant field $ is primary and hence a null state, implying that it decouples from
all correlation functions.

Now if CAA 7̂  0) which is only possible for 2A G Z>0, the analysis is a little more
involved.

4In general it is not sufficient for associativity of the OPA to check (19) for the primary fields only.



-101-

For A = 4 and A = 6 we have seen that the number of terms in JT(A,O,x) with
different pole structures in c exceeds the number of crossing symmetric invariants by
one. So, naively, CA£ provides the required degree of freedom to 'restore' crossing
symmetry for generic c-values. For A = 4 a little calculation, using the expansion of

, A , i ) , confirms this reasoning. The required structure constant becomes

{C A ^ 5 4 ( C + 2 4 ) ( C - 172c +196)
{ AA> (5c + 22)(7c + 68) (2c- l ) [ "'

This A = 4 algebra is supposedly realized by the Casimir algebra of Sp(4). Similarly
the A = 6 algebra is supposed to correspond to the Casimir algebra of G(2) [3,16].
For A > 8 the naive counting would suggest that it is impossible to build a crossing
symmetric four point function for generic c-values. However, we cannot completely
exclude the possibility of cancellation between various terms in the two contributing
conformal block functions.

So far we have discussed extensions of the conformal algebra by a single primary
field. If more primary fields are included then of course there are more four point
functions that have to be analyzed (see e.g. [17]). It is not inconceivable that sim-
ilar counting arguments can be used to extend the analysis of this paper to more
complicated symmetry algebras [16].
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Chapter VIII

LIE ALGEBRA AUTOMORPHISMS,
THE WEYL GROUP AND

TABLES OF SHIFT VECTORS

Peter Bouwknegt
Institute for Theoretical Physics, University of Amsterdam
Valckenierstraat 65, 1018 XE Amsterdam, The Netherlands

Abstract

We discuss the canonical lift of the Weyl group in the automorphism group
of a simple Lie algebra. We give a constructive algorithm to compute the shift
vector for every Weyl group conjugacy class, and provide tables for the simply-
laced Lie algebras of rank < 8.
Applications in physics, such as the equivalence of certain orbifold and twisted
WZW string models, as well as the implication for the moduli space of 2D
conformal field theories are discussed.
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1 Introduction
String theory has been a motivation for a lot of mathematical research. As a result,
our understanding of (infinite dimensional) algebras has rapidly increased. A nice ex-
ample is the Frenkel-KaC-Segal vertex-operator construction, providing a realization
of level-1 highest weight modules for simply-laced Ka6-Moody algebras [1,2]. This
construction is based on the vertex operators used in string theories already some
time ago (see e.g. [3] and references therein). After this construction it was realized
that it implies the equivalence of two a priori different closed string models, namely
a closed bosonic string propagating on the maximal torus of some Lie algebra g and
a closed bosonic string moving on the group manifold of g. These are known as the
torus compactified string and the level-1 Wess-Zumino-Witten (WZW) model [4], re-
spectively. Since then there have been a lot of extensions of these results to fermionic
strings, higher level WZW-models etc. From many points of view a very interesting
extension of the torus and WZW-models are the orbifold and twisted WZW-models,
respectively.
In an orbifold compactincation one considers the propagation of a string on the space
obtained by identifying in flat space points in the orbit of a point-group. In particular
one can consider maximal tori of Lie algebras g, where one divides out subgroups
of the automorphism group Aut(Ajj) of the root lattice AR of g. If one divides out
the finite abelian subgroup generated by a single element w €Aut(AB) one obtains
what is called an abelian orbifold. It has been shown that to every such orbifold
corresponds a 'twisted' realization of a level-1 KaE-Moody highest weight module,
equivalent to the torus realization iff w E W (g), the Weyl group of g , and corre-
sponding to a twisted affine Kai-Moody algebra realization if w E Aut(AR)/W(g)
[5,6] (see also [7,8]).
On the other hand one can obtain 'twisted' realizations of Ka£-Moody algebras by
twisting the boundary conditions of a WZW-model with an automorphism a of the
corresponding Lie algebra g. These twisted WZW-models are conveniently described
by a so-called shift-vector -7 in the dual Cartan subalgebra h* of g.

Because the number of conjugacy classes in Aut(g) is infinite and Aut(Ajj) is a
finite group, there cannot be a 1-1 correspondence between the orbifold and twisted
WZW-models. It has been shown, however, that every orbifold model based on a w E
Aut(Ajj) corresponds to a twisted WZW-model [9], obtained by lifting w into Aut(g),
though the method employed didn't immediately give the corresponding shift-vector
explicitly.
There have been several papers dealing with the determination of the shift vectors
[7,10,11]. The methods that were used can be described as determination by exhaus-
tion. All automorphisms a E Aut(<jr) of a certain finite order were determined, and
some of their properties were compared. The one matching the properties of the
element w E Aut(A^) was then singled out.
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Though this 'brute force' method works well it doesn't give any insight in the un-
derlying mathematical structure, and moreover for high rank groups, and high order
automorphisms it will simply take too much computer time.

In this paper we will discuss an algorithm which allows one to compute the shift
vectors directly, using properties of the automorphisms in regular subalgebras. We
provide tables for the shift vectors corresponding to all w G W (g) for all simply-laced
simple Lie algebras of rank < 8.
These tables are very interesting from a mathematical point of view because they
provide explicit forms of certain generalized theta function identities. From a physical
point of view these identities correspond to the two equivalent ways of computing
the string partition function; by means of the orbifold and the twisted WZW-model.
Another physical application is that the equivalence provides information on the
moduli space of two-dimensional conformal field theories (CFT's), of integer central
charge c. One branch of this moduli space consists of torus compactified scalar
field theories [12], and another branch consists of all possible orbifold versions of
these scalar field theories [13]. The equivalence discussed above gives the intersection
points of these two branches (see [14] for e = 1, and [15] for c > 2).

The paper is organized as follows. In section 2 and 3 we review the classification
of conjugacy classes in the Weyl group W(g) and the automorphism group Aut(g)
and introduce some notation and useful concepts. In section 4 we discuss the lift
of W (g) to a subgroup W of Aut(<?), and explain the algorithm to obtain the shift
vectors. Tables for rank < 8 simply-laced Lie algebras are computed. Section 5
deals with the applications. We briefly review the definition of the orbifold and
twisted WZW-models, and discuss the partition functions as well as their modular
invariance. We point out some properties of the a € Aut(gi) corresponding to a lifted
Weyl group element and make some remarks on the string models and implications
for the moduli space of CFT's of integer c. In an appendix we point out an apparent
relation between conjugacy classes in W{g) and equivalence classes of yli-subalgebras
of g, and speculate on its relevance in the construction of extended conformal algebras.

2 The Weyl group
In the following, let g be a simple, finite dimensional Lie algebra over the complex
numbers C, and let h be its Cartan subalgebra (CSA). To every root /? € A of g one
can associate a reflection rp : h* —»• h* by

x • r 9 AGfe* (21)

The Weyl group W(g) of g is the finite group generated by all reflections rp, 0 6 A. Of
course, W is already generated by the reflections r,- in the simple roots a,-, i = 1 , . . . , /
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of g.

By dualizing, one can also consider the action of W on h. Explicitly,

r>(h) = h - < 0,h > 0V ,h€h. (2.2)

By definition, every Weyl group element w € W can be decomposed as

..rfit ,fteA. (2.3)
The expression (2.3) is called reduced if A; is the least possible value for this w. This
value of k is called the length T[w) of w. One can show that (2.3) is reduced iff
0i... 0k are linearly independent. Moreover, J(w) is the number of eigenvalues of w
distinct from 1, so in particular l(w) < I.
An element w € W is called non-degenerate if det(l — w) ^ 0 (i.e. if l(w) = I).
Among the non-degenerate elements there are a few which play an important role,
the so-called primitive elements, defined by the condition det(l — w) = det(a) where
a is the Cartan matrix of g.
Every w e W is expressible in the form [16]

»£A j€B

where the roots are divided into two disjoint subsets A and B such that each of them
contains only roots which are mutually orthogonal. (Notice that l(w) = I(wi) + T(w2)
and that wi and w% are both involutions.)
One associates a Dynkin-like graph T to each decomposition (2.4) as follows: A vertex
i stands for a root /?,- and the number of links between two vertices is given by

(2.5)

An arrow points to the smallest of the two roots.
It is clear that two elements of W which are conjugated give rise to the same graph
F. Conversely it is not true that T uniquely determines the conjugacy class. The
correspondence is however so close that it is convenient to label the conjugacy classes
of IV by the Dynkin-like diagrams T. The exceptions as well as the determination of
the admissible graphs T for given "W(g) can be found in [16].
It turns out that all the admissible graphs of W (g) correspond to conjugacy classes
of primitive elements in regular subalgebras of g. Because the regular subalgebras of
g are easily found from the extended Dynkin diagram of g [17] this property is very
useful in the application we are about to discuss.
The number of conjugacy classes of primitive elements for An, Bn, Cn, Dn, G2, F4,
E6, E7 and Es are respectively 1,1,1, [ j ] , 1,2,3,5,9. Remarkably, these numbers also
show up as the number of orbits of the extended Dynkin diagram of g under its
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isometry group [5], and also as the number of possible values of the defect cw, to be
discussed in section 5.
The graphs corresponding to the primitive elements can be found in [16,11]. Table 1
lists some properties of the corresponding Weyl group conjugacy classes.
The characteristic polynomial Pw(t) = det^( l — tw) for any Weyl group element can
be found from table 1.
Because the Weyl group elements satisfy

Mi1tt;A,) = (Al,A,) .VAx.AjeA* (2.6)

i.e. they are unitary with respect to the Cartan-Killing form on h*, the eigenvalues
are of the form em<', where e = exp ( ^ ) and N is the order of the Weyl group element.
The set {m,} for the primitive elements is given in table 1.
We have an orthogonal decomposition of h* (and h)

** = ©*&) (2-7)
3=0

in terms of eigenspaces hi* = {A €. h*\wX = eJA}, and we denote by dj = dim hh\
the multiplicity of the eigenvalue e;.
There is a particular primitive conjugacy class which always plays a preferred role.
This is the conjugacy class of the so-called Coxeter element

which is a product over the Weyl reflections in the simple roots of g.
The Coxeter element is the element of highest order in W (g), the order h is called the
Coxeter number of g. The graph T of wc is just the Dynkin diagram of g, and the
set {m,} corresponding to the eigenvalues of wc are in this case called the exponents
of g.

