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P R E F A C E

The papers which comprise this volume were presented during the 10th European Regional
Astronomy Meeting (ERAM) which was held in Prague, Czechoslovakia from the 24th to 29th
August, 1987. The scientific part of this meeting consisted of three Topical Sessions, two
Special Workshops, eight Contributed Paper sessions (CP) and, last but not least, three
Plenary Sessions.

The proceedings of the 10th ERAM were published in five volumes of the Publication of
the Astronomical Institute of Czechoslovak Academy of Sciences Nos 66-70. To facilitate the
orientation in all this material the Publication of the Astronomical Institute of Czecho-
slovak Academy of Sciences 65: "10th ERAM - Program of the Meeting and Directory to the
Proceedings" was issued where information about organizing committees, the organization
of the Proceedings, scientific program and sponsors of the meeting can be found.

This volume (Volume III) contains papers which are related to the dynamics of the
solar system.

The book opens with two lectures read at the plenary sessions. The second part contains
papers presented at Topical Session TS 3 Resonances in the Solar System and is divided
into six topics more or less corresponding to the six sessions held in the frames of TS 3:
mathematical methods, planetary satellites, planetary theories, asteroids, artificial
satellites and planetary rings. Invited papers are denoted by a letter III between slashes
after the name in the table of contents. The organizing pannel of TS 3 included
V.A. Brumberg (Chairman), J. Chapront, J. Hadjidemetriou, 3. Henrard, A. Roy, H. Scholl,
M. Sidlichovsky.

The third part of the book contains the contributed papers of CP 3 Modern Astrometry.
This afternoon session was organized by 0. Vondra'k.

In the year 1587 in which the 10th ERAM was held, the 300th anniversary of publication
of Sir I«3aac Newton's "Philosophiae naturalis principle mathematica" was celebrated. I hope
that the sessions on the dynamics of the solar system were stimulating for all the partici-
pants. I believe that this volume, which may be considered as our contribution to this
anniversary of Newton's Principia, will be interesting and inspiring for many astronomers.

Prague, October 1987

V.. Sidlichovsky

Editor

III



P L E N A R Y S E S S I O N S



CONTEMPORARY PROBLEMS OF RELATIVISTIC CELESTIAL MECHANICS AND ASTROMETRY

V. A. Brumberg

Institute of Theoretical Astronomy, 191187 Leningrad

ABSTRACT. The general theory of relativity (CRT) should be considered at present as a neces-
sary framework for the construction of accurate dynamical ephemerldes (reiatlvlstlc celestial
mechanics) and in the discussion of high-precision observations (relativlstic astrometry). The
main achievements of recent years and the most promising investigations are related to experimental
foundation of the theory of gravitation, gravitational radiation treated as the subject of
celestial mechanics, mathematical correctness and physical meaning of the equations of motion,
astronomical reference systems, time scales, astronomical units of measurements, reduction of
astronomical observations.

1. Introduction
Inclusion of this paper into the programme

of the plenary session of the 10th ERAM may be
hoped to reflect the meaning of modern celestial
mechanics for astronomy In general. It hardly
may be denied that many astronomers respect celesti-
al mechanics as the rigorous mathematical science
but regard its problems as long deprived of astro-
nomical novelty. Yet, the list of the unsolved
actual problems of celestial mechanics published
recently in two papers in the Celestial Mechanics
Journal (Brumberg and Kovalevsky, 1986; Seidelmann,
1986) demonstrates the close relation of these
problems to the astronomical topics In the broad
sense.

This paper deals with the problems of rela-
tlvistlc celestial mechanics and relatlvistic
astrometry. Until recently the relativistlc frame-
work has been discussed at the IAU meetings only
in relation to the problems of cosmology and
astrophysics such as relatlvistic evolutionary
models of the Universe, gravitational collapse,
gravitational radiation, etc. The problems of
relatlvistic celestial mechanics are not so Impressi-
ve but they have the doubtless advantage of expe-
rimental testing.

In recent years the general theory of relativi -
ty (CRT) in its most simple applications in celes-
tial mechanics and astrometry is no longer seen
as a theory under verification but serves as a
necessary framework for the construction of accurate
dynamical ephemerldes (10 to 10~9 with respect
to the main Newtonian terms) and In the discussion
of high-precision observations (0.001" in angular
distance, 1 microsecond In time, 10" 4 In frequency).
It is of interest to note that In 1974 at the
IAU Colloquium No.26 devoted to the problems of
reference systems for astronomy and geodynamics
the word "relativity" was used even only occasional-
ly (Kolaczek and Welffenbach, 1975). In 1980 at
the IAU Colloquium No .56 devoted to the same prob-
lems several authors had already presented papers
within the framework* of CRT (Caposchkin and
Kolaczek, 1981). In 1984 there appeared the Oapanese-
Astronomlcal Almanac for 1985 containing the detai-
led exposition of the GRT principles In application
to ephemerls astronomy (Japanese Ephemerls,1985).
In fact, that was the start to broad utilizing
GRT in enhemerls astronomy. At last, the year
19S5 saw the IAU Symposium No. 114 "Relativity
in Celestial Mechanics and Astrometry", the first
IAU meeting devoted exclusively to the problems
of relatlvistic celestial mechanics and astrometry
(Kovalevsky and Brumberg, 1986; referred to in
References as RCHA).

Disregarding the meaning of GRT as the physi-
cal foundation of celestial mechanics and from
a purely operational point of view the distincti-
on between Newtonian mechanics and GRT is displa-
yed 1) mathematically by the structure of the
field equations and the equations of motion and
2) physically by the way we compare observational
and theoretical data. The first question is
the subject of relativistic celestial mechanics,
the second one is the subject of relativistic
astrometry. Only the consistent simultaneous
treatment of the both questions leads to the
physically meaningful results. The specific
feature of the second question is that in contrast
to the inertial coordinates of Newtonian mechanics
the GRT coordinates have no physical meaning
and cannot be considered as the physically measur-
able quantities. Therefore, the results of the
relativistic dynamical theories expressed in
terms of the coordinates are not unique, depend
on the type of the employed coordinates and can-
not be directly confirmed or refuted by observations.
Only In terms of the measurable quantities the
conclusions of the dynamical theories become
unique and may be compared with observations.
Oust these logically very simple statements of
GRT present difficulties in practical application
of GRT by astronomers (and not only by them:)
accustomed to the Newtonian conceptions of space
and time. The IAU Symposium No. 114 mentioned
above summarized the present status of art in
these domains and, moreover, was stimulatory
to further investigations. The key problems of
these domains are considered below.

2. GRT and competitive theories

The attribute "relatlvistic" applied to
celestial mechanics and astrometry may be at
present regarded with assurance as a synonym
for the attribute "Einsteinian". Indeed, the
extensive programme of the parametrized post-New-
tonian formalism performed during the last two
decades for testing GRT and the competitive theo-
ries of gravitation resulted in the experimental
foundation of GRT as a theory best fitted to
observations (Will, 1986). In this respect, the
specialists In celestial mechanics have often
met with two questions: 1) how accurately the
motion of the solar system bodies confirms CRT
or, posing in somewhat different form, within
what limits one can modify the Newton law as
the main element of any gravitation theory, not
coming into conflict with observational data
and 2) whether there exist the fully ascertained
discrepancies between observational and theoretical



data related to the motion of the solar aste
bodies. The answer to the flrtt question may
be given from the analysis of accuracies of cur-
rent observations and ephemerls calculations
(Standish, 1986). As to the second question there
is evidence of definite discrepancies between
observations and theories of the motion of the
major planets but these discrepancies are likely
due to the systematic errors In the discussion
of observations or to our Inadequate model of
the solar system (Seidelmann et al., 1985,1986).
It may be added that not so long there was a
discussion about the possible discrepancies between
theoretical and observational data related to
the advances of the pertcentres in the stellar
binary systems. In fact, the observational data
for this class of problems are lacking. The cor-
responding discrepancies may be vanished by suitab-
le changing the direction of the axes of rotation
of stars which has no effect on the results of

observations (Shakura, 1985). In any case, the
famous question by Poincare whether the Nevton
law is sufficient to describe all observed motions
of celestial bodies may be answered that at the
present time CRT is fully adequate to the observed
state of motion of celestial bodies.

3. Gravitational radiation

For the first time since Einstein, Infeld
and Fock the significant advance was made recently
in deriving the equations of motion of celestial
bodies taking Into account the gravitational
radiation. Culminating contributions to this
advance belong tn Damour (1983, 1987a) and Kopejkin
(1985). This made it possible to study the orbi-
tal motion of the binary, pulsar PSR 1913+16 by
applying the rigorous methods of celestial mechanics
to the relativistic equations of motion of the
binary taking into account the radiation terms.
This resulted in the confirmation and foundation
of the conclusions obtained earlier on the basis
of the dynamically inconsistent problem (the
Newtonian equations of motion of the binary and
the re'lativisUc approximate linearized theory of
gravitational radiation). As it is known the
discussion of observations of the pulsar PSR
1913+16 gives indirect evidence of the existence
of the gravitational waves. No matter when the
gravitational waves will be detected by direct
experiments it is important that the first evidence
of their existence, if only Indir •: one, was
obtained by the methods of relativist c celestial
mechanics.

The derivation of the relativistic equations
of motion taking into account the radiation terns
is also of importance for understanding the general
structure of the CRT equations of motion. In
standard notations these equations have the form

where the function Fj is of order i (i=0V,<t,5'
with respect to v/c (v is the characteristic
velocity, of bodies, c Is the light velocity)
and r™' is the derivative of the order k. In
relativistic celestial mechanics of the solar
system it is sufficient to take into account
only the terms with 1=0 ana 1 = 2 (post-Newtonian
equations) replacing the accelerations in the
right-hand member with the aid of the Newtonian
equations. The addition of the terms with i=«t
(post-post-Newtonian equations) does not affect
the conservative form of the equations and their
representation in the Lag rangian form. Radiation
terms with 1=5 being dissipativc by their nature
are responsible for the secular decrease of the
semi-major axis of the binary orbit. The accelerati-
ons and higher-order derivatives occuring in
the right-hand member (1) may be removed with

the aid of the Newtonian and post-Newtonian (filiat-
ions of motion. In this ease the modified relati-
vistic equations of motion take the form of the
ordinary second-order equations. However, the
general structure of the CRT equations of motion
of celestial bodies still remains to be clarified.
Does the Iteration method of constructing the
right-hand member (1) converge? lor any fixed
1 (iS-t) Eqs. (1) aro the differential equations
with the small parameter at the highest derivative.
How rich is the variety of their solutions in
comparison with the solutions of (.he modified
equations obtained by removing the higher-order
derivatives? The foutida*eurs of classical celesti-
al mechanics believed that it would be possible
to calculate all future evolution of the Universe
providing the initial positions and velocities
of all celestial bodies were given. This is not.
true for the unmodified F'qs. (1). What is the
correct statement of the Initial value problem
for these equations? These and many other questions
demonstrate that in relativistic celestial mecha-
nics there remain many interesting unsolved pro-
blems.

<(. Equations of motion of celestial bodies in
the post-Newtonian approximation

The relativistic equations of motion employed
currently in practice for the solar system bodies
are the post-Newtonian equations relating to
the point masses. However, the correct relativistic
treatment of the axial rotation of bodies, theiF
shapes and internal structure becomes of primarily
importance. Many authors have suggested from
time to time different versions of the equations
of translatory and rotational motion of the bo-
dies taking into account their physical characteris-
tics. But these equations were not fitted together
being often quite formal. This did not involve
troubles since there was no possibility of the
experimental verification. The present advances
in observational potentialities are stimulatory
to new investigations in this domain. The various
techniques elaborated in recent years solve the
problem in physically correct manner.

The modern approaches to derive the equations
of motion do not attempt to present solution
in the global form valid for the whole space.
Instead, the space-time is splitted up into seve-
ral subdomains with specific physical characteristic
for example: the internal region with the dominant
influence of 'he gravitational field of the body
under consideration (the Schwarzschild or Kerr
solution), the buffer region where the internal
and external fields have comparable effects (combi-
nation of the Schwar/schild or Kerr solution
and the gravitational tfdol action) and the ex-
ternal region where the gravitational field of
other bodies dominates (the gravitational tidal
action). The solutions valid for each region
separately are combined on the domain boundaries
by the asymptotic matching technique. This driving
idea being developed by many authors has been
exposed in detail in the fundamental paper by
Thorne and Hiirtle (1985). The general review
of the problem of motion in CUT was presented
by Damour (1987b) in the Proceedings devoted
to 300 years of the Newtonian theor> of qravitat ion.
This review may be consulted .is an pvcellent
introduction into the modern state of the problem
or motion in CRT.

The match ing procedure allows to derive
the equations of motion not only for the solar
system bodies but for the condensed objects,
like the black holes, as well, in the modified
forx the rmitehing procedure turns out to be very
useful for taking into account the axial rotation
of the bodies, their shape and internal structure
(Kopejkin, 1987). The physical characteristics
of the bodies (sphericity, rigid body distribution



of internal velocities, etc) <ire described In
the body's proper reference frame defining complete-
ly the local solution valid In the vicinity of
the given body. The local solution is matched
to the global one which Is described In the coordin-
ate frame ebracing the whole system of the bodies
under consideration. This procedure removes the
terms of the non-physical origin and makes the
entire technique to derive the equations of motion
more rigorous mathematically and more meaningful
physically.

5. Relativistic theory of the astronomical reference
frames

Relativistic treatment of the astronomical
reference frames is now of particular interest.
The concept of reference fjame is often differently
used in physics and astronomy leading sometimes
to misunderstanding. For astronomical purposes
it is suitable to foilow the operational definition
given by Kovalevsky and Mueller (1981) and detailed
by Kovalevsky (1985). In ayecordance with this
definition the reference (coordinate) system
is ti J primary mathematical construction to be
given in GRT by a metric from. The reference
frame results from the materialization of a co-
ordinate systom by means of some reference astro-
nomical objects. Until now, the most widespread
approach in the relativistic theory of astronomical
reference frames is to construct the proper refe-
rence frame of a fictitious or actual observer
with the aid of the Fermi normal coordinates
(the time axis is the proper time of the observer,
the three space axes are the spacelike geodesies
orthogonal to the world-line of the observer).
In application to the geocentric frame this approach
involves difficulties because one cannot consider
the Earth as a massless body and neglect its
own gravitational field. To overcome these difficul-
ties the metric tensor of the whole solar system
is separated into "local" part due to the gravitatio-
nal field of the Earth and "external" one caused
by the external bodies (and their interaction
with the Earth). One constructs first the proper
reference frame for the fictitious Earth moving
in the "externdl" field and then substitutes
the corresponding transformation into the full
metric incorporating the gravitational influence
of the Earth. This approach has been developed
in several papers at the IAU Symposium No. 1?4
(Bertotti, 1986; Boucher, 1986; Fujimoto and
Grafarend, 1986; Fukushima et al.,1986a) with
final detalization by Ashby and Bertotti (1986).
This technique of generalizing the Fermi normal
coordinates is not unique and these generalized
coordinates have no physical privilegees. These
reference frames were examined and applied to
the specific astronomical problems by Soffel
et al. (1986). Another way based on a finite
Hnear transformation from barycentric to geocen-
tric coordinates is exposed by Pavlov (198'ta,b).
Sometimes, basing on the possibility of local
splitting of the space-time at the point of obser-
vation into the time axis and the three dimensional
space a local inertial coordinate system is intro-
duced in the infinitesimal vicinity of the point
of observation and the reduction of observations
is performed in this local system (Murray, 1983;
Hellings, 1986; Brumberg, 1986).

Evidently, one may use any coordinates in
constructing the reference. But if a coordinate
system is not dynamically adequate to the class
of problems under consideration then both the
solution of the dynamical problems (relativistic
celestial mechanics) and 'the transformation to
the observational data (relativistic astromet-
rv) t»ill contain a number of extra terms caused
only by the inadequate choice of the reference
frame. These terms cancel out in the expressions
of the mcisurciblp quant it Irs (time intervals,

angular distances, frequencies, etc.) and the
resulting relativistic effects turn-out to bo
much smaller than the relativistic perturbations
in the coordinate solution of the dynamical
problems. On the contrary, If the coordinate
system Is dynamically adequate then the coordinate
solution of the dynamical problems will not
contain any large terms of the non-dynamical
origin and will insignificantly change in convert-
ing to the measurable quantities. Reasoning
from these considerations Brumberg and Kopejkin
(1987) have developed a relativistic theory
of the reference frames satisfying two conditions:
1) all non-rotating reference systems are built
using one and the same type of coordinates,
more specifically the harmonic ones; ' 2) their
metric tensors represent the dynamically adequate
solutions of the Einstein field equations for
the corresponding problems. In such a way, the
barycentric reference system (BRS), the geocentric
reference system (CRS), the topneentric reference
system (TRS) and the satellite reference system
(SRS) have been constructed.

The harmonic coordinates have, of course,
no physical privilegees. But they are convenient
mathematically being defined by the explicit
mathematical equations. A lot of problems of
rfilativistic celestial mechanicss was solved
in the coordinates. Needless to say, one can
use any coordinates appropriate for a specific
problem. But to apply the relativistic theories
in ephemeris astronomy it is suitable that a
certain type of GRT coordinates be recommended
by the IAU. Such recommendation will facilitate
the comparison of various results and may help
to avoid ambiguities in dealing with coordinate
dependent quantities. One may suggest three
possible ways to overcome difficulties caused
by the intrusion of coordinate dependent quanti-
ties into ephemeris astronomy (Brumberg, 1986):
1) constructing theories only in terms of measurab-
le quantities, 2) using arbitrary coordinates
and developing unambiguous procedures to compare
measurable and calculated quantities and 3)
using one and the same type of coordinates.
For ephemeris astronomy, first of all, for problem
related to reference frames, time scales, astrono-
mical units of measurement, etc., the third
way seems to be quite appropriate.

Along with GRS, TRS, SRS it is useful to
introduce rotating system GRS*, TR5+, SRS+ result-
ing from the rigid body rotation of the space
axes of the corresponding systems (Brumberg
and Kopejkin, 1987). The use of tne harmonic
coordinates is not suitable here in virtue of
the too complicated transformations Involved.
Not going into detail let us indicate the hierar-
chy of the reference systems:

Pik(u), Pik(T), P'k'^"' a r e t h p orthogonal
rotation matrices determining the rotation of
the associated systems and satisfying the equations

(2) "' ik

du
Pi
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Here e. Is the three-dimensional fully
antisymmetric Levl-Civita symbol (e12J = *1),

«™, ^,<unare the angular velocities of rotation

of the corresponding systems.
The transformation BRS *GRS includes the

Lorentz transformation caused by the barycentric
velocity of the geocentre and the terms due to
the gravitational potentials of Sun, major pla-
nets (excluding the Earth) and Moon. The transfor-
mation of the space coordinates x-»JS involves
the geodesic precession, that is the change of
the orientation of the axes x, and JJ throughout
the orbital motion of the Earth. The transformations
GRS-»TRS and ORS-»SRS have much in common. The
difference is due to the fact that the origin
of TRS (a ground station) moves in the field
of the Earth not on geodesic line whereas the
origin of SRS (a satellite like HIPPARCOS) moves
on geodesic. These transformations Include the
Lorentz transformation caused by the geocentric
velocity of a ground station or a satellite and
the terms due to the gravitational potential
of the Earth and the tidal gravitational action
of the other bodies of the solar system. BRS
serves first of all for the description of the
motion of the major planets and for the reduction
of observations. To study the satellite or the
lunar motion CRS is more suitable. Actual observations
are performed in TRS* (ground observations) or
in SRS* (observations from the Earth satellites
like HIPPARCOS).TRS+ serves also to study the
tectonic displacements and other geophysical
factors.

6. Time scales and units of measurement

The theory of reference frames is in close
relation with the investigations on the time
scales and the system of astronomical units.
At present GRT is only coming into use in these
domains although the accuracies achieved here
long demand to elaborate definitions and agreements
in the relatlvistic framework. The operational
definition of TAI was exposed recently by Guinot
(1986). The relation TDB-TDT based on the BOL
semi-analytical planetary and lunar theories
has been obtained within present accuracy require-
ments (1 ns) in (Fairhead et al., 1986; Hirayma
et al., 1987). Using.the 3PL numerical ephemerldes
this relation was derived by means of numerical
integration in (Backer and Hellings, 1986).
The IAU recommendation allowing only for periodic
terms in the difference TDB-TDT cannot be so
simple carried out as it might seem at first
glance. In numerical integrating this difficulty
is latent by eliminating the secular trend of
the difference TDB-TDT but in analytical approach
the secular and mixed terms in the theories of
motion of the major planets lead to unremovable
mixed terms in the difference TDB-TDT of the

type t sin(attb), k=1,2 For the rigorous
fulfilment of the IAU recommendation one needs
to have the pure trigonometric planetary theory
but constructing and moreover utilizing such
theory Involves many difficulties. The definitions
of TDB, TDT and TAI In the relativistlc framework
are now In elaboration (Culnot and Seidelmann,

1987). The consistent theory of transformations
BRS-*CRS-*TRS allows to relate the scales TDB,
TDT, TAI with ttie coordinate times t, u,<C of
these systems. The appropriate transformations
are of the form

du
(4) — =

dt
^ vf U

d

dt

chr ? r 1 2 A ^ / , •s
(5) — = 1 + c 4|- ̂  vj - UE(wT; rvT(w -wT); -

rju du
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The coordinate time t of
SRS is determined by Eq. (5) replacing in the
right-hand member index T by S. Here x^, y^
are vectors of position and velocity or the
centre of mass of the Earth in BRS, Wy, y.<r fag,
vs) are vectors of position and velocity of
a ground station (satellite) in CRS. The Newtonian
potential U in BRS is uniquely splitted up in
the part U£ due to the Earth and the part D
due to the all other bodies (Sun, Moon, planets).
The function uV denotes the Earth potential
in GRS. The right-hand member (5) includes also
the tidal gravitational terms caused by Sun,
Moon and planets

''ikm " T? TT.

The Indices l,k,m, run over the values 1,2,3
and every index occuring twice means summation
over these values.

The relation TDB-TDT is obtained by integrat-
ing Eq. (*) for the geocentre x=xE followed
by eliminating the secular trend. The relation
TDT-TAI results from Eq. (5) for w=i»T with subsequ-
ent averaging over different values wT. So far,
within the present accuracy the tidal gravitational
terms in Eq. (5) are not taken into account.

For practical applications it is convenient
to separate in (4), (5) the terms depending
on the space coordinates .x and w. For example,
it is suitable to replace Eq. CO by one differen-
tial equation for an auxllary function S(t)

US 1 9 _
(7) — = - v| + IK^)

and one algebraic relation

(8) u = t - c'^SCt) - xk)]

In the consistent relativistlc treatment
it is necessary to take into account the dependen-
ce of the astronomical units of measurement
on the reference frame. This question was discus-
sed with different points of view in (Fukushima
et al., 1986b; Hellings, 1986). The theory of
transformations BRS-»CRS-»TRS (SRS) enables
to consider from the single standpoint the problems
of time scales, reduction of observations and
units of measurement but there remains further
detalizatlon.



7. CRT in practice

In the modern planetary theories relatlvlstlc
terms are taken Into account In the harmonic barycen-
tric coordinates In numerical (Standish, 1986;
Akim et ai., 1986; Krasinsky et al., 198C) or
analytical form (Lestrade et Bretagnon, 1982).
The relatlvistlc terms In the lunar theory determined
in (Lestraiie and Chapront-Touze, 1982i Brumberg
and Ivanova, 1985) and the relatlvistlc terms
In the Earth satellite theory determined In (Mar-
tin et al., 1985) are found in BRS and their ampli-
tude may attain several meters. In converting
to CMS their amplitude reduces to the centimeter
level. This was explicitly demonstrated in (Soffel
et al,, 1986b) for the Moon and In (Zhu et al.,
1987) for Earth satellites. Certainly, there is
nothing wrong in treating the lunar or satellite
motion in 'BRS. But for this case the dynamically
adequate system is represented by CRS, This serves
as an illustration to what has been said in Sec.5.
The equations of lunar or satellites motion themsel-
ves may be easily derived from the well known
equations in BRS by transforming the independent
variable CO and space coordinates {Brumberg and
Kopejkln, 1987)

(9) = x 1- xjl(t) vk • F i k
+ D i k >

Jo find completely the right-hand member
of the equations of motion of a satellite in CHS
it is necessary to determine the functions S't)
and Flk(t) by numerical or analytical solving
the Eqs. (7) and (10).

The solution of any dynamic;.', problem In
some reference system is to be consistent with
the reduction of observations with respect to
the same reference system The rigorous theory
of the relatlvlstlc reaction of astronomical
observations may be developed on the basis of
the transformations BRS-»CRS-»TRS (SRS). This
process will inevitably involve the necessity
of new IAU recommendations due to the characteristic
features of CRT. For example, the sequence CRS-»CRS*-»
TRS+ is not identical with the sequence CRS-»TRS-»TRS*
although this difference is not perceptible for
present accuracy. For practical purposes it was
sufficient so far to use the approximate technique
as exposed, for instance, in Oapanese Ephemeris,
1985).

The reduction of observations is based on
the laws of the light propagation resulting from
the equations for light signals in BRS. The trans-
formation BRS-»GRS (4) and (9) .yields the correspon-
ding relations in GRS. In general case, for the
arbitrary reference system described by the mi trie
differing by the small perturbations h from
the Galilean metric ^ .

(14) ds2 ) dx-'dx"

(xk - x k) + D
i k m(x k- xk) (xm- xj?)] + ...

Antisymmetric functions F
by integrating the expression

Fik

are determined

do)
dF*

dt

3

2

- 2

3xK L tx1

rjuHxp) aO'HjO-,

where the main part of the first term reduces
to the geodesic precession and the second term
contains the Newtonian vector-potential U . The
dominant terms or' U and U are as follows

- V - ^ A

( in. u = 2_ —-•
A*E rA

* = !. -r<

-1-"*

the observable coordinate-independent direction
of the light ray coming to the point of observation
will be determined by the unit vector

k

g p
d by the unit vector

dx / 1 dx \ ! 1 ldxl

V — +(c hnk — ) + ~ hoo c ~ok dt ^ ok dt I 2 ooj dt

-A*ik
c dxK/dt being the coordinate direction of light
at the point of observation to be calculated from
the equations of light propagation. Here h ,
h.k are of the second order of smallness and h-s
may be of the first order. If the functions h .
are of the third order as it takes place in B(?i
then for the post-Newtonian approximation all
terms with the mixed components hQ, in (15) can
be neglected. The ground observations are performed
In TRS*. Applying (15) to this metric and using
the known expression of the coordinate light velocity
at the point of observation in BRS one finds (Brumberg
and Kopejkin, 1987)

(16) P(i)= (Pik * c"
2 P ? -(?- «E)]

k

A embracing Sun, Moon
Earth. The functions

with the summation over
and planets excluding the
D , D m symmetric in two indices are expressed
in terms of the potential U and its derivatives

(12)
P.

im

km Ix 1
3xm



where J Is a unit vector of the light direction
In BRS at the remote past moment of time and all
other notations are given above. Each term Admits
of the direct physical interpretation. The first
term represents the classical reduction for the
Earth rotation combined with the geodesic precession.
The second and the third terms are responsible
for the first order annual and diurnal aberration
respectively. The fourth term due to the Earth
rotation vanish if the point of observation coincides
with the origin of TRS+. The fifth term describes
the gravitational deflection of light. The two
following terms conform to the annual aberration
of the second order. Finally, two last terms arc
Induced by the gravitational action of the external
bodies (Sun, Moon, planets). For the bodies at
the finite distance from the Earth the corrections
for planetary aberration, parallax and proper
motion are contained Implicitly in the value of £ to
be expressed In this case in terms of the boundary
values of light propagation (Brumberg, 1986).
But in modern approaches to the discussion of
observations the analytical expression of each
term of the reduction is not suitable and it Is
more simple to consider all effects globally with
the aid of formulas like (15).

It should be added that particular attention
is drawn now to the pulsar timing analysis. The
most detailed formulas were obtained by Oamour
and Deruelle (1986) and by Backer and Hellings
(1986).

8. Conclusion

Actually, In discussing the observations
of the internal planets GRT is used only In form
of the Schwarzschild problem. In case of the pul-
sar PSR 1913+16 one has to deal with the relativistlc
problem of two bodies taking into account the
gravitational radiation. Only recently the analysis
of the lunar laser observations made It possible
to experimental testing the geodesic precession
from the motion of the lunar perigee, that Is
the relativistic three body effect (Bertotti et
al.,' 1987). This process of the more fundamental
using of GRT will steadily advance.

In spite of the extended penetration of GRT
into celestial mechanics and astrometry there
exists still the main danger of the superficial
using CRT as a theory of small corrections to
Newtonian mechanics. This is the absolutely false
conception leading to the improper interpretation
of CRT solutions and observational data. For complete
using the high-precision information of modern
observations as HIPPARCOS, VLBI, pulsar timing,
etc., celestial mechanicians and astrometrists
should overcome the psychological barrier of the
Newtonian conceptions and accept the GRT framework
in such fundamental domains as reference frames,
time scales, units of measurements, reduction
of observations, etc.
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HIPPARCOS - HIGH PRECISION ASTROMETRIC DATA FROM SPACE

M.A.C. Perryman

Astrophysics Division, European Space Agency
ESTEC, Noordwljk, The Netherlands

The goal of the Hipparcos mission Is an ambitious one - the creation of an aatrometrlc catalogue of some 120 000 stars,
with an unprecedented precision on each of their five aatrometric parameters. With these data, the astronomical community
will be provided with fresh and dramatic Insights into many aspects of this fundamental branch of science. Aatrometrista
will have at their disposal a vast quantity of accurate and homogeneous data which can be used to improve upon the present
knowledge of the optical reference frame, and which will provide a dense reference system for past and future ground-based
observations. Astrophysicists will be provided with parallaxes and proper motions of not only a highly accurate but also a
remarkably homogeneous nature. Important by-products of the measurements will be a systematic search for binary and
multiple star systems, and about 100 high-precision photometric measurements for each star distributed over the 2.5-year
mission lifetime. This paper provides an outline of the principals of the satellite operation, the predicted accuracy status,
an overview of the Input Catalogue contents, and a summary of the steps constituting the data reduction. Special emphasis
is given to the activities ensuring that a single Hipparcos Catalogue emerges from the parallel work of the two data analysis
teams.

1. Project Overview and Status - August 1987

It ia a particular pleasure to be in a position to report the consid-
erable progress made by the Hipparcos project over the past few
years, and to make this presentation in the city of Prague where,
20 years ago this month, a version of the space ustrometry mission
was first presented at a Congress of the International Astronomy
Union (Lacroute 1967).

For those unfamiliar with the development of the project over the
past few years, ESA undertook a feasibility study at the end of the
1970's, and this led to the adoption of the project in 1980. The hard-
ware phase began early in 1984, and the satellite is now scheduled
for completion and delivery from the prime contractor to ESA in
February 1988. Thereafter, the satellite will be stored on the ground
waiting for launch by Ariane 4 - presently this is scheduled for April
1989.

The satellite has been described in the literature on several o o
cassions. The design has not changed signific&izMy since the start of
the hardware phase, so that a number of papers still provide up-to-
date descriptions of the satellite and its payload (see, for example,
Bouffard k Zeis 1983, Schuyer 1985, Perryman 1985, 1986). Very
briefly, the satellite sweeps out great circles over the celestial sphere,
and the star images from the two fields of view, separated by about
58°, are brought to s common focal surface where the images are
modulated by a highly regular grid of opaque and transparent slits.
The modulated light signals are collected by an image dissector tube,
sampled at 1200 Hz, whose sensitive area is piloted to the known po-
sitions of star images as these images crosa the focal surface due to
the scanning motion of the satellite.

From the digitised photon counts sent to the ground, along with
relevant attitude information from the satellite's star mappers and
other house-keeping data, the relative phases of the star images
present within the combined fields of view, each approximately 0.9 x
0.9° square, are derived. The data processing is carried out on the
ground, and leads, after a full analysis of the data collected during
the mission lifetime (nominally 2\ years) to the final catalogue of star
positions, parallaxes and proper motions. The expected precision on
the two components of position, annual proper motion and on the
parallax is about 0.002 arcsec for stars brighter than about 9 mag,
degrading to about 0.004 arcsec for atars at the limit of observability
at about 12 mag. These figures are sky averages, although there will
be weak dependences on ecliptic latitude, star colour, local stellar
density and sky background.

These predicted accuracy figures have not changed substantially
since the acceptance of the project. Indeed, the precision is expected

to be a little better than the above (specification) figures suggest,
with improvements coming from the known performance of the flight
model (from laboratory calibrations), and with the introduction of
the idea of dynamical or numerical smoothing. At the same time, the
number of stars that will be included in the final catalogue will be
about 120 000, compared with the 100 000 originally foreseen. The
reason that it has been possible to introduce these additional stars
into the programme, at only marginal expense in precision for the
remainder, is described in Section 4.

What makes Hipparcos so unique, and the expected results so dra-
matic, is the all-sky visibility of the satellite, combined with the
absence of a perturbing atmosphere, and the instrumented stability
brought about by the absence of gravitational instrumental flexure
as well as a stable thermal environment. Differential angular mea-
surements are made over large angles, at many different orientations,
and at many different epochs. The parallaxes will consequently be
absolute, and regional or systematic cvrors in positions and annual
proper motions are expected to be well below the milli-arcsec level.

2. Scientific Overview

The limiting magnitude of the observations is expected to be about
V = 12.4 mag. But, due to the scanning motion of the satellite,
there is insufficient time to observe all stars down to this magnitude
limit. Consequently some selection of programme stars has had to
be made. Essentially, all stars down to a magnitude limit of between
7-9 mag (depending on spectral type and galactic latitude) will be
observed, along with about 40 000 stars betw I the completeness
limit and the limit of observability.

The precise observing programme will be based on the so-called
Hipparcot Input Catalogue, constructed by a consortium of scientific
institutes of the same name, and led by Dr C. Turon (Meudon).
The work of the consortium has been described by Turon it Crifo
(1986) and in numerous papers in TAiron & Perryman (1985). Man-
aged by its own international Steering and Executive Committees,
and monitored by an ESA-appointed Selection Committee, the In-
put Catalogue Consortium is responsible for the processing of the
scientific observational proposals and the construction of the corre-
sponding programme of observations according to priorities set by
the Selection Committee, and according to the technical constraints
of the satellite observations. This work is largely completed, at least
to the extent demanded by the satellite operations, although some
work on improvement of the scientific performances is still ongoing
through the use of detailed mission simulations (Creze 1985).

To ensure that the a priori data are of adequate quality for the

11



(atellite observations, the Input Catalogue Consortium haa comple-
mented the previously available data with crosa-identification work
(Gome* & Crifo 1986), extensive ground-based aatrometric (Requiomo
1986) and photometric (Grenon 19B6) observationa, and detailed
work on particular categories of objects. The latter include double
and multiple stars (where extensive re-meaauremeiits and catalogu-
ing has been necessary, Dommanget 1985), minor planets (important
for a definition of the dynamical reference system, Bec-Borsenberger
1985), large-amplitude variable stars (where a more precise knowl-
edge of their ephemeridea is necessary in order to allocate the appro-
priate amount of observing time to them, Mennessier 1985), photo-
metric standards (Grenon 1986), and objects for a link to the extra-
galactic reference frame (Argue 1986).

Some further details of the scientific contents of the Input Cat••••
logue are aa follows:

(a) the completeness limit: an attempt has been made to include all
stars down to a certain magnitude limit. The choice and definition of
this 'survey' limit involved considerations of the availability of observ-
ing time (and the consequent competition between selected survey
stars and astrophysically or astrometrically interesting stars fainter
than the completeness limit), the problem of statistical completeness
at the survey limit (including the problems caused by variable stars),
and the requirements for a uniform density of stars over the celestial
sphere. An important concept of the survey haa been the attempt to
optimise the scientifically 'useful' stellar content by minimising the
contribution of red giants through the adoption of a two-component
survey according to spectral type. The final definition of the survey
limit is:

< 7.9+ l.lsin|6|
<7.S+l.lsin|6|

spectral type earlier or equal to G5
spectral type later than G5 [1]

If the spectral type is unknown, the break is imposed at the colour
index B — V = 0.8 mag. A few hundred atara known to be brighter
than the completeness limit will have to be omitted from the Hip-
parcos observations in particularly dense areas;

(b) stars of predominantly astrophysicaf interest: particular atten-
tion has been given to certain programmes identified by the Selection
Committee. For example, it has been verified that there is a proper
representation of galactic programmes dealing with OB stars, accord-
ing to both spectral type and distance, and programmes contributing
to the stellar luminosity function - the limiting-magnitude 'survey',
nearby stars, and the proper motion survey programmes. Concern-
ing variable stars there is a good distribution of Cepheid periods and
amplitude!) within the Input Catalogue, with all 55 Cepheids nearer
than 1000 pc included, and all but one of the objects used for the
calibration of the period-luminosity-colour relation. All 26 RR Lyrae
stars within 1000 pc are also included. The choice of stars in galactic
clusters, and those in the Magellanic Clouds, has been carried out by
a specific working group. As an example, about 100 stars from the
Hyades Cluster should be included in the final catalogue, with a fur-
ther 100 stars lying at the edges of the cluster. There is generally a
good representation of spectroscopically peculiar stellar types within
400 pc, end all known metal-poor stars within 20 pc are included.
21 out of the 45 proposed white dwarfs have been finally retained
for observation, the others having been rejected either because of the
strong 'veiling glare' perturbations expected, due to nearby brij»ht
stars, or because they were too faint for observation.

(c) stars of predominantly afltrometrjc interest: the success rate for
the AGK3R, SRS and supplement stars is about 96 per cent (38 300
stars out of 40 500). All FK4 stars are included, 90 per cent of the
GC, and 1702 out of 1717 NPZT stars will be observed. In proposals
related to the optical-radio link, where object selection has been car-
ried out by a large working group, 99 out of the list of 102 proposed
'super-high priority' radio stars, directly observable by Hipparcos
and by radio VLBI, are retained. Extensive programmes of radio
VLBI observations related to the selection are ongoing. Of the list of
164 'super-high priority' stars submitted for link observations via the
Hubble Space Telescope, all but one will be observed by Hipparcos.
These stars lie in the vicinity of quasars, and were chosen in col-
laboration with Space Telescope principal investigators (Homenway

1985). Optical speckle interferometry of the candidate link stars in
in progreaa. The ultimate goal of these programmes is to remove the
three positional degrees of freedom and the Llirci1 time-dependent de-
grees of freedom of the final rigid Hipparcos reference system, go that
the Hipparcoa reference system will itself be quasi-inertial, and the
proper motions absolute simulations have been carried out within
the data reduction conaortia to determine the extent to which Ihcne
observations will solve that problem, and it has been verified that
the aky distribution in both cases is quite satisfactory. Sixty three
minor planets are alao candidates for Hipparcos observations. Their
observability linie-linea have been established by the Input Catalogue
Consortium, and the appropriate ground-based observations needed
to provide their positions to sufficient accuracy are well in hand.

A breakdown of the distribution of stars as a function of magni-
tude, resulting from a preliminary definition of the Input Catalogue
contents, is given in Table 1 (from Turon 1986). More details are
given by Turon (1986, 1987) and by Gomez Si Crifo (1987).

<6
6-7
7-8
8-9

9-10
10-11
11-12
>12

Total

number
of stars

4379
8296

22539
42648
26316
7221
2142
947

114488

success of
priority 1 stars

(per cent)
98
97
97
95
91
80
80
57
93

success of
survey stars
(per cent)

95
95
91
91
87

-

92

Table 1. Statistical information on the preliminary Input Catalogue

The above is, of course, only a brief extract of some of the contents
of the Hipparcos Input Catalogue. It is the intention of the Input
Catalogue Consortium to publish the full contents of the Input Cata-
logue (that is, the complete list of stars that will be contained in the
final Hipparcos Catalogue), along with all available information on
the programme stars. A publication date of 1989-1990 is foreseen,
and distribution of the catalogue is expected to be in both paper
and machine-readable form. A publication will accompany the cat-
alogue, detailing the contents and procedures that were followed in
its compilation.

3. The Data Reductions

The satellite will produce some 24 kbits of data per second, mostly
image dissector tube data and two-colour data from the star mapper.
Thus about 1012 bits of data will be generated over the satellite life-
time of 2 j years, corresponding to the measurement of some I50x I08

grid coordinates. These data will be analysed to yield approximately
5 x 120000 =; 600000 astrometric star unknowns. In the reduction
process some 10° attitude unknowns and some 20 000 instrumental
unknowns, essentially the time-, position- and colour-dependent co-
efficients entering the field-to-grid transformation representation, are
either eliminated or solved for.

The problem is essentially one of solving a very large and very
sparse set of normal equations with a very large number of unknowns
- too large to be treated in any direct manner. Even after the elimi-
nation of the attitude unknowns, the system would still contain about
100 Gbytes of data, and a direct solution would still be out of the
question.

The problem lends itself, however, to a form of linear decompo-
sition by the formation of certain intermediate quantities - the star
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abscissae Along the great circles swept out by the scanning motion
of the satellite. While more rigorous solutions to the problem of
the attitude and sphere reconstruction are still being studied, both
data reduction consortia have adopted, as their baseline, the do-
composition into three more-or-less well-defined atepa, the so-called
'three-step' solution proposed and studied by Dr Lindegren of Lund
Observatory. The constituent steps of the three-step method have
been studied, documented, programmed and simulated intensively
by the two data reduction conaortia, NDAC and FAST, since the
method was introduced. An overview of the data reductions is given
by Perryman 1985, while more details can be found in Lindegren
(1985), Lindegren Si Kovalevsky (1986), in an issue of Manuscripts
Geodaetica (1986) dedicated to Hipparcos, and in the papers con-
tained in the proceedings of the three FAST 'Thinkshops' (Bernacca
1983, Kovalevsky 1985, Bernacca & Kovalevsky 1986). Very briefly,
this reduction proceeds as follows:

• step 1: the image dissector tube photon counts are extracted from
the data stream, disentangled from the interleaving of the 'star ob-
serving strategy' generated by the on-board computer according to
the pattern of stars visible within the combined fields of view, and
fitted to a 3- or 5-parameter star intensity model of the general form:

/ =-B + /0[l + Mi cos(w< + ii>{) + Micos(wt + [2|

where B is the background, la the unmodulated star intensity, v
the satellite spin rate, Afj and M3 the first and second harmonic
instrumental modulation coefficients, and 4>, the unknown phases.
The 5-parameter solution yields the values of B + lD, IOMI, IoMi,
t/i, and -^j for each star and for each observation frame (2.1333 s).
The relationship between the 3- and the 5-parameter solution (the
former solving for a single unknown phase, and assuming a known,
calibrated relationship between Mi and Mj) yields information on
the duplicity of the programme star. A reference great circle, of about
12-hour duration, is selected with celestial pole close to the mean
position of the instrument's spin axis over this period, then the star
abscissae, the along-scan attitude parameters, and the instrumental
parameters are solved independently for each reference great circle
by a least-squares process (Lindegren ic Petersen 1985, van Oaalen
1983, 1985). Attitude information is provided by the instrument's
'star mappers', where the data is sampled in two colours (close to
the Johnson IS and V bands) and sent to the ground for processing.
These data are used both for the on-ground attitude reconstruction
(Donati tt at. 1986), and as input to the reductions leading to the
construction of the Tycho Catalogue This is an additional catalogue
of lower precision astrometric data and two-colour photometric data
for some 500 COO stars down to a limiting magnitude of about 1L mag
(H0g 1985, Grewing & Hog 1986), which relies on a separate 'input
catalogue' of star positions provided by the Hubble Space Telescope
Guide Star Catalogue team (Russell k Egret 1986);

• step 2: the resulting star abscissae for a subset of the programme
stars are combined in a least-squares process, also known as the
sphere reconstitution, which brings together all the different refer-
ence great circles into a single global reference system (Lindegren it.
Soderbjelm 1985, Tommasini Montanari tt of. 1985). In this process
the abscissae are used as observations, and the astrometric parame-
ters of the same stars, along with a single abscissa zero point for each
reference great circle, as unknowns. The astrometric parameters are
eliminated, and the remaining system of normal equations is solved
for the abscissae zero points;

« step 3: relative abscissae determined in step 1 are converted into
absolute abscissae, by adjustment to the origin of the reference great
circle systems determined in step 2. Finally the astrometric param-
eters of each star are determined by a least-squares combination of
its abscissae on different reference great circles.

This three-step decomposition yields a tractable data reduction prob-
lem: step 1 requires the solution of rather sparse normal equations
with about 2000 unknowns. Some 2000 such reference great cir-
cles will be generated over the 2\ year mission. Step 2 produces a
very dense system of normal equations with the 2000 abscissae zero
points as unknowns. A representation of the entire data flow is given
in Fig. 1 (from Lindegren U Kovalevsky 1986).

Figure 1: Representation of tke data flow through the FAST Consor-
tium's data processing chain (from Lindegren & Kovalevsky 1986).

Outside of the three-step process are the off-line tasks of calibra-
tion, photometry and double star analysis, which have been detailed
elsewhere (Kovalevsky 1985, Bernacca & Kovalevsky 1986), and will
not be considered here. But the accurate photometric measurements
(to about 0.01 mag in mv at about 8 mag for each of the 100 or so
grid crossings per star over the mission), and the detailed detection
of double or multiple stars with separations larger than about 0.1
0.2 arcsec for magnitude differences less than about 3 mag, will be
very valuable by-products of the astrometric measurements. Working
groups within both data reduction consortia are taking responsibility
for these specific tasks.

The complexity of the preparations to code the programmes to per-
form and inter-relate the above tasks, and to deal with the 24 kbits
per sec of data from the spacecraft (all of which must be taken to-
gether for the final catalogue) are considerable. Nevertheless, both
consortia expect to be ready to treat the data ss it comes down
from the satellite after launch. In one consortium, simulated detector
counts, star mapper and attitude data have passed already through
the operational software chains up to and including the great cir-
cle reductions. In both consortia, definition of the algorithms, and
the coding of significant psrts of the operational software, have been
completed.

4. The Link Between ESA and the Data Reductions

4.1 Scientific Links with the Satellite Development

The collaboration between the scientific consortia and ESA has been
particularly successful in the case of the Hipparcos project, and it is
perhaps of interest for other large scientific projects to attempt lo
identify why this has been so.

Most importantly, perhaps, was the decision that two data reduc-
tion groups would be established. These groups made commitments
to ESA at the start of the detailed definition phase (early in 1981)
that they would be responsible for the processing of the data. The
establishment of the two consortia was partly for the sake of redun-
dancy, in case one consortium would not be able, for whatever reason,
to honour its commitments, but also to allow detailed cross-checking
and verification of the final mission results before they are released
to the scientific community. An Agreement was subsequently drawn
up which summarises ESA's commitments to the Consort is, and the
Consortia's commitments to the Agency «nd to each other. The
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presence of two conaortia has instilled an atmosphere of friendly ri-
valry, which haa been both motivating and inspiring for the project
as whole.

Tae dedicated scientific expertise provided by both the data re-
duction consortia and the Input Catalogue Consortium has boon
called upon continuously by ESA, and a.t times by the prime contrac-
tor, during the detailed definition phase, and throughout the present
hardware phase. Simulation models an<J mock-up reduction software
developed in parallel by the data reduction groups meant that the
Agency has been able to scrutinise the prime contractor's accuracy
analyses (Zeis et al. 1985) to, perhaps, an unprecedented degree.
At each design consideration trade-off, the quantitative effects of a
particular decision couid be rapidly evaluated and, as a result, the
Hipparcos payload fully reflects the demands of the Hipparcos scien-
tific community.

The parnllel development between the satellite design and con-
struction on the one hand, and the operational data reduction soft-
ware on the other has allowed numerous subtle problems to be solved
in advance of the launch. Some examples of this collaboration be-
tween the scientific groups and the industrial design teams are:

(a) the 'basic angle' between the two fields of view is a key feature of
the payload design, allowing measurements of stars widely separated
on the sky to be made simultaneously. The consortia were able to
demonstrate that certain large angles were quite undesirable, leading
to large 'resonances' in the relative measurements, and a consequent
lack of rigidity in the corresponding great circle reductions. A basic
angle of about 58° was finally adopted;

(b) the rather complex relationship between the observing time dedi-
cated to each star and its final accuracy was studied by the consortia
through the use of their 'mock-up' great circle reduction software.
Allotatin;. .nore observing time to the brighter stars at the expense
of the fainter improves the rigidity of the great circle solutions, while
the reverse improves the individual precision on the faint star posi-
tions. Different solutions were studied (e.g. Kovalevsky k Dumoulin
1983, van der Marel 1985) and a compromise solution proposed (see
Fig. 2).

For a 2^-year mission lifetime, and a catalogue of about 120 000
stars, the distribution of observing time as a function of star magni-
tude is presently foreseen to be:

t(sec) = -750 + S60mH - 89.5m^ + 4.88m?, [3]

for 5 < mH < 12.5, and t{mH < 5) = 420 ser, where mH is the 'Hip-

parcos magnitude'. The relationship between rrin and the Johnson
B, V magnitudes is of the form (Grenon 1085):

mH =my + 0.38(fl - V) - 0.13(i< - V) '

Figure S: Possible distributions of observing time as a function of
magnitude. The solid curve shows the presently adopted distribution,
the others show distributions that were considered to give more weight
to brighter or fainter stars respectively. Adoption of the different dis-
tributions would lead to different performanceb at the level of the great
circle reductions, and to different contents of the Input Catalogue.

HI

(c) the previous considerations also led to discussions on the total
number of stars to be observed by the satellite. Equation |3| and
Fig. 2 show that the fainter stars are very demanding in terms of ob-
serving time, while equations |lj indicate that all the brighter stars
are already contained in the Input Catalogue. The great circle re-
duction programmes indicated a curious result: the addition of even
a considerable number of stars around 9 mag had only a very weak
effect on their precision, or on the precision of the other catalogue
stars. The effect could be understood, however, as follows. Rather
than causing a final effect on precision proportional to the photon
noise error (the dominant error source at 9 mag), i.e. simply oc t1'*,
the addition of 9 mag stars degrades the individual precisions within
the great circle solution, but at the same time improve a the over-
all rigidity of the great circle solution. The overall effect was to
cause only a marginal degradation on the astrometric parameters,
even when a final catalogue of 120 000-150 000 stars is considered.
A final catalogue size of 120 000 was chosen, partly because of the
problems of construction of a larger Input Catalogue, partly because
of the computational load increase at the great circle reduction level
(in particular, at the level of the Choleski decomposition and the

computation of variances), and partly due to the local difficulties in
achieving the required target observing time for such a large number
of programme stars.

(d) the star observing strategy was largely influenced by the data
reduction considerations. It was considered that the inclusion of
'partially observable stars', i.e. those entering or leaving the fields of
view during an observation frame period, added useful weight to the
satellite attitude determination. The partially observable stars were
therefore included, even though this called for increased on-board
computer complexity.

(e) the concept of 'dynamical smoothing' was included in the mission
baseline (although it does not enter the formal accuracy predictions),
following studies on the expected arcitrnry improvement carried out
by the data reduction teams. The idea is that, if the attitude motion
is sufficiently smooth, stars not simultaneously present in the com-
bined fields of view can still be tied 'directly' to each other through
an extrapolation of the satellite attitude motion. This leads to an
effectively larger field of view, to an improvement in the great cir-
cle rigidity, and hence to an improvement in the final star positions
(in particular for the brighter stars which contiibute directly to the
rigidity of the reference frame). The introduction of the dynami-
cal smoothing concept influenced the choice of the attitude '•ontrol
system and its implementation and, again, this was only possible
because of the parallel development of the data reduction software.

(f) the enormous redundancy in the grid coordinate measurements
compared with the number of star unknowns results in an elegant fea-
ture of the Hipparcos payload - its 'self-calibrating' capability. The
closure conditions on ihe abscissae measurements for each reference
great circle mean that a complete geometrical calibration of the in-
strument can be made at this level - this geometrical calibration gives
the relationship between the sky and instrument reference frames.
Simulations of the great circle reductions were able to demonstrate
that (most of) the coefficients of a general third-order transformation
between the two reference systems could be solved at the milli-arcsec
level for a 12-hour data set. This provided hardware constraints on
the form and period of stability of any instrumental deformations.

(g) the involvement of the Input Catalogue Consortium permitted
quantitative studies of atar distribution requirements for real-time
attitude determination, the complex problem (because of the two
superimposed fields of view) of initialising the scanning motion by
means of the initial star pattern recognition process, and the avail-
ability of standard stars for photometric and astrometric calibrations.

In summary, the formation of dedicated scientific groups who would
take responsibility for the scientific mission planning and for the data



reductions, and the national funding of these groups early on in the
project, allowing parallel development between the scientific tasks
and the industrial development, has been particularly beneficittl.

4.2 Scientific Linka with the Mission Operations

The European Space Operations Centre (ESOC, Germany) is'respon-
sible for operation of the satellite after launch and, again, there has
been a very close co-operation between ESOC and both the Input
Catalogue and Data Analysis Consortia.

As a result, a rather complex modulation scheme for the target
observing time as a function of each star's past and predicted obser-
vational history, aimed at maximising the astrometric information
collected at each atar passage, is being implemented at ESOC ac-
cording to prescriptions laid down by the Input Catalogue Consor-
tium. This has only been possible, at least in such a smooth manner,
because the work of the Input Catalogue Consortium started so early
on in the history of the project.

The precise data formats and contents of the magnetic tapes that
will be distributed by ESOC to the Data Analysis ConBortia have also
been largely finalised. The definition of data contents and formats
appears in a Data Definition Interface Document already produced
by ESOC - this means that the consortia have been able to start
coding of the detailed reception and preparation algorithms two years
before launch, in the knowledge that all of the information required
in their data processing chain has been identified by ESOC.

Test tapes, of various levels of complexity, are being produced by
ESOC during the interval leading up to launch (two such tapes have
been produced so far), and this should ensure that the the interface
between the Agency's ground-station and the scientific users of the
data is operating smoothly by the time of launch.

The consortia are fully involved in reviews of the Agency's on-
ground and in-orbit payload commissioning and calibration plans
(Wills et al. 1986) and payload monitoring procedures (Davis k van
der Ha. 1986), and are involved directly in calibration activities of
a more scientific and, at the same time, less operationally-critical
nature. Such calibrations include the geometric transformation pa-
rameters solved for at the great circle reduction level, and the image
dissector tube and star mapper photometric calibration parameters.

Finally, a link between the real-time payload monitoring activities
that will be carried out at the ESOC ground station after launch,
and the data reduction consortia's comprehensive data treatment fa-
cilities (which will lag behind the data production by 2-3 weeks or
more) is provided by the FAST Consortium's 'first-look' facility, im-
plemented at Utrecht (Schrijver 1986). A set of about 12 hours of
data (i.e. one reference great circle) per week will be despatched
by ESOC directly to Utrecht, at the end of a period of attitude
reconstruction by ESOC. The data will be in precisely the same
form as those despatched to the main data reduction facilities (at
RGO/Copenhagen/Lund for NDAC, and at CNES for FAST) and
the first-look facility will consist of an implementation of the main
processing software chain implmented at CNES. its function will be
to validate, as swiftly as possible, the data coming from ESOC, and
to provide the results of initial data calibration quantities to both
the FAST main processing chain and to ESA. Rapid anomaly re-
porting and instrument monitoring by scientific groups will therefore
be available, reducing the possibility that low-quality scientific data
will continue to be collected over extended periods. Procedures for
scientific involvement in re-calibration or instrument change-overs
will also be established before launch.

In summary, full scientific visibility of the ground station devel-
opments, and coordinated links between the two activities, should
allow the smooth processing of data to commence soon after launch.
As an additional check on the status of the data reduction teams
before launch, a Software Readiness Review is in preparation which
is aimed at identifying any weak links in the data reduction chains of
the two groups, and confirming the use of the same basic assumptions
throughout.

5. Achieving a Unlquo Hipparcos Catalogue

It has been noted that two data reduction consortia, NDAC and
PAST (led by Dr E. HfJg of the Copenhagen University Observatory
(DK) and Professor J. Kovalevsky of CERGA, Graese (F), respec-
tively), are responsible for the main mission data reductions, and that
this work is largely proceeding in parallel within the two groups. It
has been noted above that a fundamental reason for the existence of
the two groups is so that the final catalogue users can have a better
confidence in the reliability of the final catalogue. It has been agreed
by all parties that the outcome of the project must be a single cat-
alogue. In this section, the methods foreseen to achieve this unique
product are outlined.

Evidently, to wait until the two data reduction teams complete
their individual catalogues before attempting to compare them, or to
agree beforehand that a weighted average of the final positions (or the
catalogue with the smallest formal errors) would be taken as the final
catalogue, would be quite unacceptable approaches to the problem of
defining a unique final catalogue. Instead, comparisons of the outputs
of the various reduction steps using simulated data (Froeschle et al.
1986, van Leeuwen & Snijders 1986) have already started, and plans
for continuing these comparisons throughout the mission are being
finalised. The intention is to identify the processing steps where
different results first appear, then initiate a study on the reasons for
this divergence, hopefully resulting in an identification and correction
of errors in the adopted algorithms or their implementation.

The following comparison 'levels' have been defined:

• level 1 comparisons: these are based on ad hoc simulations or soft-
ware routines designed to test specific understanding, or the specific
behaviour, of certain of the reduction steps;

• level 2 comparisons: these again rely on simulated data, but now
the data is simulated at the very lowest level (as expected from, and
in the form of, data from the ground station) and taken through
the various steps of the data reduction chain, up to the step being
compared;

• level 3 comparisons: these are identical to the level 2 comparisons,
except that they use real data.

The level 1 comparisons include a variety of tasks. For example:

(i) based on the parameters of the nominal scanning law, the data
reduction consortia and ESOC have computed the equatorial and
ecliptic coordinates (J 2000) of the spacecraft reference axes at a fixed
time interval after the reference epoch 1988 Jan 1, 12 l l00m00' UTC,
using given values for the real-time attitude determination Eulerian
angles. This exercise has succeeded in verifying the understanding
of the implementation of the nominal scanning law and the real-time
attitude angles of al) parties - resulting differences are never larger
than 3 micro-arcaec.

(ii) ESOC will provide to the data reduction teams simulated orbit
data at a given reference time, including- the state vector components
in the mean equinox of date frame, Chebychev coefficients for the
state components, and the auxiliary Keplerian motion parameters.
The consortia will evaluate, at time intervals before and after the
reference time, the geocentric components of the spacecraft position
and velocity in the J 2000 system. This exercise will verify the con-
sortia's understanding of the orbital data reference systems used by
ESOC;

(iii) while the determination of rtellar directions will not be compli-
cated by the effects of precession and nutation due to the rotational
motion of the Earth, as is the case for ground-based observations,
the observations will nevertheless be made in a frame moving with
respect to the centre of mass of the solar system. Mean positions
will have to be corrected for these motions, and other corrections
due to the displacement of the satellite from the origin of the iner-
tial reference frame, and to relativistic light bending by bodies of
the solar system will be taken into account, at least to the level of
0.2 milli-arcsec, a figure limited by uncertainties in the Earth's and
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spacecraft's positions. The relationship between the harycentnc, ge-
ometric and apparent star positions are given, in tin1 context of Hip-
parcos, b,v Walter <•( at. (1986). In tin- case of strlliir aberration
both the motion of the Earth around the Sun, and of the spacecraft
about the Earth will need to be known to about 0.2 m s~' to at-
tain an accuracy of 0 2 milU-arcsec on the aberrational displacement
of the star's direction. These will be furnished by the JI'I, or lidl,
ephemeris in the case of the Earth, and by orbital determinations
by ESOC in the case of the spacecraft. Aberration caused by the
spacecraft motion will have to be evaluated every observation frame
period (2.1333 s), and the determination of both contributions will
need to take account of terms in (v/c)1. Higher-order general rela-
tivistic terms have been considered (Schutz 1982), but do not need
to be taken into account. Comparison procedures have been set up
to verify the correct implementation of these various corrections at
the 0.2 milli-arcsec level within the two data reduction teams.

(iv) level 1 comparisons of image dissector tube data generated by
ESA, and star mapper, great circle, and sphere data generated by
the two data reduction teams have been initiated, and in some rases,
completed. Fig. 3 shows the results of the comparison between the
outputs of the phase determinations made by the two consortia on
the ESA-generated image dissector tube data. The simulated data
covers a time interval of about 30 minutes, and includes a variety of
error sources implemented by the prime contractor in their 'image
location stage' software. Systematic phase differences between the
two consortia, for this data set, were below about 0.1 milli-arcsec.

figure S: The phases of the signal first harmonic (arcsec) for simu-
lated star passages of I) - 12.S mag from the processing of the FAST
and NO AC Coiisortia

The level 2 comparison tasks will comprise comparisons of the
image dissector tube, star mapper, attitude, great circle and sphere
data processing. For all but the last task (which is less time critical
since the first sphere reconstitution will only take place after about
6 months of processed data becomes available), the following stages
of the comparison procedures have been completed:

(i) definition of the quantities that have to be compared;

(ii) definition of any transformations necessary before a comparison
of the results of one consortium with those of the other consortium
can be made;

(iii) definition of standard formats for the outputs of the various
processing steps, so that a comparison of the results is facilitated;

(iv) provision fur these standard outputs tn be made during Un-
real data processing, HI. that the corresponding level :S comparisons
can also be made

These comparison tasks are led liy members of tin' Hipparcos Sci-
ence Team, and regular reviews of their progress are held. It is ex-
pected that a first level I comparison of all data reduction steps up to
and including the great circle reductions can be made in March 1988

An illustration of the complexity involved in three comparisons
ran be demonstrated with reference to some problems encountered
in the great circle comparisons, being led by lr van der Marel of Ihr
Delft Grudetic Inslitiit.

(i) the attitude is represented in llu> NDAC Consortium by he-
liotropic angles with respect to a nominal Sun, whereas in the FAST
Consortium this is done by means of Kulcriau angles with respect to
the reference great circles;

(ii) the different data reductions will have different methods for
selecting the reference great circle end points, poles and reference
epochs. During the mission, identical reference great circles will,
however, be defined from time to time, if only for comparison pur-
poses;

(iii) the FAST and NDAC reductions treat problem canes (minor
planets, multiple stars, etc.) differently: in FAST, problem cases are
treated as passive objects (that is, they are not treated rigorously in
the great circle reductions, but are fitted into the solution later, and
hence cannot harm the solution of the other stars) In NPAC, such
objects are re-weighted, i.e. in the subsequent (internal) iteration,
the weights of the problem cases are lowered.

Such differences (and, of course, many others) are evidently highly
desirable from the point of view of gaining confidence in the final
results, but complicate considerably the tasks of inter-consorlia com-
parisons! On the other hand, because of the adoption of the basic
three-step method by the two consortia, the output of the two great
circle reduction softwares is essentially similar: both produce star
abscissae, an improved along-scan attitude, and parameters for the
large-scale instrumental distortion.

In summary, there are considerable difficulties in comparing the
intermediate quantities of the two data reduction teams. But these
difficulties should not be insuperable and if, as is anticipated, the
path through the level 2 simulated data comparisons is cleared by
the middle of 1938, with the agreement of comparison quantities and
procedures completed, the way should be open to a comparison of the
intermediate quantities during the real data reductions, early flagging
in case significant differences are detected, and the production of a
single, agreed-upon catalogue some three years after the completion
of the satellite operations.

With the satellite consumables sized for significantly longer than
the [luiflinai 2* Jr^aio, lli€rG should be- ft gltrtil im.enllvr to cullijuutf

operations for a longer period. This w,]' be reviewed after launch,
when tfje satellite performances are confirmed, and after consultation
with the Agency advisory groups. The improvement in the precision
of the positions and parallaxes grows as T ] ' 2 , where T is the mission
lifetime. Proper motions, however, improve as 7'3^2, so there is a
particular interest to extend the mission lifetime in jrder to improve
on the proper motions of the programme stars.

Thought has been given to the possibility of suspending satellite
operations after a certain period, with the hope of re-activating the
satellite at a later stage (say, after 5-10 years). This is not considered
to be a realistic option, partly because of the satellite design, and also
because of the significant level of support needed to monitor and re-
activate such operations. Nevertheless, such decisions can wait until
after routine operations have commenced
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HAMILTONIAN CHAOS IN PERTURBED RESONANCE PROBLEMS
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We describe briefly a perturbative method for problem with two critical arguments developed
elsewhere (Henrard and Lemattre 1986). This perturbative nKfhod la baaed upon the numerical ava-
luation of a set of angle-action variables valid globaly on the phase space of a one-degree of free-
dom resonance problem. Applied to the resonance 2/1 of the elliptic restricted planar three body
problem, this perturbative method enables us to distinguish two mechanisms of formation of chaotic
behavior and to identify features found in numerical experiments by previous author3. Questions
relative to the formation of the Kirkwood gaps In the asteroid belt are also briefly reviewed.

1. Introduction

It Is more than 100 years ago that sharp gaps in
the distribution of asteroids in the main belt have
been detected by Kirkwood (1861). These gaps are
located at the main resonances wiih the orbital period
of Jupiter.

Two types of mechanism have been recently proposed
in order to explain these gaps. One of them assumes
that, at the beginning of the Solar System small non
conservative forces have forced the resonance
locations to sweep through the belt. These forces
could have been some type of drag action on dust
grains prior to the formation of the asteroids (Gonczi
et al. 1982) or the gravitational effect of the
dissipation of the primeval Solar Nebula (Torbett and
Smoluchowsky 1980, 1982; Henrard and Lemattre 1983b,
Lemattre 1981). Such a resonance sweeping leads to
the formation of gaps the shape of which can be
predicted by the adiabatic invariant theory and Its
extentlon to separatrix crossing (Yoder 1979, Henrard
1982, Henrard and Lemattre 1983a) and agrees quite
well with the observed distribution.

The other mechanism proposed by Wisdom (1982)
relies on near encounters with Mars. It can be shown
(Wetherill W O that a Mars orosser asteroid will
3uffer an encounter ofith Mars close enough to change
its semi-major axis by a few percent once every 200
Myrs. With Mars at its maximum eccentricity ( e =
0.112 ) an asteroid Iocsted at the resonance 3/1
(respt. at the resonance 2/1) becomes a Mars crosser
whenever its own eccentricity reaches 0.30 (respt.
0.17 ). This means that an asteroid which spent a
significant amount of its life with an eccentricity
larger than 0.3 (for the 3/1 resonance) or 0.17
(for the 2/1 resonance) will very likely suffer
several close encounters with Mars and be removed from
the gap.

At the 3/1 8aPi the resonance effects with Jupiter
are strong enough that most of the initial conditions
lead to eccentricities as large as 0.3 (Scholl and
Froeschle' 1971). Furthermore Wisdom (1982-1983) has
shown that the chaotic orbi.s found by Sholl and
FroeschlS (1971) for small eccentricities, lead
eventually to large sudden Increase in the
eccentricity. Removing asteroids which can reach
eccentricities as large as 0.3 either regularly or
because of large sudden Jumps leads to a gap the shape
of which is very similar to the observed gap (Wisdom
1983, Murray and Fox 1981). The same kind of
conclusions have been drawn by Sidllchovsky (1987) for
the 5/2 resonance.

The recent numerical evidence of an intricate
pattern of regular and chaotic behavior at the 3/1
resonance (Wisdom 1983, Murray and Fox 1981) and also
at the 2/1 resonance (Murray 1986) and the puzzling
behavior of some chaotic trajectories at the 3/1
resonance (Wisdom 1983) and 5/2 resonance
(SidlLchovsky 1987) with a low and a high eccentricity

mode and sudden jumps between them pose many
questions.

In an attempt to answer them, Wisdom (1985)
proposed a perturbative treatment based upon the
Identification of two time scales in the long
period problem. The "short" (relatively speaking,
It is of the order of a few hundred years) time
scale motion is analogous to the motion of a
pendulum and the long time scale (several thousand
years) may force the trajectory to cross the
separatrix of the pendulum. This leads to the
phenomenon known as "slow" Hamiltonian chaos and
studied mainly in plasma physics (Timofeev 1978,
Menyuk 1985, Escande 1985, Tennyson et al. 1986,
E3cande 1987, Henrard 1988).

2. Slow and fast Hamiltonian chaos

In order to describe this alow Hamiltonian chaos
and to oompare It with the fast Hamlltonlan chaos,
let us consider briefly the simple example of a
pendulum the restoring torque of which is
periodically forced. Its Hamiltonian function is

H (1 • 2 a cos nt) cos <|> . (1)

When the forcing frequency n is large (say
n=1/e ), a perturbative treatment of the problem
can be obtained by the averaging method. It can be
shown that the averaging procedure describes well
the motion (Arnold 1963) except in a thin strip
along the separatrix of the averaged pendulum. The
width of this strip is exponentially small in e
(see Chirikov 1979, Lichtenberg and Liebernen
1983).

On the contrary, if the forcing frequency n is
small (say n-c ), the perturbative treatment has
to be handled differently. Action-angle variables
have to be introduced for the pendulum and the
averaging has to be performed on the pendulum
period. This leads to the adiabatic invariant
theory. The procedure fails in the area swept by
the separatrix of the pendulum (which is moving
slowly due to the slow time dependence of the
restoring torque). In this area a specialized
perturbation theory (see Tiraofeev 1978, Tennyson et
al. 1986, Henrard 1988) predicts a chaotic domain
of finite size with a width proportional to a but
independent of e .

In this context the words "chaotic motion" or
"stochastic behavior" are used rather loosely to
designate the apparent randomness of the
trajectories. Another recent trend in Hamiltonian
mechanics is to designate as "chaotic" any motion
for which the Liapunov number is non zero. In view
of thi3 It would be nice to obtain estimates of the
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Uapunov number or the motions In the simple example
described above. To our knowledge, auoh estimated
have not yet been Marked out. Indications are that in
the fast ohaoa oaae, the Uapunov number la of the
order of unity while In the alow Hamiltonlan chaos It
goes to 2ero with e ,

In any case the real challenge Is to relate the
stochastic or chaotic behavior with ergodlolty but
this Is a much more difficult question.

3. The elliptic restricted problem at the 2/1
resonance

Introducing the usual resonance variables (Polncar<5
1902), averaging the Hamiltonlan function over the
fast variables, expanding it In powers of e , e'
and a-a" (where a» is some nominal value of a
close to the resonance) and finally scaling the
mcaenta and performing the reducing transformation
(Sessin and Ferraz-Mello 1981), see also Wisdom 1986
and Henrard et al. 1986), we eventually end up with
the two degree of freedom Hamlltonian function (see
Henrard and Lemattre 1986 for more details) :

K « Ko + e
1 K, (2)

with

Ko - (M-R)
J - 2 /?R COS r + 2 C R + 2 D R cos ?r (3)

K, = /2R {F cos(nw) • G cos(m-r)} • e' l H cos 2m (U)

The angular variables r and m are associated
respectively with the usual resonance variables o -
2 X' - X - u and \> - -2 X' + X • u' , while the
momenta conjugated to them R and H are
respectively associated with the square of the
eccentricity of the test particle and with its semi-
major axis. The coefficients C , D , F , C and
H are numerical coefficients. For the sake of
simplicity we have truncated the Hamiltonlan function
(2) at the square of the eccentricities but in the
actual computations we have carried out the expansion
to order 8 In the eccentricity of the test particle
and to order 1 in the eccentricity of Jupiter.

If we neglect the eccentricity of Jupiter by taking
e'»0 , the problem is reduced to a one degree of
freedom problem the phase space of which is well known
(see for instance Message 1966 or Henrard and Lemattre
1983a). The terms in e1 can be considered as a
small perturbation to this problem and a perturbation
technique using the one degree of freedom problem Ko
as the unperturbed problem can be considered.

1. Numerical evaluation of global action-angle
variables

The first step in such a perturbation method 13 to
Introduce angle-action variables for the unperturbed
problem described by Ko . Action-angle variables are
usually introduced by means of a generating function
written as an integral of an implicit function. There
are two difficulties in applying this method here.
First, we do not know how to solve analytically these
integrals. The Hamiltonlan Ko is more involved than
the pendulum for which the integrals already Involve
elliptic function. On the other hand, In many
instances it Is possible to solve them approxiraatively
in the vicinity of an equilibrium point by expansion
in series (see for instance Ferraz-Mello 1988) but we
need to define the action-angle variables globally in
the full pha3e space and not only in the neighborhood
of equilibria.

The second difficulty is related to the fact that
the Hamiltonian function Ko actually depends upon
the momentum M of a second degree of freedom. The
one degree of freedom canonical transformation
defining the action-angle variables should be extended
to a two degrees of freedom canonical transformation.

To go around those difficulties (eapecially the
first one), we ahall d6flno numerically the
canonical transformation leading to the
action-angle variables in the following way.

Let ua write Ko in the PoincariS's variables

y - /2R aln r , x • /2R cos r (5)

and evaluate the periodic trajectories of Ko
numerically starting from Initial conditions y0 ,
x0 on the x-axls ( y0-0 ), Of course the
solution depends upon M considered here as a
constant parameter

y - Y'(t,xo,M) , x - X'(t,xo,M) . (6)

The period of the trajectory T(xo,M) is also a
function of the initial condition and of the
parameter. It can be shown that the "angular time"

and the area enclosed by the trajectory

1 fT ,v,J(xo,M) dt - *' ar> d t

(7)

(8)

form a canonical set of actioo-angle variables.
The one degree of freedom canonical transformation

y - Y(*,J,M) , x - XdhJ.M) (9)

can be evaluated from (6) by substituting i|/ to
t and x0 by its value in terms of J and M
obtained implicitly from (8) . The substitution
and the evaluation of (8) can be obtained
numerically.

As the one degree of freedom canonical
transformation (9) depends only upon the momentum
M and not upon the variable m , it can be shown
that Its extension to two degrees of freedom is
simply given by

m - q - p(g.,J,K) , M - Q (10)

where p is given by an integral which again can
be obtained numerically (see Henrard and Lemattre
1986 for more details).

5. The basic frequencies

Applying the canonical transformation (r,n,R,M)
to (̂ i,q,J,Q) Just defined, to the Hamiltonian
K - Ko + e1 K, , we obtain a new Hamiltonian
function

H • H0(J,Q) + e
1 H,(i|>,q,J,Q) (11)

where Ho is the transform of Ko and H, the
transform of K, . He do not have an explicit
analytical expression for Ho and H, but the
point is that we can evaluate their values and even
the values of their derivatives numerically for any
values of the variables.

The Hamiltonlan H is now almost ready for a
straightforward application of averaging technique.
He first have to evaluate the unperturbed
frequencies of the angular variables (ijj.q) . They
are the derivatives of Ho with respect to J and
Q .

Vc show in Figure 1 the value of the ratio of
the two frequencies. We do not show them in a
diagram J , Q because these variables are not
very suggestive. We have chosen to use the mapping
from (*,q,J,Q) to the usual (averaged) resonant
elements (a,e,o,v) defined by the product of all
the transformations we have performed 30 far. The
mapping is evaluated at ijj-0 (and i|i-n ) and q^O .
The resulting value of o is always zero or 180° .
We distinguish the two cases by attributing a
negative value to the eccentricity when o»180° .
Actually it means that we plot the non singular
element k • e cos o .
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Figure 1. Values of the ratio of the two basic
frequencies (dashed curves). Also shown In solid
curves are the location of the separatrices of the
(r,R) subsystem.

On the same diagram ue have plotted the location of
the separatrices of the one degree of freedom system
described by K, . Indeed we claim that these
separatrices form the natural boundaries of the
resonance zone for the' circular problem. Furthermore,
it Is their crossing (forced by the motion of the
second degree of freedom m , M ) which can lead to
slow Hamlltonian chaos. Wisdom (1985) attributes to
this effect the existence of chaotic behavior in the
3/1 resonance. As a matter of fact, Froeschle1 and
Scholl (1977) have given evidence of such separatrix
crossing orbits in the 2/1 , 3/1 and 5/2 resonances
but did not relate them to the onset of chaotic
motions.

As it can be seen in Figure 1 the lower part of the
resonance zone (between the separatrices mentioned
above) is characterized by lines of low order {2/1 ,
3/1 , ...) commensurabilities between the two'(slow)
frequencies.

In a previous paper we have called them "auper-
resonance" for lack of a better word. Actually they
are very similar to the second order resonances >hich
have been.described qualitatively by many authors (see
for Instance Arnold 1963, page 93, or Lichtenberger
and Lleberman 1983, page 109).

These secondary resonances are associated with
periodic orbit of the averaged elliptic restricted
problem. Such orbits have been computed by Glffen
(1973) and the initial conditions tabulated by Giffen
agree quite well with Figure 1 giving us some
confidence in the results of our perturbation method.

6. Secondary resonances and fast Hamlltonian chaos

When the values of the basic frequencies are
commensurable (their ratio being a rational number
i/j ), we expect a secondary resonance. The phase
space picture can then be analysed by averaging H,
over all periodic terms except the resonant angle
(i<t>*jq) and its harmonics. The reason is that the
other periodic terms although they are slow have a
higher frequency than the resonant angle. Relatively
speaking they can then be considered as J'fast"
variables. The new averaged Hamiltonian H is
reduced to a one degree of freedom system, the phase
space of which can be analysed by plotting curves of
constant values of H . The periodic orbits mentioned
earlier appear as equilibria.

Only the low order resonances such as 2 / 1 , 3 / 1 ,

3/2 , ... will bo roally Important. Indeed the
resonant term (l4>«Jq) appears In H, with a
coefficient proportional to e1 U~') , Wo have
analysed the moat significant one, the rosoi.anco
2/1 (SOB Honrard and Lemattre 1986) and found two
branches of stable perlodlo orbita and one branch
of unstable periodic orbits associated with a
family of separatrix curves. Now if we recall the
brief description of Hamlltonian chaos of Section
2, we can expect these separatrix curves to be
surrounded by a atrip of chaotic motion. Indeed
these separatrices belong to an average problem aid
the averaged terms act as a "fast" periodic fore; g
on them.

Indeed numerical results by Murray (1986)
indicates a rather large chaotic zone in this
region. This chaotic zone shows lsland3 of regular
motion which correspond to the stable periodic
orbits mentioned above. Again this agreement
between our analysis and the numerical results of
Murray (1986) give us some confidence In our
analysis.

7. Separatrix crossing and slow Hamiltonian chaos

As mentioned earlier the separatrices of the
circular restricted problem should be surrounded by
a atrip of slow Hamlltonlan chaos as the
trajectories are forced to cross them by the motion
of the slower second degree of freedom (q,Q) . The
extend of this strip can be computed if the motion
of (q,Q) can be found. This in turn can be
obtained by averaging the Hamiltonlan (11) over the
angular variable i> which except in a very narrow
(exponentially narrow) region around the separatrix
is faster than the angular variable q . We found
that the extend of this strip of slow chaotic
motion is quite small. This is also confirmed by
the numerical results of Murray (1986). The slow
chaotic region corresponds to the narrow chaotic
band at the right of his diagram.

8. Conclusions

In our perturbation treatment of the 2/1
resonance of the elliptic restricted problem, we
have identified two mechanisms producing chaotic
motion. The slow Hamiltonian chaos produced by
slow crossing of a separatrix is similar to the one
Identified by Wisdom (1985) at the 3/1 resonance,
but it is not very extensive at the 2/1 resonance.
The other one, the fast Hamiltonian chaos produced
by a comparatively fast forcing of secondary
resonance's is associated with unstable periodic
orbits. It Is rather widespread at low
eccentricities but the corresponding trajectories
seem to be constrained to remain at low
eccentricity (Froeschle1 and Scholl 1976) thus
preventing removal of the asteroid by close
encounters with Mars.

One may wonder if these secondary resonances are
not responsible for some of the chaotic motions
found at the 3/1 resonance. The structure shown by
the chaotic region in Murray and Fox's results
(1981)) could be an indication of this. Another
indication can be found in Figure 12 of Wisdom's
paper (1985) which indicates clearly the presence
of an unstable equilibrium and its associated
separatrices. The very surprising behavior of
sudden and apparently random jumps From a low
eccentricity to an high eccentricity mode and vice
versa found by Wisdom (1982-1983) seems to be
associated with this separatrix and thus with some
kind of fast Hamiltonian chaos.
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RESONANCES IN THE SOLAR SYSTEM AND IN PLANETARY SYSTEMS

John D. Hadjidemetriou

University of ThessaJoniki, GR-540 06 Thessaloniki, Greece

ABSTRACT: Recent work on resonant notion in the Solar System and in planetary sys-
tem is presented in a unified way. The physical models used and the underlying mat-
hematical theory is also presented. The relation between resonance and instability
is studied and the mechanism of generation of instability is discussed and is relat-
ed to the various parameters of the system.

1. INTRODUCTION

Resonances play an important role in the evo-
lution of a planetary or satellite system.
The Hamiltonian of such a system is expres-
sed in the form

H = H E)H (1)

where H is the intagrable part and eH^
is the t °:-perturbation. The integrable part
corresponds to a set of uncoupled Keplerian
orbits and the perturbation is the gravita-
tional interaction between the small bodies
(planets or satellites) and in some cases
the effect ofa nonspherioal central body. It
can be proved that the topology of phase spa-
ce in the unperturbed problem is the same
both in the resonant and the nonresonant re-
gions. Thus, in the absence of perturbation
no different behavior is expected between re-
sonant and nonresonant configurations. When
the perturbation eH. is introduced the topo-
logy of phase space changes. This change
however is not the same everywhere, but takes
place near resonances only (and mainly, for
small values of e, at low order resonances)
while in the nonresonant regions (or far from
low order resonances) the topology is the sa-
me with the unperturbed one, with small quan-
titative changes only (i.e. the Invariant to-
ri of the unperturbed motion are slightly
distorted). This shows clearly the import-
ance played by the presence of resonances
in dynamical systems described by the Hamil-
tonian (1) (Hadjidemetriou, 1988).

This review will be devided into two parts-.
In the first part we shall study the resonant
configurations in our Solar System. This is
related to the existence and the evolution
of particular resonant configurations or the
nonexistence (gaps) of resonant motion in the
distribution of small bodies (asteroids, ring
particles). In the second part we shall stu-
dy the stability of resonant planetary sys-
tems in general, for a range of values of the
parameters involved (masses, phase, resonance).
This problem is related to the possible exis-
tence of other planetary systems and, perhaps,
to the past history of our Solar System.

In the first part we shall present in a
unified way the basic mathematical theory us-
ed in studies of resonances in the Solar Sys-
tem. For the details we refer to the review
of Henrard (this volume). In the second
part we shall show the connection of resonant
motion and periodic orbits and we shall obtain
some insight on aspects of resonant motion
by studying the stability properties of reso-
nant periodic orbits. We shall also study
how the mass ratio and the phase affect the

stability, what resonances are dangerous and
how they are related to circular or elliptic
motion and also how the coupling or resonant
or nonresonant stable systems can lead to
instability. The underlying mathematical
theory is based on the theorem of Krein (1950)
(see also Yakoubovieh and Starzhinski, 1975).

2. PART 1: RESONANCES IN THE SOLAR SYSTEM

Most recent work on resonance is on systems
with two degrees of freedom. In some cases
the Hamiltonian is autonomous, but in other
cases the physical model implies the slow
variation or the oscillation of a parameter,
and this introduces another dimension to the
problem. We shall discuss first the autono-
mous case and next we shall discuss the non-
autonomous case as it appears in systems
which are of interest to Celestial Mechanics.

2.1 Autonomous case - theory

Let us asume that the Hamiltonian ("i), trans-
formed to action-angle variables, takes the
form

H V f 1 T \ _ i v * U / ' r * A A t / *> \

where H1 is periodic in the angles,

H1 = i Hl ln<J)exp(i'B.'5)i (3)

where F=(l,m), "e-(6,,e2). The frequencies
of the unperturbed motion are
nl=aHQ/8J1, n2=8H0/8J2 and the motion in.

phase space can be viewed as motion on a to-
rus with radii
angles S.sn.t+e,

J.= const. <Jp=const. and
Q. In the case

J.iO we have a nonresonant (in general) pe-
perlodic motion. When J.,J2*0 and n./n2=

r/s, where r,s are integers, we have a reso-
nant periodic motion on the torus. In this
latter case small divisors appear in the stu-
dy by the classical perturbation theory. In
order to study such resonant cases we intro-
duce new coordinates, by a canonical trans-
formation, that rotate with the resonant
frequency (Lieberman and Lichtenberg, 1983).
This can be achieved by the generating func-
tion

and the new variables are

^=7J J = J + J
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The angl-> '$1 is called the critical argu-
ment, the new Hamiltonian is

H = H0(J,J2) + eHl(J1>J2,el.e2) (6)

and we average over the "fast" angle 8, to
obtain *

H = HO(J,,J2) + (7)

In (7) the angle 8- is ignorable and J_=
constant,

J. = J, = constant. (8)

(a) Oscillatory motion of a parameter-cha-
otic motion

In this case the Hamiltonian is expressed
in the form

H = H0(JlrJ2) + eH1(J1,J2,B1,82,X'), (13)

where H. is periodic in e.,e_ and A'»n't
(in the case of asteroid motion n'
is the mean motion of Jupiter). We assume
that n' is much larger than 8,, 6,, i.e. \'
is a "fast" angle and we average (13)
over \' . We find the Hamiltonian

This is in fact the first terra in the expan-
sion of the adiabatic invariant. The pertur-
bation H, in (7) is

H

p

Note that' J_ appears as a fixed parameter
in (7).

We now introduce approximations in H^,
considering only the terms for p=0r±1. In
many problems of interest to the Solar System
this is sufficient. In this case the Harail-
tonian (7) takes the form

H = H (J.) + eH-cose (10)

This has been called the "ideal resonance
problem" and studied thoroughly by Garfinkel
(1982). Recent work on this problem has been
also made by Jupp and Abdulla (1981), 85).

A simplification to the problem is to as-
sume that the action J. does not vary much
and take expansions near a mean value, J.=
J 1 0 + A J . . Then the Hamiltonian (10) takes the
form

H = (11)

This is the pendulum Hamiltonian and is cal-
led the "first fundamental model for resona-
nce". It has been considered in the study
of resonant motion by Yoder (1979), Peale
(1976), together with a slow variation of a
parameter and by Wisdom (1985) and Henrard
and Lemaitre (1987) in a problem of two cri-
tical arguments.

In some problems of Celestial Mechanics
the pendulum approximation is not satisfacto-
ry. A better approximation gives the Hamil-
tonian

H = aJ (12)

which is called the "second fundamental model
for resonance". This has been used by Henrard
and Lemaitre (1983) together with a slow va-
riation of a parameter, and also by Lemaitre
(1984a,b). The same model has been used by
Ferraz-Mello (1986) in the study of 1st order
resonance. This type of resonance has been
also studied by Gerasimov (1986).

2.2 Non autonomous case-theory

This case arises when we consider a physical
model which implies the variation with time
of a parameter. This variation may be mono-
tonous, as it happens in the case of a slow
decrease of energy due to various physical
reasons (tides, drag, loss of mass) or may
be oscillatory, as in the asteroid problem
if the eccentricity of Jupiter is taken into
account.