3 Automorphisms of simple Lie algebras

In this section we will review the classification of automorphisms of finite order of
simple, finite dimensional Lie algebras, as obtained by Ka£ [18].
Suppose we are given a simple, finite dimensional Lie algebra g over the complex
numbers C. An automorphism of g is an invertible linear transformation a : g -* g,
satisfying

a[t,y] = [ax,<xy\
[ax,oy] = (x,y) , V x , y 6 g ^ " '

where (x, y) ~ Tr(adi adj/) is the Cartan-Killing form on g.
The set of automorphisms of finite order (i.e. aN = 1 for some N € N) form a group
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Aut(fir).

It is easy to give examples of automorphisms. Let x € g and define ox 6 Aut(g) by

ox = exp (ad x) = Ad(exp x) , (3.2)

then (3.1) is a consequence of the Jacobi identity.
The set of automorphisms that can be written as ax for some x € g is denoted
by Auto(ff) and are called inner or invariant automorphisms. In fact, the inner
automorphisms almost exhaust the set of automorphisms in the sense that Auto(#) is
a normal subgroup of Aut(p) and Aut(g)/Auto(g) is a finite abelian group, isomorphic
to the symmetry group of the Dynkin diagram of g. These will be called outer
automorphisms.

The classification of conjugacy classes in Autfg) is most easily described in the
context of affine Kac-Moody algebras [19].
Let gW be an affine Kac-Moody algebra, g^JT its finite dimensional horizontal Lie
algebra. (For the untwisted affine Kac-Moody algebras gW, we have g^r = g.) Let /
be the rank of g^JT.
To every gW and I + 1-tuple 5 = (so,..., Sj) of relatively prime positive integers, one
can associate an automorphism tr,^ of g of order

(3.3)
i=0

where {a/,* = 0 , . . . , /} is a left zero eigenvector of the Cartan matrix of </*), nor-
malized such that O,Q = 1. The automorphism is uniquely defined through

= Hi

where Ht and Eai are respectively a basis for the CSA and dual simple root system
(i.e. step operators) of g^Jj.
The classification theorem of Kac [18] can be formulated as

• Every a G Aut(#) is conjugated to an automorphism aStk, defined by (3.4),
where s = (SQ, ..., st) is an / + 1-tuple of relatively prime positive integers,
k € {1,2,3} such that gW is an affine Kac-Moody algebra, and / = {

• at>k and a,i/fc. are conjugated if and only if k = k' and s and $' are related by
an automorphism of the Dynkin diagram of (K

• k is the least positive integer for which (ff*,*)* 6 Auto(ff).
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For simplicity we will henceforth restrict ourselves to inner automorphisms a9 =
0»,k=i € Auto(fir), though most of the issues we will consider can straightforwardly be
generalized.
To every automorphism at € Auto(<7) of order N we associate a shift-vector 7, € h*
defined by the inner products

(-&,«<) = £ , t = l , . . . , / (3.5)

or equivalently

7> = ^ v S ( ^ ) S i i ' (3'6)
in terms of the fundamental weights A< of g.
The reason why 7, is called a shift-vector will become clear in section 5, where we
discuss the g^ level-1 character in a specialization given by a,.
By using the shift-vector, the automorphism on every step operator Ea,a € A can
be given as

Every automorphism a € Auto($*) of order N gives an orthogonal decomposition

9 = 0 9U) , (3.8)
i=o

into eigenspaces g^) belonging to the eigenvalue e3, where e = exp ( ^ ) - Let
dj = dim #(;) denote the multiplicity of the eigenvalue e3.
If <rt is the Ka£-automorphism conjugated to 0, and 7, its corresponding shift-vector
then we explicitly have

dj = # { a € A|(7,, a) = j ^ mod 1} + /^>0 . (3.9)

In terms of the multiplicities dj we can calculate for instance the characteristic poly-
nomial

N-l

Pa{t) = deta(l - to) = n (1 ~ te')d>~ , (3.10)
i=o

but they also appear in the very strange formula [19,20]

where

IX (3-12)
«=o
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is the dual Coxeter number of g, and p € h* the principal vector

P=\ E « (3-13)

satisfying

. ̂ P ' " ' ; = 1 , V simple roots a,. (3.14)
(«•, oti)

The well-known Freudenthal-de Vries strange formula appears as the a = \ case of
(3.11).
The advantage of describing an automorphism by means of an / + 1-tuple s, is that
a lot of properties of a, can immediately be read off from s. We have for instance an
exlicit description of the invariant subalgebra g^oy It is the regular subalgebra of g
given by the Dynkin diagram obtained by deleting all the vertices with s* / 0 from
the extended Dynkin diagram of g. To this, one has to add u(l) factors such that
rank(gf(o)) = '• An explicit description can also be given for the g^ modules g^ and

So far we have been concerned with / + 1-tuples s — (so,... , sj) of relatively
prime positive integers, w.r.t. some chosen simple root basis II = {a i , . . . ,ai}. Let
us call such an / + 1-tuple special and the corresponding automorphism by a Ka£-
automorphism. It is ctaar that every relatively prime / + 1-tuple of integers (i.e.
not necessarily positive) uniquely defines an automorphism by (3.4). How do we
determine the KaC-automorphism a, conjugated to a ?
This is equivalent to the determination of a simple root basis II' with respect to which
the / + 1-tuple s' is special.
There exists an algorithm to achieve this [21]. Let s = (s0, • • • ,sj) be an / + 1-tuple
w.r.t. a simple root system H containing negative S{. Pick an arbitrary st0 < 0 and
consider the simple root system II' = rio (II) obtained by reflecting all simple roots in
the hyperplane orthogonal to the simple root a<0. Correspondingly, the / + 1-tuple 5
changes to

s[ = Si - aiios,0 , (3.15)

where o,y is the Cartan matrix of gW. Now repeat the algorithm for the / + 1-tuple
s', etc.
One can prove that this algorithm terminates after a finite number of steps [21].
Let us give an example in g = As. Suppose we have the 4-tuple s — (4 , -1,2,-1) .
We obtain succesively

(4 , -1 ,2 , -1 ) -* (3,1,1,-1)-* (2,1,0,1) , (3.16)

so the automorphism of order 4, determined by 3 = (4,-1,2,-1) is conjugated to
the automorphism s = (2,1,0,1).
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In the next section we will make extensive use of this algorithm when we consider
the determination of the Ka£-automorphism conjugated to the lift of a Weyl group
element in Auto(<j).

4 Lift of W in Auto{g)

There exists a natural lift of W to a finite subgroup W of Auto(g). The generators of
W are defined by

ffi = Ad(x) , / J € A (4.1)

with
x = exp Ep exp -E-0 exp Ep . (4.2)

The lift of a general w 6 W (g) is defined as

w = f0l...f0n (4.3)

if w = rpt... r@n is a reduced decomposition of w into reflections. It is not hard to
show that with this definition

15 I* = w
(44)

If wN = 1 then w^N = 1. In general it is however not true that wN = 1. In fact the
group D generated by the f? is a normal abelian subgroup of W, such that W = "W /D.
Now we are ready to state the main problem of this paper. Given a w € W how do
we determine the Ka£-automorphisni a, which is conjugated to w, the lift of w.
In principle one can try to solve this problem by explicitly trying to find a CSA
h' invariant under w, determining the root space decomposition under h' and the
/ + 1-tuple [SQ, . . . , SJ) with respect to a simple root basis, and, if necessary, rotate
back the associated shift vector 7, to the positive Weyl chamber by the algorithm
of section 3. In practice however it is difficult to find an invariant CSA explicitly.
Fortunately the problem can be reduced to the determination of the shift vector for
the primitive elements w € W in simple Lie algebras only.

In section 2 we have stated the result that all Weyl group elements are conjugated to
primitive elements in (not necessarily simple) regular subalgebras. If the shift vector
7, 6 h* is known in this regular subalgebra it is straightforward to determine an
/ + 1-tuple (soi • • • ,si) associated to -7, € k*, by identifying the regular subalgebra in
the extended Dynkin diagram of g. This / + 1-tuple will contain negative s,-, biit can
be rotated back into the positive Weyl chamber by the algorithm outlined in section
3. Secondly, we observe that the shift vectors of semi-simple subalgebras are just
sums of shift vectors in the simple constituents. This follows straightforwardly from
the definition (3.4) and the fact that the shift vectors in the simple constituents are
orthogonal. So indeed, we have reduced the problem to finding the shift vectors for
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the primitive elements in simple Lie algebras.
For the Coxcter class [we] we can use an old result of Kostant [22] that the lift u>c of
the Coxeter element (2.8) is conjugated to the automorphism a, with 3 = (1 ,1 , . . . , 1).

For simply laced Lie algebras g, the associated shift vector is therefore

7,=(i,i,..,i) = £ f> •

For the other primitive conjugacy classes the general correspondence is not known.
Using, however some properties of 7, it is fairly easy to determine 7, by exhaustion.
We'll come back to this in the next section.
Let us now give some examples in E%.
Consider first the reflection in a root a. This corresponds to the Coxeter element in
A\. Embed A^ say by identifying the root of A\ with a2 in E8. This leads to

s = (4,-1,2,-1,0,0,0,0,0), (4.6)

where s0 is determined by requiring that w has the right order

1

4 = £ ai* = so + 2(~1) + 3(2) + 4(-l). (4.7)
i=0

Notice that we have en-passant multiplied the order by 2, which is required to have
an integer labelling s.
Rotating s back to the positive Weyl chamber one obtains

s = (2,1,0,0,0,0,0,0,0). (4.8)

From this example order-doubling is clearly seen to happen. In fact, it is easy to
convince oneself that the automorphism corresponding to the conjugacy class [w] =
Ai has order 4 in every Lie algebra g ^ Ai.1 Also it is easily seen that if N — ord(u>)
is odd, no order-doubling will occur. More explicit criteria for order-doubling can be
found in [10,11].2

The second example is the class [w] = A2 + A\. Embed A2 + A\ as in figure 2. We
have

«Al = (3,2,-1,0,0,0,0,0,0), N = 4

sA2 = (3,0,-1,1,1,-1,0,0,0), N = 3.