H o ( J l ' J " e i '

where, in the cases of interest, H is the
pendulum Hamiltonian. We proceed now as
in the autonomous case to transform H to
action-angle variables q,Q,i|j,J. The new
Hamiltonian is

H Ko(J,Q) eP(i|),J,q,Q> (15)

and in problems of interest to Celestial
Mechanics the agnle di may be a "fast" angle,
compared to q. In such a case we can aver-
age again over <JJ to obtain the averaged
Hamiltonian

K = Ko(J,Q) cP(J,q,Q). (16)

This is a one degree of freedom Hamiltonian
in the variables q,Q, depending on a para-
meter J (which is the constant action cor-
responding to the ignorable angle iii). The
trajectories in this ease are the level cur-
ves of (16), for fixed J. But J cannot be
considered as fixed near a critical curve
(homoclinic orbit). Consequently J is va-
rying near a critical curve and this causes
repeated crossings of the critical curve as
J varies, thus generating chaotic motion.
This mechanism of generation of chaos at re-
sonance regions has been studied by Wisdom
(1985) and Henrard and Leraaitre (1987). Nu-
merical computations in this model were ma-
de by Murray (1985) in connection with the
stability of resonant asteroid motion. As
a consequence of the generation of chaos,
the eccentricity of the asteroid undergoes
large increases near a resonance (in parti-
cular the 3:1 resonance with Jupiter) and
this may lead to close encounters with Mars
and a generation or a gap at that resonance.

Work on resonant asteroid orbits with
high eccentricities has been made by Ferraz-
Mello (1987) and numerically by Liu and In-
nanen (1985). Also work on resonant satel-
lite orbits has been ma'de by Ferraz-Mello
(1985), Salgado and Sessin (1985) and Sato
and Ferraz-Mello (1985).

(b) Slow decrease of a parameter-passage
through resonance

A different physical model than the above
resulting also to a nonautonomous system is
the case of a slow decrease of a parameter.
This appears in the study of asteroid motion
if we assume the existence of drag forces
(Gonzi et al. 1982) or a slow removal of an
accretion disc in the early stages of the
Solar System (Torbett and Smoluchovski , 198<?)
and also in the study of satellite motion in
the presence of tidal dissipation. The phe-
nomenon results to the passage through reso-
nance and a change of the orbital elements
takes place because, as mentioned before,
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the topology of phase space is different at
resonant regions compared to the neighboring
nonr-eaonat regions. The underlying mathema-
tical theory ia the theory of adiabatio in-
variants and its extention to cover the cases
of transition through a critical curve. Such
a study was made by Peale (1976, 1986) and
Yoder (1979) for pendulum Harailtonians (Eq.1i)
and by Henrard and Leraaitre (1983) and lemai-
tre (1981b) for'the second fundamental model
for resonance (Eq.12). The theory of adia-
batic invariant has been studied by Henrard
(1982a,b) for Hamiltonian systems with a slow
decrease of a parameter and by Hadjidemetriou
(1988) for mappings. Numerical studies to
obtain the change of the orbital elements on
passage through resonance were made by Gonzi
et. al (1982), Torbett and Smoluehovski (1982)
and Hadjidemetriou- (1986, 1988).

2.3 Numerical computations of resonant aste-
roid motion

Families of resonant asteroid orbits have
been computed by Hadjidemetriou and Iohtia-
roglou (1984) for the circular restricted 3-
body problem in the plane and the structure
of phase space has been found by the method
of surface of section. The energy levels we-
re selected in such a way, based on analytic
results, that no main feature of phase space
went undetected. Chaotic regions were found
above a certain energy level. Similar com-
putations, where also a nonzero eccentricity
of Jupiter was considered, were made by Mila-
ni and Nobili (1985). Both studies were re-
lated to resonant asteroid motion.

Extended numerical computations of asteroid
orbits near the 3:1 resonance have been made
by Wisdom (1983, 85) using a mapping model
that he devised. This model was used by Mur-
ray and Fox (1984) and Murray (1986) for other
resonances. Numerical computations of aste-
roid orbits have been made also by Schubart
(1968, 1979, 1982), Franklinet. al. (1975).
Froesehle" and Scholl (1982), Kozai (1985),
Nakai and Kinoshita (1986) and Sidliehovsky
and Melendo (1986). A recent review on reso-
nant asteroid motion is made'by Scholl* (1985).

Families of resonant satellite orbits,
with one or two resonances, have been comput-
ed numerically by Hadjidemetriou and Michalo-
dimitrakis (1982), including the study of the
three Galilean satellites of Jupiter.

3, PART 2: RESONANCES IN PLANETARY SYSTEMS

3-1 A short mathematical background

The planetary systems that we shall study are
described by a Hamiltonian of the form (1),

H = (17)

where H describes the unperturbed Kepleri-
an • ° motion and eH. is the perturba-
tion. We shall start x with resonant motion
in the unperturbed Hamiltonian H , i.e. pe-
riodic orbits which in fact are ° Keplerian
orbits of each planet (or satellite) and con-
sequently the motion is, evidently, orbital-
ly 3table. We want to know the evolution of
the stability of such a periodic motion and
find the mechanism of generation of instabi-
lity when the perturbation EH. is applied.
The mathematical theory was developed by
Krein (1950) for perturbed sympleetic matri-
ces and is contained in Yakoubovich and Star-
zhinski (1975). Application of this theory

to planetary systems was made by Hadjideme-
triou (1982, 1985a,b). We shall mention ve-
ry briefly the main points. The autonomous
case will be considered only.

(a) Two degrees of freedom

A periodic orbit of H has two pairs of
eigenvalues

,~"1 (18)

for stable motion (orbital stability). When
EftO the unit pair survives, because of the
existence of the energy integral, and the
pair A, . cannot move outside the unit circle
and thus' generate instability, unless <p=0
or <p»n. In this latter case instability can
be generated by the mechanism shown in Fig.1:

(a) V _ ^ (b)
tig.1: Generation 01' instability, (a;
(a) through -1 as <p~n, (b) through +1
as <p-0.

(b) Three degrees of freedom

We shall assume that a periodic orbit of H
has the eigenvalues

\7=X9=1, X^sXgse , X.=A.-»e f (19)i. z 3 5 4 6

i.e. it has two complex conjugate 2-fold ei-
genvalues on the unit circle. When e»fO the
pair X,»A2=1 survives, because of the exis-
tence of the energy integral, but hhe
other eigenvalues may evolve aa shown in
FiK.2: The theory of KreijL_3tates what hapoens.

ii.cTTa/ evolution to staoiiity. ihe ei-
genvalues split and move on the unit cir-
cle, (b) Evolution to complex instability.

(c). More than three degrees of freedom

We 3halli.consider a case of five degrees of
freedom (for example a planetary system with
three planets). We shall assume that the
eigenvalues of H are

^ =\ ~A. -e \ ~\ -A. ~e (20)

for a resonant periodic motion. When c40
only one pair of unit eigenvalues can survi-
ve, due to the existence of the energy inte-
gral, while the other unit pair can move
outside the unit circle, as in Fig.1b, thus
generating instability.

As far as the 3-fold eigenvalues in (20)
are concerned, it can be proved that either
they can split ana move on the unit circle,
as in Fig.2a, or two of them can move out-
side the unit circle, as in Fig.2b, thus ge-
neratine instability. The theory of Krein
predicts which evolution is possible for any
particular case.
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We shall consider in the following parti-
cular mathematical models which have been
used in the studies of resonant planetary mo-
tion and we shall study the mechanism of ge-
neration of instability.

3.2 The restricted circular planar 3-body
problem-asteroid orbits

This is the simplest moael to study motion in
a planetary system (Szebehely, 1967, Roy
1982) and has been used in studies of aste-

roid motion. The more massive primary is he-
re the Sun and the less massive Jupiter. The
massless body is an asteroid in circular or
elliptic motion. The Hamiltonian is of the
form (17) where H describes Keplerian mo-
tion in a rotating frame. It is known (e.g.
Hadjidemetriou and Ichtiaroglou, 198')) that
families of nearly circular orbits and fami-
lies of resonant elliptic orbits exist for
etO. Along a resonant family the ratio of
frequencies of the asteroid and Jupiter, res-
pectively, n/n' is almost constant while the
eccentricity increases. Along the circular
family instability can be generated only at
the resonances n/n" = 3:1, 5:3,..-t by the
mechanism of Fig. 1a. All other resonant or
nonresonant asteroid circular orbits are
stable.

Concerning elliptic motion, there exist
for each resonance 2:1, 3:2, 3:1, e.t.c. two
different families, differing in phase only.
The unperturbed periodic motion at the above
resonances has two pairs of unit eigenvalues
and when e^O only one pair survives. The
other pair can generate instability by the
mechanism of Fig.1b. The numerical computa-
tions have shown that at these resonances one
phase is stable and the other is unstable.

3.3 Planetary systems with two planets

In this case we have three degrees of freedom,
for planar motion, in a rotating frame. The
Hamiltonian is of the form (17), where HQ cor-
responds to two uncoupled Keplerian or-
bits. For circular motion of the two planets,
any ratio of the frequencies n../npgives a pe-
riodic orbit, in a rotating frame.
For elliptic motion the ratio n.|/n2 must be
a rational number.

The eigenvalues of an unperturbed circular
periodic motion are given by (19), where in
general K>^0 , n. Such a system is stable for
ej(O, i.e. the eigenvalues move as in Fig.2a,
for any Hamiltonian perturbation for direct
motion of both planets. This is obtained by
Krein theory (Hadjidemetriou, 1982). If how-
ever <p~n, the eigenvalues e*̂ -* move on
the unit circle and meet at -1, where insta-
bility is generated Viy the mechanism of Fig.
la. This happens fo,' the resonances n/n' = 3:1i
5:3. ... only. All other resonant or nonre-
sonant circular periodic orbits are stable.

Concerning elliptic motion of the two pla-
nets at the resonances 2:1, 3:2, 4:3,..., the
eigenvalues of the unperturbed periodic orbit
are all equal to unity. When e^O only one
unit pair survives while the other eigenvalues
can move through +1 outside the unit circle
and thus instability is generated by the
mechanism of Fig. 1b. The generation of sta-
bility or instability in this case depends on
phase, for the same resonance (Hadjidemetriou,
1976). For example, at the 2:1 resonance in
the case of two equal masses m-|=m2-.001
(mo=.998), the phase Pp(a)- SUN - P,(p) is
stable and the phase P2fa) - SUN - P.,(a) is

unstable (a or p in the parentheses mean
aphelion or perihelion, respectively).

The ratio of the masses m./m- can play a
stabilizing role. It is found (Dellbaltas,
1976) that the above unstable configuration
is stabilized when the outer planet is the
more massive one.

It is also found (Hadjidemetriou and
Miehalodimitrakls, 1978), Kwok and Nacozy,
1985) that the increase of the masses of
the planets can destabilize a stable reso-
nant or nonresonant circular planetary mo-
tion. For example, the 5:2 resonance is
stable for the masses of Jupiter and Saturn
but becomes unstable when the masses are in-
creased by a factor of 38.

From the above we see that complex insta-
bility (Fig.2b) cannot appear in a planetary
system with two planets revolving around the
Sun in same direction, for small values of
the planetary masses. Complex instability
can appear however in retrograde motion
(Hadjidemetriou, 1985b).

3.4 Planetary systems with three planets

Unperturbed circular motion of the three
planets, with frequencies n.|, n2, n, is

periodic if the relation (n2-n1)/(n--n1 )=r/s

holds, for r,s integers. This relation can
be expressed in the form

(s-r)n1 -

where

(21)

are not rationals, in

rn» = 0

general.
In such a system we have five degrees of

freedom and the eigenvalues of an unperturb-
ed periodic motion ai-e given by (20) where

2nrn 2nsn
{22)

(Hadjidemetriou 1985b). The continuation of
a circular periodic motion, when e^O, to a
nearly circular periodic motion is possible
in all cases for which <p^2kn. For each set
of values for r and s and for a fixed set
of values of n two different circu-
lar periodic -1 orbits exist (perio-
dic orbits of the first kind) which differ
in phase only (different position of the four
bodies on a straight line).

When the resonances

n2/n1 = (r+k)/k, = (s+k)/k, (23)

for any integer k exist, we have <p=2kn and
the continuation to a circular periodic orbit
is not possible. We have, instead, for each
of the above resonances bifurcations of re-
sonant families of elliptic orbits of the
planets (or satellites), along which the re-
sonance (23) is almost constant but the ec-
centricities vary. In fact it was found
(Hadjidemetriou and Michalodimitrakis, 1982)
that four such resonant branches exist for
each resonance, differing in phase only.

Concerning the evolution of the stability
we obtain (Hadjidemetriou, 1982) that in a
circular motion of the three planets, in the
same direction, instability can be generated
in general, only by the mechanism of Fig.1b.
In fact it is proved that in the unperturbed
system there always exists a Hamiltonian per-
turbation which generates instability. How-
ever, for the particular perturbation due to
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the gravitational interaction between the pla-
nets, the numerical computations has shown
that one phase is stable and the other unsta-
ble. In addition to the above, which applies
in all cases, at the particular resonances
among the circular orbits for which <p=(2k+l)n,
the eigenvalues A.5, A,lo are at -1 and in-
stability can be generated by. the
mechanism of Fig.1a. It was found that this
is a dangerous resonance and instability is
generated in all cases.

In elliptic planetary orbits all eigenva-
lues are equal to unity in the unperturbed
case and instabilities can be generated by
the mechanism of Fig.1b. The numerical compu-
tations have shown that when the perturbation
is the gravitational interaction between the
planets, some phases may become stable.

As an example, consider the ease r=2, s=3
in (21). The periodicity condition is then
the Laplace relation n.-3n.+2n3=0. If no
other resonance among pairs, of the type
(23), exists we have a circular periodic mo-
tion. This is the ease with the satellites
of Uranus, Miranda-Ariel-Umbriel. If in ad-
dition to the Laplace relation we also have
resonances of the form (23) then we have a
double resonance problem corresponding to el-
liptic motion. For k=-1 in (23) we obtain
n.:o2:n,=1:2:1 which corresponds to the Ga-
lilean satellites lo - Europa - Ganymedes.
A stable periodic motion of this type has
been found by Hadjidemetriou and Michalodi-
mitrakis (1982) which is very close to the
actual motion. The other three phases at
this resonance were found to be unstable.

3.5 Stabilization and Destabilization in
planetary systems with three planets

A planetary svstem with two planets in circu-
lar orbits in the same direction is structu-
raly stable, provided it is not close to the
resonances 3:1, 5:3, ... . This is not the
case when we have three (or more) planets.
The unperturbed problem is always critical
and even in the stable phase a Hamiltonian
perturbation of the order of the masses may
destabilize the system by the mechanism of
Fig.1b. We note here that in the stable pha-
se the pair X,=X4=1 has moved on the unit
circle far from +1 and thus stabilized
the system. The larger the masses of the
planets, the further away from +1 are the
eigenvalues A.,,A... Consequently it is, in
this case, more unlikely for the system to
be destabilized because a much stronger per-
turbation is needed. This implies that larger
planetary masses can stabilize the system.

Let us consider now a nonresonant planeta-
ry system with two planets P- and Pp in cir-
cular orbits. This is periodic in a rotat-
ing frame and is stable provided n./n.,43/1,
5/3,... . Add now a third planet P- in cir-
cular orbit and select n, so that the
condition (21) holds. i Then one phase at
least may be unstable, which means the stable
planetary system with two planets is desta-
bilized by a third planet. As an example
consider n,/n.=.38 and n^/n.=.O7 which cor-
respond to* ' r-2, s=3 i in (21). The
phase Sun-P1-Pp-P, is unstable (while the pha-
se Pp-Sun-P'-Pl is stable). The instabili-
ty is . generated by the mechanism of
Fig. 1b.

Consider next a resonant planetary system
Sun-P^Pp in circular orbits, with n~/n.=3/7,
which is stable. Add now a third pla-
net P.. such that n,=nj = 1/7. The subsystem

Sun-P.-P, is also stable. The coupling ge-
nerates instability because in this case
r = 2, s = 3 in (21) and q>"7n in (22). This is
a more dangerous situation than before be-
cause we have a double resonance here and
instability is generated by the mechanism of
Fig. 1a. Both phases are unstable.

We shall end by making a remark concerning
the physical meaning of the linear instabili-
ty we have considered in resonant systems.
In all cases of interest, the planetary or
satellite masses are small and consequently
the unstable eigenvalues are such that
|Xj|»1. However, among all possibilities
with the same resonance, nature selected the
stable configuration. This is the case, for
example, with the Galilean satellites of Ju-
piter.
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DISCUSSION

A. Nobili: You said that in the case of 2 planets on
circular orbits evolving in the same direction insta-
bility is not generated except at the 3/1, 5/3,...
resonances. Is this result independent on the mass
ratio?
•3. Hadjidemetriou: Yes, in all other cases of circular
motion of the two planets, in the same direction, the
system is proved to be strongly stable, i.e. there does
not exist a Hamiltonian perturbation which generates
instability. Consequently, the change of the masses can-
not generate instability if n,/n2 / 3/1, 5/3, 7/5,...
In these latter resonant circular planetary motions we
have instability for any mass ratio. I remark also that
the only cases where a circular motion of the planets
cannot be continued as circular motion when the masses
are nonzero, are the resonant cases 2/1, 3/2, 5/3,...
In these cases we have families of elliptic orbits,
and the stability is affected by the mass ratio.
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COMPARISON OF PERTURBATION ANO WISDOM METHODS FOR 5/2 RESONANCE

M: Sidlichovsky

Astronomical Institute, Czechoslovak Academy of Sciences
BudecskS 6, 120 23 Praha 2, Czechoslovakia

Some preliminary results of perturbation method applied to 5/2 asteroidal reso-
nance with Jupiter are presented. The results are compared with those obtained by
the author with the Wisdom method previously applied to this resonance by Sidli-
choysky1 and Melendo. Inferences for the origin of the corresponding Kirkwood gap
are drawn.

1. Introduction

The existence of the Kirkwood gaps in
asteroids has been known since 1867 when
Kirkwood published his results. Many hypoth-
eses were proposed to explain the origin of
these gaps. The theoretical basis for in-
vestigating the resonant asteroids was es-
tablished by Poincare' (1902). His variables
were used by Schubart (1964) whose averaging
method enabled him to improve considerably
the results of Poincare and Andoyer (1903;
for the circular problem. Schubart (1968)
generalized his method for the elliptic case
and it was used by Scholl and Froeschle in
series of papers which gave a better insight
into the problem of resonant asteroids.

As these calculations are time consuming
there was no particular reason to prolong
them for time span larger than about 5E4
years.

Then the paper by Wisdom (1982) appeared
presenting a very efficient method to calcu-
late the evolution of asteroidal elements
employing mapping technique. Wisdom method
makes it possible to calculate the new ele-
ments of asteroid after time interval compa-
rable to the period T-, of Jupiter by series
of simple transformations (the exact step de-
pends on the choice of free parameter Jl.
Following the evolution of the orbit of as-
teroids in 3/1 resonance by this very fast
method Wisdom found trajectories for which
the ecoentricity did not exceed 0.05 for
1 million years and then suddenly increased
to a large value (over 0.3). These results
were then confirmed by the numerical inte-
gration (Murray and Fox, 1984) which ruled
out the possibility that such behaviour was
onl> artifact of the mapping.

The mapping approach was then applied to
2/1 resonance (Murray, 1986). The numerical
results of such calculations give good
guidelines for developing perturbation meth-
ods. Wisdom (1985) presented perturbation
method for 3/1 resonance and Henrard and
Lemaitre (1987) for resonance 2/1.

Sidlichovsk^ and Melendo (1986) pre-
sented the mapping for the asteroidal reso-
nance 5/2. Employing it in the numerical
calculations Sidlichovsky (1987) showed the
existence of two distinct time scales in
addition to the time scale lfl of Jupiter
orbital motion.The time scale of order 1E4
is connected w> tl~. the changes of resonant
argument y and the time scale of order 1E6
;s related to the slow motion of the peri-
helion Cu.

The ruu.-i t ions of motion can be averaged
over shorfiT .if the two time scales. This

procedure yields guiding trajectory in the
two dimensional space. The actual trajec-
tory must be close to the guiding one.
However, there exists the zone of uncer-
tainty where the approximation breaks
down. These ideas introduced by Wisdom
(1985) for 3/1 resonance may be applied to
5/2 resonance. Some results of such calcu-
lations are presented in this paper.

2.Results of Mapping for 5/2 Resonance

Denoting the mass of the Sun (i^ and
the mass of Jupiter <u ( p. +(«,,=1), we will
use the following canonical variables:

(1) x= {2( ^ ) i n [l- (l-e2)^2]}1

[l-

f = 2X -5t, ¥ ft a)1/2

where a is the semi-major axis.e is the
eccentricity,co, a. are the longitude of
the perihelion of the asteroid and its mean
longitude.The Hamiltonian of the problem
restricted to the third order of the ec-
centricity and averaged over non-resonant
combinations of X reads (Sidlichovsky;
Melendo, 1986)

(2) 5 * ) - res,

rRres = c o s V [B1(x
3-3y2x)+C1e'(x

2-y2) +

+ D1e
>Zx+E1e'

3] +sin f [-Bj(y3-3x2y) +

+ 2C1e'xy+D1e' yj.

Here e' is the eccentricity of Jupiter
taken as constant e'=0.048 in these calcu-
lations. The problem is , therefore, planar
restricted elliptic and resonant.
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WisdQm method is based an addition of such short
period terms to (2) that sin •f or cos if are multi-
plied by 2TC periodic delta function. For example

yielding the guiding lines for trajectories
in x,y plane on which the oscillations with
the shorter time scale are superimposed.

COS

where free parameter Q. is of order 1. For SI =2TT
the shortest period of added term iu equal to T,.
Choosing -tifferent S for different terms in R ês

we obtain sevsral cf-functions. The jumps of ele-
ments due to (T-functioiis may be obtained by
l im i t i ng process (Wisdom, 1982)while between
non-zero values of iT-functions only the
secular evolution takes place. A l l these
transformations together form the mapping of
elements x,y, y , gS into new ones after
the time interval 2 T T - , / J I . This mapping
together with values or coef f ic ients F+,c,
S . J C . J D I . E , were given by Sidlichovsky and
Melerido (1986).

Repeating th is mapping one can calcu-
late the evolution of elements. Results of
such calculations (Sidlichovsky, 1987) w i l l
be compared with the results of perturba-
t ion method obtained in the fol lowing sec-
t i on . The results of the mapping approach
are i l l us t ra ted in Figs 1-4.

1

aa

0.10

0

0.10

0.20

•!H»

•

m
ISM-

•A,
• . " - I

•Ml

•

•

- C DC

• IIH

'ft'"

IM

Ml

•Ml

• I M

0.10 02

• DM

•

•

•m

0.30 i

Fig. 1
This figure shows the typical evolu-

tion in x,y coordinates. The time is para-
metrized by numbers. The unit of time is
equal to B T TJ. The numbers give actually
how many mappinyo were applied (-fi =0.25).
Initial conditions for the trajectory in
Fig. 1 were a=2.824 AU, e=0.04, -f = CZ =0.
The time of revolution of the perihelion is
about 7E5 years. We can see that the ec-
centricity is very low ( < 0.05) for about
2.3E5 years, then it increases and after
3.2E5 years it is larger than 0.3. Tlis
slow motion of the perihelion is still com-
plicated by oscillation on shorter time
scale. This may be seen in Fig.2 which
shows more details of the same trajectory
as in Fig.l. The period of these oscilla-
tions is of order 1E4 years and our goal
will be to give the perturbation theory

0.02 0.04 i

Fig. 2

To complete the picture obtained by
the mapping we show another type of trajec-
tory in Fig.3.
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The initial values for this^trajectory are
a = 2.824 AU , e = 0.02 , <f = CZ> =0.The excur-
sions in eccentricity are now much smaller.
But trajectory may evolve for several rev-
olutions in this low eccentricity mode and
then switch to the high eccentricity mode
of the type of Fig.l.The time of this tran-
sition is very sensitive even to very small
change of the initial conditions.lt suggests



the existence of a chaotic region. Such re-
gion was found (Sidlichovsky, 1907) era-
ploying the Lyapunov characteristic oxpo-
nents. This chaotic region is shown in Fig.
4 for initial ^ = w = 0. Similar figures
are obtained for other initial values of *+
and cu .

0.10

0.02
0

2820 2.822 2826 2.82!

Fig. 4

The width of the chaotic region is compara-
ble to the with of the corresponding Kirk-
wood gap.

We kept only quadratic terms in 2 assuming
wo are not far from the resonance. The so-
lution to problem with the Hamiltonian (6)
is well known (pendulum).

For -A < H' < A the angle z librates,
for H'<-A it circulates. The solutions
may be given in terms of Jacobi elliptic
functions and complete elliptic integral
(Wisdom,1985) with modulus

(8) k =

k = f—1
L A - H . J

1/2

1/2

for libration

for circulation

For k close to 1 we are close to the sep-
aratrix and the period of the z oscilla-
tions becomes very large. We assumed that
we were not very close to the separatrix,
the motion of z is then short periodic in
comparison with slow evolution of main part
of x and y. Dividing x and y into long-
period parts and short-period parts x = x+_^ ,
y=y+ \ and taking into account only the
average effect of terms we obtain for the
long-period variations (Wisdom,1985)

dx » A(x,y) .
(9) — = -2F,y O

dt -9 y N
cos

3. The Perturbation Method

Let us introduce A and P given by rela-
tions

(3) A cos P=B1x(x
2-3y2)+C1e

>(x2-y2)+D1e
>2x+

A sin P = y [-B1(y
2-3x2) + 2C1e 'x + D ^

into the Hamiltonian (2),we arrive at

(4) Q i +5 f )+F,(x2+y2)+Fe'x-A(x,y).
f X

cos( xf -P(x,y)) .

Following Wisdom(1985) perturbation approach
to 3/1 resonance we define

(5) z= •f - P(x,y) - 7T ,

1 z res '

where ,

res 2 Q

Variables z,Z are canonical variables in
approxomation with frozen x,y. Motion of
z,Z is governed by the Hamiltonian

(6) H' = - - ot Z2
 + A cos z ,

(7) cC - 15/ f ,.„ .

dy ©A(x,y)
_ = 2F,x +
dt 3x

<(cos z>

where

(10) cos z
2 E(k)

K(k)

2 E(k)

k2K(k)

- 1 for libration

+ 1 - — for cir-
. 2 culation.

Let us assume that we started in libra-
tion regim. Then x and y vary slowly and
though this change leads to variations in
and H' the action

(11) (£-/ 2(E-(l-k2)K)

is conserved. The change of modulus k when
x,y changed may be calculated from (11).
When integrating (9) by numerical method
we must change k in (10) in each step to
keep I conserved. Alternatively we may
start from

(12) . 15
H - " 2 - f r e s + H ' + F 1 ( x 2 + y 2 ) - F e ' x .

Introducing

=H+11
res

we can calculate k for given x,y from (8)
where 9 ,
(13) H'= 4H-F1(x'

;+y^)-Fe'x

and constant 4H is determined from the
initial conditions. We may easily verify
that I is conserved along the solution of
(9) with k calculated from (8) and (13) by
differentiating I and using formulas for
derivatives of E(k) and K(k).

(14) dI = 4(«*A)~1/2 [E-(l-k2)K] dA +
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1/2
dk

=W dH>)

Expressing dH'in terms of dx, dy from
(13) we reach at

(15) dl= 2^ ( k ) ( « A)" 1

If x,y fulfil (9) then dI = 0. We used (13)
in our Runge-Kutta calculations of guiding
curves x(t;,y(t).

Our adiabatic approximation breaks down
around k=l. The equation for the kritical
curve k=l is of the 6th degree in y. For

v = y2

we obtain equation of the third degree

(16:' Y 3 B 2 + Y 2 [ 2 2

-F2] +Y

+B2x6+2B1C1e'x
5+(-FZ+

e>^C2+2B101))x
4+2xe"(

+ (E1
2e>6-( AH)2) = 0

To illustrate the results we calculated the
critical curve for AH=lE-7, which is the
value for the curves in Fig. 1 and Fig. 2.
The critical curve Fig. 5 consists of small
closed curve similar to circle near the ori-
gin and larger-curve (inner of the two in
Fig. 5).
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Inside these two curves the circulation
of argument z takes place, while z librates
outside. The solution of (12) (outer curve)
is in good agreement with the points ob-
tained by Wisdom mapping (crosses in Fig.5).

The solution was stopped in tho vicinity
of the critical curve. The time interval
between two arbitrary points agrees also
well in both cases.

If WB are not interested in time de-
pendence but only in the form of guiding
trajectories in x,y plane, we need not
solve differential equations (9). It is
sufficient to ensure that k calculated for
x,y from < 8), (1 j "> agrees with that calcu-
lated from (11). We already proved that
then differential equations (12) are ful-
filled. We obtain condition

(17)

where f"1 is inverse to f(k)=E-(l-k2)K,

The guiding curve with constants
is the solution of (17).

and I

4. Conclusions

We obtained independent confi
of our results from mapping calculations.
Mapping works well.with 5/2 resonance. For
all chaotic trajectories we tested, we found
that guiding trajectory crosses the criti-
cal curve, on the other hand, we found no
such crossing for quasiperiodic trajecto-
ries. It seems that the existence of chaot-
ic region in 5/2 asteroidal resonance is
closely related to the existence of the
zone of uncertainty similarly as for 3/1
resonance.

As the chaotic trajectories starting
with low eccentricities reach values about
0.4 it seems that encounters with Mars can
be the reason for the existence of the 5/2
Kirkwood gap.
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DISCUSSION
H. Scholl: Do you think that it is possible to con-
struct mappings for other resonances like 7/3 and 2/1?
M. Sidlichovsky': Yes, it is. For 2/1 resonance it has
been actually constructed by Murray (1986). For 7/3
resonance such calculations were not published to my
knowledge, but it can be done. The only complication
is that degree of the resonant term in eccentricity is
now four. To be consistent one has to take into ac-
count terms of this degree in the secular Hamiltonian
as well. The secular part of the transformation between

peaks is not then so simple, but Lindstedt's method
is vary useful there (Sidlichovsky, Melenao, 1986).
Or one may use Yuasa solution.
A. Nobili: Can you give the values of the LCE's that
you have calculated at the 5/2 resonance?
M. Sidlichovsk^: Using usual renormalization method
for two close trajectories calculated with the mapping
I obtained values lE-5/year.
J. Henrard: For an asteroid in the 5/2 resonance to
become a Mars crosser, the eccentrictiy has to reach
a value larger than 0.4. Did you find that in the 5/2
resonance region most of the trajectories did indeed
reach suzch an eccentricity?
M. Sidlichovsky': In all cases the eccentricity reached
ths value 0.38 which is somewhat under the Mars cros-
ser limit. The eccentricity of Jupiter was, however,
taken as constant ej=0.048. If we allow for the chan-
ges of ej to e-j=0.06 as predicted by secular the-
ories and use the non-planar model greater effects may
be expected.
A. Jupp: If I understood you correctly, you said that
your method failed when k (the elliptic modulus)
equals unity or is close to unity. Do you have any idea
how close to unity you can get before your method
fails?
M. Sidlichovsky: One possible way how to get such in-
formation is to compare guiding trajectories (which
should fail near critical curve k=l) with actual tra-
jectory calculated using mapping. The value of k has
no effect on mapping results. I found very good agree-
ment up to values k=0.92, then the comparison was
difficult as the mapping is not continuous and it sim-
ply jumps through critical curve.



A NOTE ON LEMAfTRE'S MODEL FOR THIRD ORDER RESONANCE

Thierry PAUWELS

Koninklijke Sterrenwacht van Bclgie, Ringlaan 3, B-II80 Drussel, Belgium

In recent papers Henrard and Lemattre have studied what they call "The Second Fundamental Model
for Resonance" and higher order generalizations of it. The action integral ("area Index") was computed
analytically, but the phase space and the action integral as a function of the parameter 6 were only plot-
ted on scale by a computer. By using properties of quartic equations, however, the mathematically special
values of £ were found. For third order resonances, one of these turned out to correspond to a minimum
in the value of the "area index" A;, but since it is very shallow and very close to the starting point of
the function, this feature was invisible in Lemattre's plots. This has some theoretical implications for
the process of capture into a third order resonance, although numerically the effect will be small due
to the shallowness of the minimum. A similar exercise on first and second order resonances revealed
no new features.

In recent papers Henrard and Lemattre have studied
what they call "The Second Fundamental Model for Reso-
nance" (Henrard and Lemaltre, 1983) and higher order
generalizations of it (Lemaltre, 1984). The general
form of the Hamiltonian for such a resonance can be
written as

k(R.r) = R 2 -5R - (2R)k / 2coskr ()>.

This form includes Henrard and Lemaltre s Second Funda-
mental Model (k = I), as well as Lemattre's second and
third order models (k = 2 and 3). The notations (and
especially the expression for 6) are slightly different
from the ones used by Henrard and Lemaltre in order
to have one single expression for all positive values
of k, except 0 and A, R and r are the canonical momen-
tum and coordinate, while k is the order of the reso-
nance. In a real orbit-orbit resonance R is proportional
to the square of the eccentricity or of the inclination,
while r is the librating angle. 6 is a parameter that
is a measure for the "closeness to exact resonance",
and is usually slowly varying due to perturbations from
outside, such as tidal interaction or drag.

For k = 1, 2 and 3, graphs of the phase space are
given in both papers by Henrard and LemaTtre. In those
graphs R and r are used as polar coordinates. The orbits
are plotted for different values of K, and graphs are
given for different values of 6. However, one can won-
der if these values chosen for K and 6 are representative
for all possible values. This is the same as asking:
"For which values of K does the orbit pass from one
type of motion (e.g. resonance) to another (e.g. rota-
tion) ?" and "For which values of 6 does the phase space
change its aspect (e.g. from rotation only to a phase
space with rotation and resonance) ?". The aim of
this, paper is to give a method to find all these spe-
cial values for Y. and 6.

The first step is to consider for given k, 6, K
and cos kr, (1) as an equation in R. By the substitution

•L + 6az2 + 4bz + 3c = 0 (3).

for k~ I:

z = /2R sgn (cos r)

6
3 = "I

b = - [cos r |

4K

for k --• 3:

/2R
sgn (cos 3r)

a =
12 K

b = — |cos3r|

1
~~ 1 2 K

(2),

In the case of k = 2, (I) can be reduced to a quadratic
equation. Its treatment is easier than that for k« 1
or 3, but it is basically the same. | c o s k r | is bounded
between 0 and 1, while z can have any real value,
except 0 for k = 3. For k = 3, K = 0 must be treated
separately. Although (3) can be solved analytically,
the expression for its solution is too complicates to
allow its properties to be derived. However, we are
only interested in the signs of the real roots of (3).
These can be deduced from the signs of a, b, c, d,
t and the discriminant D, where D, d and t are given
by:

D = b" + 2b2a(a2-3c) - c (3a 2 -c ) 2

3 a 2 - c

t = a + c

(4).

They are quite easily computed for known k, <5, K and
cos kr. The discussion of tin.-, quartic equation is
given in Table 1.

The second step is to let |cos kr) vary, i.e.
take all values between 0 and 1. We keep K and 6
constant, so that we consider one orbit in a given
phase space (this orbit may consist of two branches).
In terms of equation (3) this means that b varies.
The only way for the number of positive or the num-
ber of negative roots to change is to pass over multiple
roots, i.e. D = 0, or over zero or infinite roots, i.e.
K = 0. Thus we have to solve D = 0. This is a quadratic
equation in b2 . Its solutions give the values W+ and
W_ of cos2 kr for which (3) has multiple roots. They
are, for k = 1:

W = —
* 27

for K = 2:

and for K = 3:

108 K
(-6(62

(5),

(6),

(7).

(I) reduces to a quartic equation in z:

For k = 2, W± is computed in the same way as for k = I
or 3, except that it corresponds to a value of cos 2r
rather than to its square.
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As an example, suppose that V.V and W- both lie
outside the interval (0 , I). This mean? that the num-
ber and signs of the real roots are the same for all

Table 1. Discussion of the quartic equation (3),
Columns 1 to 8 a/low the aigna of the coef-
ficients and their related quantities,
+ • strictly positive! - = strictly nega-
tive! */- - different from zeroi a or
blank » irrelevant (any real value).
The last two columns show the signs of
the real roots (Ke) and the signs of the
real parts of the imaginary roots (
Encircled symbols denote multiple roots.

values of |coskr| . If (3) has one positive and one
negative root, the orbit Is a closed curve enclosing
the origin. This means rotation. If, on the other
hand, say, W+ lies between 0 and 1, while W. lies out-
side this interval, and (3) has two positive roots for
cosa kr > W+, and no real roots for cos2 kr < W+,
then the orbit corresponds to libratlon witii amplitude
Arccos /U+.

The third step is to let K vary, i.e. we consider
all orbits in the phase space for a given value of 6.
Transition from one type of motion to another will
occur if one of the following equations is satisfied:

W+ = 0 or 1,

W. = 0 or 1,
(8).

Solving equations (8) with respect to K will give all
special values of K.

The last step is to let 5 vary, i.e. we consider
all possible phase spaces. To find the special values
of 6, where the phase space changes its aspect, we
have to solve the equations 1L • Kj, where K̂  and Kj
represent any pair of solutions of (8).

After applying this procedure, we find as spe-
cial values, for k « 1:

for 6: - 3 .2 ' 0, 3.2-1

forK: ± * . 0. - i«« .

and 3 . 2 '

X, and

where
K

J(2.3 - 4 x ( x 3 + 2 )

and x are the solutions of the equilibrium equation

x - 6 x - l - 0

for k = 2:

for 6: 0 and ±2

for K: 0 and

and for k = 3:

- ( - ± l)

for 6: - 2 , -2, - ±2 and 0
A 16

for K : - i o 2 . 0. i f i 2 , K j and K,

where

and y. are the solutions of the equilibrium equation

x - 3x - 6 0

The full detail of the procedure leading to these results
is given in Pauwels (1987).



Figure 1. The area indices of the honodinic orbits
of a third order resonance, as shown in
Figure 6 in Leuaitre (1984), except that
it is not to scale.

figure 2. Possible evolutions of the area index
of a system encountering a third order
resonance with increasing 6, and initial
value of the area index between 0.652
and 0.696.

A last remark concerns Figure 6 in Lemaltre's
paper. This figure shows the area enclosed by the homo-
clinic orbits in the phase space of a third order reso-
nance. For the larger area the expression is:

2 (Bj - B2(Arcsin y + -)) for 6 2 0

Bj - B2 Arcsin y) for - - ;
4

For a definition of B^ Bj and y. see Lemaltre (1984).
Analytically we find that A2 reaches a minimum in
6 - - 2 0 / 9 , while this is not visible on LemaTtre's plots.
Figure 1 shows the same as Figure 6 in Lemattre's
paper, except thift It is not drawn to scble.

This minimum has an implication on the possible
transition schemes. If the initial value of the area
index of the resonance is between 0.652 and 0.698, and
6 is increasing, capture into resonance is a probabilistic
event. However, if no resonance is formed at this
stage, after a while the orbit will encounter the homo-
clinic orbit a second time, and capture into resonance
is then certain, The overall result is that capture into
a resonance is certain, but there are two possible values
for the action integral after capture. The evolution

of the area index during this evolution is shown in
Figure 2. However, one should bear in mind that this
effect is very small due to the shallowness of the
minimum of A2.
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EFFICIEMCV OF VARIOUS METHODS OF THE SEARCH FOR PERIODIC ORBITS

P. Hadrava and 3. Kadrnoska

Astronomical Institute of the Czechoslovak Academy of Sciences,

251 65 Ondfejov, Chechoslovakia

The periodic orbits in circular restricted 3-body problem are calculated by different numerical

as well as analytical methods. The efficiency of both kinds are compared in this contribution.

The improvement of analytical methods can be achieved by an artificial splitting of perturbation

term. The analytical approximations are thus sufficiently accurate even for large values of mass

ratio fc . The use of these approximations as a zero-order approximation in numerical codes for

search for periodic orbits improves their efficiency also.

1. Introduction

The periodic orbits play a significant role

In dynamics of the asteroids and the artificial

sateiites in the solar system. Neglecting the in-

fluence of less massive bodies, these orbits are

a solution of the restricted 3-body problem, where

Sun and Oupiter are the primaries and the mass

ratio ft =mJ/(ms+mJ) is small. The existence of the

Poincare "s simple periodic orbits was proved by

method of analytical continuation (Poincare 1892,

Szebehely 1967). This method allows to obtain an

approximative analytical description of the whole

trajectory in time also for an arbitrary ^u«(0, 1)

(Hadrava and Kadrnoska 1986, and similarly Guillaume

1969), important in hydrodynamics of accretion

discs in close-binary studies (Paczynski). Comparing

analytical and numerical resultes during one period,

we demonstrate the efficiency of the former. We

choose as the first criterion of utility the agree-

ment of initial condition, and secondary, the agree-

ment of period time. This contribution follows

our recent paper (Hadrava and Kadrnoska 1986) but

brings some formal simplification and an improvement

of resultes.

Z. Analytical continuation

We consider a simple, Poincare "s first class

periodic orbit in planar, circular restricted 3-body

problem. The trajectory starts perpendicularly

to the x-axis joining the primaries, from an inner

point between them. If the gravitational constant,

total mass and distance of primaries are set equal

to unity, the Hamiltonian reads

H = H {(i, r,<f,pr, p^ =

= 7(PlS$-2lV> -?*<-<ft.sln,*iy£2£*.-JL)I (1)

where r,if are polar coordinates centered on mass

m, , r̂  = (1 + r* - 2r cos y ) " . It is advantageous to

treat formally the mass M of the 2 n d centre as

dynamical variable, whose associated varlble p^ is

cyclic and consequently û. = 0. Equations of motion

ji= 0

= Pr

= r p»- 1 + fi r cosj? (2)

J- m f r*+ ^i(rJpfcosf -P, =

then posses simple periodic solution

(3)

where uj = m*'r**and period T = 2»(w-1) . A physically

meaningfull solution, for which <«.= 1-m, , can

be now looked for as a perturbation of the solution

(3)

Jf = B(t) $f. ,
where the transition matrix B = T-»- satisfies equation

B = C Bat
This perturbed trajectory is periodic <f(J,iT) =

=£) If the initial conditions satisfy

(5)

The matrix C is

r; -

0 0 0 0 0

CIC 0 0 1 0

V 0 0 2«T'
(6)

r cosy



CM= wcosy - (r - cosy ) rj

CM= r sinu ( w - r]
J) ,

for the unperturbed solution,

transition matrix

and the corresponding

B ( t ) =i

1 0 0 0 0

B, B„ 0 Bo -Bu

B» B„ 1 Bu B1(

BM BJ( 0 Bw -B,,

B„ 0 0 0 1

(7)

B ^ B ^ coswt

B,,= -Bj,= -2r 'sln«t

Bw= -tt/B(J= -ws in iu t

Bu= -BÄ= -2r«'(1-cosiot)

B,,= -3rt * t f us inwt

The integrals 1^ are expressed in

where

are the standard Laplace coefficients and

T
i ' _ 2 f cosy

depend on L?

i ' 1 i " i ' i ° ' i ' i *L» =?L, , L, = L„ ±2Li ' L«

for k=2,3,...

(for special features and recurrences óf Laplace

coefficients see e.g. Aksenov,1986).

3. Results

The best numerical results can be achived

with choice

The approximative solution is now periodic with

period T+ ft °p. However, the deviation from exact

solution increases on long time scale, because

of the presence of secular tern in B u integral.

The values of initial velocity

v, = ry = (m-i)r t (

and the period

T =
2r

(9)

(10)

are given (in brackets) In Tables 1. and 2. res-

pectively in comparison with their exact values

found numerically. The present results are much

better In comparison with those given in our pre-

vious paper (Hadrava and Kadrnoska, 1986), where

m, = 1-ft. was setted from the very beginning. In

abstract, there is still one radial term in the

Hamiltonlan (1), which could be involved into

the zero-order solution (it is the first term

l<L£(r) of the Fourier expansion of gt/rt ). Non the

less, this additional splitting of perturbation

term does not lead to any Improvement.
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ORBITAL RESONANCES AMONGST PLANETARY SATELLITES

S.Ferraz-Mello

Unlversidade de Sao Paulo,Calxa Postal 30627,BR-01051-Sao Paulo,Brasll

This review emphasizes the great deal of work devoted In.the past IS
years to the construction of formal theories of the motion of resonant
satellites. The importance of formal theories and they fundamental concepts are
also discussed. We consider the kernels derived by Jefferys and Ries, Sees in and
Hori for the construction of formal theories for mutually perturbing satellites.
Some recent results concerning the determinations of the parameters of libration
of several systems as well as the accelerations of the Galilean satellites and
of Mimas are also presented.

1.INTRODUCTION
Orbit-orbit resonances are a common

feature amongst planetary satellites. 12
Saturnlan satellites (out of the 17 known)
are involved in 8 pairs of resonant inter-
action: 4 pairs in coorbital motion (Janus-
Eplmetheus, Dione-Helena, Tethys-Telesto and
Tethys-Calypso), 3 pairs In <p+l):p reso-
nances (Mimas-Tethys, Enceladus-Dlone and
Titan-Hyperion) and one pair in secular
resonance (Rhea-Tltan). Some satellites of
Jupiter and Uranus also present resonances;
these resonances involve three satellites
each, instead of two as for the mentioned
Saturnian satellites, and follow Laplaclan
solutions. They are the three inner Galilean
satellites of Jupiter do, Europa and
Ganymede) and three Uranlan satellites
(Miranda, Ariel and Umbriel).

Satellite orbits and resonances were
considered In four recent review papers:
Greenberg (1984), Perraz-Mello (1984, 1985a)
and Peale (1986). Greenberg (1984) consid-
ered the orbital resonances among the sat-
ellites of Saturn, reviewing the kinematics
of the various classes of resonances and
describing how resonances have played a
fundamental role in shaping the Saturn
system as it is seen today. Ferraz-Meljo
(1984) considered the investigations leading
to the actual knowledge of the motions of
all planetary satellites, except the Moon.
The review covered recent calculations of
the inequalities in satellite motion and the
determination of the orbits on the basis of
the existing observational data. Ferraz-
Mello (1985a) considered first-order reso-
nances amongst satellite orbits; the clas-
sical theory of Laplace was used to discuss
the motion of the Galilean satellites and of
the pairs Enceladus-Dione, Mlmas-Tethys and
Titan-Hyperion. Peale (1986) considered
several examples of satellite dynamics where
significant progresses have been recorded.
He discussed the origin and evolution of
two-orbit resonances with special emphasis
on Enceladus-Dione, Io-Europa and Europa-
Ganymede. The crucial role played by the
high rate of dissipation of tidal energy in
lo for the damping of the Laplaclan libra-
tion was thoroughly discussed. Peale also
considered the motion in the relative horse-
shoe orbits of Saturn's coorbital satellites
and some resonant problems involving the
rotation of satellites.

Two previous review papers, that played
an Important role in introducing these

subjects to astronomers, might also be
quoted: Peale (1976) and Greenberg (1977).
In Peale's review emphasis wa3 given to
Important questions as the stability of
librations, the tidal evolution of resonant
pairs of satellites, the capture from a
non-resonant state into a stable libration
and the passage through and subsequent
escape from such a resonance. Greenberg's
review aimed at bringing together descrip-
tions of the various resonance mechanisms,
making apparent the physical processes
underlying usual presentations and giving to
the non-specialist a feeling for them.

This review aims ax presenting the
subject of satellite resonances from a
different point of view. Because of the
satellites short orbital periods (of the
order of some hours or days), resonant
planetary satellites are still the realm of
analytical theories. Indeed, for most of
them, the fast motion prohibits the use of
numerical integrations of the equations of
the motion, even for the sake of producing
ephemerides for relatively short Intervals.
It is worth emphasizing that In the past 15
years many investigators have dealt with the
construction of formal theories for the most
important systems. This preference for
formal theories, instead of other approxi-
mation techniques, arises from the fact that
formal theories are able to give series
solutions of the equations of motion,
following given iteration rules, and that
these series accurately represent the
solutions In the regions of regular motion
where are moving the resonant satellites.
Also, they are adequate for the use of
algebraic manipulators allowing one to
perform automatically the long calculations
necessary.

We also emphasize the importance of
observations for the knowledge of the
motions of the resonant satellites. Real
progresses in our knowledge of resonant
motion are not possible without the
existence of good observations. We Include
in this review some recent results
concerning the motions of the (p+l):p-
resonant systems of Saturn, obtained from
the analysis of the existing observations.
The determination of the acceleration of the
Galilean satellites and of Mimas are also
presented.

2.FORMAL THEORIES
A great deal o* work has been devoted

In the past 15 years to the construction of



formal theories of the motion of two commen-
surable mutually perturbing bodies: Jefferys
and Rles (1975, 1979), Seasln (1981), Sesain
and Ferraz-Mello(1984), Horl (1985), Salgado
and Sessln (1985), Bevllacqua (1985), Silva
(1986), Sllva et al.(1987). This effort i3
justified by the fact that formal theories
are able to give solutions of the equations
of motion in the form of asymptotic series,
at any order, following given Iteration
rules .The convergence of these series Is
obviously restricted to regions where the
motion is regular, that Is, where the
Invariant tori of an integrable intermediary
are not destroyed by the perturbation (see
Moser, 1973). This is generally the case
when dealing with satellite orbits, since
they evolved in the presence of dissipatlve
interactions with the planet leading to the
damping of proper oscillations and driving
them to situations close to stable periodic
orbits, that Is, to regions of presumable
regular motion. For Instance, in the case of
Enceladus, an analysis of the averaged
equations of the elliptic restricted problem
by Ferraz-Mello and Dvorak (1987) shows that
the actual motion occurs on a torus deeply
situated in the regular region.

Formal theories Involve several phases.
The first one is the elimination of short
periodic terms in the disturbing function.
At variance with the "scissors-averaging"
method, widely used as an approach In many
studies of perturbed motion, the formal
elimination of short-period terms using, for
example, a Von Zeipel averaging definition,
allows one to obtain a Hamiltonian averaged
over the short-period angles and a canonical
transforma :ion able to give the complete
solution a& a transformation of that of the
averaged Hamiltonian. In fact scissors and
Von Zeipel<s averagings are equivalent only
at the first-order of the disturbing masses;
in higher orders long-period terms formed by
the combination of short-period ones appear.
These terms are not present in the given
disturbing function and therefore escape
detection when a scissors averaging is done.
A classical example is the Laplacian reso-
nance where many short period terms contri-
bute to form the coefficients of the
critical angle lj-Slj+a^ in the averaged

function (Sampson, 1921; Marsden, 1966; Vu,
1986).

After the first averaging a Hamiltonian
formed by secular, long-period and resonant
terms is obtained. The formal solution of
this new dynamical system depends on the
successful accomplishment of one basic step:
the identification of an integrable kernel
having the topologlcal structure of the
region of the phase space under study. The
complete integrabillty (In Liouvllle's
sense) Is a necessary condition. This point
is clearly established in the method of Hori
(1966), where the kernel is called "auxil-
iary system". Hori'a method has the advan-
tage of the explicit identification of this
step, necessary in every approximation
method, but often times not clearly stated
or, even, not visible at all. A crucial
point is the topological similarity of the
solutions of this kernel and those obtained
with the formal method. A simple example
(Ferraz-Mello and sessin, 1984) shows that
differences between the topology of the
Hamiltonian under study and that of the
kernel, such as the existence of singular
points In the given Hamiltonian, not

contained In the kernel, lead to zero
frequencies (I.e. to new resonances). In
general, formal methods are not able to
exhibit In the phase space other features
than those already existing in, the adopted
kernel.

This digression on the limitations of
formal theories may be understood In a wide
sense: they are found In all analytical
models using an approximation technique.
There is always a kernel (e.g. the Inter-
mediary orbit in classical theories) and the
constructed theory Is not able to exhibit
solutions topologically different of the
kernel's ones. It is not a matter of
calculating higher orders but of having a
better kernel.

3.A KERNEL FOR FIRST-ORDER RESONANCES
First-order resonances are character-

ized by the combination
pnj = 0 (1)

of the mean motions. Many of the known
resonances amongst satellite orbits are of
first-order. They are shown in table I where
the Laplacian resonance

nIo-3nEurt2nGan * ° ( 2 )

was Included since it arises from the
combination of the first-order resonances

2 t W n I o " 2nGan-nEur ' ° (3)

In table I 1,0,w stand, respectively, for
the mean longitude, the longitude of the
ascending node and the longitude of the
per laps Is.

Table I - Flr3t-order resonances

Satellites

Io, Europa and
Ganymede

Mlmas-Tethys

Enceladus-Dione

Titan-Hyper ion

Critical

21Eur "EtUI
21Eur "
21Gan "
21Gan -
1Io " 3 1

<lTet-21

21Dio "
21Dlo "
41HyP -

*
L(0)...Libratlon about
Hit).. .Llbration about
C Circulation

angle

x!I -
XEur

l E u r "

Eur

Ml"ftMi
1Enc
1Enc
31Tit

0
it

Phenomenon

w

°Eur
WEur

°Gan
21Gan

"*Tet
» E n c

WDl0

°Hyp

L(0)

L(K)

L(0)

C

L(ic)

L(0)

L(0)

C

L(K)

The first kernel for the general study
of two mutually perturbing bodies with
periods commensurable in the ratio (p+l):p
was proposed by Sessin (Sessln, 1981; Sessin
and Ferraz-Mello, 1984; Salgado and Sessln,
1985). In what follows it is described in a
synthetic way and restricted to the case of
coplanar orbits. The equations of motion are
written in canonical form with the use of
Jacobian coordinates (the coordinates of the
second satellite are related to the barl-
center of the system formed by the planet
and the first satellite). The variables are

Lj + pL2/(p+l)

L2/(p+l) = (P+D1 2 -

where

(4)

(5)
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(f/, and Ho a r e weighted gravitational
constants, m. aie reduced masses and e. are

the eccentricities). The Hamlltonlan Is
(6)P = FQ + R

where

0 2(x1-px2)
2 2(p+l)2x2

(7)

and R Is the disturbing function
The system Is In fact equivalent to a

system with only three degrees of freedom
since the invarlance of R with respect to a
variation In the origin of the longitudes
allows us to write R as a function of only
three Independent angles, say, l1f 9-w, and
9-»2.

 x •"•

The first operation to be done is the
elimination of the short period *agle 1,. It
may be performed by a well-known Von Zeipel
averaging. There results a new set of
variables x.',y.',I.1,9',w,' and a new

Hamiltonian F'. For the sake of simplifying
this presentation we assume a scissors
averaging and drop the dashes from the
variables. As the variable 1. becomes
lgnorable because of this averaging. Its
canonical conjugate Is a constant and the
number of degrees of freedom of the system
is reduced by one.

In the next step we consider the system
resulting from the averaging over the short
period angle 1. and try to find a new kernel
allowing a second averaging. Following a
basic idea of Hori (1976), the Hamiltonian
F1 is expanded about the exact conunensu-
rability. We Introduce x2Q such that

at x2Q, (8)

and we develop F1 as a power series of
x = x2 - x2Q. (8-)

Some assumptions are then made about the
order of magnitude of the variables.
Following Silva et al. (1987) we assume
that x/x2fl and y</x20 a r e t h e o r d e r

0(e ) where e is a parameter of the order
of the satellites masses (e.g. one of the
masses). The use of the cube root of the
small parameter Is justified by the
characteristic gauge of the solutions of a
regular Hamiltonian system with a linear
perturbation (see Ferraz-Mello, 1985b);
these assumptions define the region of the
phase space where the theory Is valid.

If the expanded Hamiltonian is now
ordered following the degree of homogeneity
of its terms with respect to , ,,

*-(x/x20), vCVj/i^o' and e ' ,

the lower-degree non-constant part of F' is

X = Ax + E ED.e. cos (8-w.) (9)

where D. are constants. In eqns. (9) to (23)
e. stand for approximations of the
eccentricities defined by

The rotation invariance of X allows us to
have the system reduced to 2 degrees of
freedom:

X = A(S+yt+y2)
2 + E ED^e^ cos a^ (11)

where S=x-y1-y2 (= constant) and

9 - (12)

Sessin (1981) has proved that the
dynamical system spanned by X:

(13)
<j ff^-^7

Is completely lntegrable in Llouvllle's
sense and has the Independent first-integral

(14)
0=2 ( K 2 + H 2 ) " ( yl + y2 }

where
DjejK = E ~ ~ COS

D.e.

and
H = E

D2= E D2e.

sin

(15)

(16)

The differential equations for K and H

K = 2AH(S+y1+y2)

H — — o»tf f c i i i + v \ — r l )

(18)

which, together with the equation

E y. = - E eD.e. sin a. = -eDH ,

gives the first-integral G=constant, known
as Sessln's G-lnteqral, Using this constant
the energy integral becomes

E « A (G1- |(K2+H2)] + EDK, (19)

where G'=G-S. The trajectories in the plane
(K,H) are given by B=constant and are shown
in figure 1.

The solution is completed by noting
that the complex quantity

z = n ( - i ) J

"j
is such that

z = lez
thus giving

Z = 0 exp 1(9+8)

exp (20)

(21)

(22)

where a and 6 are real integration
constants. The motion in the plane of the
usual variables

= ej cos ffj

= e. sin a.
(23)

is obtained by solving the system of linear
equations formed by equations (IS) and (20).
For each satellite the motion in the plane
k.,h. has two components, one given by the

orbits in figure 1 and the other, circular,
given by eqns. (22).

As noted by Sessin and Ferraz-Mello
(1984) the coefficients of K,H In the
equations giving the variables k.,h,. have

opposite signs for i=l and j=2. Thus if one
satellite displays the situation shown In
figure 1, the other will display the
reversed one (i.e. S. will be on the left
side). Generally the situation of figure 1
corresponds to the per lapsis of the
innermost satellite while the reversed one
corresponds to the per laps is of the
outermost satellite. As an example, in the
case of the pair Io-Europa, or. 11bratea
about 0 while <J- librates about nt This fact
does not allow us to extend to satellites
the asteroidal denominations perlcentrlc and
apocentrlc for the Iterations about S. and
S,, respectively.

It is worth mentioning that all known
first-order resonances amongst planetary
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Figure 1 - Orbits defined by E = constant In
the case A<0. (a) G'<GL, (b) G«>GL

tG=1.5(eD/2A)2/3J. For A>0 the orbits are
identical
side).

but reversed (S. the left

Figure 2 - Llbratlons and circulations
around S, for G'<G_.

x JU

satellites present llbratlon or circulation
about S-. Also, the known 2:1 resonances are
in the Situation G'<G . It is important to
stress the fact that in this case there is
not a true bifurcation separating librations
and circulations and the only difference
between llbration and circulation lies on
the position of the origin e=0, inside or
outside the oval. Therefore, In these cases,
llbratlons and circulations are physically
and mathematically equivalent (both motions
belong to the same structurally stable
family). We may say that a "capture Into
resonance" has occurred even in the circu-
latory cases Involving the per laps Ides of
Ganymede and Dione (see figure 2).

The integration of the system is com-
pleted by performing the quadrature of

e = - 2A (24)

4.THE GALILEAN SATELLITES
In the case of the Galilean satellites

of Jupiter we must consider simultaneously
the 2:1 resonances of the pairs Io-Europa
and Europa-Ganyraede and the Laplacian
resonance. Under these assumptions Inter-
mediaries have been developed by Henrard
(1984) and Sllva (1986). Henrard's Inter-
mediary Is obtained assuming that the free
eccentricities vanish but without assuming a
small libration amplitude. Sllva introduced
a 3ystem of ad-hoc canonical variables, and,

after the expansion of the Hamiltonian about
the exact resonance, obtained a £lve-
degrees-of-freedom kernel. In what concerns
the Laplacian critical angle, Sllva's kernel
Is valid for small oscillations about any
given value (not necessarily 0 or n).

Greenberg (1987) found evidence of a
bifurcation In the family of stable
equilibrium

- 31. 213 =
at the value

m = 2n,-n, = 2n,-n>, = - 09175 d-1

(25)

(26)'3 "2
At this point two branches of neutral equi-
librium start. Along these symmetrical
branches the equilibrium goes continuously
away from n while |2n--n.| becomes smaller.

The presence of stable paths along
which the system can evolve given small
perturbations such as tidal effects opens
the possibility that It had evolved through
deep resonance as proposed by Greenberg
(1982). The major difficulty of such a
possibility is the fact that we do not know
stable paths going from the stable branch

*=n (which ends at 2n_-n.

*=0

.-1. to= - 09175 d '•)

(which starts atthe stable branch

2n2-nx = + 095 d"
1 ) .

Greenberg observed that the eccen-
tricity of Europa grows along the neutral
equilibrium branch, reaching ~ 0.1 for

2n,-n1 = - 091 d"
1. This fact precludes the

application of the classical analytical
techniques to study the deep resonance. For
the sake of studying the continuation of
this branch in deep resonance it is
convenient to make appeal to the numerical
averaging techniques Introduced by Schubart
(1968) and extended to the alilean satel-
lites by Sato et al. (1983).

A different scenario for the evolution
of the Galilean satellites has been
thoroughly investigated by Yoder and Peale
(1981). In their theory Io was formed well
Inside the orbit of Europa about 4.6 billion
years ago. An Initially free eccentricity
would be quickly damped by tides raised by
Jupiter on Io and Io's orbit would there-
after spiral out becoming closer to the 2:1
resonance. As Io evolves outwards, its
forced eccentricity increases until it
reaches the critical value 0.0026;
thereafter Io and Europa evolves outward
keeping 2n,-n. almost constant. This stable
state is maintained until Europa encounters
the 2:1 resonance with Ganymede. The present
situation is an equilibrium one where the
tl<?-!S raised on Io tend to drive the system
out of resonance 2:1 while the tides raised
on Jupiter tend to drive the system into
deeper resonance.

The basic data for deciding on these
models are the accelerations of the satel-
lite. They have been recently determined by
Lleske (1987) as

Vni
n2/n2

(-0.74

(-0.82

(-0.98

± 0.87)

± 0.97)

i 1.53)

x 10

x 10

x lO'

•11

-11

and

yr
yr

r1
-i

- (-0.08 i 0.42) X 10"11 yr'1.

Lieske's determinations are founded on a
collection of 16,000 eclipse observations
(Lieske, 1986), combined with modern



photographic data, mutual event observations
and Voyager optical navigation images. For
the correction ET-UT Lleake uaed values
consistent with a lunar tidal acceleration

of -25".3 cy as determined by lunar laser
ranging data. The masses of the satellites
are those determined from the Voyager mis-
sion. These choices are critical. For
Instance Lieske points out that the use of
the classical Spencer Jones value for the
tidal acceleration of the Moon (-22".44

cy" ) and the satellite masses determined by
Sampson (1921) would lead to an acceleration
of Xo some ten times larger:

fij/nj = +5.6 x 10"11 yr"1.

This value may be compared to the time-scale
correction found by Ferraz-Mello (1979)

using these same choices: +7 x 10 yr" .
Another value has been recently derived by
Goldstein and Jacobs (1986) who found

"i/ni = t + 4 - 6 ± 0 > 9 ) * 1 0~ 1 0 y*"1

using the eclipses observed by Picard and
Roemer In 1668-1678, by Pickering, Wendell
and Searle in 1878-1903 and by Innes In
1908-1924. This value is much larger than
the preceding ones mainly because of the
correction ET-UT adopted by the authors
which, according to Lieske (1987), is
equivalent to adopt- a lunar tidal acceler-
ation of -39" cy" . Using Spencer Jones
value with Goldstein and Jacobs data their
result becomes

5.SMALL-ECCENTRICITY RESONANCES
Small-eccentricity 2:1 resonant motions

may be found when S. or S. is very close to
the origin allowing solutions where the
eccentricity remains always small to exist.
For Mlmas-Tethys and for the Jovian 2:1
pairs, G'<0, while for Snceladus-Dione G' is
positive but very small. The Saturnian and
Jovian 2:1 pairs are in the case a (G'<G.)
of figure 1 and the observed smali-
eccentriclty motions are around S, (Sal'gado
and Sessln, 1985). Among the satellites
there is no known case of motion around S,
(these motion are known only on the outer
border of the 2:1 Kirkwood gap, in the
asteroidal belt).

Formal theories have been constructed
by Jefferys and Ries (1975, 1979) for both
2:l-resonant Saturnian pairs and by Bevl-
lacgua (1985) for Enceladus-Dione.

Bevllacqua's theory follows very
closely a 3-dimenslonal version of the model
described in section 3 and uses Sessln's
kernel. The averaged Hamlltonlan, up to the
order 1.5 of the satellite masses, is
Integrated by the method of variation of the
kernel's integration constants (Sessin,
1983). Special attention is paid to the
possibility of occurrence of resonances
among the proper and forced frequencies of
the kernel. In fact the ratio among the
frequencies of (K,H) and Z Is 1.42, not very
far from the ratio 3:2, but well outside the
critical region.

The theories of Jefferys and Ries are
adapted to the use of a Polsson series
processor to construct the solutions.
Jefferys and Ries eliminate, by means o£ a
Von Zeipel averaging, all non-llbrating
angles and obtain a new Hamlltonlan whose
kernel is the pendulum

X = AJ2 + B cos 8; (27)

9 la the critical angle 21 D l o-l E n c-« E n c and
J an action canonlcally conjugated to 8.
Because of the Impossibility of using the
series processor with elliptic functions,
they prefer to use as kernel the harmonic
oscillator , ,

X' = AJ^ - B9i (28)

Instead of X. In the theory of Bnceladus
and Dlone, where the amplitude of the motion
about S. Is small, such kernel Is quite
adequate. In the theory of Mimas and Tethys
that Is no longer t*ue. The amplitude of
llbration of the critical angle (which now
Includes the nodes; see table I) Is very
large and many terms must be taken In the
expansion of the cosine In order to attain
sufficient accuracy.

Calculations of the Inequalities in the
mean longitudes associated with the llbra-
tion of Enceladus and Dlone were also done
by Rapaport (1973) and Sato and Ferraz-Mello
(1985) .

One important work concerning the
llbration of the Saturnian pairs has been
completed by Dourneau (1987) and resulted in
a new determination, from the observations,
of the coefficients, periods and phases of
the llbratlonal Inequalities in the orbits
of Mimas, Enceladus, Tethys and Dione. Among
the results given by Dourneau we select
those concerning the mass of Tethys and the
acceleration of Mimas.

The value obtained by Dourneau for the
mass of Tethys:

m3 = 1.088 ± 0.031 x 10
-6

Saturn masses

confirms the preceding results of Kozal

(1957): 1.095 ± 0.022 x 10"6. We remind the
determination of the mass of Tethys carried
out from Voyager II data (Tyler et al., ,
1982) giving as result 1.33 ± 0.16 x 10
and leading to the suggestion of a failure
of the llbration theories used to predict
the libration period of Mimas. In fact a
redetermlnatlon of the mass of Tethys from
space probes data by Campbell and Anderson
(1985) provided values closer to Kozal's and
Dourneau's results from ground-based
observations. We may also add that a
calculation of the mass of Titan using
Dourneau's results for the libration and the
series solution of the recent theory of
Mimas of Jefferys and Ries leads to the same
m_ found by Dourneau within 1 percent.

The acceleration of Mimas determined
by Dourneau:

fij/nj = (+1 .47 t 0 . 3 9 ) x 10" 9 y r " 1

a g r e e s wi th the va lue
( 1 . 9 9 ± 0 . 8 5 ) x 10" 9 y r " 1

formerly found by Kozai (1957). The
correction ET-UT used by Dourneau is taken
from the Annuaire du Bureau des Longitudes.

The problem of the evolution of the
pairs Mlmas-Tethys and Enceladus-Dione Is
easier to consider than that of the
Galileans. In these cases the evolution was
also governed by an increasing value of
2n'-n (the dash indicating the outer body of
the pair). For Mimas-Tethys the system
failed to be captured in the resonance
2n'-n-ft ~ 0 because of a small probability
of capture but was captured in the next
possible resonance: 4n'-2n-ft'-8 = 0. For
Enceladus-Dione the system evolved to a
small-eccentricity llbration still when
2n'-n < ft and was captured into Its present
resonance, being able to pas3 the



frequencies corresponding to Inclination-
type cesonancea to Its present value.
According to Yodei (1979) and Sinclair
(19S3) the system Is still evolving. 2n'-n
la increasing (decreasing in absolute
value). As 2n'-n approaches zero the forced
eccentricity of Enceladus increases and,
after Yoder, will reach 0.02 in its fully
evolved state.

6.THE HIGH-ECCENTRICITY LIBRATION OF
HYPERION

The llbration of Hyperion is the only
hlgh-eccentrlcity llbration among planetary
satellites and has the same nature of the
llbration of the Hildas and Grlquas (Ferraz-
Kello, 1987a).

The mass of Hyperion is much smaller
than that of Titan so that the restricted
problem may be considered as a good approxi-
mation for the study of the phenomenon. It
is a first-order resonance problem charac-
terized by the relation

Iptlln1 - pn s 0 (29)
with p=-4. The negative sign is due to the
fact that the orbit of the disturbed body
(Hyperion) lies outside of that of the
disturbing one (Titan).

All authors dealing with Hyperion's
notion reported the difficulties arising
from its large orbital eccentricity (0.073 -
0.133). We note that at the periapsis the
radius vector may reach values as small as
21.40 Saturn radii, approaching closely the
orbit of Titan (a* » 20.36 Saturn radii). In
this situation the ratio a'/r Is 0.95 and
the convergence of the usual expansion of
the function 1/6 (inverse of the distance
from Hyperion to Titan) is very slow.
Techniques of accelerating the convergence
of the series were proposed by Zheng and Liu
(1982) and by Duriez (1987). Zheng and Liu
proposed a Taylor expansion of the function
(r+r'l/d and Its use to construct a formal
solution having the simple pendulum as
kernel. Duriez used Chebyshev polynomials to
represent the hypergeometric functions of
the expansion of 1/6 In the Interval of
variation of r'/r. His expansion allows one
to deal with the problem of the motion of
Hyperion but some 30 harmonics of the
critical argument are to be considered to
give to the expansion a precision of the
order 0.0001.

The best solution for the expansion of
the disturbing function In the problem of
Hyperion Is due to Woltjer (1928). Woltjer
used a purely numerical expansion and was
able to give the correct period of llbration
after some straightforward steps. However
Woltjer's expansion Includes some intricate
calculations; his results are not always
easy to reproduce and this may be the reason
for which his progresses in the expansion of
the disturbing function remained unused for

more than half a century. The main point In
Woltjer'a expansion is trivial, consider the
planar circular restricted problem. Using
the Invar lance of the Hamiltonlan to the
rotations of the origin of the longitudes we
have a dynamical system with only two
degrees of freedom. We may select as varia-
bles the critical angle

-31' + 41 - fl

the synodic angle

<r' « 1 - 1' ,

(30)

(31)

and their conjugates J,J'. The motion of
Hyperion is such that or librates about «
with an amplitude 36° while the eccentricity
oscillates about 0.103 as represented in
figure 3. We may consider the classical
Laplacian expansion of the disturbing
function as the expansion of a given
function of the complex variable e.exp io~
about the origin. In Woltjer's work It Is
expanded about the center of llbratlon. If

k + lh » e.exp lor (32)

and If (b,0) is the center of llbration, the
expansion of a given function F(k,h) about
the center of llbratlon Is

F = F(b,0) + F' h + FJ (k-b) + \ F" h2 +

* phk n ( k- b ) + 2 Fkk ( k" b ) 2 + •••
where all derivatives of F are computed at
the llbratlon center and are functions of
the other variables of the given problem.
The numerical averaging over a1 Is easily
done (Ferraz-Mello, 1967b).

With this simple second-degree approxi-
mation of F and a theory similar to that of
section 3 we may construct a kernel to study
the elliptic restricted problem near a high-
eccentricity libratlon center, which Is

Figure 3 - Graph of Hyperion's e.exp !.<r.
This quantity is given by the sum of three
components:(a) a constant component of
modulus 0.103 in the direction ff=w; (b) the
crescent-like libration of period 640.44
days; (c) a circular motion of modulus 0.23
and period 18.77 years.

Table II - Parameters of the Llbratlon of Hyperion

Parameter Dourneau Tavlor et al.

Eccentricity of the libration center
Period of Llbration (days)
Modulus of the circular component
Period of the circular component (years)
Width of the crescent-like llbratlon
Libration In Longitude (degrees)
Semi-major axis (Saturn radii)
Libration In semi-major axis (Sat.radii)

0.10346
640.44
0.02303
18.77
0.00410
9.142
24.6844

0.10464
640.33
0.02421
18.735
0.00410
9.1282
24.6933
0.0875



similar: to the Kernel constructed by Seasln.
This abridged Hamlltonlan gives, at the
Itbrat ion center cloae to e=0.103, values o£
the proper period in the range 650-660 days.
The construction of a large amplitude solu-
tion and the adjustment of the integration
constants is In progress This adjustment
takes into account the • -̂ent determinations
of the orbital elements by Dourneau (1987)
and Taylor et al. (1987) . Dourneau elements
are based on -il available observations
while Taylor =t al. considered only the
modern one? The main parameters of the
libratlng motion of Hyperion derived by
these authors are given in Table II.

7.COORBITALS
The last decades unraveled several

satellites sharing the same orbit around
Saturn. There are two small satellites,
Telesto and Calypso, In the orbit of Tethys,
one, Helena, in the orbit of Dione, and two
others, Janus and Eplmetheus, sharing one
orbit at 2.51 Saturn radii.

We have to consider the pair Janus-
Bpimetheus separately from the companions of
Dlone and Tethys. Indeed these last are very
small, with characteristic sizes In the

range 25-35 km, 10 -10 times less massive
than Dlone or Tethys, and unable to disturb
the motion of their larger companions. Janus
and Eplmetheus are much larger. The analysis
of ground-based observations and Voyager 1
and 2 orbit determinations, allowed Voder
and Synnott (Peale, 1986) to determine their

masses as 3.1 x 10~9 and 8.4 x 10"10 Saturn
masses, respectively (± 30 %). These masses
are large enough to allow the satellites to
interact. The amplitude of the libration is
so large that the satellites can come quite
close to each other. The orbit o£ Eplmetheus
In a frame rotating with Janus has the shape
of a horseshoe enveloping both the L. and L_
Lagranglan points (figure 4).

Table II - Coorbltala

Satellites

Figure 4 - Relative orbits of two coorbltal
satellites In the frame rotating with their
average angular velocity n for three
separate cases: (a) Small librations about
the Lagrange L, point, (b) Limiting tadpole
orbit about L. (dashed curve), (c) Horseshoe
orbit. (From Yoder et al., 1983).

Critical
angle

Center of
Libration

Janus-Bpimetheus

Tothya-Teleato

Tethys-Calypso

Dione-Helena

1Tet" XTel
XTet' 1cal

K (horseshoe)

- R/3 (L^)

+ K/3 (L5>

- it/3 <L4)

A kernel for the study of the
horseshoe libration of Janus and Eplmetheus
has been proposed by Horl (1985). He
considers the equations of motion In
canonical form. However, instead of UBing
Jacoblan coordinates, Horl Introduces the
so-called canonical relative coordinates:
the planetocentric radii vectors £,, £., and
the baricentric linear momenta &., a,- T n e

main formal difference with respect to
Jacobian coordinates lies in the disturbing
function which is written

R - - J 2
(&!+%) +

The Delaun^y variables are defined as
and are mass-weighted:

, etc.

(34)

usual

(35)

No theoretical difficulties are introduced
by the fact that the Keplerian elements
defined with these variables are not
osculating (CharHer, 1927). Reduced masses
as those used with Jacobian coordinates are
not needed.

The first operation done by Horl is the
elimination of the short-period terms and
the subsequent expansion of the averaged
Hamlltonian about a suitable reference
value. The main part of the Hamiltonian
obtained In this way is equal to the one of
the restricted problem except for mass
dependence. It is integrable and may be used
as a kernel for a new averaging. This kernel
allows one to study horseshoe orbits in
which the small bodies have encounters as
close as 1-20.

For the 3tudy of close approaches
special techniques taking the collision into
account are useful. A solution for such
situation has been developed by Splrlg and
Waldvogel (1984) matching the solutions
obtained for the encounter to the Kepler Ian
motions followed far of the encounter. The
application to Janus and Eplmetheus leads to
a libration semi-period (time between two
close approaches) o£ 1404 days and a minimum
distance of 14,200 km, that is, an angular
separation of 594. The duration of the
encounter is about 8.26 sidereal periods,
that is, 138 hours.

The above results are of the same order
of those obtained using the theory of Voder
et al.(1983). The analytical theory of Voder
et al. has been the first complete theory to
be compared to the observations and showed
that the 1:1 libration is quite stable and
that the pair cannot pass through the 4:3
commensurabllity with Mimas without dis-
rupting the 1:1 libration, unless some tight
conditions are satisfied. A previous model
was also been constructed by Dermott and
Murray (1981) using a combination of numer-
ical Integration and the energy Integral.

Our knowledge oE the motion of the
companions of Dione and Tethys is founded
exclusively on the observations made during
the 1980-81 observing season. The motion of
Helena is a 785-day libration about Dlone's

55



L. (Reltsema, 1981a). The maximum separation
bitween Dlone and Helena la 137°; the
minimum only 130. The motion oC Telesto la a
libration of 194 of each aide of Tethya•
L,. The llbratlon of Calypso around Tethya1

L& Is uncertain, some findings leading to an
half-amplitude of 4° and others to 15-20°
(Reltsema, 1981b).

The theories of the small coorbltal
companions generally do not consider the
simultaneous 2:1 resonances with other
satellites. Such resonances were considered
by Sinclair (1984). Sinclair has shown that
In such casea the eccentricity of the
companion possesses two Important forced
components. One component, classically known
from the theory of the Trojan asteroids, has
the same value as the proper eccentricity of
the larger coorbltal. The other component 5s
due to the 2:1 resonance and is equal to che
eccentricity forced by the resonance in the
orbit of the large coorbltal. This second
component would play an important role in
the case of a companion of Bnceladus, whose
forced eccentricity is 0.0046.

A llbratlon about Enceladus' L. with
amplitude 35<> is sufficient to carry a
tadpole companion of Bnceladus in the exact
resonance with Dlone and well past it. In
fact no companion of Enceladus has been
found and Sinclair suspects that highly
perturbed motions could have prevented the
accretion of particles to form a satellite.
For a companion of Dione the difficulties
are smaller 3lnce the forced eccentricity of
Dlone is very small (0.00004) and the mass
of Enceladus is also small. The effect on
the stability of a companion of Dione is
negligible and one, Helena, has been Indeed
discovered. Companion satellites of Mimas
could have a large eccentricity, 0.02,
forced by the proper eccentricity of Mimas.
However the eccentricities forced by the
proper eccentricity of the larger coorbltal
are coherent (that Is, the apsides are
aligned), and should not prevent the
formation of objects In tadpole orbit. The
companion satellites of Tethys are the most
stable because of the very small eccen-
tricity of Tethys (0.0002) and the small
mass of Mimas.

8.OTHER RESONANCES
For the sake of completeness two other

resonant situations may be considered: the
secular resonance of Rhea and Titan and the
Lc*placian resonance amongst Miranda, Ariel
and Umbrlel.

The perlapaia of Rhea oscillates about
that of Titan with an amplitude o£ 995 and
period 38 years. The Intermediary to study
these oscillations consider only the secular
parts of the disturbing function and a solu-
tion that is an off-centered circular motion
in the planes of the variables e^.exp itt. is
easily obta 1 tied(Greenberg, 1977 ). J

Miranda, Ariel and Umbrlel have mean
motions relatively close to a commenaur-
ability: _i

"Mir " 3nAr + 2numb " -°« 0 1 8 5 d ' ( 3 6 >

There results a great Inequality In the
longitudes with period 12.6 years, clearly
observed In the motion of Miranda (Lazzaro
et al. , 1984). The study or this resonance
does not need a special kernel. Usual
Kepler Ian Intermediates are sufficient.
Analytical theories were constructed by
Laskar (1986), using hia version of the
method of general planetary theory, and by
Lazzaro et al. (1987), using the classical
Laplace-30'iillart method . The theory of
Laskar was compared by himself and Jacobson
(1987) to the existing earth-ba3ed obser-
vations and allowed them a new determination
of the masses within 15 \ of the values
found from Voyager II data.

9.CONCLUSION
The motion of the planetary satellites

Is a subject of growing Interest In Astron-
omy. In a review paper on their orbits and
ephemerldes (Ferraz-Mello, 1984) we recorded
the publication. In the period 1981-1984, of
new elements for 29 satellites. In this
review, that deals vainly with the theo-
retical questions related to resonance, we
record a ten of new theories of resonant
satellites notion. Some theories, as that of
Jefferys and Ries, are complete and lead to
series allowing one to compute ephemerldes.
Others, as those of Hori and Sllva, are just
the construction of lntegrable Intermedia-
ries having the most important properties of
the motion of complex orbits as horseshoes
and Laplaclan librators.

He also recorded a new determination of
the elements of the seven first satellites
of Saturn, by Dourneau, of the five first
satellites of Uranus, by Laskar and
Jacobson, the publication, by Lleske, of the
complete collection of the eclipse
observations of the satellites of Jupiter,
as well as a reliable determination of the
acceleration of lo and the solution of the
discrepancies concerning the mass of Tethys.
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DISCUSSION

3. Henrard: As you have shown, Greenberg suggest that
in a model of the three first galilean satellites for
which the two 2/1 resonances are deeper there are
other periodic solutions which may serve as "guiding"
trajectories for orbital evolution. I would urge
scientist engaged in the computation of periodic
orbits to try to find them and analyse their bifur-
cations.
S. Ferraz-Mello: I agree with Or. Henrard on the im-
portance of investigating the existence of new branch-
es of periodic orbits in the problem of the Laplacian
resonance. But periodic solutions for small values of
2n2~n, may have large eccentricities and I am skept-
ical about the existence of a continuous path through
the deep resonance that could serve as a guiding tra-
jectory for the evolution of the system.



-iCULATION OP SPIN-ORBITAL RESONANCE EFFECTS IN LUNAR MOTION
BY THE METHOD OF NUMERICAL INTEGRATION
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the aims of numerical integration a simplified method to model lunar resonan-

ce apin-orbital interaction is developed. In the method orbital equations are in-

tegrated separately from rotational ones, but no fictions secular perturbations in

the longitude or node arise.

1. For interpretation of laser ranging

observations of the iitoon lunar epheuieriaes

of the highest accuracy are needed. At pre-

sent there is a common point of view that

only method of numerical integration may

secure this accuracy. Unfortunately if one

applies numerical integration some compli-

cations arise for taking into account reso-

nance spin-orbital coupling in lunar mo-

tion. The nature of the difficulties was

not recognized at once and for instance in

the pioneering work (Oesterwinter and Cohen,

1972) where simultaneous numerical integra-

tion was undertaken at the first time,terms

depending on gravita .ional coefficiente

C 2 2 (which are mainly responsible for the

resonance coupling) were rejected at all.

In the opposite case large spurious secular

variations of lunar mean motion arised

which seriously degraded the accuracy of

the lunar theory. How it is well understood

that these effects are due to the inconsis-

tency of the lunar rotational theory (used

for modelling of the disturbing forces at

right hands of the differential equations)

with the theory of lunar orbital motion.

Strictly speaking the only correct way to

take into account the resonance coupling

is making use of the simultaneous integra-

tion of the equations of lunar spin-orbi-

tal motion. Being quite complicated and

time consuming this approach is unpractical

for calculation of very small effects under

consideration ( 10 with respect to the

oiain gravitational term) which are to be

calculated with rather restricted accuracy

of 2-3 digits. Thus it seems desirable to

work out correct numerical procedure to

take into account resonance effects in lu-

nar orbital motion without any numerical

integration of lunar rotational equations.

Such a method is outlined in following.

2. Let r = (x, y, z) be a selenocentric

coordinate system of the main axes of iner-

tia. The perturbing lunar potential W is

given by the expansion

W = j-m/r {(R/r)2[ \ C20(-x2-y2+2z2) +

+ 3C2 2(x2-y2)]/r2+(R/r)3[ | C (2z2-
p p -a p p o

-3x~3y) + f C^xUSy '

yU2+y2-4z2) - 15

-30 S,2xyz - 15 C~,(x^-3xy )•

(3yx2-y3)J /r3}
where R, m - the radius and mass of the

Moon, f - gravitational constant. Etor nu-

merical values C^-, Sj. we use the data

from Table 1.

Table 1. Coefficients of the third order

lunar potential

k

2

2

3
3
3
3

3

0
2

0

1

2

33

Ckj 10

-202.7
22.3

-12.1
-30.7

4.8

-1.4

- b

+ 1.2
+ 0.01
+ 1.8
± 1*9
+ 0.01
+ 0.3

Sjj

- 5 .
1 .
1 .

6
6
4

10~b

+ 2.0
+ 0.2
+ 1.1

Transformation to the inertial eclipti-

cal coordinate system r . is given by for-

mulas

where

'eel Pr (2)



13)

COB 1, -sin 1 ,

P = sin 1, coa 1 , -X costf

iBin(l-vf), Icosd-y), 1

li I| y being the longitude of the prime
lunar meridian, the inclination and the lon-
gitutie of the ascending node of lunar equa-
tor.

Neglecting physical libration and deno-
ting mean values (.i.e. the values without
periodic terms) of the lunar longitude X ,
node fi and inclination i by > , ̂  , T,
we have

£ = > + 7 7 ' , H y =il+7r, I = icL,(4)
the coefficient <*.• being given oy the well-

known relation from theory of physical libra-

tion

\ t n + |(M (5)
where

-6p = -(C20-2C22)/g- 631*10'

g = C/mR2^ 0.392,

C - polar moment of inertia, (I /n =-0.00399,

ft secular motion of the lunar node, a -

lunar mean notion.

Calculation of the disturbing force

W , for the aims of numerical integration

by means of relations (1)-(5) is correct on-

ly if W does not depend on time by explici-

te way ( i.e. if one keeps in (1) only zonal

harmonics). Indeed, due to possible inconsis-

tency of the value de/dt with the mean mo-

tion n for the choosen initial motion,the

averaged value of the resonance argument

u = 1 - ,A -T?

may be different from zero. But then a term
with sin u in right hands of the differenti-
al equation for the semiinajor axis generates
spurious secular perturbations of this ele-
ment. AB a result corresponding fictioua
perturbations of mean longitude rise as a
time square. Nevertheless it appears pos-
sible to transform the perturbing forces
( up to the first power of the essentricity
and inclination) by such a way that no fic-
tious secular perturbations arise. The idea
comes to changing the rotational parameters
l.vj/ in the right hands of equations by the
orbital elements A , XL ; then expres-
sing these elements through rectangular co-
ordinates of the Moon we get a conservative
system which describes correctly resonance
effects in lunar notion with the accuracy
indicated above.