So adding the shift vectors leads to

sM+Al = (9,6, -7,4,4, -4,0,0,0) , N = 12, (4.10)

and after rotation to

t = (4,1,0,0,0,0,0,3,0). (4.11)

'The example in A3 treated in section 3 also corresponds to the class [w] =
2These criteria are also implicit in the vertex operator construction of [5,6].
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Using the knowledge of the primitive shift vectors we have explicitly computed the
shift vectors for all simply-laced simple Lie algebras of rank < 8 (Tables 2-17).

Let us now explain an important property of the automorphisms a G Auto (5)
conjugated to lifts w of w £ W(ff). The property can be defined in terms of the
multiplicity dj of the eigenvalues eJ of a resp. w, as defined in section 2 and 3. First
extend dj to a function on N by defining dj = d(jmod AT), if JV is the order of a resp. w.
Now a function / : N —> N of period N is called quasirational if gcd(i, N) = gcd(j, N)
implies f(i) = f(j). We say that a resp. w is quasirational if the corresponding
function dj is quasirational. It is evident that a resp, w is quasirational if and only
if its corresponding characteristic polynomial has rational coefficients. We observe
(e.g. from table l) that every Weyl group element is quasirational. This can be
understood for instance by realizing that in a simple root basis the matrix of w only
has integer entries. This quasirationality property of w €. ~W (g) carries over to its lift
w e Aut0 (?) [9]-
Summarizing, an automorphism a £Auto(<7) can only be conjugated to a lift w of
w € W (g) if o is quasirational.3 This severely restricts the possible lifts as there are
only a finite number of conjugacy classes of quasirational elements in Auto(g) [23].
If an automorphism T is quasirational all its powers T',J € Z are also quasirational.
If we have the property that T* is conjugated to r for every j such that gcd(j>, N) = 1,
then T is called rational. This property clearly implies quasirationality.
It can be verified that all Weyl group elements w are in fact rational. This property
carries over to the lifts w as well.

5 Orbifolds versus twisted WZW-models

In this section we will show how the results of the previous sections can be used to
establish an explicit correspondence between a class of orbifolds and twisted WZW
models. This correspondence gives rise to mathematically interesting relations, but
also gives information on the moduli space of 2D conformal field theories. Let us first
recall the definition of a twisted WZW-model [24] and determine its spectrum.
In an untwisted WZW-model [4] the basic field takes its values in some group manifold
G. The conserved currents Ja(z) and Ja{z) satisfy periodic boundary conditions and
both satisfy the commutation relations of a Ka£-Moody algebra gW. The spectrum
consists of intej^rable highest weight modules (HWM's) of gW at level k, where k is
related to the topological charge of the WZW-model [25].
To every subgroup M of the automorphismgroup Aut(g) one can associate a twisted
WZW-model, by identifying points in the group manifold G which differ by the
action of an automorphism a € U. For simplicity we will restrict the discussion to
cyclic subgroups of Auto(G). Let N be the order of a generating element a. The

3The converse is not true. The automorphism a,, 3 = (2,1,1,..., 1) is a counterexample in almost
every Lie algebra.
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model has various twisted sectors. The currents in a sector, labelled by an integer
3 = 0,1, . . .,N — 1, satisfy boundary conditions

An analogous equation holds for the right moving components.
In every sector the currents J"{z) still satisfy the commutation relations of a Kac-
Moody algebra [13] which, for inner automorphisms, is isomorphic to the untwisted
Kafc-Moody algebra. The difference however lies in the way the conformal algebra
is realized on the spectrum. In particular, the commutation relation between the
Virasoro generator Lo(o') in the er*-sector and the step operators Ea [z) changes into

[L0(a'),Ea(z)} = -{z±-z + s(ls, a))Ea{z) , (5.2)

if the automorphism cr is rotated into the standard form (3.7).
To obtain the physical spectrum, i.e. the torus partition function Z, of the twisted
WZW-model, we have to combine the various sectors and project, in each sector, on
the states invariant under the automorphism a. The projection operator is given by

_ 1 y-1
• " r=0

So we have
2 = E ZM , (5.4)

0<r,s<N-l

where
Z{r''] = {qq)'^ rYt[arqLa{a')qLo(a')) ,q = e2riT . (5.5)

The partition function of a twisted WZW-model can be expressed in terms of spe-
cializations of the affine Ka£-Moody characters.
The character of an integrable HWM L(A) at level k, is denned as [20]

XA(*, T, t) = <?-^e-2"fc'TrL(A)(e-2^^9(A-A«')), (5.6)

where z G h*, the dual Cartan subalgebra of g, and Ao is the element dual to the
central charge (i.e. the highest weight of the basic representation).
A specialization (a, /?) of XA is an expression of the form

XA |(«,fl(*,»-,0 = XA{Z ~ <* + T0,T,t - {(3,z) + T-{/3,0) + i(a,/?)), (5.7)

where a,/3Eh*.
If the automorphism a G Auto(ff) corresponds to a shift vector 7, G h* then by (5.2)
a state |A > in the HWM L(A) has an energy (A, —Ao + %) relative to the vacuum
energy, and an eigenvalue e25"^'7') under a. Using (5.5) it is now easy to convince
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oneself that the contribution of the HWM L(A) to the partition function Z^T'^ in the
(r, s) sector is given by

-rtm(crg^^-*) = XA )(n.,n.)(0^0) = ̂ {r). (5.8)

If the partition function of the untwisted WZW-model is written in terms of the
untwisted characters XA = XA a s

ûntwisted = £ XA -̂ A.A' XA' , (5.9)
A,A'

where the sum is over the integrable HWM's at level k, then the twisted WZW-model
has a partition function

Z t w i s t e d = l E £ S P T - V A , A ' X A 7 ' ) . (5.10)
0<r,a<AT-l A,A'

(In particular for simply connected group manifolds we have .VA.A' = #A,A' [25].)
If <7(o) is semi-simple (no U(l) factors) then (5.10) can easily be rewritten in terms of
level-fc characters of the Ka£-Moody algebra (<7(o))̂ - Observe thereto that in (5.10)
only left ® right weight combinations (A, A') survive for which

( A - A ' , 7 , ) e Z . (5.11)

To determine these it suffices to look at the decomposition of the HWM's L(A)®L(A')
of gW <g> gW into HWM's L(A) ® £(! ') of (g{0))

{1) ® (ff(o))(1)-4 Then determine the
set (A, A') of highest weights satisfying (5.11). If (5.11) is satisfied for the highest
weights, then all the weights in the HWM satisfy (5.11) because they differ from the
highest weight by the subtraction of simple roots of g^0) which are all orthogonal to
! * •

The modular group SL(2, Z) acts on XA by

(5.12)
There is a beautiful interplay between specializations and modular tranformations
[20]

Xir>) = xiT ta"~")(££!) , (5-13)
which shows that the twisted partition function (5.10) is in fact modular invariant.
The ground state mass shift in (5.8) is adjusted such that (5.12) holds.

4 This decomposition is finite, see e.g. [26] and ref. therein.
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For simply laced Lie algebras of rank I at level 1, the twisted character (5.8) is
explicitly given by [20]

Compared to the untwisted character, the theta function is now taken over a lattice
shifted by —5-7,. This explains the name 'shift vector'. It should be remarked that
(5.14) is often taken as the definition of a shifted torus compactification. We want
to stress that the use of a shift vector is not restricted to level-1, simply laced,
Ka£-Moody modules, but applies to arbitrary levels and also non simply-laced. The
interpretation of 7, as a shift of the compactification lattice holds only for simply-
laced at level 1, though.

The class of orbifolds we are considering are obtained by identifying points on
a maximal torus T' = B}/AR of a Lie algebra g, related by a subgroup of the
automorphism group of the root lattice AR. The automorphism group of AR is given
by Aut(Aij) — W(g) x D[g), where P(g) is a finite abelian group isoinorphic to the
symmetry group of the Dynkin diagram of g. As before we restrict ourselves to cyclic
subgroups of Aut(Aij) generated by an element w € W(g).
A closed string propagating on a torus T' or an orbifold version thereof is described
by a set of / scalar fields XT(z, z) coupled to a background constant rank / anti-
symmetric tensor field BIJ. If the field B" is chosen as [27] 5

(5.15)
1 — wc

then the torus string is known to be equivalent to the level-1 WZW-model based
on the algebra g. For the orbifold models we also take (5.15). The construction of
the spectrum of a closed string propagating on such an orbifold proceeds along the
same lines as explained for the twisted WZW-model. On the spectrum is realized a
KaC-Moody symmetry. The vertex operators in the various sectors can be explicitly
constructed in terms of the scalar fields of the model, where the scalar field has
boundary conditions twisted by powers of w. The difficult part of this construction
is the determination of the zero mode sector. For details on the vertex operator
construction we refer to [5,6,7,8].
For example the contribution of the singlet HWM to the partition function Z^0'1* in
the (r, s) = (0,1) sector is given by

E * ^ ) «***'' . (5.16)

6The crucial property is (1 — w)A.w = Ayj. Because this holds for all primitive elements w one
could alternatively take any other primitive element.
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The denominator

I I I I (1 - I"'*)"' = 11(1 - q*)"> d3 = di mod w , (5.17)
3=0 n>l j>l

gives the contribution of the twisted oscillator modes an_ ± to the partition function.
The sum in the numerator is the zero mode contribution. P(o) (A/e) is the projection
of the root lattice A/e on h*ioy The mass shift of the ground state

is most easily calculated by f-function regularization [28]. Finally the so-called defect
value cw gives the degeneration of the ground state. In can be computed by [5]

Some remarks as to what extent different conjugacy classes in W(g) or Auto(g) give
rise to different string models are in place. It is clear from the construction of the
spectrum, by combining the various twisted sectors, the string model only depends on
the equivalence class of the cyclic subgroup. For two cyclic subgroups, generated by T%
and r2 respectively, to be conjugated it is necessary and sufficient that the generator
Ti is conjugated to some power T\ of the generator T2.6 This doesn't happen in
W(g) because of the rationality property (see section 4), but it certainly happens in
Auto(ff).
More serious is the fact that for two nonconjugated Weyl group elements w1 and w2

it can happen that their lifts W\ and wt are conjugated in Auto(ff), implying also that
the corresponding string models are equivalent. This phenomenon can only occur in
the exceptional groups g = En. We have for example Dt(a,i) ~ 3AX.