The perturbing forces which correspond
to (1) are polynomials on arguments sin 1,
COB 1. Let v =^-A be the equation of
center. Then dee to (4)

sin 1 •= -sin (/ - v ) = -Din A

0( v )

cos 1 = -coa {X -v )= -cos \ -

-vsinA + 0( v2)

= (f >Q »t ) =

(6)

If

are dimensionless ecliptical coordinates
2 2

and velocities, then neglecting e , i we
have

sinl = -p/p

cos 1 = -5/jp

where

v = 2esin U = 2(j ̂ + 0 <£ +? S ) (8)
In order to overcome similar difficulties
due to resonance coupling between the motion
of the nodes of the lunar orbit and equator
(that is quite essential for the long-time
integration) we make use the approximate
expression of Icos^ t Isin*f in terms of
orbital coordinates and velocities:

= -ot/icosfi. = ot(5 J-55) (9j

= -<*.isin.n. s-cK^-fi)
As a result

z = f Isin^'+2IcoBl+'+ T O r3X* +o6) (10)
By means of (9)-(10) we derive following

simple expressions
2 5p

(6C31-60C33)]

VV = - n ( R / a ) 2 / p 5 « { ? f | c 2 0 - 9 C 2 2 + ( R / a ) ( 6 C 3 1 -
-6OC33)] - J ( S J + ? ? + S S ) 12C22+(R/a) (11)

y ( % C31 + 135C33)] + ( R / a ) [ o L ( 5 j - ^ 5 )

+135C32)-f(

12(f j +??)3C22+(R/a)
(7+3JL)

In this form the equations are not yet

ready for numerical integration because the



torme depending on S31 and S-J-J also give

rise to fictiOMa secular perturbations both

in the semiinajor axie a and in the incli-

nation i . Indeed, let us write clown

Kuiler'a equations for a and i keeping

the main tenna on e, i

2a (

- w ? CJ3-
Retaining only the terus depending on 3,.,

hS,-, we have

2n(R/a)3 a(- \

ia

|| = -2n(R/a)J(4 S31 + 45S33) 5
 2/i

• 2
As the mean value of t = (

22
i /2 then there exist secular trends in

a and i stipulated only by unselfconsis-

tency of the theory used:

STa/ a~0"005T, 5"i/i - 0l'002T

( time interval T is in cent u r i e s)•

Corresponding perturbations in the

mean longitude

SX = -3/4(R/a)3(-3S3S3,+

is rather large and comparable with the ti-

dal term 13^5/cy

It is clear that the appearance of these

fictious secular perturbations must be attri-

buted to the inconsistency of Cassini laws

in the form (4) with the third order lunar

potential (1). Now it is well known (see,

for instance (Kaula, Baxa, 1973) that if one

takes into account the third order harmonics

the Casaini lawB have to be modified by the

following way

where

lo=(R/a)(S31-

4/0= - |(R/a)(S3i-3OS33)/(C2o-8C22)

Thus, instead of (6),(9) we have

sin 1 = -?/p + (v-lo)5/p, cos 1 = -j,

-(v-lQ)r>/O ,

I cosv+z =i[sj~ 5 t + vo (5?- 1 * )

CO)

Then in (11) some additive terms arise

Swf = -n(R/a)2 12^1QC22/^5

Sw? = n(R/a)2 12 j l o C ? 2 / ^ 5

which due to (13) eliminate terwe depending

on S31 , 3 3 2 at II , Wg , W s . Thue,

consistency of the adopted lunar potential

(1) with the lunar orbital theory under

construction may be achieved either by ma-

king uae (12), (13) or (and that in more

practical) aiiuply by rejecting all teri.ia in

(11; which depend on S31 and 3-,-,. In both

cases no fictious secular perturbations of

the aeniimsjor axis or inclination arise.

For illustration in Table 2 the values

of the secular variations !x Q. of lunar

perigee and node uue to C^Q > Co? , C-,.. ,

CUT are given. The values obtained from

full analytical theory coincide with those

derived froa the simplified formulas of

this work.

Tev"j 2. Secular perturbation of lunar

perigee and node due to Co0 ,

"22 J31 "33

SI
10.9

-10.8

-11.9
-2.4

-0.028

0.042

"JJ

-0.052

-0.005

-1.1

-13.2

The method deecibed above was realized for

construction of lunar and planetary ephenie-

rides for the time span 1700-2000 yri(Kra-

sinsky, Saramonova et al., 1985)-

Oesterwinter G., Cohen Ch., New elements

for Moon and planets.- Celest. Mech., b,

N° 3, 317-395, 1972.

Kaula W.H., Baxa P.D., The physical libra-

tions of the Moon including higher har-

monics effects.- The Moon, 8, 287-307,

1973-

Krasinsky G.A., Saraaonova E.Yu., Sveshnikov

M.L., Sveshnikova ii.3., Universal time,

lunar ridal deceleration and relativis-

tic effects from observations of tran-

sits, eclipses and occultations in the

XVIII-XX centuries.- Astron. Astrophya.,

145, 90-96, 1985.



Besonant Motions of Systems of Bigid Bodies in the Solar System

Yu. V. Barkin

N.E. Bauntan High Technical School, (The Chair of Theoretical Mechanics
2 Baumanakaya street, 5, Moscow, USSR.

Resonant notions of systems of mutually gravitating rigid bodies are investiga-
ted with the help of the periodic and conditionally periodic solutions for multi-
frequency nonlinear systems, containing a small parameter. The conditions of exis-
tence have been obtained for the periodic solutions of these systems in the prin-
cipal cases as well as in some degenerate ones. The existence has been proved of
the periodic solutions of three kinds in the unrestricted problem of three rigid
bodies, possessing quaaiconcentric distributions of densities. With the help of
the periodic solutions of the first kind of this problem, a possible explanation
has boon given to the observed resonance in the Venus' motion. Periodic solutions
have been found in the planetary version of the problem ottl+i rigid bodies, ge-
neralising the corresponding periodic solutions of the problem of tt + i point bo-
dies. It is supposed that the bodies of the system have small dimensions and qua-
siccncentric distributions of densities.

A constructive method has been developed for deriving conditionally periodic
solutions of non-autonomous multi-frequency oscillating systems in the vicinity of
the periodic solutions of the corresponding unperturbed system. With the help of
this method, analytical theory of the lunar rotation has been developed, and new
resonant effects in the Moon's motion have been predicted. ^
1. Periodic Kid conditionally periodic

solutions of multi-frgquency osci-
llatory system.

Differential equations of motion of
systems of rigid, mutually gravitating bo-
dies, considered in this paper, can be re-
presented as the following multifrequency
oscillating system (Bogolyubov and Mitropol'
skij, 1963; Grebenikov and Byabov, 1971):

i

For /i-z.0 we obtain from (1) - (3) the fa-
mily of periodic solutions

(I)

The functions A,/ are analytical func-
tions of the variables x,a,T of the small
parameter/i , and of the constant parameters
6- (g1t 6j., .. .,6nY in the domain2i*/>''>7̂ r'
where a> is a connected bounded domain of
RT^x^Xi,...,*mj (an a-dimensional plane),
^*^fe.-i **!««'•**> and 7"{*>.T*,. • •.er.mccljz}
are n. - and Z-dimensional tori, P x is a con-
nected bounded domain R4{^,£,...,£,} (an r-di-
menslonal plane). v v

The functions A ,Y are expanded to con-
verging power series

£

the coefficients of these, in their turn,
are expanded to generalized Fourier series:

>(8)

(3)

* ( Ju €JZ>
where < is the period of the solution, ^o
are the constants satisfying the condition
of commensurability of the frequencies
SL('Xo), y-e are arbitrary oonetants. iet
the period correspond to one of the frequ-
encies n. ( T- ix/tn").

Below we will formulate some results
concerning the study of periodic (for«-f )
and conditionally periodic (.-€>'< ) soluti-
ons of the system (1) - (3), generated from
the solution of the unperturbed system (4)
by small values of. the parameter /* .

In the case *>~A , the right-band
parts of the equations (1) - (3) are perio-
dic functions of time with the period T .
Periodic solutions were investigated by the
special method of construction and analysis
of the periodicity conditions.We have stu-
died both main periodic solutions of the
system (1) - (3), the existence of which is
determined by the conditions of Foincare
(1971), and degenerate periodic solutions,
for which the above-mentioned conditions
are identically violated. Besides the spe-
cial choice of initial values of the vari-
ables Xo,y-O , we use here the idea of the
choice of certain values of the parameters
o of the problem as holoaorphic functi-
ons of the parameter /*

Theorem I.The equations (1) - (3) ad-
mit periodic solutions with the period
T= zsc/rn f#=-O , generated by rela-
tively small values of the parameter from
the periodic solutions (4) of the unpertur-
bed problem, provided only that the genera-
ting values JCo-a., y-c-<3> & - £ oatiefy the
conditions:
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where.X ' Is the Poincare-averaged function
X,.)U&.x.t) , 6 is the matrix of
the order fn+no* f tt*(n*t>

M =r

ofand M rW;+'u)f B) ia 8 0 B3 of
the order It + m.

These periodic solutions are represen-
ted by series ranged in integer powers of
the parameter /< which converge for all the
values of time "= « (- ° ° • ° ° > . I n a gene-
ral case, the parameters 6 (or a part of
them) are the searched qantities and are
determined as holomorphic functions of the
small parameter /* .

In practice, the problems are envisaged
when the condition MTn*nHb)*o Is viola-
ted. This occurs, e.g., when the parameters
0* are fixed, and X ^ ' J o e s not contain re-
sonant terms (then, •oX'i)f*t& = 0 ) . This
case is a special one, and the question on
the existence of periodic solutions remains
opened. A more general special case takes
place when all the perturbations of the
groups of variables C C * (36- *, a, ••"+',
X = ( X ' , * * , . . - , X * ) T , up to the order P

inclusive, do not contain resonant terms.
Three different methods can be used for

the study of existence of periodic solutions
in the quoted cases of degeneracy. The first
method was developed by Barkln and Fankratov
(1986); it Is based on the analysis of the
periodicity conditions of the corresponding
solutions V * = a36(7T;-xae«)-c?, V> =
if CT) - jffoj- <2.ra)r ,in which all the
terms up to the order Pae (X- •*•«»•••->?'>
must be written explicitly. All the study
here is conducted in the initial variables
of the problem.

The second and third method are based
on the preliminary transformation of the
differential equations (1) - (3) to the
form which is more convenient for the study
of existence of periodic solutions (x,U- )
-* (x'.tf') is searched for with the help of
the method of Lie's transformations for non-
Hamiltonian systems, developed by Deprit
(1969) and Kernel (1970). In the third me-
thod, the preliminary bamiltonlzatlon of
equations (1) - (3) is used (this was indi-
cated by Deprit and Kamel) as well as the
method of Lie's transformations for canoni-
cal systems, developed by Hori (1971) and
Deprit (1969). „ , , ,

The transformation (x.^-)-* (x'.jp Of
the second and third method is Z & -periodic
in ft and T , and the transformed equations
in general case have the following structu-
re s fart

****

9t 9=1
(••32 = 4,3,. ..,40 i£t«;<pae-f

The study of the system (6) results in the
following (in case t K = p«,- •* ).
Theorem 2. In the degenerate case when the

perturbations of the variables oc* , up
to the orderfto-( inclusive, do not contain
resonant termB, by tbe sufficiently small
values of /* there exist periodic soluti-
ons of the systems (1) - (3) and (6), ge-
nerated from periodic solutions (4) of the
unperturbed problem, provided only that
the generating values of the variables
x.<=CL,tfo- <J» and of the parameters
g-X satisfy the group of conditions

( -aV"! M.*\
2CL

'so. T>U3

\

The quoted periodic solutions are represen-
ted by converging series In integer powera
of the small parameter /<

Bemark 1. Periodic solutions of auto-
nomous systems of the (1) - (3) type are
determined by the conditions of existence
analogous to those obtained from (5) and
(7) by the omission of some lines and co-
lumns from the matrices &J&P>,AJS •

The results obtained here allowed to
carry out the investigation of periodic so-
lutions in the problem of "•+<r small ri-
gid bodies possessing nearly concentric
distribution of densities (see § 2L

In a more general case, when V~*4 , the
right-hand parts of the equations (1) - (3)
are conditionally periodic functions of ti-
me with the frequency basis W =(«•/, *U,—,*tffc
Let us search for conditionally periodic
solutions of the equations (1) - (3) with
the same frequency basis in the vicinity of
the generating periodic solution (4-) In
form of power series

where
of

,M <#(ti> are constant compo-
rbations of the orders , and

/#rrt» , ?tf£«) are their purely condition-
ally periodic components which can be pre-
sented ia the form:

rm

Theorem 3. Conditionally periodic so-
lutions or cue system (1) - (3) may be re-
presented, in the vicinity of the genera-
ting periodic solution (4), by formal asymp-
totic series in integer powers of the small
parameter /4 (8), provided only that gene-
rating values of the variables <x,i3 satis-
fy the conditionsi

(10)



!XX (11)

The coefficients of the series (8) for/)'5

are found by the method of consecutive ap-
proximations as conditionally periodic func-
tions of time with the frequency basis
H ~ (tl^,nit • • •-ll£)T* Toe constant compo-

nents <X(S)>, <«'*> result from the conse-
cutive solution of single-type systesas of
algebraic equations, and S'5', #'4) - from
the computation of integrals of known func-
tions of time ia the form (9). By /* = o , the
solution (8),(9) turns to the corresponding
generating periodic solution. „

In the special case, when "=-/ , the
series (8),(9) represent periodic solutions
of tho system (1) - (3), converging at
least by sufficiently email values of /»

For < 5C'">, <^(s>>, x.'*', y'Sl <*= ̂ '2'i)

explicit formulae were obtained, and for,
calculation of the perturbations X'Hy's'of
arbitrary order, recurrent formulae were de-
rived.

If (11) is identically violated, then
new conditions, necessary for construction
of formal conditionally periodic solutions,
must be obtained. Thus in the case, corres-
ponding to the special case of existence' of
periodic solutions (but with (L>4 ), the
conditionally periodic solution of the sys-
tem (1) - (3) can be represented by formal
aeries of the type (8),t9)> provided only
that generating values of the variables and
of the parameters €~ 2Z satisfy the condi-
tions which result from (7) after the sub-
stitution of the Poincare-averaged valaes
of the functions X P ? C ^-'O by the cor-
responding mean values of these functions

For the quoted periodic and condition-
ally periodic solutions, an investigation
of linear and nonlinear vicinities was car-
ried out. In the first turn, the method was
developed of integration of equations in
variations for these solutions as series in
fractional powers of /< . The method was
developed as well for calculation of cha-
racteristic indices of periodic solutions
both in the main and in the degenerate
casea, on the basis of the solution of the
Poincar£ determinant equation.

2. Periodic solutions In the problem
of «• + / rigid bodies.

Let us consider the motion of a pla-
netary system of n+4 rigid bodies {Pi=
( Po , Pi,.. ., Pw. ) , the particles of
which mutually attract according to the
Newton's law. Let wi^ be the bodies' mas-
ses, ^j.-,8j.,Cj- their principal central mo-
ments of inertia fj- 0,1, -• -> n> . We
suppose that the mass of the body ru is
much greater than the masses of all the
rest bodies of the system. We will consider
the motion of small bodies with ellipsoids
of inertia close to spheres (wifcb quaaicon-
centric distributions of densities). On the
basis cf these assumptions, let us introdu-
ce the small pai"9TS?tser f\ according to she
formulae

where tn/"',^"", / V " , £a'
& are dlnieaeion-

lese quantities of the order of unity, fy
is the radius of the smallest sphere Into
which the body fj can be enclosed, ct;l°' is
the unperturbed value of the eemlmajor axis
of the orbit of tho centre of mesaaa of
this body. Ttie assumption (12) fits well
the real aituafcion in the solar system, e.g.
for the subsystem San-Venus-Earth.

We describe the motion of the bodioa
i(j"jr • • • "h. with respect to the body
Po (for sake of simplicity we will treat

it a3 a material point) in the Kepler-ln-
doyer variables (BArkia,1977):

1. ,T (13)

Here <-lj,%, tj- ,ivj,ty, Mj are Keplerian
elements describing the relative motion of
the centre of masses Oj of the body f$ in
the coordinate frame OOJC$3 with the
origin in the centre of masses of the body
Pn and with the axes conserving constant

orientation ( Clj is the seralmajor axis, %
- eccentricity, >̂j: - angular distance from
the pericentre, -**j - longitude of the as-
cending node, nj ~ mean ancmalv). The An-
doyer's variables Gj, ty>#>$.<&. */ describe
the motion of the vector or tne kinetic mo-
ment 5j of tho body Pj both in the axes
^"&-fy S; directed along the principal
central axes of inertia, and in the axes
Oi-x.% * parallel to the correspon-
ding axes of the systen O0 xy z With the
origin in the centre of masses $-' of the
b°dy* P) • Gj- is the modulus of the vector

^ % ~ t h e angle^.between the axis
G O th

r^. %i g ^ . a
Ojfy and the vector^ Gj , Oi - tho ang-

le between the vector <%. and the axis of
inertia Ojfy etc. (aee Barkin, 1977).

The equations of motion of the plane-
tary system (Pi in the variables (13) were
reduced to the standard form of autonomous
systems of differential equations (1)-(3)
(-( = o ) . These equations are written down

in an explicit form with the help of gene-
ral expansions of force functions of two
and three nonspherical bodies in the Kepler
-Andoyer variables (Sldlichovsky, 198*).
These expansions are extremely cumbersome,
therefore we omit them from here. Note also
that the first integrals of the problem
(integral of energy and three integrals of
the system's moment (Barkin, 1977) allow to
simplify a little bit the conditions of
existence of the periodic solutions (5).
By /4=o , the equations of motion of the
3ystem •£ p 3 admit periodic solutions

w
(12)

Here ^""stands for the initial (un-
perturbed) value of the variable Z . «f"-aDd
nf' - for unperturbed values of the mean



orbital notions of the bodies and of their
angular velocities of rotation (̂ =̂ -4,-.-,a).
The solution describes periodic notions of
the system in the axes Qoxys , to which
correspond Keplerian elliptic motions of
the bodies' centres of masses and Kulerian
rotations around their own centres of mas-
ses, as for the bodies with concentric dis-
tributions of densities. For a definite
number of orbital revolutions, the bodies
of the system {P\ commit a definite num-
ber of rotations around their own centres
of masses.

Theorem 4. The problem of the trans-
latlonai-rotatlonal motion of a planetary
system of rigid bodies iP} admits perio-
dic solutions, which are generated from the
corresponding periodic solutions (14),(15)
of the problem of the unperturbed motion of
the {Fi bodies, provided the following
conditions are satisfied;
1. the generating values of secimajor axes

Or'*' and of the vectors of kinetic
moments <% of the bodies satisfy the
conditions of the frequencies commensu-
rability (15) and are determined by the
formulae

(16)

2. the generating values of the Keplerian
angular variables M:"» , Oi."*, Sii"* and of
the Andoyer variable's •&?, %"»* &<°> are
determined by the formulae:

lutions (14),(15) of the unperturbed prob-
len, which satisfy the conditions 1.-4.
These solutions are represented by conver-
ging series in integer powers of the small
parameter /< and by /M =o are reduced
to the corresponding periodic solutions of
the unperturbed problem.

The solutions found describe the peri-
odic motions of the system in the frame of

__ zyz the mo-
tion fpj is conditionally periodic. The
solutions found generalize the periodic so-
lutions of the problem of ttt-f point bo-
dies to the planetary system of rigid bodi-
es {P\ and are reduced to these by Ki""=o,

" By M-=a , the unperturbed orbital
motions of the bodies' centres of masses
are described by the solutions found by
H. Poincare in the problem of three point
bodies. _

The generating values PS" > Sf"" , both
for a triaxial body Pj. and for an axisym-
metric body Pi- are studied in detail by
Barkin and Fankratov (1977), Bsrkin and Le-
lyavin (1984), and Barkin and Demin (1982).
However, the Andoyer elements here refer to
the orbital-frame of coordinates, and they
are connected with ft'"', ft"1 by simple re-
lationships. * *

Besides the spacial problem, the plane
problem of the motion of a planetary system
of rigid bodies {Pi may be considered. Pla-
ne motions of the bodies are possible, pro-
vided all of them possess a common fixed
plane of dynamic symmetry Q . Periodic
solutions of the plane problem, generated
from the solution of the unperturbed prob-
lem,

3. the generating values of the eccentrici-
ties 6/*' «"* inclinations i/" of the
orbits coincide with those of the corre-
sponding classical problem of n+A point
bodies;

4. the generating values of the inclinati-
ons Py, Op"* are determined, depen-
ding on the type of commensurability of
the frequencies fti' , n.j.'f of the form
#!.*$> = + % " ) or *£*$•»=+ny> , by
the formulae which take place for the
generating values Pjln , 0j in the pro-
blem of revolution of the rigid body Ij.
in an elliptical orbit with the elements
a.+">, ey\ u">, Mj.">, a^aftu the

Newtonian gravitational field of the
central body Po .
From the above-mentioned unperturbed

values of the variables (14),(15), must be
excluded those ones, for which the suffici-
ent condition of existence of periodic so-
lutions in the corresponding problem of «+•*
point bodies (Hadjidemetrion, 1981) and in
problems of the revolution of the body
in an elliptical orbit Is violated (Barkin
and Pankratov, 1977; Barkin and Lelyavin,
1984).

By the sufficiently snail values of
the parameter /* , determined by the for-
mulae (12), periodic solutions of the prob-
lem of motion of a planetary system of ri-
gid bodies { P } are generated from the so-

will be called periodic solutions of the
second kind. In (18) fri is the angle of
rotation of the body ft with respect to
its axis of inertia Oi & orthogonal to
Q.. These solutions are generated from

(18) under the conditions that the semima-
jor axes of the bodies' orbits ^-j-"" and the
values of <Ŝ M> are determined by the formu-
lae (16), the eccentricities £j. ' and orbi-
tal elements Mj.*» , £}"> (17) are determined
in the same way ae in the case of plane mo-
tions of the periodic solutions of the cla-
ssical problem of «.+ -/ point: bodies, and
the orientation of the bodies Pj- at the
moments of passage of the pericectres of
their orbits is determined by the angles

* Properties of periodic solutions of
the second kind are close to those of the
quoted generating solutions. They describe
orbital motions of the bodies in quasi-el-
liptical orbits and quasiuniform rotational
motions of the bodies with respect to their
axes of Inertia Oj- J> orthogonal to the
plane Q. , in which move the bodies' cen-
tres of masses.

Necessary conditions of stability of
the found periodic solutions of the third
and second kinds are fulfilled, if so are
the necessary conditions of stability of
the periodic solutions of the corresponding
classical problem of H+4 point bodies as
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wall aa the necessary conditions of stabili-
ty of the periodic solutions of the corres-
ponding problems of revolution of the body

Pi- la an elliptical orbit. The latter
stability conditions were studied in detail
by Barkln and Lelyavin (1984).

To the periodic solutions of the first
kind correspond plane motions of the rigid
bodies iP"i in orbits close to circular
ones. These motions are periodic in the fra-
me of coordinates corotatlng with one of the
bodies £J?i . Unperturbed orbital motions
of the bodies' centres of masses are descri-
bed by the generating periodic solutions of
the first kind of the corresponding classi-
cal problem, and the unperturbed rotational
motions of the bodies axe the same as for
the solutions of the second kind. Below the
solutions of the first kind are considered
for a three-body system.

3. Resonant motion of Venus and perio-
dic solutions of the first kind in
the problem of three rigid budies.

Let us consider plane motions of the
system of three bodies {P} = (Po, £,, A ) .
Let the bodies Po, Pi be material points,
and Pi - a nonspherical rigid body with
quasiconcentric distribution of densities.
For the unperturbed motions of the bodies
{ P> we shall assume Keplerian elliptical
motions of the centres of masses of the bo-
dies Pi, Pa in the corresponding Jacobian
frames of coordinates and uniform rotation
of the body fi, around the axis cf inertia
Q) $< orthogonal to the fixed orbital

plane Q- . The body -P-t possesses the
plane of dynamical symmetry, orthogonal to
OiS., and coinciding with the plax, Q •

Then, it is convenient to describe the
bodies' motions by equations in canonical
variables

(19)

wbere ft ia the rotation angle of the body
Pi , H - the value of its kinetic mo-
ment.

Instead of (19), we introduce other
canonical variables analogous to H. Poin-
care's variables (Barkin, 1986):

Let us Introduce the small parameter
according to formulae

where £•**»!•> Sum, are Poisson coeffici-
ents characterizing the density distributi-
on of the body Pi , "* marks dimensionless
quantities of the order of unity.

As a result, the Uamiltonian of the
problem may be represented as

# = We (Ai. /f4, J,, &, t<, ?a) *

+ 2 /*

a

COS

where coefficients «- «*,&. are
known functions of Sli , sij. and of the
constants Cnm.

<o), i',«»', R^, «*«VrfC* are
angular constants. The expansion (21) wit-
tingly converges by sufficiently small va-
lues of A and of the coordinates ft-. 7i
(i-'t, 'A > .It is derived on the basis

of the known presentations of rigid bodies'
force functions in generalized coordinates.
Ko is the Hamlltonian of the rigid bo-
dies' unperturbed motion

/fa**'
2C

s unpertu

- are the constants of the problem.
By /*•= o the equations of motion of

the system i. P] admit periodic solutions:

\

V*;
(22)

Here W<, ta. and t are unperturbed
values of mean orbital motions of the bo-
dies £,, i^ and of the rotation angular ve-
locity of the body P-t respectively.The so-
lution (22) describes circular motions of
the centres of masses of the bodies Pis P3.
and uniform rotation of the body P-t around
the normal to the plane Q. . This motion
is periodic but in the frame of coordinates
uniformly rotating in the orbital plane
with the angular velocity K-i , The period
of this solution is T- Z7Ct-i./si.i=2at<*,/sit.
Let us formulate the final result of the
Investigation of the periodic solutions of
the problem by small values of M

Theorem 5. If the masses of the bodies
"1 > rz are small as compared to the mass of
the main body Po , the body Pi possesses
a plane of dynamical symmetry and a quasi-
concentric distribution of densities, and
its dimensions are small as compared to the
distance between the bodies' centres of
masses in their upper conjunction, then, by
sufficiently small values of the parameter
/i introduced by the formulae (20), the

plane problem of three bodies {Pj admits a
family of periodic solutions of the first
kind.
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These solutions describe piano motione
of the bodies closo to the unperturbed ones
for which
1. the centres of masses of the bodieBxJ.ij;

aro moving along circular orbits in the
fixed plane <2 with mean motions rt-i>^ j

2. the body P^ is x'otatlng uniformly aro-
und the axis of inertia C\ fc* orthogonal
to the orbital planes thereby, during
tv»o revolutions of the body Pj>. in the
frame of coordinates corobating with the
body in the orbital plane at the angular
velocity Kf , Che body "•< itself com-
aite ±n" the same frame an integer number
3- of rotations around CUe axis Oi^ ;

3. at the moment of the lower conjunction
of the centres of masses of the bodies
Pi, Pi, one of the axes of the ellipsoid
of inertia of the body "-t , lying in
the orbital plane, is directed along the
line jasaing through the centres of mas-
ses OI,O-J. of the bodies Pi,Px. •
j?or the above-mentioned periodic solu-

tions, arbitrary constancs are: 1. the pe-
riod of the solution; 2. the value of the
angular velocity ft of the body's rotati-
on; 3. the moment of the bodies' conjuncti-
on; 4. the longitude of conjunction.

Other commenaurabilities of frequenci-
es4 not included in q, & 2 = ±-2 a * as. well
aa the cases for which ^i=""» > n-ji —
n̂ r-f + O/i (,*t*.Constitute an exception.

Periodic solutions, generated from the
quoted periodic solutions of the unpertur-
bed problem, are represented by series in
integer powers of the parameter /* , con-
verging by its small values.

We will use periodic solutions, desc-
ribed in the condition of the Theorem, for
the description of the resonance phenomenon
in the Venus* motion (Beletskij et al.,
1979s Goldreich and Peale, 1968). For this
purpose, let us compare the considered mo-
del problem with the real motion of the
system Earth (Pi,), Venus ( Pi ), Sun
( Pa ) . Known facts are the basis for
this. The Venus' ellipsoid of inertia is
very close to a sphere (according to Willi-
ams et al (1983), C%o= -&W••/»'% C2Z= •f.g-fd^
Of the same order are the perturbing masses
of the Earth and Venus Mi/i»i.= Z,ns•-ttr*,

m * / h t 0 = 3,oo>f • fo'e . The orbits of the
centres of masses of the Earth and Venus
are close to circular ones located in the
common fixed plane. According to observati-
onal data, the Venus' rotation occurs aro-
und the axis clone to the normal to the or-
bital plane and is retrograde. Radar obser-
vations of Venus allowed also to establish
that the angular velocities of the Earth's
and Venus' orbital motions ( n. 1 , n3 )
and the angular velocity of the Venus' ro-
tation (n-) satisfy the resonant relati-
onship «,-*! — - 5" ("ftz -^i)- The enumera-
ted observational facts mean that the Ve-
nus' motion is close (in its resonant pro-
perties) to one of the periodic solutions
of the first kind derived above (it corres-
ponds to •£• =• -fO ). The analysis of neces-
sary conditions of stability of this perio-
dic solution allows to establish that in
the lower conjunction of the Earth and Ve-
nus, the major axis of the Venus' ellipsoid
of inertia is directed earthward (or sun-
ward).

The periodic solution describes in
particular the variation of the Venue' ro-
tation angular velocity with the amplitude
o'i'fBX day-* and the period of Sf,J32 days

ae well as constant angular displacement
of the axis of inertia Qt fV . The pe-
riod of the Vonuo' resonant 11bration in
the vicinity of the periodic solution le
Tt = 63 • -to •» years.

4. Resonances In the motion of the
Moon and their dynamical oonaeauen-
cos.

Barkin (190?) developed the analyti-
cal theory of the lunar rotation, using the
method of construction of conditionally pe-
riodic solutions for H&niilfconi&n systeas,
analogous to the one considered in §1. The
theory was developed In the framework of
the general problem of the motion of a sys-
tem of celestial bodiesMP In which the
Earth and the Moon are assumed to be uoc-
apherical rigid bodies, and the Sun and
planets are considered as material points.

The resonances in the lunar motion are
determined by the relationships

o

where " F > ft si are the rates of varia-
tion of the arguments f<l Si. of the theory
of the lunar orbital motion, ni°' is the
unperturbed value of the^mgular velocity
of the lunar rotation, W-ft is the mean an-
gular velocity of the lunar precession.

In the framework of th« model problem
MP in the Andoyer variables, referred to

the movable plane of ecliptic
(Barkin, 1987).

*= (e.&.f,e,A)T, 2*9- (24)
it proves possible to represent the equati-
ons of the lunar rotational motion in the
form of a nonautonomous multifrequency os-
cillatory system (1) - (3). The arguments
T include those of the theory of the or-
bital motion of the Moon, the Sun and pla-
nets. Barkin (1987) described the perturbed
lunar rotation by a conditionally periodic
solution. The generating periodic solution
satisfies the conditions of the Theorem 3
and describes all the items of the Cassi-
ni's laws. This result was obtained with an
account for all real properties of the lu-
nar orbital motion described by the Brown's
theory.

Here we will describe the main dynami-
cal effects in the lunar rotation caused by
the resonances (23). We refer to as the
"mean resonant rotation" of the Moon its
motion described by the mean values of the
variables (24) which correspond to the con-
ditionally periodic solution of the problem
MB (Barkin, 198?)j

= oc0 f-M

•u.

f Si
where /* •*x' *> ,/*^#' *> are constant
components of the perturbations of the or-
der 0 . In the theory of the lunar rotati-
on, they are determined by various pertur-
bing factors and describe constant dynami-
cal displacements ofihe vector of the lu-
nar kinetic moment G in the frame of co-
ordinates, connected with the plane of ec-
liptic, and in the axes O J ? § , direc-
ted along the principal axes of inertia of
the Moon. Analyzing the explicit expressi-
ons for the corresponding items in (25) we
come to the following results;

68



The motion according to Cassini's laws
is described by the generating periodic so-
lution X^oco ,y^st(art -f &o and takes
place only in the approximate statement of
the problem. The libration rotational motion
of toe Moon occurs not around the Caeslni's-
law motion but around toe mean resonant mo-
tion (25) which describes the following sub-
tle dependences in the lunar motion:
1. the mean longitude of the descending node

of the intermediate plane &<£ orthogo-
nal co the* vector of tbe^kinetic moment
of the lunar rotation G , differs on
the plane of the instantaneous ecliptic
from the longitude of the mean ascending
node of the lunar orbit on this plane by
the quantity /* < Ac<>>•*•-• =• --tat" 5

2. the mean value of the angle _P between
the plane of instantaneous ecliptic and
the intermediate plane Qd differs from
its generating value 9° by /*•*?*"?•*..
~ --ts" ; ' J

3. the mean values of projections of the
vector of the angular velocity of the lu-
nar rotation T$ onto its principal
central axes of inertia differ from zero
and are determined by the formulae (Bar-
kin, 1987)

(26)

( stands for the
unperturbed value of the lunar angular ve-
locity, T is the draconic month);
H-. the mean angular velocity of the lunar

rotation in the immobile frame of coor-
dinates referred to the ecliptic of the
epoch and to the mean equinox of the
epoch 1950.0 differs from its resonant
value C&B = tip . Likewise the other
quantities, it depends on all the para-
meters Cn.m. , Sn>n ot the lunar
gravitational field, oa other perturbing
factors of thê _problemj its value £9
> U tG'<>>/G} S?~3Z€6>o U/4 /o...} S?Z5€Z

per Julian year. In (26) /<*£">? i8 the
angle between the lunar polar axiB of iner-
tia and the vector of the mean angular velo-
city, /<*•£">> =? 80* -./i-t-G'Omo, /«&»>
is the co:. it addition to the unperturbed
value of . tinetic moment.

All t.;r subtle effects, described in
1.-4., are caused by the influence of the
second and higher harmonics of the force
function of the Earth-Moon system, by the
influence of attraction of the Sun and pla-
nets, by the nonsphericity of the Earth, the
evolution of the ecliptic and of the orbits
of the celestial bodies considered.

The effects found here reveal more pro-
foundly the resonant nature of the lunar
motion, the role of various perturbing fac-
tors, and represent corresponding refine-
ments of the Cassini's laws. The effects of
constant dynamical displacements described
by mean resonant motions of the (2C-, type
are evidently common for numerous resonant
subsystems of celestial bodies in the solar
system.

To conclude, we note that the methods
of investigation of periodic and resonant

conditionally periodic solutions) for mul-
tifrequenoy oscillatory ayotomo can be ouc-
cessfully applied to toe study of mala pe-
culiarities of motion of Mercury, synchro-
nous satellites of planets (in the first
turn such as Fhoboa, Delaos, Laplacean sa-
tellites of Jupiter, Hyperion) as well as
for the description of possible resonant
phenomena in the motion of systems of bi-
nary and multiple asteroids and of the Plu-
to-Charon system.
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ta KuUCb l<li\C'l'lut\'ij 'iluihbixjiit-Wl'iuh lit Dili ThUi^-buj i i'uoL.Llii-1

V. w. i3la.0Ur.jv ullU 6 . iJ. uikovu

ii oi' Aavi-uuuiio 1 t*ul(i«riuu Acudeiiiy of b c i u u c u s , 72 k u i u b l v d ,
l l i l ' l ,

Abstract

The present paper deals \viili Llio force function's tmnsporwutJ on in the

general threebodj problem 111 Jucobi's coordinates. In this transformation we

make use of Uoso s idea about the translation of Hie spherical (auctions in

bi.eetro

The |iur;)use of the piesont ^uper is

to Ucsci'ibe 1.1ie ,)i'inci,Jul oT trunsfor-

mulioii of tile force function U froM mi

inertia! reference systei.i i> |y; X, X,

&\ in Jacobi's coordinates, 'i'iiib trans-

formation consists of two translations.

Therefore we use itose's idea about the

translation of the spherical functions

in Quantum Electrodynamics (liose, 195ti>.

Sbkodrov and lionev (1982) made use of

the same idea to unalyse tile behaviour

of tile haruioiijLC coefficients in the

development of the gravitational poten-

tial in case of translation of an iner-

tial reference system, in (Shkotlruy,

19S8) Host's idea is developed in do-

tail with a view to her application in

Celestial Mechanics.

The principle of transformation of

the spherical funcions under transla-

tion of the reference system is baseti

on their development in Taylor's series.

Let the following solid spherical

functions are defined in i>:

are surface s

cal functions, P'n (cos 6 ) are normali-

sed Associated Legendre functions and

The translation--^-

is represented by the action of Taylor's

operator, defined as follows:

L»0 MV.«-
and

ro+ dr

(see figure 1)

0

figure 1: Translation of b{0; X,Y,2j.

In (2) ( # ) means the complex-conju-

gated functions with argument the vector

of translation dr*. The spherical function

with argument Hamilton's operator Nr

determines the order of differentiation

of the haniivjnical functions, ilencc, the

action of Taylor's operator on the spheri-

cal function (1) is represented as

follows:

Uo Mt«U

where

TSHV,
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T' * ̂ f . fe»H) (Vmi.1 fo-hO ! j

The force fimciun Uti> in the general

throe boU\ problem has the form

, where f i s l l | e S1 '"-

\ i t a l i o n u l cu i i s lau l , ^ . ( i = 0 , ! , 2 j are the

r esjjoc 11 v e r a d i u s - v e c t o r s ui' uiasses J'M • 9

l'lio use of i i i l u r ' s ope ra to r a l lows to

express the d i f f e r e n t p a r t s of b € £>

into d i f f e r e n t r e fe rence sys tems. This fact

i s of ^ r ea l importance foi' ihe L'XIJ.'OSSIII^

of L in J a c o b i ' s c o o r d i n a t e s . In order to

ob ta in b in Jacob i'.s coo rd ina t e s i t i s

su f f i c e to made two t r a n s l . i t ions of U 6 S

defined Uy ^3J, us fo l lows:

Figure 2: Jacobi's cooriiinatos.

where U is the mass center of ty$

nnd itS^ (see rigurc 2). Tlie first

ti-aiislation (u- >• *WO J affects the

s;)iioiical functiuns witli argument g .

The second translation (0—*lij affects

the spherical functions with

The above described jirocedure co-

mes acnioS llie loilowi..b difficulty.

After the translations (.'U a pruduct

of three suhericai lunctioiis appears m

tile express ion for1 U. bul Clebsli-

Uvjrdou's s e r i e s pej'iiut.s UH to expi ifia tiie

product iif tv.o s p h e r i c a l funct ions with

the t.a»ie iir^^n.ienl s IJ> a l i n e a r COIUIJI nu-

l l on of s p h e r i c a l fund i oils, as fol lows

hhei'e

J
••"i

and C-cuef f l e i o n t s are LlcUsh-uorduii 's

c o e f f i c i e n t s .

As a r e s u l t we outiiin the io l luwi i

express ion l o r li in J a c o b i ' s coordint i-

t e s ( "r*< , r^ ):

(5)
U ~ I t

V\Yfi

where

Pl

The zonal j)art U of U in Jacobi's

coordinates is obtained by the conditions

in = M = u.

U,, hus the followiriji foru:

whore

* ta1* (-ok f
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R ^z*

'1'Jio Oonci',\il t u i t i o n »1" (5) i\>r U u e o

r e a l v c l c s l i a l liudii-'t; i s not n ,JII uci , i le

U i f l i t u l l J liut i l i s lu>t u tifui>usc of tile

(ii osiciit cumuum CiiH on. .ib v>oll ;is i n Citsc

uf tin CO i iwss- | ) iu i i ts i l i s ,>uss.i blu tu

e x p r e s s tlio s p h e r i c a l 1'unctiuiia wi Hi

tirjiuiiiuiita v, ami J^ Uy <> noiv s-¥t of

\cii i i ib lus li^i't^1-'1' ' s , J e l u u n u y ' s <>i"

^tiiuuyui''s \ .11 l i iMcsJ . r'ur t l i i s 1)ur,)o-

sc ko uiiiUi- use \>i;;iiei''ii ^ - f u n c t i o n s

u u l o r ' s JIIQLUSS as arouinei»ts

oJrov , 1'JBIJ.

i. i'1 c il L. N D î  !;
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LONG TERM ENERGY VARIATIONS AND A 31 MYH EFFECT IN THE ORBITS OP THE OUTER PLANETS

Anna N.Nobili and Andrea MUani

Dipartiaento di Hatenatica, Unlveralta' di Pisa, Via Buonarroti 2, 1-56100, Pisa, Italia

Long tern numerical integrations of the orbits of the outer planets within the LONGSTOP research
project, combined with an adequate processing and filtering of the output, have allowed to recover
so far unknown variations in the major seraiaxes of the planets with period of about 1 million years.
An attempt at computing the same variations analytically, has shown that small divisors in mean
notion can aignificanttly increase the amplitude of a secular effect. The secular frequency of these
energy variations involves the pericentrea of Jupiter and Uranus and turns out to play a major role
in shaping the dynanical structure of the outer solar system. It appears also in a secular small
divisor of much a longer period (about 31 million years) recovered froa the output of the 100
million years integration LONGSTOP IB. This very small divisor seems to be responsible for the
accumulation of spectral lines In some regions of the long-period spectrum of the outer solar
system. The accumulation of spectral lines is known to be related to the presence of non regular
regions of motion in the phase space. These findings have stimulated us to revisit the old problem
of regular and non-regular motion of planetary orbits from the viewpoint of both the convergence of
the series of classical secular perturbation theories and the modern concept of predictability
horizon for non-integrable dynamical systems.

1. INTRODUCTION

The time vitiations of the se&imaior axes
of the outer planets are dominated by
short-period first order effects. How-
ever, if the output of long tern numerical
integrations is processed and filtered prop-
erly so as to eliminate these effects it
is possible to detect smaller longer pe-
riod variations. In this way, within the
LONGSTOP project, it was possible to detect
energy variations with periods ranging free
tens of thousand to aillions of years.
The w>8t interesting feature is an energy
exchange between Uranus and Neptune with a
period of 1,119 Kyr (Section 2).

The corresponding secular frequency g$ - g?,
involving the pericentres of Jupiter and
Uranus, is also the frequency of the ex-
change in the stability parameter (?h
angular momentum squared times energy- of
the 3-body subsystems Son-Japiter-Saturn and
Sun-Uranus-Heptune respectively. The (?h
parameter Is the bifurcation paraaeter of
the* general 3-body problem -in analogy
with the Jacob! integral of the restricted
circular 3-body problem- whose value, as
compared to a critical one, can ensure
stability in the sense of no crossing over
of the orbits. Using jacobian coordinates
and computing the e3h parameters of the
3-body subsystems amounts to filter out the
short period terns and thus shows the long
period effects without using a digital fil-
ter. The dynanical structure of the outer
solar system turns out to be dominated by
the two subsystems mentioned above, whose
degree of stability, as expressed by the
c*h paraaeter. oscillates in antiphase with
the 1,110 Kyr period. The actual dynanical
•echanlsm which locks the two subsystems
to one another is a libratlon, with the
same period, of the angle between Jupiter's
and Uranus' perlcentre about 180° with an

amplitude of about ±70° (Section 3).

The analysis of the filtered output of
the LOHGSTOP IB 100 Myr numerical integra-
tion of the orbits of the outer planets
has allowed as to detect a much smaller
secular frequency, corresponding to a pe-
riod o! about 31 Myr. It was possible to
Identify it with a theoretically permitted
line, in the sense of D'Alenbert's rules,
resulting from the combination of six fun-
damental secular frequencies of the outer
solar system: 2(& - gj)+s7 -3&~ 0.04 arcsec/yr
which involves. -besides the pericentres
of Jupiter and Uranus in the combination
9s - 57 discussed above- the nodes of Uranus
and Neptune as well. By finding the corre-
sponding critical argument, and ensuring that
it circulates, it was possible to compute
the period from the slope of this func-
tion versus time, hence is a »ay which is
Independent from the identification with a
theoretically pemitted combination of funda-
mental secular frequencies. The two results
agree with one another within 1%, and this
increases our confidence in the reality of
the effect (Section 4).

In relation to this small frequency, as
well as to others which could not be
identified with theoretically permitted com-
binations of up to 8 fundamental secular
frequencies, there is an accumulation of
spectral lines of ccmpararable amplitude in
some regions of the long period spectrum of
the outer solar system, whereas the secular
spectrum derived from the 9.3 Kyr integra-
tion LONGSTOP 1A appeared to be discrete.
It is known that in connection with non
regular regions of motion in the phase
space the spectrum of a dynanical systen
is not discrete. It is also known that in
the presence of non regular notion -and
whatever the accuracy in the initial condi-
tions and the reliability of the numerical
integration- there exists a 'predictability
horizon* of the system (Lighthill 1986).
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The predictability horizon Is a limiting
span of tine, beyond which no accurate pre-
diction of the dynamirai behaviour of the
aystem la poasstble any longer. Therefore,
we are led to ask ourselves the question
as to whether ia the 6-body problem of the
outer solar system we might expect to find
indication of con regular motion over a
tiffiespan of 100 Nyr. Related to this iiw-
daaental question about the maximum timespan
over which the orbits of the outer planets
are 'computable' we can also auk the fol-
lowing questions: i) over what timespari are
the analytic secular perturbation theories
reliable? it) over what timeapan are the
numerical Integrations reliable? Although the
two latter questions might not be related
to one another -for instance if one uses
a 'bad' perturbation theory or a 'bad'
integration program- it actually turns out
that investigating them together helps in
shading aome light on this difficult problem
(Section 5).

2. LONS TERN VARIATIONS OF THE MAJOR SEMI-
AXES OF THE OUTER PLANETS

Because of ltB close relation to the prob-
lem of the stability of the polar system,
the possible variation of the semlmajor axes
of the planets over very long spans of
time is a favoured subject of mathemat-
ical physics ever since Newton's Principia
(Tisserand 1889; PoincarS 1893).

The most famous result is the Lagrange's
theorem on the seainajor axes, which states
that to order 1 in the small parameters
ix (i.e. the planet-to-sun mass ratios) the
differential equations for the semimajor axes
contain only short-period terms, i.e. terms
containing the frequencies of the pericentres
and the nodes as well as nonzero combina-
tions of the mean motions, which are tha
fast frequencies. It was later proved by
Tisserand that the same is true also .to
order 2 in the fi, namely

Olonjterm = O(/l3), (1)

which tells us that the long term compo-
nent of the tine derivative of the major
semiaxea a is of order p3. Nevertheless,
loig term time variations of the Bemimajor
axes of order p2 might still occur: a
perturbation of order p 3 acting with a slow
frequency -hence accumulating on a timespan
of order PJn; P being the typical orbital
period- would in fact give

Olonjterm = (2)

As for the shape and orientation of the
osculating keplerlan orbits of the planets,
it i« convenient to use the non singular
variables h,k and p,q, which are defined as
follows:

h = esint?

p = 8in(//2)sinn q = sin (J/2) cos 0
(3)

where e and / are eccentricity and inclina-
tion, G? and I) longitude of the periccni.'c
and the node respectively. It was again
Lagrange who show! that -BO long ae
terms of order f/,'J, fie4, pe?P and fil1 in
the Hamiltonian are neglected- the secular
perturbations equations which describe the
long term behaviour of the system are inte-
grable and the solutions can be written as
sums of periodic terms containing the slow
frequencies only. Thic is the DO called
'Lagrange solution"; it is worth stress-
ing that the Lagrange solution assumes the
Beinimajor axes to be constant as hypothesis.

By the end of last century Poincarfi ob-
tained two fundamental results of Becular
perturbation theory. The first, and most
famous, is a negative one stating that the
Beries of the solutions are not conver-
gent on any open set of the phase space
(Section 5). However, Poincarfi waB also
able to prove that provided the ques-
tion of the convergence of the series is
neglected- the solutions of the equations
of motion can be formally constructed as
Fourier Beries to any order in the small-
ness parameters. In recent years Message
(1976; 1982) -using the completely explicit
method of Lie series transformations- has
obtained the formal solutions of Poincart
as Fourier series with coefficients which
are given functions of the coefficients
of the Fourier expansion of the perturbing
functions. The most surprising result of
the Poincare-Message solution is that there
are indeed long-period variations of the
semimajor axes to order p2. Unfortunately,
these variations are not computed by Message
and besides, knowing that they must be of
order y? does not tell how large amplitude
effects one should expect, since small di-
visors might play a role -as it actually
turns out to be the case.

Another way to learn about long term varia-
tions of the major semi&xes of the planets
is to carry out numerical integrations of
the full equations of motion. If we re-
strict ourselves to the dynamics of the
outer planetB only -from Jupiter outwards-
the present generation of electronic com-
puters and supercomputers makes it actually
possible to perform reliable numerical in-
tegrations for timespans of hundred million
years. However, since the storage and han-
dling of the output is a serious problem
to deal with, the only way to reduce it
without loosing valuable physical informa-
tion is to apply digital filterB. The
numerical integration of the orbits of the
outer planets for 100 Myr, as well as the
digital filtering of the output, has been
recently carried oat within the LONGSTOP
research project using a CRAY-IS supercom-
puter (for a review see Nobili 1987). The
LONGSTOP investigation of the outer solar
system actually included a first 9.3 Nyr
integration (LONGSTOP 1A) and a 100 Myr
integration (LONGSTOF IB) in which the phys-
ical model was iEproved mostly to account
for perturbations of tbe inner planets. A
purpose built compater -called iu$ Digital
Orrery (Applegate et al. 198C)- haB also
been used to cocpute the orbits of the
outer plannta for 200 Hyr. However, because
of the w»7 In which the Orrery group pro-
duced and processed the output, it provided
infornation on the ling tern variations of

78



the shape and orientation of the orbits
-expressed by the M and ptq variables
given in (3)- (Applsgate et al. 1986), but
not of the semiaajor axes.

The first chance to observe variations of
the aeraimaior axes of the outer planets
with periods of the order of a million
year was offered by the 5 Hyr numerical
integration carried out by Kinoshita and
Nakai (1984) on a Fujitsu computer at Tokyo
Astronomical Observatory. The output was
stored every 2000 days and they kindly made
it available to us. However, although we
could gain considerable insights on the dy-
namical structure of the outer solar system
(Milani and Nobili 1984a; 1986a) the first
attemp at recovering long term variations of
the major semiaxes wao unsuccessful. Figure
1 shows the energy of Neptune as function
of time over the 5 Myr interval of Ki-
noshita and Nakai's integration. The way in
which the output was reduced -from 10° to
103 data points- was very simple: first by
sampling the data 1 out of 100 and then
averaging the 'integrals' 10 by 10. Obvi-
ously, in this way short-period terms are
reduced but not eliminated and if they are
larger than the long-period ones the latter
cannot be seen, as it is actually apparent
in Figure 1. It tells us that the energy
of Neptune undergoes short period variations
modulated over a period of about 1 Myr,
but the features and amplitude of the long
period effects cannot be recovered.

T 1 1 r
.00.37 200-JS

YEflRS

'Sj.eti

Figure 1. The energy of Neptune as func-
tion of time as obtained from the output
of the 5 Myr numerical integration of the
outer planets carried out by Kinoshita and
;iakai. The units are M^AU^/d2. There is
an effect with period of about 1 Myr but
short-period variations do not allau t.o sen
it

If a lov frequency pass digital
apni'ed to oi'e sajne output so aa to fil-
ter out the shoi l period effect, HepUne'o
energy clem ly shows a time variation with
petioij I i!9 Myr and relative amplitude

about S x 10~* (for a discussion of the
filtering techniques used in the investiga-
tion of th« outer solar system dynamics see
Cau-pino, Milani and Hobili 1687). In addi-
tion, the filtered energy of Uranus shews a
variation with the same period and similar
amplitude, but in antiphase, whereas in the
case of Jupiter and Saturn variations with
periods of a few tens of thousand y«ars
(which are not wiped out by the filter)
dominate, with superimposed a variation over
~ 1 Hyr. Figure 2 shows the filtered en-
ergies of Uranus and Neptune respectively,
obtained by applying the LONGSTOP filter to
the output of Kinoshita and Nakai's integra-
tion. The filtered energies of Uranus and
Neptune obtained from LONGSTOP IB show that
over 100 Hyr the 1.119 Myr effect still
dominates although smaller effects over much
longer periods can be seen (Figure 3).

.02 .61 I .2S I .B8 2.S0 3.12 3.71 1.36 1.98

.SB 2 .'iP 3. 12 3.71 1.36 1.38
XI 8 s

Figure 1. Changes in the energies of
Uranus (top) and Neptune (bottom) obtained

tha output ot Kinoehita zni Vafcei's 5
l alter applying Lhe LOHGSTOP

liigitnl filUi. Tfie usHs are MQAU-'/IP.
Tile filler ?M. w3p?U out the short period
chsngtf» <-, rul i-.h<» s«n-jt!oa ti Lh ~ ! Myr

period la not* appiut'i', note the opposition
in pha»e.
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Figure 3. Changes in the filtered ener-
gies of Uranus (top) and Neptune (bottom)
over the 100 Nyr timespan of the LONGSTOP
18 integration. The two plots have been
separated by adding or subtracting a con-
stant; the average values are -3.36 x 10~10

for Uranus and -2.54 x lO"10 for Neptune (in
units of MQAU2/*!*) , so that the relative
energy variations are &EU/EU ~ 3.7 x 10~6 and
&EJEn ~ 5.3 x 10"6 respectively.

The experimental findings concerning the
major semiaxes of Uranus and Neptune neces-
sarily call for a theoretical explanation.
First of all. we must account for the
order of magnitude of the amplitudes of
the variations. According to Message they
must contain the perturbation parameter to
second order, and tha smallness parameters
which best express the perturbation strength
are the «,-,• (Walker, Ems lie and Roy 1980;
Milani and I'obili 1983b). In this case we
have €78 = 1.78 x lO"

5 and ti7 = 1.35 x lO"" for
the perturbation of Uranus on Neptune and
viceversa. Moreover, the secular frequency
9s - 9i of the changes in the semimajor
axes of Uranus and Neptune appears also in
the eccentricities squared; the amplitudes
of these variations are ei ~ 2 x 10"3 and
el ~ ! x 10~4 for Uranus and Neptune respec-
tively (Nilani. Hobili and Carpino 1987.
Table 4). We therefore expect the energy
variations to be of order 0(e2e2); with
the figures given above this means 10~12

at most, whereas the relative variations
in the energies of Uranus and Neptune are
of a few parts in 106, i.e. from 105

to 10" times larger than expected! It is
well known in celestial mechanics that small
divisors (see Section 5) can substantially
increase the amplitude of some effects. In
this case it turns out that although the
effect we are discussing involves a secular
frequency, the small divisor which increases
its amplitude is a small divisor in mean
motion, precisely:

- 2ns, (4)

which is the frequency of the 2/1 quasi-
rosonance in mean motion between Uranus and
:'ectuae. Using Lie series transformations
and following Message (1976; 1982) it was
indeed possible to compute analytically the

variations of the semiaajor axes of Uranux
and Neptune: taking into account only the
tens with 6 the agreement between the
theoretical and the experimental value of
the amplitudes was within 15% for Uranus
and 22% for Neptune (Hilani, Nobili and
Carpino 1987; Carpino 1987). The use of
Lie series transformations to investigate the
long term dynamics of the planetary orbits
is diBcussed in Milani (1087). Considering
that in the analytic calculation only the
term with the small divisor 6 was taken
into account, the agreement between theory
and experiment is quite satisfactory. It
does indeed strengthen our confidence in
the reliability of the numerical integrations
as well as of the filtering and spectral
analysis techniques.

3. THE SECULAR FREQUENCY gb - g7

The secular frequency %-gi (2ir/(s6-ff7) -1,119
Myr) plays a major role in shaping the dy-
namical structure of the outer solar system.
It first became apparent from the analysis
of the 5 Myr numerical Integration by Ki-
noshita and Nakai (1984). We carried out
the analysis after having investigated ana-
lytically the stability of the outer solar
system as «, hierarchical dynamical system
(Milani and Nobili 1983b). The investi-
gation exploited recent findings concerning
the topological stability of the general
3-body problem (for a review see Hilani
and Nobili 1983a) as well as the concept
of hierarchical stability of the system as
formed by three 3-body subsystems, nanely:
Sun-Jupiter-Saturn, Sun-Saturn-Uranus and Sun-
Uranus-Neptune. Each of then, as isolated
3-body system, can be proved to be hierar-
chically stable for all time (which means
that no crossing over of the osbits occurs)
because of the present value of the <?h.
integrals (total angular momentum squared
times total energy). If one includes the
other planets as well, such 'integrals'
are no longer constant; however, numerical
integrations of the planetary orbits allow
us to compute their time variation. So
long as hierarchical stability it guaranteed
for all the three subsystems we can ensure
that Jupiter does not cross the orbit of
Saturn, Saturn does not cross the orbit of
Uranus and Uranus does not cross the or-
bit of Neptune, hence hierarchical stability
is guaranteed for the whole system (Milani
and Nobili 1984b; 1985b). PJuto Is already
known to cross the orbit of Neptune, the
mutual perturbations being reduced by the
3/2 resonance in the mean notions of the
two planets with about 19,900 yr libratlon
period.

If the c3h integrals are computed in jaco-
bian coordinates the indirect perturbations
of the planets on the Sun are automati-
cally wiped out and it is possible to see
the long tern trends, if present, without
applying any digital filter. Our first at-
tempt to do that made use of the results
obtained by Cohen, Hubbard and Oesterwin-
ter (1973) with their numerical integration
of the orbits of the outer planets for
a timespan of 1 million years. Unfortu-
nately the output of this integration is no
longer available in computer readable form
and we could only uae the 25 data points
published by the authors -namely poaitions
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and velocities of the outer planets every
40,000 year*- to compute the cah integrals,
or batter their difference with respect
to the corresponding critical value, which
ia the bifurcation parameter whose value
remalnsaegative so long as the system is
hierarchically stable. Figure 4 shows the
result for the Sun-Jupiter-Saturn subsystem:
although the curve 1B not smooth because
of the few data points available, yet it
definitely reveals an oscillation with about
the same period as the entire timespan of
1 million years for which the numerical
integration has been carried out. Moreover,
a similar plot for the Sun-Uranus-Neptune
subsystem shows a similar oscillation but in
antiphase.

remains negative, thus ensuring the hier-
archical stability of the system for the
entire timespan of the numerical integration.

t, x -O.0J<«

0 100

03 years

Figure 4. The stability parameter (c2/i
minns its critical value) of the Sun-
Jupiter-Saturn 3-body subsystem as function
of time obtained from the published output
of the 1 Myr numerical integration of
Cohen, Hubbard and Oesterwinter (1973). The
units are normalized as in Milan! and
Nobili (1983a). Discontinuities are due to
the fact that positions and velocities of
the outer Dlanets are published only once
every 40,000 years and the computer output
of this integration is no longer available.

By 1984 we could use the output of the
5 Kyr numerical integration carried out by
Kinoshita and Hakai in order to compute the
stability parameters. We did not apply any
digital filter. The stability parameter for
the Sun-Jupiter-Saturn and Sun-Uranus-Ueptune
subsystems actually shows an oscillation, in
antiphase, with 1,119 Hyr period (see Figure
5).

The sane parameter for tbe Sun-Saturn Uranus
subsystea (Figure 6) is dominated by an
effect with the period of 54,000 years
only (which corresponds to the secular fre
quency -gs T g$, .'-.volving the perlcec:>-es
of Jupiter and PiCurr.) with auat? r imposed a
variation with the 1,119 Myr peiiod. In
all r.hrce casas the stability parameter

1 1 r—i
100.37 200.25 300.12

x 10 years

or

Figure 5. The stability parameter (c2/i
minus its critical value) for the Sun-
Jupiter-Saturn (top) and Sun-Uranus-Ueptune
(bottom) subsystem) as function of time
obtained from tie output of the 5 Hyr
integration of Kinoahita and Nakai (in the
LONGSTOP units, namely aolar mass, astronomic
unit and day). The period of the dominant
effect is 1.J19 Myr. fte sane a? in the
filtered energies "of Uranus and !;eptune;
h-'wever in this case it could be detected
without applying a digita: filter. Note the
oppos:tion in phase.

We are therefore led to t.v.t -cr.ci'js:on :sat
the dynamical otructure of \tr ov\.'T eojar
systea is dominated !•>; ". ̂.o '-»'o £uV.-vs:e.Tt
Sun-Jpiter-Saturn and S'ir • -an; •v'^:" m-.o .
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whose 'degree' of hierarchical stability
as measured by the valun of the stability
parameter oBcillates with the period of
1.1 IB Myr in such a way that one subsystem
is more stable while the other Is leas
stable and viceversn. The nature of the
dynamical raechaniBit, which locko the two
3-body subsystems to one another can be
undemtood by recalling that the necular
frequency nf this effect is g& - gi , which
involves the paricentres of Jupiter and
Uranus. Therefore we must look for a
critical argument involving the pericentrea
of these two planeto, most likely an angle
between the two.

1 1 r"

400.00 439.68

<10 yea

Figure 6. The stability parameter (c2A
mim8 its critical value) for the Sun-
Saturn-Uranus subsystem as function of. tine
obtained from the output of Kinoshita , and
Nakai'e numerical integration. The period
of the dominant effect is about 54,000
years. It is related to the perturbation
of Jupiter on the pericentre of Saturn
The 1.119 Myr effect is also present, but
only as a minor variation superimposed to
the previous effect. Ho digital filter was
applied to the output to produce this plot.

The mutual longitude of the pericentres
CT57. between the pericentrea of Jupiter
and Uranus can be defined once the two
arguments of the pericentres are referred to
the mutual node

c;,7 lo the critical argument associated to
the uecular frequency g-, - </7 and if we
plot It as function of time (Figure 7)
it. becomes apparent that it libratta around
180" within about i70c; the libration period
ia obviously the 1.119 Hyr period of the
secular frequency g;, yj.

1 0 0 - 3 7 2 0 0 - 2 5 3 0 0 . 12 4 0 0 . 0 0 4 9 9 - 6 8

#57 =
C6 X Cj

(5)

Figure 7. The mutual longitude of the
pericentres between Jupiter and Uranus as
function of time over 5 Myr. It librates
around ir within about ±70°. The period of
the libration is 2rr/(j5 - gr) ~ 1.119 Hyr.

It is interesting to note that this locking
mechanism between the pericentres of Jupiter
and Uranus was already there in the 1
million years integration of Cohen, Hubbard
and Desterwinter (1973), although they did
not realize it. They plotted the longitudes
of the pericentres of the outer planets,
both from their numerical output and from
the analytic theory of Brouwer and Van
Woerkom (1950) in order to show that they
agreed with one another; if one superimposes
their plots for Jupiter and Uranus it is
apparent that the difference of the two is
almost constant, hence the two pericentres
must be locked. Indeed, the discovery
of this locking mechanism goes back to
Stockwell (1873), altough its peculiar role
in controlling the hierarchical stability of
the outer solar system was not known.

4. A SMALL DIVISOR WITH 31 MYR PERIOD

Co and c.-, being the angular momenta of
Jupiter and Urtnus respectively. Then:

- angle( (6)

where t% and eV are the Lenz vectors
(giving the direction of the pericentres,
and whose modulus is the eccentricity) cf
Jupiter and Uranns respectively. The angle

The 1.119 Kyr period of the secular fre-
quency gb-gy, although quite long, is still
very much shorter than the age of the
sclar system. The question as to whether
there exist longer period secular frequencies
-which would be essential to detect in or-
der to understand the long term dynamical
structure of the outer solar system- does
necessarily require longer numerical integra-
tions and/or more accurate analytic oecular
perturbation theories to be carried out.
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The filtered output of the nuiaerlcal .In-
tegration LQNGSTOP 1A. which covered a
tiaespiw of 9.3 Myr, was analyzed with the
purpose of constructing « synthetic oecu-
lar perturbation theory of the outer aolar
system. Synthetic, as opposed to analytic,
means that the spectral linos with their
amplitudes and phaaes arp recovered from
the filtered output of the numerical inte-
gration by means of a procedure of identi-
fication of the detected lines with those
which are theoretically permitted on the
basis of D'Alembert'8 rules (Milani. Hobili
and Carpono 1987; Carpino, Milanl and No-
bin 198?). No lines were found, either in
the energies or in the non singular vari-
ables h,k and p,(/, with periods longer than
about 2 million years Although no analytic
theory was available for the energies to
compare with, it was indeed possible to
compare synthetic and analytic theories for
the h,h and p,q. In general the comparison
showed a fairly good agreement, although
some discrepancies were found for the higher
order terms suggesting that a timespan of
10 million years is somewhat of an upper
limit for the validity range of present
analytic theories. Most important, all the
lines detected in the filtered output of
the numerical integration could be identi-
fied with theoretically permitted lines and
the secular spectrum of the system appeared
to be discrete, hence indicating that the
motion is regular. However, 9.3 Myr is
only 2 thousandths of the age of the solar
system; longer numerical integration need to
be carried out if one wants to detect very
long period lines.

The analysis of the filtered output of the
100 Myr integration LONGSTOP IB allowed us
to recover a secular frequency, combination
of six fundamental secular frequencies, with
a period of about 31 Myr. The frequency

- ??) + s7 - ss ~ 0.04 arcsec/yr, (7)

involving the pericentres of Jupiter and
Uranus in twice the combination 35 - g^ as
well as the nodes of Uranus and Neptune.
It showed itself up by combining with
the fundamental secular frequency g$ ~
28.246 arcsec/yr, which is related to the
pericentre of Uranus and whose period is
much shorter (2*/g6 ~ 45,883 yr).

A long period line x -formed by the
combination of an even number of fundamental
frequencies- can combine itself with a
fundanental frequency, for instance one of
the ft which are related to the pericentres
of the planets, thus generating two short
period spectral lines

g,±x (8)

centred around j,, with the same amplitude
and in antiphase; the longer is the period
2*r/r the cltuer the two lines are to
g,. These uultiplets of syunetric lines
appear in the secular variations of the non
singular elenents h,k and p,q. perturbation
theory. For instance, 5-frequency multlplet
lines -i.e. generated by a long period
line formed by the combination of only 4

fundamental frequencies- have been found la
the LONGSTOP 1A data and identified with
theoretically permitted linee. They appeared
also in the 200 Myr Orrery integration
(Applegnte et al. 1986). The larger 1B
the number of the x's lung period linen,
the more multiplets will appear around ths
fundamental frequencies, the more 'croweded'
that portion of the spectrum will become.

AB for the secular frequency of (7). it
in Important to find the critical argument
associated with it in order to establish
whether it librates or circulates. Because
of the libratioE of the critical argument
associated with the Becular frequency 35 - gi
(Section 4), if we make a plot in the
(«>e7 cos(ros - G77). cje7siu(ci- W7)) plane we
obtain a planar projection of a torus but
it is not centred in the origin (Figure
8). Then, the critical argument correspond-
ing to x of (7) is:

2r

where r iB shown in Figure 8.

(9)

WE -3)

1.0 -

-2.0 -

-4.0

Figure 8. The plot shows the projection
of a higher dimension torus on the plane
esercos[a$ - tsj), ese7sin(ros - 07) (subscripts
5 and 7 refer to Jupiter and Uranus re-
spectively) . Note that the figure Is not
centred at the origin. The data cone from
the 100 Hyr integration LONGSTOP IB.

Its plot aa function of time (Figure 9)
shows that it circulates; the circulation
period of the critical argument can be
computed fron the slope of this curve. It
is worth stressing that this procedure gives
a value for the period which Is independent
from the value that can be obtained from
(7) by using the values of the fundamental
frequencies g&. g-i, ti and s8 as recovered
from the synthetic theory. The two values
turn out to agree with one another within
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1% (Nobili. Nllani and Carpino 1987). This
finding atrenghtens our confidence In the
reality of the effect.

Figure 9. The critical argument correspond-
ing to the secular frequency 2(j5 - gr) + S7 - sn
given by (7) as function of tine from
the 100 Hyr integration LONGSTOP IB. It
circulates.

The analysis of the output of the 100 Myr
integration LONGSTOP IB has revealed the
presence of other small secular frequencies
besides the one discussed above. However,
in general it was impossible to identify
them with thoretically permitted combinations
of fundamental frequencies' although we have
computed all the possible combinations of
up to 8 fundamental frequencies. These
unidentified small frequencies do actually
combine with the fundamental ones, as in
(8), thus generating a 'crowding1 of lines
around them. In addition, the amplitudes
of the multiplet lines generated by various
unknown frequencies do not tend to decrease,
in spite of the fact that they they should
come from higher order terms in the Hamil-
tonian -otherwise they should have been
identified among the combinations of up to
8 frequencies. Thus, the question of the
convergence of the perturbation series in
describing the very long term behaviour of
the system arises. The discussion of the
results obtained from the LOHGSTOP IB nu-
merical integration can be found in Mobili,
Milani and Carpino (1987).

S. VALIDITY OF PERTURBATION THEORIES AMD
NUMERICAL INTEGRATIONS

The methods of perturbation series are
widely used, especially in celestial me-
chanics. They are applied by reducing the
original problem to an unperturbed one,
which is integrable. on which the effect
of small perturbations is investigated. They
are an essential tool for applying the laws
of newtonian dynamics to the motion of ce-
lestial bodies. The use of these methods
has allowed to predict the positions of the
celestial to very high accuracy. The very

existence of the planet Neptune could be
predicted.

In order to diacuss the validity of per-
turbation theories we refer to a lodel
problem, namely the planar, restricted, cir-
cular 3-body problem, for instance in the
Sun-Jupiter-asteroid case. The Hamiltonian
which describes the motion of the asteroid
in the inertial reference frame can be
written as:

H' = H'{l,g,L,G,t), (10)

where L,G and l,g are the Deiaunay action-
angle variables. Precisely, I is the mean
anomaly, g the argument of the pericentre
and L,G are related to the semimajor axis
and the angular momentum as follows:

(11)

In order to eliminate the explicit depen-
dence of H' on .time, which is due to the
fact that the primaries are not fixed, we
make the following transformation:

t —. < 1- e • g + (12)

w&i'a keeping l,L,G fixed. The transforma-
*•!'• v ?1 is shown geometrically in Figure

m e t 0 main bodies Pi,Pi rotate by
an angle c around the centre of maps,
which is the origin, and the oassless as-
teroid P3 stays on the rotated osculating
ellipse at the same angular position given
by 1. The triangle with Vertices Pi,Pa,P3
rotates rigidily, hence the mutual distances
remain constant and W is invariant. We
then define a new variable

(13)

which allows us to define a new Hamiltonian

H=H'(l,z,L,G)-G (14)

no longer explicitly depending on time. It
is the integral of motion of the restricted
circular 3-body problem known as the Jacobi
integral.

The Hamiltonian (14) can be expanded in
power series of the smallness parameter
ft = m2/(r(ii + mj), mi and m s being the
masses of the Sun and Jupiter respectively:

H = Bo + i^ (15)

where He =-1/(21;) - G o is the Haailtonian of
the unperturbed Sun-asteroid 2-body problem
(in the rotating frame) and H\ is the
perturbing function to first order in p.

The solutions can also be expanded in pow-
ero of /i. F01 instance, for the semimajor
axis (hence the variable L):

8/1



L = L, + (tin + • (16)
and Integrating eq. (17) we get:

with

(17)

and Hi containing only terms to the pre-
ceding order in p, in this case to order
zero, namely

= constant , Go — constant,

(18)

where the subscript zero means order zero
in n and n, is the unperturbed mean
motion of the asteroid when Jupiter is not
taken into account.

Figure 10. The cartesian axes, centred in
the centre of mass of the two primaries
Pi,Pi indicate the inertial reference frame.
The ellipse is the osculating keplerian
orbit of the massless particle P3. The
second ellipse is obtained from the first
by rotating the apBidal line of an angle e
around the origin; the straight line betweea
the primaries is also rotated by the same
angle while ft maintains the same position
on the osculating ellipse given by the nean
anomaly I. The result is that the triangle
with vertices Pi, Pa, Pa rotates as a rigid
body and the distances from ft to the
primaries are constant.

By expanding the perturbing function Hi in
Fourier series

= T Bktk,(L,G)x

(19)

ei|(M,-fc. )«+*!».] (20)

If the frequency kino-kz, which appears as
a divisor in the solution (20), is very
small -namely we are close to a resonance
between the unperturbed nean motion of the
asteroid n0 and the mean motion of Jupiter,
which is 1 in these units, - the series
of the solution (20) might not converge
because of the small divisor.

Within this simple model problem it is easy
to understand Poincarfi's theorem .ifoincarG
1892) stating that the series of the solu-
tions do not converge on any open set of
the phase space: from the solution series
(20) it is apparent that, whatever open set
of the phase space we consider, there is
always one .particular value of the initial
mean motion of the asteroid for which some
divisor with multiindex K = (ki,ki) is zero.

Foincnre (1983) obtained another important
result which, although less widely known,
is very important. He showed that for
fixed initial conditions the series of the
solutions are always divergent. A hint at
understanding this very strong result can
coae from the model problem. In computing
the solution Lit) to order 2 in n the
solution, to order 1
motion / will be:

is used. The mean

1 = +•• = (21)

hence the solution L(t) will contain the
arguments

as well as the corresponding divisors

(22)

(23)

Now, there will certainly be a particular
value p of the smallness parameter,
comprised between zero and u, for which
someone of the divisors (23) will be a
zero divisor. But & Taylor series in n,
in order to be convergent, must converge on
the entire interval (0,/i[. What does actually
happen is that the procedure is correct
so long as that particular divisor does
not appear, which will happen so long as
one does not take into account high order
resonances. Tne approximate solution keeps
improving when increasing the order, but
only up to a certain limit. As an example
Poincare quotes tfc? case of the two series
1000"/n! and its inverse. Obviously, for a
mathematician the first is convergent and
the second is not ; however, the astronomer
who actually computes the first terms of
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toe series will believe that the opposite
is true.

How do we know to which order the expan-
sion is correct? Assume that we know the
'exact' frequency n*; as a natter of fact,
in the secular problem of our interest,
let us assume to know the 'exact' funda-
mental secular frequencies v* . Let 0 be
the values of the fundamental frequencies in
the Lagrange solution. A multindex k (e.g.
k- (2,0,-2,0,0,0,1,-1) for the small divisor
of (7)) will give a divisor i7# ife in the
'exact' solution and vk in the Lagrange
solution. If the two have opposite Bign,
this aeans that, the exact secular resonance
with multlndex Ar has been crossed in going
from the Lagrange to the exact solution,
therefore this divisor is a zero divisor
somewhere in between and the analytic the-
ory can only be pushed up to an order to
which the divisor does not appear.

This seems an interesting method for inves-
tigating the validity of analytic theories.
However, how do we get the exact1 fun-
damental secular frequencies v* and the
small divisors v* k ? We have learned
froa the LONGSTOP experience that the best
way to get them is by means of numerical
integrations. This raiseB the question of
the validity of the numerical integration,
which involves several different problems
such as the control of the integration
error, the filtering and Fourier analysis
techniques, the spectral resolution -hence
the timespan of the numerical integration,
which is obviously connected to the error
control problem- the physical model adopted
to represent the real solar system under
investigation. If all this is properly
taken care of, the results of the numerical
integrations can actually shed light on the
presence of small divisors as well as ot
their effects upon the dynamical behaviour
of the planets. LOKUSTQP 1A and IB have
actually shown that the dynamics of the
outer planets is significantly different
when investigated over 100 rather than 10
million years. The results obtained by
Laskar (1987) for all the planets of the
solar system over a timespan of 10 million
years (he Integrates numerically the secu-
lar equations) show that it is practically
impossible to represent the solution of
all planets as quasi-periodic even for 10
million yearB.

We know from theoretical considerations that
regular and non regular motions are mixed
In the phase space in a very intricate
way (aea the famous figure ia Arnold !9(53),
with resonances of arbitrarily high order
opening chaotic gaps ia the fabric of the
regular Motions, but nitii rapidly decreasing
widths. The order of the nearest sig-
nificant resonance, and whether the motion
actually belongs to tho non regular region
or to the regular reglosi on the other
aide, cannot be satebliuiied in principle.
To find out about resonances and Bmall
dlvisora is an empirical problem, different
tor each initial condition, and cannot be
investigated without actually computing the
orbit for a long enough apan of time. How
long the integration interval should be,
depends upon the particular systen being in
vestigateJ; for instance, it is much longer

for the outer planets than it Is for all
planets. In any case, although we do not
expect to find macroscopic instability of
the planetary orbits over the tlmescales
that we have been investigated, we do not
either think that one should have a strong
prejudice towards stability -in the sense
of the planetary orbits belonging to regu-
lar regions of motion of the phase space
for t^mespans comparable to the age of the
solar system.
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DrSCUSSIOK

M. BUR§A
i) Did you eetirate the energy dissipation
due to tides?
ii) What is the effect of the Suo'o flat-
tening?

A.M. N0BIU
i) If you consider the energy dissipation
due to the friction of the tides generated
by the Sun on Jupiter -which 1B the
closest to the Sun and the biggest of the
outer planeta- and divide it by the orbital
energy of Jupiter, the amount that you get
is by far negligible in comparison with
the relative energy variations caused by the
perturbations of the other planets,
ii) The 'artificious' flattening that ire
give to the Sun in the 100 Syr integration
LONGSTOP IB in order to better model the
perturbations of the inner planets on the
pericentres and nodes of the outer ones
is about 10e times larger than actual
flatttening of the Sun, hence the latter
can be neglected. (see Nobili, Milani and
Carpino 1987)

M. SlDLICHOVSKY
You said one would expect chaotic behaviour
in your model. Did you try yo calculate
the Lyapounov characteristic exponents?

A.M. NOBILI
We plan to do that, bat the calculation
of Lyapounov exponents of something like 1
over 100 Myr is not straightforward The
Orrery group has found an upper limit to
the Lyapounov exponent of Pluto of about
1 over 8 Myr. However. Pluto -with the
longest orbital period of all known planets-
ie probably not the planet for which one
should first expect to find an indication
of non regular notion.

S. FERRAZ-MELLO
I was surprised to hear that you obtained
long period terns in the semimajor axes as
beats of short period terms when applying
the inverse Lie transform to your averaged
results. How does your way of averaging
compare with Hori'a?

A.M. HOBILI
The Lie transform to second order is not
linear, and therefore introduces beats be-
tween short period terms giving rise to
long period ones. This does not depend on
the particular formalist! being used. (The
discussion of this point does not appear
in the written version of the talk given
in Prague. The reader should see Nllani,
Hobili and Carpino (1087) and Nilani (1087))

J. LASKAR
Bretagnon and Simon, in their secular vari-
ation theories with secular terns expanded
in polynomials of time, have found sone
secular term* in the senimajor axes of 3r

order in the Basses. Did you compare your
results with theirs?

A.M. NOBILI
As natter of fact, no.
be interesting.

Although it should



QUASI RESONANT TERMS IN SECULAR VARIATIONS PLANETARY THEORIES

P. Bretagnon

Bureau des Longitudes, 77 avenue Denfert-Rochereau, 75014 Paris, France

Secular variations planetary theories constructed at the Bureau des Longitudes use either order by
order methods (with respect to the masses) or iterative methods. In all cases, the convergence of the
solutions with respect to the masses is slackened by the upcoming of quasi resonant terms giving smaller
and smaller divisors.

This shows how difficult it is to get very precise solutions over long time spans such as several
thousands of years. On another hand, if we locally develop the quasi resonant terms with respect to
time, we can get very precise analytical solutions over reduced time spans. We have therefore undertaken
an analytical solution for the time span 1950-2050, aiming at a 30 meter precision on the position of
the Earth with respect to the barycenter of the solar system. This precision is in fact needed for the
comparison to the millisecond pulsar data.

1. Introduction

We will expose different methods used for the construc-
tion of planetary theories with secular variations: iter-
ative method, and a method working order after order
with respect to the masses. The solutions are under the
form of periodic series and Poisson series. The long peri-
odic terms come up under the form of their development
with respect to time. The validity interval of these solu-
tions is thus limited to some thousands of years.

We show the difficulties created by the quasi resonant
terms that come out with divisors getting smaller and
smaller order after order.

We give the precision of the present theories and we
indicate the method we used to build an analytical solu-
tion of time of a very high precision over a reduced time
span: 1950-2050.

2. Closed formulae for the computation of the
second members of the Lagrange equations

The variables which have been used to represent the solu-
tions are a, A, k, h, g and p with k = ecosc?, h = <rsinc7,
q = sin 5 cos n, p = sin | sin ft, where a is the semi major
axis, A the mean longitude of the planet, e the eccentric-
ity of the orbit, C7 the longitude of the perihelion, t the
inclination. 0 the longitude of the node.

Let us also define A' and no : the mean motion A' is
the coefficient of the time of the mean longitude A ; no
is linked to N by the relation:

N = no + 6n

where Sri is the whole of the secular perturbations of the
mean longitude A. The constant a<> for the semi major
axis comes from the relation :

tti.-'ao3 = / ( I •+ m)

where \rf is the gravitation constant and m the ratio of

the mass of the planet to that of the sun.
Besides, let us define the variable e by

dX de

where n is given by n2a? = / ( I + m).
In order to control the precision of the computations,

we used a set of closed formulae of the second members
of the Lagrange equations. It is expressed as a function
of the elliptic elements and the true longitude w — v + ro
where v is the true anomaly.

Let us remind the essential of these formulae devel-
oped by Chapront et al (1975) after having introduced
the following notations :

(1)

r = cos to • — 1 sin w ;

where r represents the radius vector.
If V and V design the position vectors of the plan-

ets P and P1 the Lagrange equations for the planet P
disturbed by the planet P' can then be written for any a
element :

(2)

with :

A is the distance of the 2 planets, r' the radius vector
of the disturbing planet, m and m' are the masse; of
the planets P and P'. The DnV are given under the



following vectoria.1 form : of the Lagniuge

(•»>

with

£>,,V =• — » ( ( . : +flL)

Dc\ = - 2 V - ^ (</.•! ; •+ 2<*

.V = I ( , , - , S ( s V ) ) S

and .

|0) L = ; 1 - 2gc

(7) = -9(/»L) =

; S = ; - 9

! (1 - 2p~) rcos w -t- 2p9 rsin u>

2pq r cos ui + (1 - 2q~) r sin to

— 2px * cos w + 2qx r sin u;

Let us note at last that the quantities of the form
A"12-'"*" are obtained from the square A2 of the distance
of both these planets with :

,2
(8) A2 = r2 + r'2 - 2VV

All the expressions given up to now have been expressed
under closed form. The only quantities we will have to
develop in mean longitude are :

r cos w;

cosu>;
rsin w;

sin w.

3. Resolution of the Lagrange equations order by
order with respect to masses

Let us consider again the Lagrange equation of the for-
mula (2) for an element a in the case of a planet P dis-
turbed by a planet P'. It can be written under the fol-
lowing form :

(9) J-/.W
where x, is one of the 12 elements of the considered planet
and the disturbing planet.

The first order perturbations Alll<7 with respect to
masse? are obtained through keplerian orbits the ele-
ments i,'"1 of which are being substituted in the second
member? of the equations (9). The integration of the
equation (9) gives :

[ }Ax,ixn

i'lir- «e'.'.-ml o r d e r p e r t u r b a t i o n s A " ' C T are c

i tit" .":!<; >'•[ t h e fin-t (.lenvarivi.;. i.'f tlu1 second

do

(10)

By migra t ion , we get (In- second order

(11) 2 /

The computation of the third order perturb .lions re-
questing the second derivatives of the secom jeiiihers
of the Lagrange equations :

^ = / „ ( ! , ) = / „ ( * , " " - A " ' z , - A ' - ' i . )

(12)

The integration of the two last lines of tlie formula (12)
gives the third order perturbations : A |3 'CT.

4. Difficulties inherent to the construction of the
order after order solution with respect to masses

In order to ensure a high precision, the first and sec-
ond derivatives of the formulae (10) and (12) are at first
expressed under closed form. This requires very bulky
formulae (Bretagnon, 1980 and Bretagnon, 1982), which
leads to heavy and complex programs.

The amount of computation to be done is also very
important. If we consider a couple of planets, we must
compute the first and second derivatives of the second
members of the Lagrange equations with respect to the
12 elements of the 2 considered planets. We thus get. for
each couple, 144 first derivatives and 936 second deriva-
tives. Finally, for 8 planets, there are 28 couples, which
leads to the computation of 4032 first derivatives and
26208 second ones. At the precision of our computations,
these derivatives gather a number of terms included in
between some hundreds and 2000. There is afterwards to
make the multiplications of the formulae (10) and (12).

The perturbations being determined, it is interesting
to consider the convergence order by order with respect
to the masses. At the first order the arguments are lin-
ear combinations of 2 mean longitudes at tlie utmost ; ai
the second order of 3 mean longitudes at the utmost ..
The probability to find small divisors thu? increases order
after order, which partly compensates the decreasing as-
pect clue to (lie mass factor. Tin- jr.osi difficult case if to
Lt me; in the s;iea;i longitude of Alar? We give in table
! t i i e b i g g e s t p e r i o d i c t . i-t i n o f t h e s e u n - i •:. ••.:. .11 •-•.•. -•

'.'(1



order of (he masses. We find the second order term is 3
times more important than that of the first one and that
the third order term also lias a strong amplitude. This
last term has a very long period and, if it is neglected,
it >s obviously being partly absorbed by the integration
constants over a time of 1000 years.

This difficulty in convergence mainly comes from the
upraise of divisors getting smaller and smaller order af-

ter order, but there is also a convergence problem [or a
same argument. In table 2 w have noted thv contribu-
tions to the second and third orders of two arguments
of the mean longitude of the Earth. For the argument
4A3 - 8X4 + 3A;, the contribution oS the third order is 15
times weaker ti i! that of the second order, but for the
argument IOA3 — 19A.] •«- 3Ac the two contributions have
the same amplitude.

Table 1. Biggest perturbations in orders 1, 2, and 3 in the mean longitude ol Mars

Order Argument Amplitude Frequency
(rd/year)

Period
(years)

2A., - 2A6 17.319" 5.C21843 1.1
4A3 - 8A4 + 3A6 52.838" -0.003523 1783.4

2A; - 7A4 + 8At, - 6AC 18.413" 0.000017 304875.0

Table 2. Convergence of arguments with small divisor in the mean longitude of tiie Earth.

Argument Frequency
(rd/year)

Amplitude
at the 2'"' order

Amplitude
at the 3r i i order

4A3 - 8A4 + 3Aj,
10A3 - 19A4 + 3Ac

- 0.003523
- 0.000980

6.508"
0.074"

0.452"
0.075"

5. Resolution of Lagrange equations by iteration

From the closed formulae of the second members of tlie
Lagrange equations given above under point 2, we can
integrate the equation system by iteration. We start with
a keplerian orbit for each planet, and we substitute this
solution into the second members of the equations (9).
At the first iteration we thus get the same solution, at
the first order of the masses, as in the former method :

(13) •Ail]c

From the second iteration the solutions get differ-
ent. We calculate globally the second members of the
Lagrange equations using the solutions (13), which means
to calculate:

J = /„(*, ) = /„(*, ""

(14)
%i *••

dx.dx.
x, A1

where x, represents one of the twelve elements of the
couple of considered planpts.