The equivalence between the orbifold string model defined b y a w E H ' ( s ) and the
level-1 WZW-model twisted by the lift w e Auto(g) of w can be concluded from the
fact that the untwisted models are equivalent and by observing the analogy in the
construction of the twisted spectrum out of the untwisted spectrum. If we compare
the two ways of calculating the contribution of the basic HWM to the string partition
function in the (0, l)-sector, we find the following identity

6The conjugacy class of r3', for a e Av.to(g), can also be calculated by means of the algorithm of
section 4 (21}.
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By modular transformations one can compute the corresponding identities in other
twisted sectors.
It is possible to give a rigorous proof of (5.20), without making use of the explicit form
of the shift vector for a given Weyl group element [9j. The relation (5.20) contains a
lot of previously known identities such as Macdonald's ^-function, Gauss and Jacobi
identities.7

Instead of looking at the complete identity (5.20), it is instructive to compare
parts by expanding it in powers of q. Comparing the mass shift of the vacuum in the
(0, l)-sector we find the identity

,=o

where dj and m, correspond to the eigenvalues of u> € IV as in section 2.

For the defect cw, i.e. the degeneracy of the vacuum, (5.20) gives

7,) = l} . (5.22)

The possible values of the defect cw have been given in [5]. By inspection we find
the following result (see [10] for Es): If we denote the r.h.s. of (5.22) by c, and we
associate the possible defect values 6,- to the vertices of the extended Dynkin diagram
of g, as indicated in figure 1, then

c, = min{6,[s,- ^ 0} . (5.23)

We have no proof of this other than a case by case verification, but it is clear that this
observation explains the observation of section 2 on the number of possible values of
the defect cw.

After a modular transformation r —• - l / r of (5.20) the following identity is
obtained [9]

(l-ff»)' ' ( '

where (AJJ)(0) = h[0) n AR.
Comparing the coefficient of the term linear in q we find for the trace

Tr a = I + 52 e 2" '^ '^ =TTW + # { a € A\wa = a} . (5.25)

7In [13] the examples [w] = 8At and [tu] = 4AX in g = Eg are treated in detail. In the first case
we have w2 = of = 1, dim A^ = 0, dim A^j = 8, f = | and cw = 16. The equality (5.20) is then
based on Jacobi's triple product formula and Jacobi's 'sequatio identico satis abstrusa '.
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It is these four properties; quasirationality, mass-shift, defect and the trace which
allow for an easy determination of the shift-vectors by exhaustion. This is the way
in which we computed the shift vectors of the non-principal primitive elements.

We conclude this section by making some remarks on the moduli space of two-
dimensional conformal field theories. For c < 1 this moduli space is well understood.
There exists a discrete series of allowed c-values, and for every allowed c-value there
are only a finite number of CFT's. For c = 1 there exists allready a continuum of
CFT's. Apart from a few discrete cases, the moduli space consists of two lines [14].
These lines are realized by a free scalar field compactified on a l-dimensional torus of
arbitrary radius R, and a Z2 orbifold version thereof. The level-1 SU(2) WZW-model
and its twisted versions are all rational models on the torus line, and the Weyl group
orbifold is the intersection point of the two branches.8

For c > 1 the general situation is not well-understood. The WZW-model at certain
level k together with its twisted versions provide an infinite number of rational CFT's
at c = * '̂ffi. Apart from taking tensor products these are in general the only CFT's
which are well-understood. Only for integer c the picture is more complete [15].
We have a continuum of torus compactified scalar fields [12], and orbifold versions
thereof. The equivalence of twisted WZW-models and orbifold models as discussed
in this paper gives intersection points (i.e. multicritical points) of these possible
branches.
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A Appendix
In this appendix we make some speculations on the existence of certain extended
conformal algebras [30]. These speculations are based on the interesting observation
that there seems to be an intimate relation between the classification of conjugacy
classes in W (g) and equivalence classes of .Ai-subalgebras of g.
An Ai-subalgebra is conveniently described in terms of a defining vector S e h*, such
that the positive root a of Ai is given by 26/(6, S) [17]. The Aj-isospin value of a

SA similar picture exists for the c = 1, TV = 1 superconformal moduli space [29].
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weight A 6 h* is given by £(A, 6), as can be seen by projecting A onto 6 9

The Dynkin index [17] of the embedding A\ c-+ g equals j = \{8,6).
Equivalence classes of A^subalgebras are classified by considering certain primitive
.Aj-subalgebras which are maximal in the regular subalgebras of g. Therefore we
can calculate defining vectors of g if the primitive defining vectors in the regular
subalgebras are known, using the same algorithm as for the determination of the
shift vectors. The correspondence becomes even more striking when we consider the
primitive ^-subalgebra with the largest Dynkin index. This is called the principal
Aj-subalgebra. Its defining vector is given by

(«,«*) = 2 i = l , . . . , / , (A.2)

where the a,- are the simple roots of g. The properties of the principal .Aj-subalgebra
are hence remarkably similar to those of the Coxeter class in W (g).
For simply-laced Lie algebras g equation (A.2) implies that for the principal Ax-
subalgebra S = 2p. Hence, for all Weyl group elements in W (g) for which the graph
F is a disconnected sum of Dynkin diagrams of isomorphic simple Lie algebras, the
shift vector coincides upto normalization with the defining vector of the Aj-subalgebra
which is principal in the regular subalgebra described by T. Note however that
this doesn't hold for general semi-simple subalgebras because in general one needs
different normalizations for the shift-vectors in the simple constituents of T.
As a sideremark let us mention that Dynkin classified all Ai-subalgebras upto linear
equivalence (i.e. on the level of branching rules). For classical Lie algebras this is
the same as equivalence under conjugation. For the exceptional Lie algebras this is
not necessarily so. By comparing Dynkins lists with the list of conjugacy classes in
W(g) the abovementioned correspondence seems to indicate that Dynkins lists are
incomplete if equivalence upto conjugation is considered. 10

For every .Ai-subalgebra of g (g not necessarily simply-laced !), there exists an
analog of the mass formula (5.21). Define thereto the set {mi},(2m,- G Z>o) as
the spins of the irreducible Ai-representations contained in the decomposition of the
adjoint representation of g. Let 6 be the defining vector of this Aj-subalgebra. We
have

-£ [ -m, ] [m, + l] = 2(p,tf), (A.3)
t

where [x] = max{n € Z|n < x} denotes the entier function. The proof can be given
by inserting (3.13) and using the definition of S. (Compare ref.fll] for a special

9In particular we have that (A, S) € Z for every weight A of g.
10We have made no attempt to prove this conjecture.
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case.) In particular, for the principal Ai-subalgebra the spins {mi) are precisely the
exponents {ey} of g [22]. If in addition g is simply-laced, one can use (A.2), the
Freudenthal-de Vries strange formula and the relation dim(<?) = /(h + 1) to write
(A.3) as

E | l) (A.4)

This result is exactly the same as what one would obtain from the mass formula
(5.21) for the Coxeter class [wp].
In [30] (see also [31]) equation (A.4) was shown to be related to the BRST quan-
tization of certain conformal field theories with extended symmetries based on the
Casimirs of g. u The set {e^} gives the conformal dimensions of the fields present
in the symmetry algebra. It is tempting to suggest that a similar interpretation is
possible either for all conjugacy classes in W(g) or all integral Ai-subalgebras of g.
In fact, such an interpretation might be the clue to establish closure of the operator
product algebra of these extended conformal field theories.

11 In [30,31] a third order polynomial relation in the exponents was found (see also [111). This relation
is related to the computation of the Dynkin index of the principal Ai-embedding in g, by means of
the branching rule for the adjoint representation of g. It can straightforwardly be generalized to all
.4i-subalgebras of g. Because, unlike (A.4), it doean't seem to be related to any underlying conformal
structure, we omit the formulas.
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Figure and table captions

Figure 1 gives the extended Dynkin diagrams of the simply-laced Lie algebras
with the labels 6,-, from which the defects cm can be computed (see (5.23)). In figure
2 the filled circles give the A2 + Ay regular subalgebra of E& used in the example of
section 4.
In table 1 we give some properties of the primitive Weyl group elements w. The
eigenvalues of w are given as em<, e = exp (^-), where N is the order of w.
Table 2-17 give the shift vectors for the Weyl group conjugacy classes of the simply-
laced simple Lie algebras of rank < 8.
A * indicates that the order of a ~ w is twice the order of w. Other interesting
properties, such as the invariant subalgebra g^0) i

 c a n immediately be read off from
the shift vectors as explained in section 3.
Throughout the text and tables we use the numbering of the Dynkin diagram vertices
of ref. [17], the extended root corresponding to the zeroth vertex.
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Figure 1: Defect values
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O • O • • -

Figure 2: A2 + A\ subalgebra of Eg
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r

Bn,Cn

Dn

Dnifli)

Dn{a2)

G2

F4

Ft(ai)
E6

Ee{ai)
Ee(a2)

E7

E7{ai)
E7{a2)
E7{a3)
E7{a4)

E*
Esiat)
E8(a2)
Eg{a3)
^8(o4)
Es{a5)
E8{a6)
E8{a7)
Es{as)

Ordw

n + 1
2n

2(» - 1)

21cm(2, n - 2)

31cm(3, n - 3)

n

6
12
6
12
9
6
18
14
12
30
6

30
24
20
12
18
15
10
12
6

det(l - tw)

tn + tn~1 + . . . + 1
tn + l

(f-1 + l)(t + 1)
(tn'2 + l){t2 + 1)

(r- 3 + l)(^3 + l)

t2 - t + 1
«4 - <2 + 1

(t2 - t + I)2

(<4-t2 + l)(t2 + t + l)
(i6 + t3 + 1)

(<2 - * + 1)2(*2 + t + 1)
( f 6 - t 3 + l)(* + l)

(t6 - t5 +14 - ts + t2 - i + 1)(< + 1)
(*4 - *2 + l)(t2 - t + l)(t + 1)

(t4 - 1 3 + e -1+i)(t2 -t + i)(t + i)
{t2-t +1)3(* +1)

ts +17 - 1 5 - 1 * -13 +1 +1
t8 -14 +1

«8 - 1 6 +14 - e +1
(t* _ 4» + 1)2

( t 6 - t 3 + l)(i2 - t + 1)
t8 - f7 + tS - t* + t3 - t + 1

(t4 - t3 + t2 - t + I)2

(t4-t2 + l){t2-t + l)2

(t2-t + I)4

l , 2 , . . . , n
l ,3 ,5 , . . . ,2n- 1

1 ,3 ,5 , . . . , 2 n - 3 , n - 1

•

i . , X , t i > , o , . . « , 7 2 - X , 7 l J.

1,5
1,5,7,11
1,1,5,5

1,4,5,7,8,11
1,2,4,5,7,8
1,1,2,4,5,5

1,5,7,9,11,13,17
1,3,5,7,9,11,13
1,2,5,6,7,10,11

3,5,9,15,21,25,27
1,1,1,3,5,5,5

1,7,11,13,17,19,23,29
1,5,7,11,13,17,19,23
1,3,7,9,11,13,17,19
1,1,5,5,7,7,11,11

1,3,5,7,11,13,15,17
1,2,4,7,8,11,13,14

1,1,3,3,7,7,9,9
1,2,2,5,7,10,10,11

1,1,1,1,5,5,5,5

Table 1: Properties of primitive Weyl group elements
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r

0
Ax

Order

1
2

(i.o)
(1,1)

Table 2: Ay.

r

0
At

A2

Ord<r

1
4*
3

Table 3

(1,0,0)
(2,1,1)
(1,1,1)

: A*

r

0
Ax

2Ai

A2

A3

Order

1
4*
2
3
4

•s.-

(1,0,0,0)
(2,1,0,1)
(1,0,1,0)

(1,1,0,1)
(1,1,1,1)

Table 4: As
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r

0
Ax

2Ai
A2

A2 + At
As
AA

Ordtr

1
4*
4*
3

12*
8*
5

(1,0,0,0,0)
(2,1,0,0,1)
(2,0,1,1,0)
(1,1,0,0,1)
(4,1,3,3,1)
(2,2,1,1,2)
(1,1,1,1,1)

Table 5: A4

r

0
Ax

2Ax
At

%AX

A2 + Ai
As

2A2

As + Ai
At
As

Orda

1
4"
4*
3
2

12*
8*
3
8*
5
6

Si

(1,0,0,0,0,0)
(2,1,0,0,0,1)
(2,0,1,0,1,0)
(1,1,0,0,0,1)
(1,0,0,1,0,0)
(4,1,3,0,3,1)
(2,2,1,0,1,2)
(1,0,1,0,1,0)
(2,1,1,2,1,1)
(1,1,1,0,1,1)
(1,1,1,1,1,1)

Table 6: As
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r
0

Ax

2AX

A2

3Ai
A2 + Ax

As

At + 2Ai
2A2

Az + Ax

A<
As + Av
A4 + Ai

A,
A6

Order

1
4*
4*
3
4*

12'
8*

12*
3
8*
5

24*
20*
12*
7

Si

(1,0,0,0,0,0,0)
(2,1,0,0,0,0,1)
(2,0,1,0,0,1,0)
(1,1,0,0,0,0,1)
(2,0,0,1,1,0,0)
(4,1,3,0,0,3,1)
(2,2,1,0,0,1,2)
(4,1,0,3,3,0,1)
(1,0,1,0,0,1,0)
(2,1,1,1,1,1,1)
(1,1,1,0,0,1,1)
(6,1,5,3,3,5,1)
(4,3,1,4,4,1,3)
(2,2,2,1,1,2,2)
(1,1,1,1,1,1,1)

Table 7: Ae
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r

0
At

1AX

A2

3At
A-t + At

A3

AAX

A2 + 2Ai
2A2

A3 + Ax
A,

2A2 + At
A3 + 2At
A3 + A2
A4 + A1

A5

2A3

A4 + A2

Ah + At
A6

A7

Order

1
4*
4*
3
4*
12*
8'
2

12*
3
8*
5

12*
8*
24*
20*
12*
4
15
6
7
8

s»

(1,0,0,0,0,0,0,0)
(2,1,0,0,0,0,0,1)
(2,0,1,0,0,0,1,0)
(1,1,0,0,0,0,0,1)
(2,0,0,1,0,1,0,0)
(4,1,3,0,0,0,3,1)
(2,2,1,0,0,0,2,1)
(1,0,0,0,1,0,0,0)
(4,1,0,3,0,3,0,1)
(1,0,1,0,0,0,1,0)
(2,1,1,1,0,1,1,1)
(1,1,1,0,0,0,1,1)
(4,0,1,3,0,3,1,0)
(2,1,0,1,2,1,0,1)
(6,1,5,3,0,3,5,1)
(4,3,1,4,0,4,1,3)
(2,2,2,1,0,1,2,2)
(1,0,1,0,1,0,1,0)
(3,1,2,3,0,3,2,1)
(1,1,0,1,1,1,0,1)
(1,1,1,1,0,1,1,1)
(1,1,1,1,1,1,1,1)

Table 8: A7
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r

0
Ax

2AX

A2

3Ai
A2 + At

As

AAx
A2 + 2Ai

2A2

A s + Ai
A4

A2 + 3Ai
2A2 + Ax

A3 + 2AX

As + A2

Ai + Ax

A5

3A2

2AS

A3 + A, + Ai
A4 + 2Ai
A4 + A2

As + Ai
Ae

A4 + A3
A5 + A2
A6 + Ai

A7

As

Order

1
4*
4*
3
4*

12*
8*
4*
12*
3
8*
5

12*
12*
8*
24*
20*
12*
3
8*

24*
20*
15
12*
7

40*
12*
28*
16*
9

(1 0

(2,1
(2,0

(1,1

0

0
1
0

(2,0,0
(4,1,
(2,2,
(2,0,
(4 1
(1,0,
(2,1,
(1 ,1 ,
(4 ,1 ,
(4,0,
\ ' '
(2,1,
(6,1,
(4,3,
(2,2,

3,
1,

0
0
0
0
1

Si

0 0
0,0
0,0
0,0
0,0,

0,0,0,
0

0,0
0

1,
1,
1,
0,
1,
0,
5,
1,
2,

(1,0,0,
(2,0,
(6,1,
(4,3,
(3,1,

2,
2,
0,
2,

(2,2,0,
(1,1,
(8,1,
(2,1,
(4,4,
(2,2,
(1,1,

1,
7,
1,
1,
2,
1,

3
o,
1,

n 0 0)
0,0,1)
0,1,0)
0,0,1)
1,0,0)
0,3,1)

0,0,0,2,1)
1,1,
0 0
0,0,
0,0,

0,0,0,
0,
3

1,
3,
4,
1,
1,
0,
3,
1,
3,
2,
1,
3,
2,
3,
2,
1,

3,3,
0,0,
1,1,

0,0,0)
3,0,1)
0,1,0)
1,1,1)
0,1,1)
0,0,1)
3 1 0)
1,0,1)

0,0,3,5,1)
0,0,
0,0,
0,0,
1,1,
3,3,
4,4,
0,0,
1,1,
0,0,
5,5,
1,1,
4,4,
1,1,
1,1,

4,1,3)
1,2,2)
1,0,0)
0,2,0)
3,2,1)
1,0,3)
3,2,1)
2,0,2)
1,1,1)
3,7,1)

2,1,1)
3,1,4)
2,2,2)

1,1,1)

Table 9: A8
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r

0
At

(2A1y
{2A,)"

A2

D2

Dz + Ai
Ds

2D2

Di
A(oi)

Order

1
4*
2
2
3
2
4
4
4*
4
2
6
4

s<

(1,0,0,0,0)
(2,0,1,0,0)
(1,1,0,0,0)
(1,0,0,1,0)
(1,0,1,0,0)
(1,1,0,0,0)
(1,0,1,1,0)
(1,0,1,0,1)
(1,1,0,1,1)
(1,1,1,0,0)
(0,0,1,0,0)
(1,1,1,1,1)
(1,1,0,1,1)

Table 10: D4

r

0
At

2AX

A*
D2

A2 + A!
A3

D2 + Ai
Ds

At

D2 + A2

Ds + Ai
2D2

D4

Di{ai)
Ds + D2

Ds
D5{ai)

Orda

1
4*
4*
3
2

12'
8*
4*
4
5
6
4
2
6
4
4
8
12

Si

(1,0,0,0,0,0)
(2,0,1,0,0,0)
(2,0,0,0,1,1)
(1,0,1,0,0,0)
(1,1,0,0,0,0)
(4,0,1,0,3,3)
(2,0,2,0,1,1)
(1,1,0,1,0,0)
(1,1,1,0,0,0)
(1,0,1,0,1,1)
(1,1,0,2,0,0)
(1,0,0,1,1,0)
(0,0,1,0,0,0)
(1,1,1,1,0,0)
(1,1,0,1,0,0)
(0,0,1,1,0,0)
(1,1,1,1,1,1)
(2,2,1,1,2,2)

i

Table 11:
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r

0
A,

2Ai
A2

D2

(3A,y
(3A1)"

A2 + A1
A3

D2 + Ai
D3

2A2

As + Ai
Ai

D2 + 2Ai
D2 + A2
Ds + Ax

2D2

Di
D4(ai)

As

D2 + As

2Z?2 + Ax

D3 + A2

Dt + Ai
D^) + Ax

Ds + D2

D5

A>(d)
3Z>2

2DS

D4 + D2

D6

D6{ai)
D6(a2)