We can see we produce the terms which will give,
h\ integration, the second order perturbations but, aiso,
r..ir; of the third o H r //enurlxjlioi.s. pan of tiie i-tli

der perturbations ... Of course we do not get, as early as
in the second iteration, all the perturbations of the third
order, as we can see when comparing formulae (12) and
(14). The third order perturbations can be completed at
the third iteration if the process converges.

6. Difficulties in the construction of the solution
through the iterative method

a) Precision

The iterative method requests a global computation of
the second members of the equations using all the results
of the preceding iteration, which produces very bulky se-
ries, particularly in the computation of the quantity A~3.
On the contrary, in the method which deals order after
order, in the product. (75^-I A" 'x , of the formula

(10), we only retain the term? that, after integration, are
greater than the planned precision Moreover, the deriva-
tives are being computed for the keplerian values of tlie
elements.

This leads to unsufficienl precision through the it-
erative method, in the case of inner planets. Although
the series are being computed in tables able to contain
8000 terms, tho quasi resonant terms are badly deter-
mined after integration. It is the case particularly of the
argument 4A3 - 8A4 -t- 3A; in the longitudes of the Earth
and M.irs, ar-'ument foi which th« pmed is 1800 and



itKK1 times the orbital period of those planet?. Through
tint method, (hi* term would only be determined at a
pieosioii ol about 1".

b> Convergence

Tin- iterative method diverse* if we use for each planet a
keplenau orbit as a first approximation. We are going to
s.'iow tlie reason on the example of the argument A7-2A8

wild a period of -1233 years in the longitude of Uranus.
Af we have seen it above, the second iteration pro-

duce?, besides the second order perturbations, a part of
the perturbations of the following orders.

Lei O-il be the first part of the third order :

and 032 the second part of the third order

quantities calculated in formula (12).
We can see in the computation of the third order,

that both these parts can, for some terms, have the same
amplitude and opposite signs. It is the case for the quasi
resonant argument A7 - 2A8 in the longitudes of Uranus
and Neptune. We give in the table 3 the contributions of
the different orders in the mean longitude of Uranus for
this argument. The columns TsinT and !T2sinT corre-
spond to Poissou terms of degree 1 and 2.

Table 3. Argument A? - 2A6 with a period of 4233 years in the mean longitude of Uranus. The amplitudes are in
second?

Order

1
2
3

O31
O32

01 + O2 + O3
VSOP82

Periodic
sin

- 2961.85
- 133.03

-5.39

2045.62
- 2051.01

- 3100.27
- 3097.32

part
cos

197.21
- 20.74
-2.92

136.17
133.25

173.55
172.17

sin

10.87
2.32

1.79
0.53

13.19
14.34

TsinT
cos

- 43.40
-5.12

-3.37
-1.75

- 48.52
- 48.35

T-,
sin

0.01

0.01
0.00

0.01
-0.24

cos

0.59

0.59
0.00

0.59
1.07

We can see the 2 parts of the third order destroy almost
completely each other.

If now we proceed by iteration, the Srst iteration
gives the first order:

- 2961.85" sin(A, - 2A6) + 197.21" cos(A7 - 2A8);

the second iteration gives (see formula 14) the first order,
the second order, the second part (O32) of the third order
and a part of superior order terms:

-5145.89" sin(A7 - 2A8) + 309.72" cos(A7 - 2Ag).

This value if so far from the solution that the method
diverges as early as in the following iteration. This phe-

nomenon comes from the action of the indirect part of
the disturbing function of Jupiter on Uranus.

On the contrary we can see the iterative method con-
verges if we consider as a first approximation the solution
developed up to the third order with respect to masses.
The VSOP82 solution which comes from the iterative
method for the outer planets only differs from the so-
lution at the third order (Ol + 02 + 03) of 3" for this
argument A7 — 2A6.

We meet the same phenomenon in the compulation
of the secular terms of the semi major axis of Satura as
can be seen in table 4.

Table 4. Secular terms of the semi major axis of Saturn. The unit is AU per thousand Julian year;

Order

1
2
3

031
O32

O1 + O2+O3
VSOP82

T

0
0.000 000 7363

-0.000014 0661

0.000013 8756
-0.000027 9417

-0.000013 3298
- 0.000021 389G

T-

0
-0.0000000045

-0.0003140191
0.0003140146

-0.0000000045

T3

0

0
0

0
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In (.his table the T- term does not appear in VSOP82
because tt is inferior to the precision (10"a) of the com-
putation of this solution.

7. Methods withheld for the construction of the
solutions

When dealing with a resolution of the Lagrange equations
by ;ui iterative method from keplerian orbits, the solution
diverge for the outer planets because of the difficulty in
determining the amplitude of some quasi resonant argu-
ment' sucli as the argument X^ - 2AS in the longitudes
of Uranus and Neptune.

Moreover, for the iiuier planets, the small divisors
terms are only calculated at a too weak precision. For
these planets we have therefore developed a solution up to
the third order of the masses, which insures an accuracy
of about some 0.001" over one century and over some
0.1" over several thousands of years.

As regards the outer planets, this third order solution
is not sufficient and withholds errors which can reach 100
seconds over 1000 years. From this solution, the iterative
method converges and the obtained solution (VSOP82)
has a precision of some 0.01" over one century and some
0.1" over 1000 years. This solution approximately corre-
sponds to a theory at the 6 l" order of the masses for the
outer planets.

At this level of precision, the relativistic perturba-
tions havt been introduced with aU the perturbations
proportional to fi, /i~ aJ*d fim where y. is the'gravita-
tional radius of the sun and m a planetary mass.

The perturbations due to the Moon on all the planets
have been taken into account up to the second order of
the masses. The mass of the Moon is weak enough for
the precision of this computation to be in accordance
with that of the other perturbations.

8. Precision of the secular terms of the elliptic
elements

live precision <it 10"7 when dealing with th>; Earth. The
precision is better for the other iiirter ;>lan«ts.

As for Saturn we give in table 6, apart from 'lie con-
tributions to orders 1. 2, and 3, ihe sum of these 3 con-
tributions (Ol + O1 + 03) and the result of the iterative
method such as it can be fouild in VSOP82. The discrep-
ancy between the last two lines, correspond? of course to
the contributions of the terms of the order greater than
3. In that case we can see the very slow convergence
of the secular terms. The computations, in the iterative
method applied to outer planets, bring an absolute preci-
sion of 10~8 rd/tliousand Julian years, which corresponds
to a relative precision of 2 x 10"° in the ca=e of Saturn.

The secular terms in tables "i and 6 represent the
derivatives, taken for t — 0, of the long period solutions.
The great precision of these secular terms thus enable:- to
evaluate the accuracy of the frequencies of the perihelions
and the nodes, and thus to state the validity time span
of these theories.

Table 5. Secular terms of the variables k and h of the
Earth (in rd/thousazid Julian years).

Order k h

-0.0008110777
-0.O0OOO3 3727
-0.OO0OOOOO32

- 0.000 017 8829
-0.000 000 5139
-0.0000000073

Table 8. Secular terms of the variables k and h of Saturn
(in rd/thousand Julian years).

Order it h

1
2
3

01 + 02 + 03
VSOP82

- 0 004 3426787
-0.000 8940481
-O.O0OO622875

-0.005 2390143
-0.005 2960263

•0.002 9503895
•0.000 755 4687
•0.000035 7338

• 0.003 747 5020
-0.003 755 9389

As we have indicated above, the long period terms come
up, in the secular variations solutions, under the form
of their developments in polynomials of time. We have
already given in table 4 the secvlar terms of the semi
major axis foi Saturn.

We give in tables 5 and 6 the secular terms of the
variables k and h respectively for the Earth and Saturn.
It is indeed for the Earth for the inner planets and for
Saturn for the outer ones that the convergence of the
secular terms is the slowest ord - after order with respect
to masses.

When dealing with the inner planets, the decreasing
of the contributions to the secular term is somehow fast
enough order after order. We can see on the values of ta-
ble 5 that the contributions of the third order represent
about 10""" of the total value, which makes it possible
to evaluate the neglected fourth order and thus the rela-

9. Perturbations due to the minor planets and to
Pluto

We have determined the first order and the second order
perturbations oi Ceres, Pallas and Vesta on all the major
planets. We have also taken into account, the first order
perturbations due to Iris and Bamberga.. These computa-
tions present a k>t of difficulties: Vesta's orbit is close to
that of Mars, which brings the computation of the in"-
of the Mars-Vesta distance very slowly convergent;
planets Pallas and Jupiter are in practically strict reso
nance. These perturbations are mainly sensible on Mars.
For this placet, the whole oi the first order perturbations
exceeds 10 km; the second order perturbations we have
computed bring modifications oi abou) 1 km.

In the study of lite pert:»-i itioiis due to Pluto we
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meet with a difficulty in the construction of the iiiverac of
the distance Neptune-Pluto. In fact, Petrovskaya (1977)
has shown that inverse could be constructed through suc-
cessive approximations and that the method converged if
we took as a first approximation:

1
(1 + e)a + (1 + e')a'

where e and a are the eccentricity and the semi major
axis of Neptune, e' and a' those of Pluto.

The difficulty is thus no long theoretical but lies in
the proliferation of the terms in the series A~'2 j + 1 ' for
the couple Nepiun^-Pluton. The start up of this method
ha? given, to represent A~', a series of 3500 terms for
a precision 1.5 x lO"1 and, to represent A"3, a series of
more than 3000 terms for a precision of 10~4 only.

10. Study of a very higli precision solution on the
time span 1950-2050

The analytical solutions we have are of sufficient quality
for optical comparisons. The precision of the solution
for the Earth, for example, is of some 0.001" over one
century and some 0.1" after several thousands of years.
For the present time this corresponds to an uncertainty
of 3 km on the position of the Earth with respect to the
sun.

With the upcoming of new observation techniques:
distance measurement by radar, Earth-Mars distance
measurement by Viking, millisecond pulsar timing, it
has become necessary to considerably improve the preci-
sion of the solutions. The first data of the pulsar
PSR1937+214 were made at the precision of 1 microsec-
ond which gives positions of the Earth in an inertia! ref-

erence frame at some 300 meters. The precision of the
present measurements is 0.3 microsecond. It is therefore
necessary to be provided with a solution of the motion of
the Earth accurate at a few times ten meters.

The construction of such a solution was undertaken
at the Bureau des Longitudes. Since this analytical solu-
tion of time needs to be very precis over a reduced time
span 1950-2050, we use the iterative method described
above developing with respect to time, at the end of each
iteration, the terms whose frequency is smaller than 0.2
rd/year. This methods obviously erases the difficulties
due to the quasi resonant terms such as the argument
4A3 — 8A.) + 3Â  in the Earth and in Mars, but with
the development of these terms with respect to lime, th.£
secular terms do not any more only represent the devel-
opment of the long period terms.

The iterative method was applied to the eight plan-
ets starting from the VSOP82 solution in order to avoid
the convergence problems for Uranus and Neptune. For
the requested precision one needs to complete the solu-
tions by the perturbations due to Pluto and especially by
those due to the minor planets. The study of Williams
(1984) states it is recommended to consi••'ir the influence
of about 15 minor planets.
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DISCUSSION

Z. Knezevic : What values for the minor planet masses
have you used in your calculation?
P. Bretagnon: The masses of some of the minor planets
have been determined to a high enough accuracy to
enable the computations of perturbations on the major
planets. However in most cases it is necessary to use
the determination of their diameter and a hypothesis
on their density.
S. Ferraz-Mello: The VSOP theory has been compared by
Gomes and ir/self to the existing observations of
Uranus and Neptune. In both cases we found in the
spectrum of the residuals one significant peak at a
period close to the synodic period of the studied
planet and Saturn. Have you, from your more recent
results, some explanation for that?
P. Bretagnon: With the integration constants used, the
precision of terms with periods of a few tens of years,
in the solutions of Ursnus and Neptune is of order of
10 ". This is the case for the synodic terms between
the st.idied planet and Saturn. The existence of these
residuals probably arises from the choice of the in-
teq^'ici constants and Saturn's mass.



SECULAR EVOLUTION, PROPER MODES AND RESONANCES
IN THE INNER SOLAR SYSTEM

J. Laskar

Bureau des Longitudes, 77 Avenue Denfert-Rochereau, F75014 Paris, France

Abstract. The secular system of the 8 main planets of the solar system has been
computed up to order 2 and degree 5. It was numerically integrated over 30 millions years and
Fourier analysed to obtain a solution similar to the results of analytical theories. The fundamental
secular frequencies are computed with an estimated accuracy. Our solution NGT fits well with
Bretagnon's previous solution over 1 million years but present very large differences over longer
time span due to resonances in the secular system not properly taken into account by analytical
methods. This is especially visible in the comparison of the proper modes solutions.

Introduction

This work one on the construction of a solution for
the secular evolution of the solar system was un-
dertaken at the Bureau des Longitudes since 1984,
following the earlier works of Brumberg (1980), Bre-
tagnon (1974) and Duriez (1979, 1982). A first pa-
per (Laskar, 1985) describes the methods used for
the construction of the secular system at the second
order with respect to the masses and up to degree
5 in the variables eccentricity and inclination. In
(Laskar, 1986), a numerical integration of the whole
system over 10 000 years allowed us to'derive the
secular terms on the form of polynomial series of
the times which are then directly comparable to the
secular terms of classical Le Verrier type Solutions
like VSOP82 (Bretagnon, 1982). In (Laskar, 1987),
the same secular system is integrated over 30 mil-
lion years (-10 to +20 million ). This integration is
made possible by the use of a supercomputer CRAY-
IS. The results are then Fourier analysed in order
to derive a quasi-pmodic solution which is then
comparable to previous works on analytical theo-
ries (Bretagnon, 1974 and Duriez, 1979) and to the
recent numerical integratic-ns of the outer planets
made over such extended period (Applegate et at.,
1986, Carpino et a/., 1986). Our three papers will
be quoted as PI, P2 and P3 respectively.

Our solution NGT shows a very different
behaviour for the inner planets and for the outer
planets. In geneial the solutiona of the outer pij-nets
converge more rapidly anu thus seam more stable.
The solutions of the inner planets pjeseiil lota of

quasi-resonances which prevent a good convergence
of the solutions. The behaviour of the solutions of
the inner planets is very complicated and difficult
M> analyse. The analysis of the proper modes of the
secular system may help the understanding of the
resonance effects.

Proper modes of the secular system

The secular system is a polynomial system with imag-
inary coefficients

(a, a)) (1)

where a = (zi,z2, *a,U,fy, ,Ss) and
where A is a real matrix with constant coefficients,
$3 gathers all the terms of degree 3 and 4>& the terms
of degree 5. z = eexp %/̂ Ttz>, <, = sini/2exp\/^7fi
(PI, P2, P3).

Let 5 be the matrix of the eigenvectors
and C the diagonal matrix oi the eigenvalues (c,)
of A. We diagonaiize the system i I} by the linear
change of variables a = S(S wj-.ich lend to the new
system

P = y/=i{C0 + *H0j)) (2)
The variables ft will be called the proper

modes of the system (1). They are complex vari-
ables similar to the variables a, [ft = (zj, z j , z j ,

?*i?2i ••••:!?s) o r ' " sometimes a shorter way ft =

In the linear appiuximauon <•, in coi-.if.i.-it
and fa ~ 0i(O) + c,t. Who;: wo Uikc V.UK.. ,•-,;., aa.ouni



the nonlinear terms, we can solve formally (2) with
Birkhoff's normalization process. We obtain

u + r(u, a) (3)

where
+ Sa)t) (4)

F(u, Q) is a formal serie with no resonant terms and
6c, is the correction on the frequencies due to the
resonant terms of V(0,$) (P3).

The Numerical General Theory NGT

The secular system (1) was computed following Pi.
In (Laskar, 1984) we showed that lots of quasi-

resonances in the secular system of the in-
ner planets prevent from a good convergence of the
formal serie F(u, fl) in the normalization process.
We thus integrate numerically the secular system
(1) over 30 millions years and then make a Fourier
analysis to obtain a solution similar to the results of
analytical theories (P3). In particular we determine
the main long period of the system with an esti-
mated accuracy given by the comparison with the
ephemeris VSOP82 of (Bretagnon, 1982) (Table 1).

Table 1 Fundamental frequencies of NGT
(v) with their uncertainty (Si/) determined by least
square comparison with VSOP82 . For the larger
one EQ a corrected value is obtained with an em-
pirical uncertainty of 0.01 arcsec/year. Unit is arc-
sec/year.

Ex
E2
E3
Et
Eb
Ea
E7
Es

h
h
h
U
h
h
h
h

5.5689
7.4555
17.3769
17.9217
4.2489

27.9606
3.0695
0.6669

-5.6043
-7.0530

-18.8499
-17.7614

0.0000
-26.3300
-2.9854
-0.6917

0.002
0.007
0.004
0.001
0.007

0.020
0.001

0.001
0.003
0.002
0.001

0.004
0.020
0.001

28.2344

Analysis of the proper modes of KGT

If the secular system (1) were linear, the proper
modes ft would be equal to the u< of (4) and have
constant amplitudes. The non linear terms of (1)
are responsible for the variations of the amplitudes
of the proper modes. In the outer solar system
these variations are not very important and regu-
lar. On the contrary, we have important variations
of the amplitudes of the proper modes in the in-
ner solar system. In figure 1 we show some of the
more spectacular solutions of NGT and their com-
parison with the similar solutions obtained with an
analytical theory of degree 3 in (Bretagnon,1982).
The secular system of NGT is of degree 5, but the
large discrepancies between the two solutions are not
due to the difference of the secular system, but to
the differences in its integration. In NGT we make
a numerical integration of the secular system. We
thus avoid any problem of resonance or bad conver-
gence of F(u, a) in the normalization process. The
discrepancies found between the two solutions NGT
and B84 are then the expressions of the effect of long
period resonances in the solar system. These effects
are much more visible on the proper modes than on
the solutions in the elliptic variables z,- and $ which
are linear combinations of the proper modes, hi
particular, the difference of maximum amplitude of
Pi probably due to resonances due to is responsible
of the change of maximum eccentricity of Mercury
from about 0.24 in B84 to 0.30 in NGT.

The secular resonance 2(E± - E3) - (/4 - J3)

As was stated in (P3) we have 2(E4 - E3) - (It -
I3) = 0.00126 arcsec/years ( period of about 1 bil-
lion years ) which make impossible the separation of
the terms 2E3 - E* and Et + /3 - 74 in NGT solu-
tions. A term of argument 2E3 — E4-hI^ — I3 (degree
5) will be in resonance with E* and will prevent com-
pletely the convergence of F(u, u) . We have plotted
in Figure 2 pi exp ^/::^i{2(<j>^ - ^3) - (<t>n - ^11))
we observe a true libration of the argument around
0 degree while in B84 solution we have a circula-
tion. We have here a difference in the topology of
the solution due to the resonance effect. The secular
resonances 2(i?4 - E3) - (It - 73) in the Earth-Mars
system is still under study, but its effects seam to
be very important. In particular it is probably re-
sponsible of the presence of several undetermined
arguments in the solution given in (P3).

Conclusion

In (P3) we showed that in the outer solar system the
solutions converge well and we do not have large res-
onances efects in the leading terms. On the contrary
in the inner planet i, we multiple resonances effects
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in the long periods prevent the good convergence
of the actual analytical solutions or the identifica-
tion of the terms in Fourier analysis of numerical
integrations. The solutions of the inner planets are
perturbed very much by these resonances. In p?J-
ticular the resonance 2(£< - Es) - (h - J3) « 0
seam to have an important effect in the Earth-Mars
system.
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DISCUSSION

P. Farinella: The computation of asteroid
proper elements to identify dynamical families
usually involves the application of secular
perturbation solutions for all the glanets.
Since families are probably some 10 yr old,
do you think that inaccuracies in planetary
theories on such time scales can cause
serious problems?
J. Lascar: For the outer planets, the main
features of the solutions are contained in the
very leading terms which are probably now suf-
ficiently well known over much long time spans
(Applegate et al. 1986, Carpino et al. 19B7,
Lascar 1987). For the inner planets, the situ-
ation is very different and we do not have
isolated spectral lines but clusters of lines
even in the leading terms. It changes the î ac-
roscopic aspects of the solutions over 10
years (Lascar, 1987). Upgto now the solutions
are not reliable over 10 years time span.

i-o. t -0.05 0 0.05

^4 (2(ompi4-ompi3)-(0m4-0mJ))

88 *

-0.05 0 0.05 0.1

e*4 (2(ompi4-ompi3)-(0nvt-0mi))

Figure 2. Polar diagram of z\ in the rotating
frame with 2w£_ - vs>X + ftj - fig
(i.e. ejexp>/^((2(wj - »5) - (OJ - 0$)) .
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AN ANALYTICAL APPROACH TO THE TIME TRANSFORMATION T D B - T D T

L. Fairhead

Bureau des Longitudes, 77 Aveirae Denfert-Rochereau, F75014 Paris, France

Abstract. An analytical formula for the time transformation TDB—TDT valid over a
few thousand years around J2000 has been computed with an accuracy at the 1 ns level. This
computation was carried out by integrating the differential equation derived from a general metric.
The transformation TDB—TDT is independent of the PPN parameters, 7 and /?, and of the 3
moat commonly-used coordinate systems (standard, isotropic, Painlevd), at least at the 1 ns level.
The analytical theories ELP2000 and VSOP82 developped at the Bureau des Longitudes were used
for the motions of the solar system bodies. Furthermore, the numerical procedures described by
Hellings and Davis to calculate this transformation yield different results to our own procedure.
These differences are due to the long-period terms of the planetary theories which are averaged out
in the numerical procedures. These terms are generated by resonances in the Solar System.

Introduction

Recommendation 5 of the 1976IAU meeting in Gre-
noble (see Winkler and Van Flandern, 1977) states
that:

the time scales for equations of motions re-
ferred to the baryccntre of the solar system be such
that there be only periodic variations between these
time scales and that for the apparent geocentric ephe-
merides.

It should be noted that reference is made to
the time scale associated with the geocentric epheme-
rides and not to a topocentric time scale. The com-
plete formulation for transforming from a barycen-
tric coordinate time to the time of an observatory
located on the surface of the Earth is in Guinot
(1986). We shall restrict our transformation to the
time scales of the IAU recommendation.

A new impetus for the need of an accurate
time transformation between the observed time of
an event in Temps Dynamique Terrestre (TDT) and
the corresponding coordinate time in Temps Dy-
namique Barycentrique (TDB) ia given by the anal-
ysis of timing data of the millisecond pulsars, e.g.
PSR1937+214. At present, the precision of these
data is approximately 0.3 microsecond at Arecibo
and is expected to improve to 0.1 microsecond soon.
Therefore, the physical model required to analyse
these observations should include a time transforma-
tion which precision is better than that of these ob-
servations. We thus decided that our formula should
be accurate to the 1 nanosecond level in view of fu-
ture applications.

There are two possible procedures to calcu-
late this time transformation. The first procedure
is numerical. The linear trend is computed by av-
eraging a numerically integrated "time ephemeris"
over less than a century and is then substracted from
the "time ephemeris" itself. The resulting tabulated

values provide a time transformation TDB—TDT
which matches only to some extent the IAU recom-
mendation. The second procedure is based on an-
alytical theories for the motions of the planets and
Moon. The planetary theory VSOP82 (Bretagnon,
1982) and the lunar theory ELP2000 (Chapront-
Touze1 and Chapront, 1983) developed at the Bureau
des Longitudes have been used to calculate a more
accurate analytical formula for this transformation.

An Analytical Formula for the Time Trans-
formation T D B - T D T

The Parametrised Post Newtonian (PPN) metric
given by equation (4) in Brumberg (1986) describes
the space-time properties of the solar system. This
metric includes the contributions of all the planets
and their mutual interactions. It also includes the
two physical PPN parameters 7 and /? and the inte-
ger v (with possible values 0, 1, 2) for selecting one
of the three most commonly used coordinate sys-
tems (isotropit, standard Schwarzschild, Painleve")
in celestial mechanics.

This complete metric was used to derive the
differential relation between TDT and TDB. The re-
sulting expression is rather voluminous. However,
only the terms larger than 1 0 " n in this expres-
sion must be kept to have a formula providing a
1 nanosecond accuracy after integration. The final
differential expression is:

dTDT
dTDB

where 1. j = ^ r S Mi mass of planet i
pi — f- ?i, ?i barycentric position if planet i



r and v stand for the position and velocity of the
Earth , respectively, with respect to the barycentre.

It is interesting to note that differential equa-
tion (1) does not anymore depend explicitly either
on the two physical PPN parameters 7 and 0 or on
the integer u selecting the coordinates. Hence, at
the 1 ns level, the time transformation TDB-TDT
is independent of the 3 systems of coordinates con-
sidered by Bvumberg (1986).

Equation (l) is given by Thomas (1975) and
by Moyer (1981) who provides an analytical solution
accurate to 20 ,us. Hirayama and Kinoshita (1986)
provide a solution which is more precise ( a few fis).

VSOP82 and ELP2000, the analytical the-
ories for the motions of the planets and Moon have
integration constants which are adjusted on the Jet
Propulsion Laboratory ephemeris DE200 (Newhall,
Standish and Williams, 1983). These analytical the-
ories provide pi and v as periodic time series which
are substituted in (1). Keeping all periodic terms
larger than 10~u and integrating (1), the resulting
formula is of the form

TDB = TDT + B0T + C0T
2 + D0T

3 + ...+

i sin(o>wT +
(2)

i

where T is in thousands of years from J2000.0. The
coefficients can be found in Fairhcad et ai. (1986).
To conform to the IAU recommendation the time
polynomial is dropped but the mixed terms subsist.
These terms do not arise from the particular ana-
lytical representation used and can be interpreted
physically. For example, they are partly generated
by the long-term variations in the eccentricity of the
Earth's orbit.

Comparison between Numerical and Analyt-
ical Formulae

We have compared this formula with the
one given by Hirayama and Kinoshita (1986) and
found a good agreement at the 0.04^s level for the
terms present in the two solutions. The lareger un-
certainty mentioned above (a few /is) for Hirayama's
and Kinoshita's formula arises from all the neglected
terms; the largest of which has an amplitude of 0.376
fJS.

Until now, the timing data of the fast pulsar
PSR1937+214 were analysed using numerical trans-
formations (Backer and Ilellinga (1986), Davis et ai.
(1985)). These transformations are computed over

specific spans of time (100 and 60 years ending at
J2000. respectively) emphasized in the description
of the physical model. This precise definition is nec-
essary since such numerical transformations depend
slightly on the span chosen. As already mentioned,
the "time ephemeris" is averaged over a few dscades
though it includes terms with periods longer than
a few centuries or even a few millenia. Locally,
these long period terms are analogous to a slope
in time. To conform to the IAU recommendation,
this linear term is dropped and thence long period
terms are practically ignored in numerical transfor-
mations. On the contrary, long period terms are
kept in the analytical transformation. The differ-
ence is small but nevertheless important as it corre-
sponds fondamentally to a change of unit between
the various TDB time scales generated.

We have compared the Jet Propulsion Lab-
oratory's and the Centre for Astrophysics' nunr.^ri-
cal "time ephemerides" with our own analytical for-
mula. As expected they show a linear trend due to
the averaging of long period terms in the numeri-
cal transformation. This linear slopes amounts to
32 us for 100 years or 10~ 1 4 as - 1 for the JPL for-
mula and to 0.5 /xs for 60 years or 3 X lO"10**"1

for the CfA formula. This implies that the period
of PSR1937+214 (« LCIO"3*) determined with the
JPL formula would differ by 1.5 x 10~17s with the
period determined with the analytical formula. Sim-
ilarly the difference between periods determined with
the CfA formula and the analytical one would be
4 x 10~10. This is now important as the precision
given for the period of PSR1937+214 is approach-
ing these values. We will now have to mention which
time transformation was used to analyse the data.

These long period terms in the theory, which
are averaged by the numerical procedures, are due
to quasi-resonances between the longitudes of the
planets. These terms are therefore a problem for
evaluating the time transformation TDB—TDT as
they are not dealt the same way when a numerical
or analytical procedure is used. Resonances appear
not to be properly represented in a numerical inte-
gration, as the long period terms, with periods a few
times the integration time interval and greater, are
practically ignored.

Conclusion

The integration of a "time ephemeris" over "\ time
interval spanning just, a few decades implies that the
resulting numerical time transformations TDB—TDT
are only valid for that particular time interval. Tliis
difficulty vanishes when one uses an analytical ex-
pression of this time transformation even if one con-
siders an interval as long as a few thousand years
around J2000. We have computed such an ana-
lytical expression accurate at the 1 ns level (with
approximately 800 terms) which is available on re-
quest.
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Abstract. The physics of the two types of resonances characterizing the dynamical structure of the asteroidal belt
are presented. In the case of mean motion resonances, the frequency of Jupiter's rotation about the Sun determines
the various resonance frequencies. For secular resonances, the resonance frequencies correspond to eigenfrequencies
of the system of differential equations describing the motions of nodal and ap9idal lines of planetary orbits. Both
types of resonances are related to gaps in the asteroidal belt. The competing theories for the formation of these
gaps are reviewed. The secular resonances gained considerable interest because of their alleged role as source
of Earth-crossing objects like Apollo asteroids and meteorites. Recent numerical model calculations on secular
resonances are reviewed under this aspect.

l.Introduetion

Resonances are one of the major features which char-

acterize the dynamics of the asteroidal belt. The well

known Kirkwood gaps are located at mean motion reso-

nances. The isolated Hilda group and the Trojans are sit-

uated at the 3/2 and respectively at the 1/1 mean motion

resonance with Jupiter. Gaps occur also at the so-called

secular resonances. The inner edge of the asteroidal main

belt at about 2.05 AU appears to be determined by a sec-

ular resonance as already noted by Tisserand (1882). The

2/1 resonance at 3.28 AU marks the outer boundary of

the main belt.

Obviously, resonances have a cosmogonic importance for

the asteroidal belt. How did the gaps and the isolated

groups form at resonances ? The answer with respect

to gap formation seems to be simple : resonances are un-

itable regions. A body located at a resonance is removed

dne to the resonance. This hypothesis, however, has never

been proved. The semi-major axes of objects located in

a mean motion resonance or in a secular resonance re-

main in the corresponding resonance region. There is

now a general agreement that an additional mechanism

is needed to form gaps. The problem is, that this addi-

tional mechanism should, of course, not destabilize the

Hilda group and the Trojans.

What is the additional mechanism ? Elimination

of resonant ateroids due to close approaches with Mars

as proposed by Wisdom (1982, 1983a, 1985b) ? Reso-

nance sweeping as proposed by Torbett and Smoluchowski

(1982) and, independently by Henrard and Lemaitre (1983.

1987) applying the theory of adiabatic invariance ? Dif-

ferent orbital stability against small additional perturba-

tions at different commensurabilities as proposed by Had-

jidemetriou and Ichtiaroglou (1984) ?

Both resonances, the mean motion and secular reso-

nances appear to be important for the delivery of mete-

orites and Apollo asteroids.

Zimmerman and Wetherill (1973) propose a mechanism

for the delivery of meteorites from the 2/1 resonance.

Wisdom (1983b, 1985a) identifies the 3/1 resonance as

a source for meteorites. Scholl and FroeschW (1977) show

the importance of the 5/2 resonance.

Wetherill (1979) and Wetherill and Williams (1979)

investigated different mechanisms to deliver meteorites

from secular resonances. According to their results, the

secular resonances have to be considered as sources for

meteorites and Apollo asteroids. The secular resonances

are also suggested to have pumped up the eccentricities

and inclinations of asteroidal orbits to their present val-
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ues during the dissipation of the solar nebula (Ward et al.

1976, Heppeuheimer 1980).

2. Evidence fop Secular Resonance*

Since the nature of secular resonances appears to be

rather uuknowu in the astronomical community, I allow

to briefly outline the underlying physics.

In the following, the variables a, e, t, 0 , w, Q,R de-

note as usual the orbital elements semi-major axis, eccen-

tricity, inclination, longitude of ascending node, argument

of perihelion, longitude of perihelion, and disturbing func-

tion respectively.

Subscripts J aud S refer to the corresponding orbital

elements of Jupiter and Saturn respectively. In addition,

we define the elements h, k, p, q, by

h = e cos 07

p = tan i cos f)

k = e sin n?

q = tan i sin 0
(1)

In a linear theory for secular motion of an asteroid

(see for instance Brouwr and Clemonce, 19C1), the dis-

turbing function R is developped in series of orbital eccen-

tricities and inclinations of the perturbed asteroidal orbit

and n perturbing planets. Dropping all directly time-

dependant terms in R and retaining only second order

terms in the expansion of R, the solutions of the differen-

tial equations for the vaTiations of asteroidal orbital ele-

ments h, k, p, q are :

h = eosia(gol + w

k =eocos|ffo/ + j

(2)

q = sin i"0 cos(-gDt + Q(t)

In case of 8 planets, H, K, P, Q are given by Williams

(1969) :

(s)

There are 10 summation indices instead of 8 expected

ones for H and A'. The two additional indices were in-

troduced by Brouwer and V. Woerkom (1950) in order

to take into account perturbations due to the 5/2 mean

motion resonance between Jupiter and Saturn.

fio and 0o are arbitrary constants while e0 and i0

are proper elements which are constant in the frame of

the linear theory.

The quantity g0 which is equal to 00 and which is

equal to -fJ0 depends on a, a,, and m ; . The quantities

i>} and ft] represent eigenfrequencies aud corresponding

phases of the linearized system of differential equations

for the orbital precessions of the 8 planets. The quantities

H, K, P, Q are commonly called the forced oscillations,

and ft - H, k - A", p- P, q-Q the free oscillations. The

elements e0 ii0, i0, and no are proper or free elements of

the asteroidal orbit.

A secular resonance occurs when the amplitude of the

forced oscillations (see Eqs 2) becomes infinite, i.e. when

go =s v, for j < 10 and go e= ~i/, for j > 10. This is the

definition of a secular resonance. For the planetary sys-

tem we also can say that a secular resonance occurs when

an asteroidal orbit precesses with nearly the same rate

as one oi the planetary orbits. This statement is justi-

fied because the matrix which yields the eigenfrequencies

for the precessional motion of the planetary system has

comparatively sm'Jl off-diagonals elements.

Two kinds of precessional motion occur which involve

the precession of the line of apsides and the precession of

the nodal line. According to Williams (1969), rescuvnees

occur for

CJ = iij + 2<r u j < 10 (4)

n - o, + j > m
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where a is an integer. ii, w and fl denote precession rates

for w, w and 0 respectively. The case <t = 0 is already

found in the linear theory.

The resonances are determiaed as surfaces in a phase

space of proper eccentricity, proper inclination and proper

semi-major axis.

Three major resonances occur in the asteroidal belt,

namely the 1/3,1/4 and Via resonances.

The three eigenfrequencies £&,«/«, t>je are nearly equal

to wj, Cis and flj , respectively. Indices S and J refer to

Satarn and Jupiter, respectively. Because of these rela-

tions, it is easy to establish resonance criteria : an aster-

oid, for instance, is located in the secular resonance i/6,

when its longitude of perihelion u precesses at the same

rate as Saturn's longitude of perihelion Cjs : u ~ us.

The corresponding resonance argument is w — Cis

which may librate either about 180° or about 0° according

to Williams (1969).

The resonance surfaces for i/g , pa and i/ie in proper

space for e0 = 0.1 are shown in figure 1. Slightly differ-

ent values for proper eccentricity eo would yield slightly

shifted resonances in figure 1.

Williams showed that the principal resonances i/g, </6

and PIG are strongly depleted. Figure 2 demonstrates

this depletion. Osculating inclination is plotted against

osculating semi-major axis.

It is interesting to note that near 2 AU several over-

lapping resonances may occur: ve, and vif, for low inclina-

tions, i/l6 and 1/5 at high inclinations. In addition, the 4/1

mean motion resonance is located at 2.06 AU. The study

of such overlapping resonances is a challenge in celestial

mechanics.

S. Numerical and Theoretical Modelling

3.1 Mean Motion Resonance!

Wisdom's mapping (1982) for the 3/1 mean motion

resonance is a very fast numerical integration procedure

as compared to Schubart's averaging method (1964). Wis-

dom used the elliptic restricted three-body model Sun -

Jupiter - asteroid. The Hamiltonian of the corresponding

dynamical system can be decomposed into parts contain-

ing short periodic terms {H,hOrt), resonant terms (H,ct),

and secular term (H,cc) :

(6)

For the 3/1 resonance, Wisdom developed H,,c into

power scries for eccentricities e and ej truncating higher

tetms than ea. Wisdom did not drop the short period

terms but replaced these short period terms by suitably

defined delta functions. The underlying idea based on a

more general idea due to Chirikov (1979) is the following:

The asteroid's motion is interpreted as a perturbed

oscillator with the decomposed Hamiltonian given above.

H is periodic in I and tj. The short period or high

frequency terms during one revolution of Jupiter are of

course due to Jupiter's perturbations. The continuously

acting perturbations which affect the high frequencies are

replaced by a small number of instantaneously acting im-

pulses during one revolution of Jupiter. This replacement

is mathematically modelled by using Dirac delta functions

8. Physically, this (emplacement is justified by the tact

that introducing a delta function is equivalent to introduc-

ing an infinite number of high frequency terms. Wisdom's

new Hamiltonian Hw has the form

Hw = K.cc + HTe..S (6)

For the 3/1 mean motion resonance, Wisdom found

that 5 such impulses are sufficient to model the asteroid's

short period and resonant motions during one revolution

of Jupiter.

With the Hamiltonian Hw, the numerical solution

of the corresponding canonical differential equations be-

comes very easy and in particular very fast. Wisdom

namely found that the secular part of his Hamiltonian

Hw is analytically integrable. Since both terms in the

Hamiltonian Hw defined above are easily integrable, the

canonical differential equations do not have to be solved

by a numerical integrator but simply by a mapping.

It is obvious that this mapping is a very fast method

since it requires only five times the calculation of delta

functions during one Jupiter revolution.

For the 5/2 resonance, Sidlichovsky and Melendo (1986

succeeded to construct also a mapping. Their mapping

showed good agreement with results obtained by Scholl

and Froeschll (1975). Applying their mapping on 5/2

resonant orbits over much longer time scales than Scholl

and Froeschle1, Sidlichovsky and Melendo found strcag in-

crease in eccentricity for orbits at the border of the gap.

1D7



MODEL 7 BODY 0

2.5 3.0
ttmimajor ajt/s (A.U.)

Fig. 1 : The location of the secular resonance

surfaces v5 , \>e and Vj6 in proper space for

e - 0.1 (figure taken from Williams, 1969).

90 180 270
(deerees)

360

Fig. 4 : An example for a W6 resonance case. The

resonance argument fi

timescale is 1 Myr.

resonance argument fii - fii librates about 0°. The

ASTEROIDS 1985 MODEL 9 BODY 10 (759) VTNIFERA

0 1 2 3 4
semimajor axis (AU)

Fig. 2 : The plot osculating inclination vs.
osculating semi—major axis for asteroidal orbits
reveals the Kirkwood gaps as well as gaps
associated with secular resonances.

„. MODEL 7 BODY 19

-180 -90 0

Z> - Z>, (degrees)
180

Fig. 3 : An example for a Vj resonance case. The

resonance argument w - ui. librates about 180°.

The timescale is 1 Myr.

90 180
S — Zig (degrees)

270 360

Fig. 5 : The asteroid (759) Vinifera, v6

resonance case. The timescale is 1 Myr.

MODEL 7 BODY 13

90 180 270
0 - (I, (degrees)

380

Fig. 6 : An example for a
The resonance argument ft
180°. The timescale i i 1 Myr.

resonance case.

The resonance argument ft - ft librates about
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Fig. 7 : Trajectories in o vs . /2S space from

Poincare - Schubart's model. The arrows indicate

directions of motion in this space. The darker

line corresponds to a separatrix-like curve with

a homoclinic point.

For orbits in the central region of the 5/2 gap, Sidli-

chovsky and Melendo confirmed the resnlts of Scholl and

Froeschl* that all these orbits become Man crossers.

What is still missing is a mapping for the 2/1 reso-

nance. Because of the resonance strength, the secular part

of the corresponding Hamiltonian has to be expanded to

high orders in e and ej. The essential part of the ex-

panded Hamiltonian should be integrable.

New analytical methods were introduced by Murray

(1960), Henrard sad Lematoe (1087), Liu and Innanen

(1965a, 1985b, 1985c ) and Ferrae - Mello (1987).

Liu and Innanen constructed a theory improving

Garfinkel's ideal resonance theory.

An application of their theory to 71 asteroids yields

good agreement with numerical integrations.

Henrard and Lemaitre consider the planar elliptic re-

stricted three body problem. The disturbing function is

expanded in powers of e and ej and then averaged over

the fast frequency in the vicinity of the 2/1 resonance.

Murray, on the other band, truncates at order 2 in ec-

centricity. This is, according to Henrard and Lemaitre,

the reason why Murray finds strong increases in eccen-

tricity (e = 0.5) contrary to Hciirnrd ami Lemaitrc as

well as contrary to numerical results obtained by Scholl

and Froeschlc (1975).

Ferraz-Mello (1987) extended Sessin's (1981) work

on a completely integrable dynamical system in order to

study the elliptic problem near the 2/1 resonance. An es-

sential feature of this very promising theory is the expan-

sion of the Hamiltonian of the resonance problem about a

free reference value which is not the exact resonance cen-

ter. In addition, the theory of Sessin and Ferraz-Mello al-

lows to decompose orbital elements into free and forced el-

ements, forced by Jupiter's eccentricity for instance. The

effect of Jupiter's eccentricity or the other relevant phys-

ical parameters on the evolution of resonant orbits can

be determined. This theory can be applied at any first-

order resonance to study the motion of asteroids, small

planetary satellites or ring particles. An important ex-

tension can be made : The oblateness of a planet can be

introduced into the theory and its effect on orbital evolu-

tion can be easily derived. At present, the theory can be

applied only to low eccentric orbits.

For the secular resonances, numerical and theoret-

ical studies are still in a pioneering state. As already

outlined above, Williams and Faulkner (1981) published

the locations of secular resonances in the asteroidal belt.

These locations are surfaces in a proper space. The corre-

sponding proper elements are defined in William's theory

(1969).

Froeschle and Scholl (1986, 1987) integrated numer-

ically the orbital evolution of model aneroids and known

asteroids located in the secular resonanc s I/J, c« and fJ6

in the main belt. The calculations covered periods of 1

Myr. This is comparatively short since the libration pe-

riods involved are just of the order of 1 Myr. Hence, only

one libration cycle is covered.

Newton's equations of motion for the Sun - Jupiter -

Saturn - asteroid model were integrated. Of course, such

integrations are expensive. On the other hand, possible

future faster methods will need these expensive calcula-

tions for tests. Indeed, there is hope to find faster meth-

ods. Nakai and Kinoshita (1985) found a very fast semi-,

analytical method for the vit resonance. Applying an

averaging technique, they succeeded to reduce the corre-

sponding dynamical system to a system with one degree of

freedom. A corresponding theory for the i/6 resonance is
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in preparation. The theory of Nalcai and Kinoshita yields

guiding trajectories : an orbit integrated numerically in

the full problem, oscillates around the guiding trajectories

of Nakai and Kinoshita. These guiding trajectories are ob-

tained simply by resolving an implicit algebraic equation.

Since the numerical integration of secular resonant

orbits is still a new field, we like to present relevant results

for the three resonances i/5, i/6 and f |6.

3.2 The t/i resonance

In the 1/5 resonance, the resonance argument is w -

uj. It is convenient to plot the orbital evolution in a

Ci - Oj va. e diagram since such a diagram reveals how

deeply an asteroid is located in a resonance. In addition,

variations in eccentricity are shown.