Order

1
4'
4*
3
2
2
2

12*
8*
4*
4
3
8*
5
4*
6
4
2
6
4
6
8*
4*
12

12*
4
4
8
12
2
4
6
10
8
6

(1,0,0,0,0,0,0)
(2,0,1,0,0,0,0)
(2,0,0,0,1,0,0)
(1,0,1,0,0,0,0)
(1,1,0,0,0,0,0)
(1,0,0,0,0,1,0)
(1,0,0,0,0,0,1)
(4,0,1,0,3,0,0)
(2,0,2,0,1,0,0)
(1,1,0,1,0,0,0)
(1,1,1,0,0,0,0)
(1,0,0,0,1,0,0)
(2,0,1,0,1,2,0)
(1,0,1,0,1,0,0)
(1,1,0,0,0,1,1)
(1,1,0,2,0,0,0)
(1,1,0,0,1,0,0)
(0,0,1,0,0,0,0)
(1,1,1,1,0,0,0)
(1,1,0,1,0,0,0)
(1,0,1,0,1,1,0)
(1,1,0,2,0,1,1)
(0,0,1,0,1,0,0)
(2,2,0,1,3,0,0)
(2,2,1,0,1,2,2)
(1,1,0,0,0,1,1)
(0,0,1,1,0,0,0)
(1,1,1,1,1,0,0)
(2,2,1,1,2,0,0)
(0,0,0,1,0,0,0)
(0,0,1,0,1,0,0)
(0,0,1,1,1,0,0)
(1,1,1,1,1,1,1)
(1,1,1,0,1,1,1)
(1,1,0,1,0,1,1)

Table 12: D6
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r
0

Ax
2Ax
A2

D2

3Ai
A2 + Ax

A3

D3
A _ L *> A

2A2

As + Ax
A*

D2 + 2Ax
D2 + A2

2D2

D4

D4\<ii)
Az + A2

A5

D2 + A2 + Ai

2i?2 + Ax

Ds + 2Ax
D3 + A2
Di + Ax

D4{ax) + Ax
Ds + D2

Or&o

1
4*
4*
3
2
4*
12-"
8*
4*
4

12'
3
8*
5
4*
6
4
2
6
4

24*
20*
12*
12*
8*
4*
4
12
12*
4
4

(1,0,0,0,0,0,0,0)
(2,0,1,0,0,0,0,0)
(2,0,0,0,1,0,0,0)
(1,0,1,0,0,0,0,0)
(1,1,0,0,0,0,0,0)
(2,0,0,0,0,0,1,1)
(4,0,1,0,3,0,0,0)
(2,0,2,0,1,0,0,0)
(1,1,0,1,0,0,0,0)
(1,1,1,0,0,0,0,0)
(4,0,1,0,0,0,3,3)
(1,0,0,0,1,0,0,0)
(2,0,1,0,1,0,1,1)
(1,0,1,0,1,0,0,0)
(1,1,0,0,0,1,0,0)
(1,1,0,2,0,0,0,0)
(1,1,0,0,1,0,0,0)
(0,0,1,0,0,0,0,0)
(1,1,1,1,0,0,0,0)
(1,1,0,1,0,0,0,0)
(6,0,1,0,5,0,3,3)
(4,0,3,0,1,0,4,4)
(2,0,2,0,2,0,1,1)
(2,2,0,1,0,3,0,0)
(1,1,0,2,0,1,0,0)
(0,0,1,0,1,0,0,0)
(1,1,0,0,0,0,1,1)
(2,2,0,1,3,0,0,0)
(2,2,1,0,1,2,0,0)
(1,1,0,0,0,1,0,0)
(0,0,1,1,0,0,0,0)

Table 13: D7
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D5

D5(ai)
Ae

D2 + A4
2D?. + A2

D3 + D2 + A\
D3 + A3

j), 4. ̂ 4,
Ds + Ai

Ds{ax) + Ai
3D2

2D3

Dt + D2

Ds

De{ai)
D6(a2)

D3 + 2 A
D4 + D3

D4(oi) + D s

D6 + D2

D7

D7{ai)
D7(a2)

8
12
7

10
6
4
8*
6
8
12
2
4
6
10
8
6
4
12
4
8
12
20
24

(1,1,1,1,1,0,0,0)
(2,2,1,1,2,0,0,0)
(1,0,1,0,1,0,1,1)
(1,1,0,2,0,2,0,0)
(0,0,1,0,2,0,0,0)
(0,0,1,0,0,1,0,0)
(1,1,0,1,1,0,1,1)
(1,1,0,0,1,1,0,0)
(1,1,1,0,0,1,1,1)
(2,2,1,0,0,1,2,2)
(0,0,0,1,0,0,0,0)
(0,0,1,0,1,0,0,0)
(0,0,1,1,1,0,0,0)
(1,1,1,1,1,1,0,0)
(1,1,1,0,1,1,0,0)
(1,1,0,1,0,1,0,0)
(0,0,0,1,1,0,0,0)
(0,0,2,1,1,2,0,0)
(0,0,1,0,0,1,0,0)
(0,0,1,1,1,1,0,0)
(1,1,1,1,1,1,1,1)
(2,2,2,1,1,2,2,2)
(3,3,1,2,2,1,3,3)

Table 13: D7 continued
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r

0
Ai

2Ai
A2

D2

ZAi
A2 + Ax

As

D-z + Ai
D3

(4^)"
A2 + 2Ax

2Ai

As + Ai
A4

Di + 2At
D2 + A2

Dz + Ax

2D2

Dt

A(oi)
2A2 + At

(A» + 2A1)
1

{As + 2A1)
n

A3 + A2

At + Ai
A5

D2 + 3Ai
D2 + A2 + Ai

D2 + A3

2A + Ax

Order

1
4*
4*
3
2
4*
12*
8*

r
4
2
2

12*
3
8*
5
4*
6
4
2
6
4

12*
8*
8*

24*
20*
12*
4*

12'
8*
4*

Si

(1,0,0,0,0,0,0,0,0)
(2,0,1,0,0,0,0,0,0)
(2,0,0,0,1,0,0,0,0)
(1,0,1,0,0,0,0,0,0)
(1,1,0,0,0,0,0,0,0)
(2,0,0,0,0,0,1,0,0)
(4,0,1,0,3,0,0,0,0)
(2,0,2,0,1,0,0,0,0)
(1,1,0,1,0,0,0,0,0)
(1,1,1,0,0,0,0,0,0)
(1,0,0,0,0,0,0,0,1)
(1,0,0,0,0,0,0,1,0)
(4,0,1,0,0,0,3,0,0)
(1,0,0,0,1,0,0,0,0)
(2,0,1,0,1,0,1,0,0)
(1,0,1,0,1,0,0,0,0)
(1,1,0,0,0,1,0,0,0)
(1,1,0,2,0,0,0,0,0)
(1,1,0,0,1,0,0,0,0)
(0,0,1,0,0,0,0,0,0)
(1,1,1,1,0,0,0,0,0)
(1,1,0,1,0,0,0,0,0)
(4,0,0,0,1,0,3,0,0)
(2,0,1,0,0,0,1, ft, 2)
(2,0,1,0,0,0,1,2,0)
(6,0,1,0,5,0,3,0,0)
(4,0,3,0,1,0,4,0,0)
(2,0,2,0,2,0,1,0,0)
(1,1,0,0,0,0,0,1,1)
(2,2,0,1,0,3,0,0,0)
(1,1,0,2,0,1,0,0,0)
(0,0,1,0,1,0,0,0,0)

Table 14: D8



-138-

D3 +
£>3 +
Di +

D4(a!)
-D3 +

D
D5{
[2A
(0 A

A4 +
{A5 +
{A5 +

At

D2 +
D2 +

2D2 +
2D2-{

D3 + A.

Dz +
D4 +
D4 +

D${ai)
ZD
2D

D4 +
D<

As(«
D6(c
(A7

(Ar)

2Ai

A2

Ax
+ Ay

D2

5

* i )

3 ) '

s ) "

A2

Ax)'
A,)"
5

2^2

• A2
i + Ai
i + Ax

A2

At
+ -A1
2

3

D2

4
12

12*
4
4
8
12
4
4
15
6
6
7
6
10
4*
6
12
4
8*

12*
6
8
12
2
4
6
10
8
6
8
8

(1
(2
(2
(1
(0
(1
(2
(1
(1
(3
(1
(1,
(1
(1,
(1,
(0,
(0

(2,

1,
2,
2,
1,
0,
1,
2,
0,
0,
0,
0,
0,
0,
1,
1,
0,

n
2,

(0,0,

(1,
(2,
(1,
(1,
(2,

1,
2,
1,
1,
2,

0
0
1,

o,
1,
1,
1,
0,
0,
1,
1,
1,
1,
0,
0,
1,
1
0,
1,

o,
1,
0,
1,
1,

(0,0,0,
(0,0,
(0,0,

(1,
(1,
(1,
(1,
(1,

1,
1,
1,
0,
0,

1,
1,
1,
1,
0,
1,
1,

o,
1,
0,

0
3
1

0,0

1,
1,
1,
0,
0,
0,
0,
0,

o,
0,
2,
0,
0,
1,
0,
1,

0
1
2
1
1
2,
0,
0,
1,
0,
0,
0,
?,

0,

o,
1,

0,1,0,0)
0,0,0,0)
2,0,0,0)
1,0,0,0)
0,0,0,0)
0,0,0,0)
0,0,0,0)
0,0,1,0)
0,0,0,1)
0,3,0,0)
0,1,1,0)
0,1,0,1)
0,1,0,0)
2,0,0,0)
2,0,0,0)
0,1,0,0)
0,0,0,0)
0,3,0,0)
1,0,0,0)
0,1,0,0)

0,0,0,1,2,2)
0,
0,
0,
1,
0,
1,
1,
0,
1,
0,
0,

1,
0,
0,

1,0,0,0)
1,1,0,0)
1,2,0,0)

0,0,0,0,0)
1,
1,
1,
1,
0,
1,
1,

0,0,0,0)
0,0,0,0)
1,0,0,0)
1,0,0,0)
1,0,0,0)
0,1,1,0)
0,1,0,1)

Table 14: D8 continued
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D2 + As

2D2 + A3

3D2 + Ai
D3 + A4

D3 + D2 + A2

2D3 + Ai
D4 + A3

D4(a,i) + A3

D5 + A2

JDs(oi) + A2

D6 + Ax
D6(ai) + Ai
^6(02) + M

D3 + 2D2

D4 + D3

D4{ai) + D3

Ds + D2

D7

D7(ai)
D7{a2)

4D2
2D3 + D2

D4 + 2D2

2D4

2D4(ai)
DB + D3

Ds(a{) + Dz

D6 + D2

D8
D8(ai)
D8{a2)
Ds{a3)

12*
8*
4*
20
12
4
24
8*
12*
24
12

20*
8

12*
4
12
4
8
12
20
24
2
4
6
6
4
8
12
10
14
12
30
8

(1,1,0,2,0,2,0,1,1;
(0,0,1,0,2,0,1,0,0)
(0,0,0,1,0,1,0,0,0)
(2,2,0,3,1,0,4,0,0)
(0,0,2,0,1,3,0,0,0)
(0,0,1,0,0,0,1,0,0)
(3,3,0,1,4,1,0,3,3)
(1,1,0,1,0,1,0,1,1)
(0,0,2,1,0,1,2,0,0)
(3,3,1,0,2,3,3,0,0)
(2,2,0,0,1,1,2,0,0)
(2,2,2,1,0,1,2,2,2)
(1,1,1,0,0,0,1,1,1)
(2,2,0,1,0,1,0,2,2)
(0,0,0,1,1,0,0,0,0)
(0,0,2,1,1,2,0,0,0)
(0,0,1,0,0,1,0,0,0)
(0,0,1,1,1,1,0,0,0)
(1,1,1,1,1,1,1,0,0)
(2,2,2,1,1,2,2,0,0)
(3,3,1,2,2,1,3,0,0)
(0,0,0,0,1,0,0,0,0)
(0,0,0,1,0,1,0,0,0)
(0,0,0,1,1,1,0,0,0)
(0,0,1,0,1,0,1,0,0)
(0,0,1,0,0,0,1,0,0)
(0,0,1,1,0,1,1,0,0)
(0,0,2,1,0,1,2,0,0)
(0,0,1,1,1,1,1,0,0)
(1,1,1,1,1,1,1,1,1)
(1,1,1,1,0,1,1,1,1)
(3,3,2,1,3,1,2,3,3)
(1,1,0,1,0,1,0,1,1)

Table 14: DH continued
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r
0
Ai
2Ai

A2
3At

A2 + At

A3
*Ai

A2 + 2 Ax
2A2

Ai + Ai
A*
D4

D4{ai)
2A2 + A!
A3 + 2AX
.44 + ^1

A5
Ds

3A2
As + Ai

Ee
E6(ai)
E6{a2)

Orda

1
4*
4*
3
4*
12*
8*
2
12*
3
8*
5
6
4
12*
8*
20*
12*
8
24*
3
6
12
9
6

(1,0,0,0,0,0,0)
(2,0,0,0,0,0,1)
(2,1,0,0,0,1,0)
(1,0,0,0,0,0,1)
(1,0,0,1,0,0,0)
(4,3,0,0,0,3,1)
(2,1,0,0,0,1,2)
(0,0,0,0,0,0,1)
(2,0,1,2,1,0,0)
(1,1,0,0,0,1,0)
(2,1,1,0,1,1,0)
(1,1,0,0,0,1,1)
(1,0,0,1,0,0,1)
(1,0,0,1,0,0,0)
(1,1,0,3,0,1,0)
(0,0,1,0,1,0,2)
(3,1,3,1,3,1,0)
(2,2,1,0,1,2,1)
(1,1,0,1,0,1,1)
(4,3,1,2,1,3,2)
(0,0,0,1,0,0,0)
(0,0,1,0,1,0,1)
(1,1,1,1,1,1,1)
(1,1,1,0,1,1,1)
(1,1,0,1,0,1,0)

Table 15: E6
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r
0

At
A2

2Ay

As

A2 + Ai

{3Al)'n

(Az + Ai)'
(As + A,)"

2A2

A2 + 2Ar
(4Ai)'
(4A0»

DA

(As)'
(As)"

At + At

As + A2

(A3 + 2AJ'
(̂ 3 + 2^)"

2A2 + Ai
A2 + 3J4.I

5 ^
Ds

2M«i)

Ordtr

1
4*
3
4*
8*
12*
4*
2
5
8*
8*
3

12*
2
4*
6
4

12*
6

20*
24*
8*
8*
12*
6
4*
8

12*
24*
4

(1,0,0,0,0,0,0,0)
(2,1,0,0,0,0,0,0)
(1,1,0,0,0,0,0,0)
(2,0,0,0,0,1,0,0)
(2,2,0,0,0,1,0,0)
(4,1,0,0,0,3,0,0)
(1,0,1,0,0,0,0,0)
(1,0,0,0,0,0,1,0)
(1,1,0,0,0,1,0,0)
(2,0,0,1,0,1,0,0)
(2,1,0,0,0,1,2,0)
(1,0,0,0,0,1,0,0)
(2,0,2,1,0,0,0,0)
(0,1,0,0,0,0,0,0)
(1,0,0,0,0,0,1,1)
(1,1,1,0,0,0,0,0)
(1,0,1,0,0,0,0,0)
(2,1,0,1,0,2,0,0)
(1,1,0,0,0,1,1,0)
(3,0,1,3,0,1,0,0)
(4,0,2,1,0,5,0,0)
(0,2,0,1,0,0,0,0)
(1,0,1,0,1,0,1,0)
(1,0,3,0,0,1,0,0)
(1,0,0,0,0,0,1,2)
(0,1,0,0,0,1,0,0)
(1,1,1,0,0,1,0,0)
(2,1,0,0,0,1,2,2)
(4,2,2,1,0,3,0,0)
(1,0,0,0,0,0,1,1)

V
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Ae
(As + A!)'
{As + A!)"
Ai + Ai

2A3

A3 + A2 + Ai
A3 + 3At

3A2

&Ai

Ee

D6

D5+At
DA + 2Ai

D&(ai)
D6{a2)
E6(ai)
E6{a2)

Ds{ai) + A±

A7

Af> + A2

2A3 + Ai
7Ai
E7

De + At
D^fa) + A\

DA + 3Ai
E7(ai)
E7\a2)
E7(a3)
E7(a4)

7
12*
6
15
4

24*
8*
3
4*
12

20*
8

12*
8

12*
9
6

24*
8
6
4
2
18
10
6
6
14
12
30
6

(1,0,0,1,0,1,0,0)
(1,0,1,1,1,0,1,0)
(0,1,0,1,0,0,0,0)
(1,0,2,1,0,2,0,0)
(0,1,0,0,0,1,0,0)
(1,0,3,0,3,0,1,2)
(0,1,0,0,0,1,0,2)
(0,0,1,0,0,0,0,0)
(0,0,0,1,0,0,0,0)
(1,1,1,1,0,1,0,0)
(2,2,1,0,1,2,2,1)
(1,0,0,1,0,0,1,1)
(0,2,0,1,0,2,0,0)
(1,1,0,0,0,1,1,1)
(2,0,1,0,1,0,2,1)
(1,1,0,1,0,1,0,0)
(1,0,1,0,0,1,0,0)
(3,0,1,2,1,0,3,2)
(0,1,0,1,0,1,0,0)
(0,0,1,0,1,0,0,0)
(0,0,0,1,0,0,0,0)
(0,0,0,0,0,0,0,1)
(1,1,1,1,1,1,1,1)
(0,1,0,1,0,1,0,1)
(0,1,0,0,0,0,1,1)
(0,0,0,1,0,0,0,1)
(1,1,1,0,1,1,1,1)
(1,1,0,1,0,1,1,1)
(3,2,1,2,1,2,3,1)
(1,0,0,1,0,0,1,0)

Table 16: E7 continued
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r

0
A1
2AX
A2
3Ai

A2 + Ai
A3
(4AJ
(4^i)"

A2 + 2Ax
2A2

As + Ai
Ai

D*
DA(ai)
5At

A2 + 3At
2A2 + Ai
(As + 2Al)'
{As + 2AJ"
Aa + Ai
At + At
A&

DA + A1
£>4(ai) + A!

D5
A>(ai)

Orda

1
4*
4*
3
4*
12*
8*
4'
2
12'
3
8*
5
6
4
4*
12*
12*
8*
8*
24*
20*
12*
12*
4
8
24*
4*

(1,0,0,0,0,0,0,0,0)
(2,1,0,0,0,0,0,0,0)
(2,0,0,0,0,0,0,1,0)

(1,1,0,0,0,0,0,0,0)

(1,0,1,0,0,0,0,0,0)
(4,1,0,0,0,0,0,3,0)
(2,2,0,0,0,0,0,1,0)

(1,0,0,0,0,0,0,0,1)

(0,1,0,0,0,0,0,0,0)
(2,0,2,1,0,0,0,0,0)

(1,0,0,0,0,0,0,1,0)

(2,0,0,1,0,0,0,1,0)
(1,1,0,0,0,0,0,1,0)
(1,1,1,0,0,0,0,0,0)

(1,0,1,0,0,0,0,0,0)

(0,1,0,0,0,0,0,1,0)
(2,0,0,0,0,0,1,0,2)
(1,0,3,0,0,0,0,1,0)

(1,0,1,0,0,0,1,0,0)

(0,2,0,1,0,0,0,0,0)
(4,0,2,1,0,0,0,5,0)

(3,0,1,3,0,0,0,1,0)

(2,1,0,1,0,0,0,2,0)
(2,1,0,0,0,0,0,1,2)
(1,0,0,0,0,0,0,0,1)

(1,1,1,0,0,0,0,1,0)
(4,2,2,1,0,0,0,3,0)
(0,0,0,1,0,0,0,0,0)
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A2 + 4Ai
2A2 + 2Ai

As + 3Ai

/Oil V'

A4 + 2Ai

(A5 + A1y
(A5 + Ai)"

A6

D4 + 2Ai
D4 + A2

D4(a,i) + A2

Ds + Ai
A(ai) + Ai

D6

jDe(oi)

E6
t\j& i CL\ 1

TAi,
ZA2 + At
As + 4AX

As + A2 + 2A\
2A* + Ai

6
12*
3
8*

24*
4
8*

20*
15
6

12*
7

12*
6
12
8

24*
20*
8

12*
12
9
6
4*
12*
8*

24*
4

60*

(0,1,0,0,0,0,0,2,0)
(1,0,0,0,1,0,0,0,2)
(0,0,1,0,0,0,0,0,0)
(0,1,0,0,0,1,0,0,0)
(1,0,3,0,2,0,1,0,0)
(0,1,0,0,0,0,0,1,0)
(1,0,0,0,1,0,0,1,0)
(2,0,1,0,0,0,3,0,1)
(1,0,2,1,0,0,0,2,0)
(0,1,0,1,0,0,0,0,0)
(1,0,1,1,0,0,1,0,0)
(1,0,0,1,0,0,0,1,0)
(0,2,0,1,0,0,0,2,0)
(1,0,0,0,0,0,0,1,1)
(2,0,0,0,0,0,1,0,2)
(1,0,0,1,0,0,0,0,1)
(3,0,1,2,0,0,1,0,2)
(2,2,1,0,0,0,1,2,1)
(1,1,0,0,0,0,0,1,1)
(2,0,1,0,0,0,1,0,1)
(1,1,1,1,0,0,0,1,0)
(1,1,0,1,0,0,0,1,0)
(1,0,1,0,0,0,0,1,0)
(0,0,0,0,0,0,1,0,0)
(0,0,1,0,0,0,0,0,3)
(0,0,0,1,0,0,0,2,0)
(0,1,0,0,0,3,0,2,0)
(0,0,0,1,0,0,0,0,0)
(1,0,3,0,5,0,4,0,3)
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A< + A3

As + 2Ai
^ * 5 1 •**•%

(A7y
(A7)"

D4 4- 3Ai
Dt + As

Dt(ai) + As
DB + 2Ai

Ds(a!)+A2
DQ + AI

De[a2) + Ai
Ee + Ai

Ee(ai) + A\
EJ,a-t\ + Ai

D7

D7\a2)
E7

E-rlat)
E7[as)
E7{a4)

8-Ai

4A2

2A« + 2Ai
2A4

40*
12*
12*
28*
16*
8

12*
24*
8*
8

24
24*
20*
12*
12

36*
12*
24*
40*
24
36*
28*
12

60*
12*
2
3
4
5

(1,0,
(0,1,
(0,0,
(1,0,
(1,0,
(0,1,
(0,0,
(0,3,
(0,1,
(0,1,
(1,0,
(1,0,
(0,2,
(0,2,
(1,0,
(3,0,
(1,0,
(2,1,
(4,1,

3,0

0,0,
4,1,
0,1,

2,0,0,1,
3,0,
1,1,
0,1,
0,2,
0,0,

0,1,
0,1,

0,2,0)
1, 0,0)
0,0,0)
3,
o,

0,0,0,
0,0,
0,1,

0,0,0,1,
0,0,
2,1,

0,0,
0,0,

3,0,0,1,
0,2,
0,0,
0,1,
1,3,
1,0,
0,1,
0,3,

(3,0,0,1,
(2,2,
(2,2,
(1,1,
(6,4,
(2,0,
(0,0,

2,2,
2,0
0,1,

0,1,
0,1,
0,0,
0 1
1,0,
1.0,
1,0,

1,
2,

0,0)
1,0)
1,0)
0,0)
2,0)

0,0,0)
1,
o,
o,
o,
o,
1,
3,
0
1,
1,

2,0,0,
1,0,
1,0,

1
1

0,0,0,
2,3,0,1,
0,1,
0.0

0,1,
0 0

2,
o,
0

1,0)
2,3)
1,2)
1,0)
1,0)
0,1)
0,0)
0 1)
2,1)
2,3)
2,1)
?, 1)
? 1)
1,1)
4,2)
0,0)
1 0)

(0,0,0,0,0,0,0,0,1)
(0,0, n o
(0,0,0,0,

0,0, 1 0 0)
1,0,0,0,0)

Table 17: Eg continued
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A5 + A2 + Al

A7 + At
A&

D4 + 4/1!
2D4

2D4(ai)
D5{ai) + A3

D6 + 2Ai

AJ(<»I)

D8(a2)

At(«3)
Ee + A2

Ee{d2) + A2

ET(a2) + Ai
E7(a4) + At

E9

#s(ai)
Es(a2)

Esla3)
E6(a4)
E8{a5)
Ea{a6)
Es(a7)
E>{a8)

6
8
9
6
6
4
12
10
14
12
30
8
12
6
18
12
6

30
24
20
12
18
15
10
12
6

(0,0,
(0,0,
(0,0,

o,
o,
1,

0,0,1,0,0,0)
1,0,0,1,0,0)
0,0,1,0,0,0)

(0,0,0,0,0,0,1,1,0)
(0,0,0,
(0,0, o,
(0,0,0,
(0,0,
(0,1,
(0,1,
(0,3,
(0,1,
(0,0,
(0,0,
(0,1,
(0,1,
(0,1,
(1,1,
(1,1,
(1,1,
(1,0,
(1,1,
(1,1,
(1,0,
(1,1,
(1,0,

n
o,
o,
o,
o,
1,
1,
0
o,
o,
1,
1,
1,
1,
1,

o,
1,

o,
0

1,0,0,0,1,0)
1,0,0,0,0,0)
2,0,0,1,0,0)
1 0 0,1,1,0)
1,0,1,0,1,0)
1,0,1,0,0,0)
2,0,1,2,1,0)
0,0,1,0,0,0)
0,0,1,0,0,1)
0,0,0,0,0,1)
1,0,1,1,1,0)
1,0,0,1,1,0)
0,0,0,1,0,0)
1,1,1,1,1,1)
1,1,0,1,1,1)
0,1,0,1,1,1)
0,0,1,0,1,0)
0,1,0,1,0,1)
1,0,1,0,1,0)
0,0,1,0,0,0)
0,1,0,1,0,0)
0,1,0,0,0,0)

Table 17: Eg continued
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Samenvatting

De kleinste bouwstenen van de materie in het heelal worden elementaire deeltjes
genoemd. Voor zover bekend bestaan er vier verschillende soorten krachten tussen
deze elementaire deeltjes: de zwaartekracht (gravitatiekracht), de zwakke kracht, de
electromagnetische kracht en de sterke kracht.
Eén van de doelstellingen van de elementaire deeltjesfysica is een mathematische
beschrijving van deze krachten te vinden, die in overeenstemming is met de postulaten
van Einstein's relativiteitstheorie en de quantummechanica. Succesvolle beschrijvin-
gen zijn gevonden voor de zwakke- en electromagnetische kracht, het zgn. Glashow-
Weinberg-Salam model, en voor de sterke kracht, de Quantum Chromo Dynamica
(QCD). Tesamen staan deze bekend als het standaardmodel.
Het mathematische kader waarin deze theorieën beschreven worden, wordt een velden-
theorie genoemd. Het is tot dusver niet gelukt binnen dit kader een consistente
beschrijving te vinden voor de zwaartekracht.

In het standaardmodel wordt uitgegaan van puntvormige elementaire deeltjes. Bij
de bestudering van relativistische theorieën van één-dimensionale objecten, touwtjes
(de zgn. string-theorieën), bleek tot veler verrassing dat deze theorieën onvermijdelijk
gravitatie bevatten. Een dusdanige beschrijving van gravitatie leek in vele opzichten
veelbelovend, maar of de theorie in alle opzichten consistent is, is nog steeds een
belangrijk punt van onderzoek.
Het uitgangspunt voor de beschrijving van string-theoriëen is een zgn. 2-dimensionale
conforme veldentheorie. Het twee-dimensionale karakter is een gevolg van het feit dat
de tijdsevolutie van een één-dimensionaal object een twee-dimensionaal oppervlak
beschrijft. Het feit dat de theorie een conforme symmetrie heeft zorgt er voor dat
de beschrijving in essentie onafhankelijk is van het gekozen coördinatenstelsel op het
oppervlak.
Een goed begrip van string-theorieën vereist daarom een classificatie van
2-dimensionale conforme veldentheorieën.

Een tweede, minstens even belangrijke, toepassing van 2-dimensionale conforme
veldentheorieën komt uit de hoek van de statistische mechanica. Het blijkt dat veel
fase-overgangen, en de daarmee samenhangende kritische verschijnselen, in het
kritische punt goed beschreven kunnen worden door een 2-dimensionale conforme
veldentheorie. Een classificatie van 2-dimensionale conforme veldentheorieën geeft in
dit opzicht een classificatie van universaliteitsklassen van kritische verschijnselen.

De 2-dimensionale conforme groep is, in tegenstelling tot de conforme groep in
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hogere dimensies, oneindig dimensionaal. Het is deze eigenschap die het werken met
2-dimensionale conforme veldentheorieën zo aantrekkelijk maakt. Het bestaan van
een oneindig aantal behouden grootheden zorgt er voor dat de theorie in essentie
oplosbaar (integreerbaar) is.
De bij de 2-dimensionale conforme groep behorende (quantum)-algebra wordt de
Virasoro algebra genoemd. Het spectrum van een conforme veldentheorie valt uiteen
in representaties van deze Virasoro algebra.
Dit proefschrift behandelt een algebraische methode ter constructie van 2-dimensio-
nale conforme veldentheorieën. De methode bestaat uit de bestudering van de rep-
resentatietheorie van de Virasoro algebra en geschikte uitbreidingen daarvan. De
classificatie van 2 dimensionale conforme veldentheorieën wordt vertaald in het clas-
sificeren van combinaties van representaties die voldoen aan zekere consistentievoor-
waarden (unitariteit en modulaire invariantie).
Voor een bepaalde klasse van 2-dimensionale conforme veldentheorieën, namelijk die
met centrale lading c < 1, bestaat een volledige classificatie. Er wordt getoond dat
deze classificatie nauw samenhangt met een andere, beter begrepen, mathematische
structuur; die van de zgn. Kač-Moody algebra's. Dit inzicht wordt gebruikt om een
grote klasse van 2-dimensionale conforme veldentheorieën voor c > 1 te construeren
uit de theorie van Kač-Moody algebra's. Er bestaan aanwijzingen, maar vooralsnog
voornamelijk hoop, dat deze constructie uiteindelijk aanleiding geeft tot een classifi-
catie van 2-dimensionale conforme veldentheorieën.
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