Figure 3 yields the orbital evolution of a model as-

teroid with the starting values a = 2.6 AU, e = 0.14, i =

32°. The resonance argument librates about 0°. The ec-

centricity varies between 0.14 and 0.4. The inclination

varies very little. All the resonant cases found by Scholl

and Froeschle' librate about 0°. No libration about 180°

was found as predicted by Williams (1969). However,

Scholl and Froeschte tried to find resonance cases only in

comparatively narrow regions in proper space.

Frocschle1 and Scholl found two mure i/g rcsonauce

cases : (1222) Tina and (2308) Beltovata. Tina and

Vinifcra were taken from Williams' (1970) list compiled

on the basis of his theory. Investigating 231/6 resonant as-

teroids of Williams' list, Froeschle1 and Scholl found only 2

asteroids to be resonant. It cannot be excluded that in a

numerical model including all the planets, more asteroids

of Williams' list might turn out to be resonant.

The asteroid (2368) Beltovata became an Apollo as-

teroid in Froeschle and Scholl's calculations, grazing even

Mercury's orbit.

3.4 The Pi6 resonance

A vlt, resonance case is shown in figure 6. The res-

onance argument tl — ilj librates about 180°. The incli-

nation is given with respect to the invariable plane. The

variation between 8° and 22° of the inclination is strong

but does not yet explain the production of highly inclined

(» > 30°) Apollo asteroids. A numerical integration cov-

ering longer period may yield stronger increases.

Bien and Schubart (1984) integrated numerically sec-

ular resonant orbits in the Trojan region in order to find

a possible explanation for the peculiar distribution of or-

bital inclinations.

3.3 The Vf, resonance

A1/6 resonant case is shown in figure 4. The starting

values are a = 2.O5AU, e = 0.17, 1 = 4°.6. The resonance

argument u - Zs librates around 180°. The eccentricity

varies very strongly between almost 0. and 0.6. This ex-

ample demonstrates the importance of the v6 resonance

for the dynamical transfer mechanism of meteorites and

Apollo asteroids. At a value of e = 0.51, this object be-

comes an Earth-crosser and at e = 0.63 a Vonus crosser.

This object is located close to the 4/1 mean motion res-

onance with Jupiter. The strong increase in e is not due

to this vicinity but due to the p$ resonance.

The orbital evolution of the asteroid (759) Vinifera

is shown in figure 5. Vinifera is located deeply in the i/6

resonance at present. Of course, nothing can be stated

about longer timescales than 1 Myr.

4. The Topology of Reionancei

The topological structure of mean motion resonances

can be seen in a very simple model in which Jupiter moves

on a circular orbit. Schubart's (1964) averaging method

yields an implicit equation for this model. Solutions of

this equation yield closed trajectories in the secular aver-

aged problem. Figure 7 shows such trajectories in polar

coordinates S and a :

S =

(7)a = -(w + ft - ph)

li = l- lj(p + q)/p

p and q are the usual parameters describing commensu-

rability. The 3/2 commensurability, for instance, is de-

scribed by p = 2, q = 1.

Three regions separated by a separatrix-like curve

with a homoclinic-like point appear :
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a libration region around p, a second region of inner circu-

lator or synouymoualy apoceutric librators around a, and

a third region of outer circulators.

The arrows indicate directions of motion in this space.

}n the elliptic averaged problem, the trajectories are not

closed. Trajectories can alternate between the three re-

gions as demonstrated by Froeschle' and Scholl (1977) due

to Jupiter's eccentricity. This alternation cause the ap-

pearence of chaotic motion.

Is the topology for secular resonances similar to the

one of mean motion resonance ? Froeschle and Scholl

found librators, inner and outer circulators as well as al-

ternators at secular resonances. However, this is a differ-

ence between both topologies. At a secular resonance, two

libration centers and hence two libration regions occur.

This is the main difference between the two topological

structures as far as we know at present,

S. Hypotheses Concerning Gap Formation

There is a long list of attempts to explain the for-

mation of the Kirkwood gaps (for previous reviews see

Greenberg and Scholl 1979, and Scholl 1987). At present,-

two hypotheses are discussed : The Kirkwood gaps are

formed by :

- elimination of resonant asteroids due to Mars en-

counters

- resonance sweeping

Wisdom (1982, 1983a, 1983b) showed that the ob-

served shape of the 3/1 gap can be explained by Mars

encounters: An asteroid situated in the observed gap will

increase its eccentricity up to 0.3 which is about the crit-

ical value to become a Mars crosser. Since the whole ob-

served gap is a chaotic region each orbit will pass sooner

or later the libration region increasing strongly its eccen-

tricity.

Sherbaum and Kazantsev (1985), on the other hand,

argue that the 3/1 gap is caused by close encounters with

Jupiter.

According to Scholl and Froeschle' (1975) and in par-

ticular, according to Sidlichovski and Melendo (1986). as-

teroids situated is the 5/2 gap become Mars crossers.

Hence, elimination by Mars appears possible. Contrary

to the 3/1 resonance, in the 5/2 resonance, the chaotic

motion is not the important factor to reach large eccen-

tricities. In the 5/2 resonance, the libration region is com-

paratively large.

The 2/1 Kirkwood gap represents a severe problem

for the Mars encounter hypothesis : The libration region

does not yield sufficiently large eccentricities (0.5) to pro-

duce Mars crossers (Scboll and Froescblo1,1975).

Murray (1986) seemed to have solved the problem.

Applying his perturbation method, he found strong in-

creases in eccentricities from 0.15 up to 0.5. It remained

to demonstrate that the whole 2/1 gap is a chaotic region.

Applying their perturbation method to 2/1 resonant

orbits, however, Henrard and Lemaitre (1987) showed

that there is only a very small chaotic zone in the 2/1

gap. In addition, they showed that the strong increase

in eccentricity wnich Murray found is an artifact of his

theory and not real.

Henrard and Lemaitre's result concerning the small

chaotic region is in agreement with results obtained by

Scholl and Froeschle (1981) who did not find a signifi-

cant chaotic region at the 2/1 resonance. Froeschle' and

Scholl were the first to calculate the maximum Lyapunov

exponent for 2/1 resonant orbits.

The model of Henrard and Leniaitrc is based on the

planar model. A confirmation of their negative result con-

cerning the delivery of Mars-crossers from the 2/1 Kirk-

wood gap in a three-dimensional model remains open.

Hence, the resonance sweeping model of Henrard and

Lemaitre (1983) is at present the most attractive hypoth-

esis for gap formation just because it can explain the for-

mation of all Kirkwood gaps with the same mechanism.

A review about the formation of gaps associated with

secular resonances b a short and an easy task for the re-

viewer : There are simply no controversal hypotheses.

The very few authors working on secular resonances did

not explicitly propose such a hypothesis. On the other

hand, there is an implicit hypothesis : Authors agree that

secular resonant orbits may cross the- orbits of the terres-

trial planets and eventually the orbit of Jupiter. Hence,

elimination by planetary encounters seems to be the most

plausible hypothesb. But do all secular resonant orbits

become planet crossers ? This is still an open question.
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DISCUSSION

J. Henrard: The presence of a "gap" at 2/1
and a "accumulation" (which is not an accumu-
lation but just a no-gap) at 3/2 can be ex-
plained in the frame of Lemaitre s "resonance
sweeping" model. The amount of sweeping in
Lemaitre's model is proportional to the amount
of material in the primeval nebula between
the orbit of the asteroid and the orbit of
Jupiter. The amount is certainly smaller for
3/2 than for 2/1 especially if the proto-Ju-
piter has swept the material of the primitive
nebula along its own orbit.
A. Harris: Ward has pointed out that the po-
sitions of the secular resonances are much
more sensitive to residual mass of the plane-
tary formation would cause the secular res-
onances to sweep through much more phase spa-
ce, thus causing much more disruption than
the sweeping of mean motion resonances. Thus
it seems unlikely that the present widths of
the Kirkwood gaps can be attributed to sweep-
ing of the mean motion resonances.
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CHAOTIC BEHAVIOUR OP RESONANT MOTION

IN THE SOLAR SYSTEM
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Abstract

Chaotic behaviour in the solar system is very often connected with resonance. Great progresses have been made

in the last few years to relate the existence of the Kirkwood gaps with chaos. Uses of mappings have allowed cheap

computations over millions of years. Unexpected intermittent increase of orbital eccentricities due to the existence

of thin chaotic zone provides a mechanism for planetary close approach. However semi-analytical developments

show that at least for the 2/1 resonance the problem remains open, Chaotic rotations of satellites like Hyperion

or Miranda and chaotic motion of comets in nearly parabolic orbits are predicted and some physical implications

discussed. Both comet Halley and Hyperion appear to be good candidates for real examples of dynamical chaos in

the solar system.

If resonances have played a central role for motions

of celestial bodies it is also sure that motions within the

solar system have been for a long time associated with

regularity. Nevertheless it is still within the astronomi-

cal world but in stellar dynamics that chaos associated

with Hamiltonian systems has been exhibited using nu-

merical experiments, (for a review see Henon M. 19Q1)

Then mainly within the framework of the restricted three

body problem various technics like Poincare' maps (mainly

for systems with two degrees of freedom) and Lyapunov

characteristic exponents have progressively stressed the

importance of chaos (for a review see Froeschle' C. 1984).

The depletion of asteroids near some commensurabilities

with Jupiter has been, since the beginning, an incitation

to look for chaos associated with resonance. Following

the pionnering work of Giffen, Froeschle' and Scholl have

tried during the seventies, using the Schubart averaging

program, to exhibit chaos through the Kirkwood gaps.

With time spans less than 105 years they did not reach

decisive conclusions. Then using a method developped

by Ghirikov in plasma physics, Wisdom managed to re-

duce (for the 3/1 resonance) drastically computing time

and hence to follow over millions of years, orbits of ficti-

tious objects starting in the resonance. Sudden increases

of the eccentricity occur after some 106 years allowing ob-

jects to become Mars crossers. With the use of Chirikov's

trick to other resonances great progress have been done

to understand both the validity of such mapping and how

stochasticity arises. Not only for asteroidal motion but

for orbital and rotational satellite's motion and also for

cometary motion.

T^e Kirkwood Gap*

The narrow gaps in the main asteroidal belt called

Kirkwood gaps coincide with the location of mean mo-

tion resonances (for a review see Froeschle' and SchoH

1983). Until a few years ago many papers tried to relate

this depletion with stochasticity within the framework of

the so called gravitational hypothesis. Wiedom mapping

brought to this hypothesis a trong support at least for the

3/1 gap. Using Chirikov S -function method he derived

an algebric mapping of the phase space into itself which

allows to compute orbits over millions of years in a very

short time.

Chirikov's method-

Let us cousider the time dependent hamiltoni.-ui
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H = Iafiir + K0/ Kn(I) cos(i> - ni)
njdO

where 7 is the momentum and V its canouUaUy con-

jugate coordinate. If the Kn are small the pendulum

hamiltoniau Ho gives a good approximation of the sys-

tem using the averaging principle. Chirikov reintroduces

new high frequency terms and gets a new hamiltoniau

Hc = J2/4JT + K0/2ncos V + K0/2v ]T coa(v - nt)

which can be consider in some aspects closer to H than

Ho.

Using the Fourier transform of the 6 - Dirac function

with period 2JT, He becomes :

Hc = I3/** + Ao cos V fa (<)

Then by a straight forward integration, using the property

that the delta function acts instantanously the standard

map is obtained.

f / ' = I + Ko sin v

Wisdom has applied this method to the restricted

elliptic three body problem. From the Hamiltonian de-

rived through a second-order expansion of the disturbing

function

H = -

+H,ec{a, e, »', w, tl, ay, e,, iy, wy, fiy)

+Hrc. (-,3/Ty-f, -) + Hf

he obtains the new hamiltonian

Hw = -fi/2a + H,cc + HTCS S3Ji)

from which he derives his mapping. Therefore or-

bits can be easily be computed over millions of years. He

found a surprising behaviour : a test particle starting in

the gap could remain on an orbit for one million years with

low eccentricity (< 0.05) and then suddenly jumps to a

large eccentricity (> 0.3), thus becoming t Mars crosser.

The same methods have been applied by CD. Murray

for the 2/1 and 3/2 Jovian resonances. He determined

the chaotic regions within these resonances computing the

largest Lyapunov exponent by the rescaling method. He

found like Wisdom for the 3/1 gap that both resonances

have extensive chaotic regions. Figure 1 shown the iso-

metric projection of the maximun eccentricity achieved

during 7001) Jupiter's periods for test asteroids at the 2/1

resonance. The eccentricity of Jupiter's being taken equal

to 0.048.

00 061S

Figure 1

Maximum eccentricity reached after 7000 Jupiter pe-

riods-for test asteroids with initial conditions [w — 0, p =

A-2Ay = 0o0 , eo)

Sidlichovsky and Melendo obtained similar mappings

for the resonance 5/2. They calculated again Scholl's and

Froeschle's orbits for much longer time intervals (millions

of years instead of 38 000) over 96 orbits, they found 53

orbits instead of 33(Froeschl£, Scholl) for which the eccen-

tricities go beyond 0.3. Thus they confirm the V-shaped

feature of the gap.

Indeed, Chirikov - Wisdom method may be used to

solve any resonant problem provided that the problem

without resonant term is analytically solvable.

A different approach to modelise the restricted three

body problem has been used by Hadjidemetriou (1986).

Instead of solving approximately the perturbed equations

of motion, he solved exactly the unperturbed equations

and found the corresponding mapping on a surface of sec-

tion. Then he perturbed the mapping in such a way that

some structure of the phase space known through aumer-

ical experiments (stability or unstability of some families

of periodic orbits for the given example : 3/1 commen-

surability) are included in the perturbed mapping. Inter-

esting qualitative results are presented when additional

perturbations are included (drag).

Finally within the frame of the the Saturnian satel-

lites Dione and Enceladus are in 2/1 resonance. Ferraz -

Mello S. and Dvorak R., (1986) have studied numerically
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the secular evolution of planar satellite orbita in the res-

onance 2/1 with Dioue and showu that the elliptic, orbit

of Dionc gives rise of a region of chaotic motion in the

transition region between librtuiou aud circulation. If the

orbit of Dioue is taken circular their model is integrablc.

This confirms the results obtained by Froeschle1 and Scholl

(1977) for the Schubart plauar averaged model : the el-

lipticity of the orbit of the perturbating body is at the

origin of chaos.

Interpretation and critics of these results

After such a growing flow of challenging numerical

results , the need for analytical interpretations has led

Wisdom, Henrard and Lemaitre to develop s?mi-analytic

preturbatioa theories.

J. Wisdom (1985) has developed a semi-analytic per-

turbation theory for motion near the 3/1 commensurabil-

ity in the planar restricted three body problem. Three

natural time scales are present :

- the orbital period ( a few years)

- the intermediate time scale : the libration of the

resonant argument (a few hundred years).

- the largest time scale : the motion of the longitude

of perihelion (several thousands years) i.e. the time scale

for the slow evolution of the "guiding center" of a and e.

The resonant argument <r is define by

a =

Here 1 is the mean longitude,^ the longitude of perihelion

and p and q are integers related to the (p+q)/p res. ; Mice.

The resonant Hamiltonian reads:

H = -ji?/2*3 - 3* + UF[zl

+e,tiGx - pA(x,y)cos[<p - P{z,y))

where

A(x,y) = {(C

and

tanP(2,y) = -«,») + e,Dx + e)E\

with

JI, = 1 - ti

fi = 1/1047,355 mass of Jupiter.

a > = 1 I, = t * =

= y^ZpC

y w ip = I - Zlj

He first assumed that x and y are frozen, i.e. the

libration of the resonant argument is fast compare to the

variation of the eccentricity and longitude of perihelion .

Hence an analytic approximation to the motion is derived.

Defining A = p - P(x, y) - ff

A = * - * „ ,

and

where * r e , is the center of the resonance defined by

H is then expanded around $ r e , and retaining only

quadratic terms the pendulum Hamiltonian H' thus gov-

erns the variations of A and A

From the complete equations of the motion derived

from Hamiltonian it is clear that since both dxjdt and

dy/dt are proportional to JJ, the time scale for significant

evolution of x and y is proportional to ^ which is long

compared to the period of small- amplitude oscillations

of A which is proportional to ft~'. Then the equations

are averaged over one oscillation period of A which gives

*J = 2» Fx + it G e3• + j i ^ f * 1 < cos A >

taking into account that < sin A > = 0 and that the

evolution of < cos A > is made keeping the appropriate

action constant. Now z, y are averaged variables. This as-

sumption is only valid when the libration period U short

compared to the periods associated with the variations

of x and y. It breaks down when the amplitude of oscil-

lations of A approaches * which gives birth to a tone of

uncertainty.

Then, since the problem has only two degrees of free-

dom, Wisdom through numerical computations, using the

surfaces of section p = P(x,y) + it, confirms the topol-

ogy of the guiding trajectory. Figure 2 shows two large

chaotic zones. A trajectory in the chaotic zone surround-
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ing the origin, entera the narrow part of the chaotic zone

which extends to high eccentricity at irregular intervals

thus explaining the intermittent bunts of eccentricity.

y 00

- 0 1

-0.8
-0.1 0.0 0.30.1

X

Figure 2

Surface of section <p = P(x,y) + jr. Large chaotic

eones appear. The narrow part originates high eccentric-

ities at irregular intervals.

Using this model, it was not obvious to identify why

there is a large chaotic tone. Using simplified models

(removing of the secular terms ; e> = 0 i. e. the circular

problem; e,- = 0.5 but D = E = 0 i. e. only one resonant

term) Wisdom managed to identify the features of the

problem leading to the crossing of the zone of uncertainty

1) A first candidate for chaotic motion could bee that

at the some time tree mean-motion resonances strongly

overlap. However the fact that these resonances belong

to the same commusurability may be important. Indeed

if one removes the secular terms (F=0, G=0) one obtains

the system

A)

A(x p) is a constant of the guiding motion and there-

fore so is the elliptic modulus. This means that as far as

the action remains invariant the A amplitude does not

change and is never forced across its separatrix.

Numerically only a very thin chaotic zone is expected

along the guiding separatrix. These computations show

the importance of secular terms and rule out the overlap-

ping of resonance.

2) If ej = 0 (circular problem) one lias only one

resonant term proportionul to C, i.e.

then

H = - / i / 2 * 3 - 3 * + H F(z* + j/a)

-HC^+y^toaiv-P)

A is again a constant of the motion and therefore the

zone of uncertainty is not crossed

S) If ej = 0.5 and D = E = 0 then only one resonant

term but two secular terms remain. Then a large chaotic

zone appears. Hence it arises clearly that the essential

features that gives birth to chaotic zone is the crossing of

the zone ofuncertaiaty for which the secular Hamiltonian

and A should be independant. This is the case if e, ^ 0

which was already shown numerically by C. Froeschle1 and

Scholl, 1977, using the Schubart averaging procedure.

Henrard and Lemaitre have presented following the

same track as Wisdom an analytical perturbation theory

for the 2/1 resonance in the planar elliptic frame. The

disturbing function is expanded in powers of the orbital

eccentricities of both the asteroid and Jupiter and then

averaged over the fast frequency in the vicinity of the 2/1

resonance. A system with two degrees of freedom is thus

obtain with :u argument pericenter of the test particle,

and <r = A - 2A' + w the resonant angular variable

If the eccentricity of the test particle is not too small

the motion of a is approximated by a pendulum equation

and (except in the vicinity of the critical curve) the pe-

riod associated is much smaller than the period associated

with w. Therefore they are able to introduce action-angle

variables for the pendulum and average again over the

fast frequency (analytically and numerically). Numerical

averaging is performed. Of course the Hamiltonian is now

parametrized by the action J which is an adiabatic invari-

ant. A very interesting result arises : for small values of J

(small oscillations of the pendulum) the motion in (u, e)

is very sensitive to the order to which the initial problem

has been truncated. Indeed Murray (1985) in his numer-

ical investigation of the same problem truncated at order

2 in the eccentricities has found very large excursion in e.

They disappear at order 3 to reappear again at order 4

but for larger values of the eccentricity. Investigation up



to order 8 shows that the problem of convergence is too

severe for the method to give meaningful results values of

e larger tlwu 0.3 or 0.4. For smaller initial values of e,

the excursions in e are rather small and thus the "central

region" of Murray (which exhibits those large excursions)

which could lead to collisions with Mars or Jupiter is an

effect of the early truncation of the perturbation function

and not of the three body problem. For larger values of

J the convergence problem is less severe. It means that

at least qualitatively the Murray's picture is correct for

smaller values of e.

They have investigated also the neighborhood of the

critical curve where Wisdom's effect of chaotic motion

takes place. This effect actually Is rather small in the 2/1

resonance case.

Their conclusion is thus that:

in the elliptic restricted problem, large portions of

the 2/1 resonance zone are free from chaotic motions

and large perturbations in eccentricity. Therefor* to ex-

plain the Hecuba gap, we may need, after all, a "Deus ex

Machina". Such a "Deus ex Machina" could take place

either during the accretion process (see Gonczi R. et al.

1983) or more likely during the removal of a protosolar

nebula (see Torbett et al. 1982 - 1983).

For small eccentricities (e < 0.2) in the vicinity of

the bifurcation at the entrance of the resonance zone the

one degree of freedom method is no more valid and this is

piecisely the region of phase space where Murray (1985)

has found by numerical integration an intricate pattern o{

chaotic and quasi-periodic motions. Then instead of con-

sidering the usual one degree of freedom resonance prob-

lem

with dH0/dP si 0 and « small.

Henrard and Leniaitrc (1986) considered a double

resonance problem with two critical arguments (the an-

gular variables p and q)

H = Ho+i'C{v,q,P,Q)

and

3H0/dQ also small with s1 < e.

A semi-numerical perturbation method applied to a

truncated Hscniloninn »f 'he restricted thrw h-idy prob-

lem in ras<" >>i ."I'lonani'c 2/1 leads tn <-u,-h a model wliHi

allow tbrm en reproduce Murray's result*. An other source

of chaotic motion is identified, i.e. critical curves associ-

ated with the second degree of freedom or with nu in-

terplay between the two degrees of freedom. A "supcr-

rcsonauce", i.e. a 2/1 resonance inside the 2/1 resonance

is shown to be at the origin of the large chaotic region

which crosses the entrance of the resonance ?.oue in Mur-

ray's diagrams. Of course since the model like the Mur-

ray's one is truncated at the second order in eccentricities

this work does not mean that we have an c^act picture

of what happens in the 2/1 Asteroid-Jupiter resonance

problem.

Chaotic rotation of aatellltea

Among the resonant satellites of planets, Hyperion

is the most one connected with chaos. Both for orbits

and spins, chaos has played a major role in the evolu-

tion of this satellite. Already in 1979 Bevilacqua and at.,

and after Farinella et al. (1983) have shown that Titan

and Hyperion represent an interesting case of orbital reso-

nance (4/3). Hyperion being locked inside a stable island

surrounded by large chaotic zone. Therefore it seems that

Hyperion was formed via accumulation of planetesimab

originally inside a stable island but without any reaccie-

tion of secondary fragments originated in a breakup event.

This could explain the irregular shape of Hyperion.

An other chaotic story about Hyperion concerns its

rotation. Indeed Hyperion could be the first example of

confined chaotic behaviour in the solar system. Wisdom

and al. (1984) have shown numerically that a plot of spin

rate versus orientation when Hyperion is at the pcricen-

ter of its orbit (surface of section) reveals a large chaotic

zone surrounding the 1/2 and 2 states. In their original

paper on spin-orbit coupling Goldreich and Peale have de-

rived a pendulum-like equation for each spiu-orbit state

by defining an appropriate resonance variable and elim-

inating through averaging high frequency contributions.

The strengh of each resonance depends on the orbital ec-

centricity and the principal moment of inertia or more

precisely (D - A)/C = <«. But for some values of u the

averaging is uo mure valid ami in fact the resonance over-

lap criterion Chirikov (1979). already used by Wisdom

(1980) for the study of stochastic behaviour in the re-

stricted three boily-problom, predicts the presence of a

large i'one of chaotic, rotation. Roughly speaking it means

that Hyperion will try to oscillate about both of thesr mu-

tually incompatible spin-orbit resonant states : the 3/2

and 1/1 states. Numerical computations ii_-licit r clearly



that both the spin axis direction and the rotation rate of

Hyperion should fluctuate chaotically, moreover observa-

tions seem to confirm the phenomena.

An other interesting application given by A.Marcialis

and R.Greeuberg (1987) of the overlap of first-order reso-

nance is that it provides a mechanism for warming Uranus'

satellites Miranda during chaotic rotation. However this

heating mechanism is self-limiting due to rapid damping

of the orbital eccentricity.

Chaotic motion of cometg

We have seen that in a neighborhood of any separa-

trix (i.e. the trajectory with zero frequency of the unper-

turbed motion of an Hamiltonian system) some chaotic

motion has to be expected. Actually, the simplest ex-

ample of separatrix is the parabolic trajectory of the two

body problem which separates the bounded and unbounded

motion. In the frame of the planar circular restricted

three body problem. Petrosky T. Y. (1986), and Petrosky

T.Y. and Broucke R. (1987) using a remark of Resibois

and Prigogine (1960), see also Prigogioe et al. (1977),

to overcome the "small denominator difficulty" deal with

this problem by a Fourier analysis. They construct a so-

lution in the case of nearly parabolic motion of the third

body and then derive a two-dimensional canonical map

which describes the dynamics of the comet&ry motion.

Their map called " Keplerian map" roads

P aingn

Where gn is the phase angle of Jupiter when the

cornet passes its perihelion and Pn the energy. Itera-

tions of the Keplerian map show clearly chaotic region

confined by KAM torus. Let us remark that the mo-

tion near the separatrix of a nonlinear pendulum is much

Jess chaotic (the Wisker map). A physical implication of

such chaotic motion of comets concerns the existence of

a cometary cloud surrounding the solar system : to each

parabolic orbit is associated a cloud of comets with holes

(islands) revolving on elliptic orbits around the Sun. The

actual cloud being a superposition of these planar clouds.

Chirikov B. V. and Vecheslavov V. V. (1986) have used

such a "Keplerian map" fitting the parameters to the ob-

servational datas to show the chaotic motion of comet

Halley. They give estimates for the error growth in the

extrapolation of comet's trajectory and show that the life

time in the solar system crucially depends on weak non-

gravitational forces.

Conclmlon

Works about chaotic behaviour of resonant motion is

far to be achieved. We tave restricted our attention to

the solar system , but, of course, in many other fields like

in stellar dynamics (see for example the papera of Con-

topulous G., Martinet L. Pflenniger D.) many interesting

advances are going on. Moreover if we jump to physics

it becomes a real challenge to follow all the progresses

made in the general theme of regular and stochastic mo-

tions (see the Lichtenberg's A. J. and Lieberman's M. A.

book).
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DISCUSSION

P. Farinella: Since the object you have shown
to have close approaches to Jupiter started
with a samimajor axis of about 2 All, it had
tc reach an eccentricity very close to 1. Is
that true?
Ch. Froeschle; Yes, sure the eccentricity be-
comes very large of the order of 0.9.
P. Farinella: Do you know whether this kind
of theories has been ever applied to planetary
rings (Cassini division, etc.)?
Cl. Froeschle: The physics is different
because of collisions precesses.
A. Nobili:
1) It is worth stressing that Hyperion is a
beatiful example of interplay between orbital
and spin chaos. The small amplitude of the
mean motion resonance with Titan, sorrounded
by a large chaotic region, is responsible for
Hyperion s highly asymmetric shape (because
of the fragments ending up outside the libra-
tion region and thus escaping). In turn, the
perturbation caused by this asymmetry plays
an essential role (more than the eccentricity
foried by Titan) in determine a chaotic rota-
tion.
2) Jupiter's eccentricity seems to be essent-
ial in giving tise to chaotic motion of the
asteroids not oniy in resonances; the chaotic
regions of the outer asteroid belt in the
restricted circular problem which largely
coincide with regions void of asteroids, can
in fact be depleted once Jupiter's eccentri-
city is taken into account.
Cl. Froeschle': Thank you very much lor your
interesting comments.
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ON THE ORIGIN OF GAPS IN THE DISTRIBUTION OF MINOR PLANETS

S.Ferraz-Mello

Univei'sidade de Sao Paulo,Caixa Postal 30627,BR-OlOSl-Sao Paulo,Bras 11

An analytical averaging theory founded on the elliptic restricted three-
body problem and valid for libratlon motions shows that there are forbidden
Intervals In the distribution of the mean semi-major axes at the resonance
(p+l):p. The actual asteroids may cross these gaps but they cannot remain there.
Some 15 of the presently known Hildas are In the gap and some of them may cross
It completely. The Grlquas are presently at the le£t of the gap but some of them
periodically cross the gap.

1.INTRODUCTION
The theories of the origin of the

Klckwood gapa have been thoroughly discussed
by Scholl (1979, 1985) on the basis of the
investigations made by many authors In the
past 20 years. These theories are generally
founded on one o£ the following main hypoth-
eses:

a.Statistical - Asteroids llbrate
through che gap moving faster at the center
of the gap and remaining outside of it over
a comparatively long span.

b.Gravitational - An asteroid situated
in a gap will suffer especially strong per-
turbations by Jupiter and therefore leave
the gap.

c.Colllslonal - Asteroids close to a
conmensurabillty show strong variation In
the eccentricity and therefore have a com-
paratively larger collision probability.

d.Cosmoaonlc - Planeteslmals could
not have been formed in the gaps.

e.Primeval sweeping - The gaps were
formed by the effect of forces additional to
Jupiter's gravitational force acting on the
matter in the original accretion disk.'

As pointed out by Scholl, all these
hypotheses have difficulties in explaining
all details in the observed distribution of
minor planets. The most Important difficulty
Is the well-known fact that the distribution
shows a gap around the exact resonance 2:1
and a group of asteroids around the exact
resonance 3:2.

The results presented in this paper
were obtained from a new analytical theory
founded on the elliptic restricted three-
body problem and valid for motions about
small- and high-eccentricity libration
centers (Ferraz-Mello, 1967a, 1987b). They
are presently restricted to the first-order
resonances 2:1 and 3:2 and focus on
structural properties of the immediate
neighbourhood of these resonances. We
suggest that these structural properties and
those established by Hadjldemetriou and
Ichtiaroglou (1984) must be taken into
account together with some of the evolution-
ary hypotheses mentioned above, to explain
the observed distribution of minor planets
near 2:1 and 3:2 resonances.

2.THE LAW OF STRUCTURE
The results of the analytical theory

of hlgh-eccentriclty llbrators were summed
up into three laws (Ferraz-Mello, 1987b).
One of these laws gives the period of the

proper oscillation about the libratlon
centers and the other two give the amplitude
of the eccentricities forced by a resonant
Jupiter. These eccentricities play a deter-
mining role in shaping the asteroldal belt
In deep resonance regions and the law giving
the largest of the two components was there-
fore named law of structure. This law re-

11brationat thelates the eccentricity
center e and the mean semi-major axis a

t(p+l)n« - pN]y-()tan)

where

N = ^,M/a0
3) -

H is the gravitational constant, n' t>e mean
motion of Jupiter, p an integer character-
izing the first-order resonance (p+l):p. The
functions Va0'ec> and R (a. are.
respectively, the averaged value of the dis-
turbing function and that of its derivative
with respect to e, at the libration center.
In the calculus of RQ and R the eccen-
tricity of Jupiter Is taken as zero and in
fact the terms depending on e' do not
Intervene in this law, which could be
established in the frame of the circular
restricted three-body problem. The averaging
of the disturbing function is made with
respect to the mean synodic longitude l'-l.
The formulas for the expansion of the dis-
turbing function about a high-eccentricity
libration center are given in Ferraz-Mello
(1987c).

The law of structure cannot -s veri-
fied directly by observations because of the
very large periods occurring In deep reso-
nance: 250 years or more for the libratlons
and some thousand years for the critical
angle (ptl)l' - pi. The direct observation
is to be substituted by the result of
numerical simulations using as Initial
conditions the values of the orbital
elements of the actual asteroids. In figure
1 the results of the analytical theory of
the Hildas are compared to those obtained by
Schubart (1968 and personal communication),
from the numerical averaging and Integration
of the equations of the motion . The solid
line In figure 1 shows the semi-major axis
as a function of the eccentricity at the
centers of libratlon, as given by the law of
structure. The dots are the arithmetic means
of the minimum and maximum values of the
semi-major axis of the actual Hildas as a
function of Schubart's parameter e .
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.763

.10 .15 .20

ECCENTRICITY OF LI3RATI0N CENTER

Flg.l - Solid line: semi-major axis of the
stationary solution (center of llbration) as
a function of the eccentricity, as given by
the law of structure. Dots: mean serai-major
axis of the Hildas as a function of their
"proper" eccentricity according to Schubart
(1968).

Figures 2 and 3 show the law of
structure in wide regions about the reso-
nances 3:2 and 2:1. In both cases the cont-
inuous line gives the law of structure e =
F(afl). The perlcentrlc branch, above the
axis e = 0, corresponds to libratlon solu-
tions cwhere

e = (p+1) 1' - pi - w = 0

(the conjunctions happen when the asteroid
Is at the perihelion). The apocentric
branch, below the axis e = 0, corresponds
to llbration solutions where

8 = (p+1) I1 - pi - 9 = R

(the conjunctions happen when the asteroid
is at the aphelion).

These figures show the existence of an
Interval at the right of the exact reso-
nance (p+l)n'-pn=0 where no stationary solu-
tion exist. However, the presence of
asteroids in that interval is not excluded
and, in fact, at any time almost half of the
librating asteroids will be lncurslonlng in
the gap. This fact is clearly seen in the
case of the Hildas because of their large
number. The present osculating values of
their semi-major axes and eccentricities are
represented In Figure 2 by dots superposed
to the graphic of the law of structure. The
motion of each dot Is an oscillation about
the pericentric branch. The only exception
is the leftmost dot which represents the
osculating elements of (1256) Normannla, a
circulating asteroid whose semi-major axis
and eccentricity remain almost constant.

In figure 3 the dots are circulating
asteroids and the open circles are
llbrators. There are only four known
pericentric librators in the resonance 2:1.
The fact that the 2:1 llbrators are
presently on the left of the pericentric
branch may be credited to chance. In fact,
in 200 years from now they will be found
clearly on the right side, some of them with

on an
HUN SCM-M1UM *XI> (•MFl)

Fig.2 - Law of structure of the resonance
3:2. Eccentricity of the centers of llbra-
tion as a function of the mean semi-major
axes. The dots represent the present
osculating values of e. and a. of the numbered
Hildas.

.5

Q 1921

O B62

0.63

SEMI

semi-major axes as great as 0.64 a
Jup* The

Fig.3 - Law of structure of the resonance
2:1. Eccentricity of the centers of llbra-
tion as a function of the mean semi-major
axes. The dots represent the present
osculating values of s. and a. °* the numbered
asteroids of the Hecuba type. Open circles
represent pericentric and apocentric
llbrators.

distribution of the llbrating asteroids in
figures 2 and 3 Is almost complementary with
one remarkable exception: 1928 UF. This
asteroid was originally numbered and named
(1125) China, but, considered lost. Its
number and name were given to another aster-
old. However, Bardwe11 and Nakano (1987)
identified this object with the recently
discovered minor planet 1986 QK.. Also,
computations by Bardwell confirmed that It
is a librator as was first noted by
Schwelzer (1969) on the orbit from the 1928
opposition alone. One may note that 1928 UF
occupies in figure 3 a position similar to
that of the Hildas in figure 2.
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Table I - 3:2 and 2:1 gap crossera

Asteroid
max

fla Eccentricity
LIbration
Period

1269
1748
1529
499

1578
1038
1162
1268
3202
1202

(Rollandla)
(Mauderlt)
(Oterma)
(Venusia)
(Kirkwood)
(Tuckla)
(Larlssa)
(Libya)
(A908 AA)
(Marina)

0.778
775
775
773
773
773
773
773
773
773

0.029
23
23
19
19
19
19
19
19
17

0 -0.23
0.08-0.27
0.05-0.25
0.10-0.30
0.10-0.30
0.07-0.26
0.05-0.23
0.04-0.23
0.03-0.22
0.03-0.22

240 yr
250
250
250
250
260
260
260
270

1921 (Pala)
1362 (Grlqua)
1922 (Zulu)

0.648
642
640

0.034
23

0.26-0.55
0.22-0.38
0.39-0.56

310 yr
390

3.GAP-CROSSING ASTEROIDS
The results of section 2 were

founded on an analytical theory considering
in the averaged disturbing function only the
terms linear with respect to the distance to
the llbration center in the plane e.exp 16.
Numerical Integrations of a more complete
model, Including some higher order terms
(Tsuchlda, personal communication), show the
large excursion in semi-major axes that some
asteroids may have (Figure 4).

These results are also confirmed by
the numerical integrations of the equations
of motion performed by Nakai and Klnoshlta
(1986). Following them, many asteroids
periodically cross completely the gap. These
gap crossing llbrators are given in Table I.
The data are from Nakai and Kinoshlta.

4.CONCLUSION
The analytical modelling of the planar

motion of high-eccentricity asteroids near
first-order resonances leads to a law relat-
ing the mean semi-major axis and the eccen-
tricity at the center of libration. This law
shows the existence of gaps In the intervals
of mean semi-major axes

0 . 7 6 3 - 0 . 7 7 3 a , ( 3 . 9 7 0 - 4 . 0 1 9 AU)
a n a 0.630 - 0.636 a- (3.278 - 3.308 AU)

because of the resonances 3:2 and 2:1 re-
spectively. However, the temporary presence
of asteroids in the gap Is not excluded. The
law of structure just prevents them from
remaining there. The gap can be crossed and
at any time 3ome 15 of the presently known
Hildas are performing incursions in the gap,
some of them being able to cross It
completely. The Griquas are presently at the
left of the gap but three of them: (1362)
Griqua, (1921) Pala and (1922) Zulu may
cross the gap completely and do it with
periods 300-400 years. The group appearance
of the Hildas Is due to the non-existence of
apocentric librators or Inner circulators In
3:2 resonance. In the case of the resonance
2:1 both groups exist, one at each side of
the gap.

SEMI-MAJOR AXIS OJH

Pig.4 - Motion of four llbrators In 10
years according to Tsuchida (pers. comm.).
The dots indicate values of a. and g. sampled
at equal Intervals.
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DISCUSSION

0. Henrard: You cannot say that the structures of the
3/2 and 2/1 resonance are the same as you analyse only
the location of the periodic orbits. Locations of per-
iodic orbits are important to understand the structure
of a dynamical system but by no means they give the
complete picture.
S. Ferraz-Mello: The results shown are founded on the
study of the whole set of regular solutions of a twice
averaged Hamiltonian which shows the determining role
played by the location of the symmetric periodic or-
bits. The results are similar for both resonances and
they support the idea that the distribution of the as-
teroid near these resonances have a strong structual
component.
H. Scholl: Did you say that the 2/1 gap is just a
Statistical phenomenon?
S. Ferraz-Me.Uo: No, I did not say that. If the 2/1
gap was just a statistical phenomenon the distribution
of the averaged mean motions would be uniform.
Schweizer has shown that the gap remains when averaged
mean motioas are used and hi*., result is confirmed by
our analytical theory. I say that one asteroid cannot
remain in the interval 3.27B-3.308 All. However, this
gap may be crossed by the pericentric librators of-
large amplitude and Griqua, Pala and Zulu actually
do it twice every 300-400 years.
H. Scholl: You said there are no apocentric librators
at the 3/2 resonance. What about Chicago and Normannia?
S. Ferraz-Mello: Chicago and Normannia are circulators
and have averaged semi-major axes around 3.92 All, that
is, 0.04 AU smaller than the librating Hildas. The
semi-major axes of an apocentric librator at the 3/2
resonance would have to be much greater than 4.02 AU.
J. Henrard: Your a-e diagram is a projection of a
three (actually four) dimensional space. You would see
much better the structure of the "gaps" or "accumula-
tion" if you use a surface of section technique by
putting the angular variabe <y-<Vj to be zero or 180 .
S. Ferraz-Mello: The given_ a -eo diagram show the
results for (p+1) A.-p\-u) = o (upper half-plane) or
180 (lower half-plane). The angle (p+1) A^-pA - s>
fixes the position of the periapsis of the asteroidal
orbit with respect to the moving syzygial line (the
line along which Jupiter and the asteroid are in con-
junction every 12p years) and is the important angle
iri the_study of the (P+l):p resonance. The angle
u> - co-. is not important in the context of the
results presented here.
N. Borderies: Wasn't your fust law giving the periodic
eccentricity previously known?
S. Ferraz-Mello: At the best of my knowledge the answer
is no. In the case of small eccentricities it may exist,
even in the classical litterature, but using approxima-
tion not valid for high eccentricities. The formula
given here is valid for any eccentricity. The actual
program used to compute RQ and Re use some series sol-
utions for the elliptic motion convergent for e c<0.67.
But a new computer program using implicit solutions and
allowing to compute these coefficients for any ec is
being presently tested.
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CHAOTIC MOTION IN SECULAR RESONANCES

Ch. FROESCHLE, H. SCHOLL

Nice Observatory

B. P. 189 - 03003 NICE CEDEX, PRANCE

\ f

Abstract

We inyfrtigat.e Ihe possible occurence\of chaotic motion at the secular resonances v5, t>6 and «i6 integrating

model asteroids and known asteroids over some Myrs. At the resonances v^ and u16 we find transitions between

libration, inner and outer circulation. Such transitions are in the case of mean motion resonances related to chaotic

motion. Chaotic motion is abo indicated by a temporary location in both resonances, v$ and vie, as well as in the

resonances vj and t l 6 .

Chaotic motion is also indicated by close approaches to Jupiter lite in the case of the t>6 resonant asteroid (2368)

Beltovata. The calculation of corresponding maximum Lyapunov exponents would corfirm our conjecture concer-

ning the occurence of chaotic motion at secular resonances.

Chaotic motion at mean motion resonances in the

Sun,- Jupiter system was found by Wisdom (1983) who

calculated the maximum Lyapunov characteristic expo-

nent. Transitions between libration, inner and outer cir-

culation regions are related to the chaotic motion which

Wisdom found (for a review see C. Froeschle1, this1 vo-

lume).

In addition Ferraz-Mello and Dvorak (1987) showed

the occurence of chaotic motion at mean motion reso-

nances in the Saturn - Dione system, like in the Sun -

Jupiter system, also in the Saturn - Dione system, chaotic

motion is related to transitions between different regions

of motion : libration - circulation.

In the present paper, we aim to find also regions of

chaotic motion at a different kind of resonances, the so-

called secular resonances. At mean motion resonances,

Ithe forcing frequency is given by the revolutionary fre-

quency of the perturbing body of the corresponding re-

stricted three body problem, i.e. Jupiter or Dione in the

previously mentioned systems.

In the secular resonance case, the forcing frequencies

are determined by the precessional motions of planetary

nodal and/or apsidal lines. The forcing frequencies are

the eigenfrequencies of the dynamical system describing

the secular motions of planetary orbital planes.

In three preceding papers we published (Froescble1

and Scholl 1986, 1987, Scholl and Froeschle 1986) or-

bital evolutions of model asteroids and known asteroids

at the secular resonances eg, i/6 and vie located in the

inner asteroidal belt. The numerical integrations were

carried out in the four body problem Sun - Jupiter - Sat-

urn - asteroid. The calculations covered periods between

1 Myr and 4 Myrs.

The resulting orbits served as a basis for our search

for chaotic motion at secular resonances. We fouud three

different evidences for chaotic motion :

a) transitions between libration - inner/outer circu-

lation like in the case of mean motion resonances

b) transitions between two overlapping secular reso-

nances; not known for mean motion resonances.

c) close approaches to Jupiter, kuown for mean mo-

tion resonances.

In the following, we will present examples for the
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three cases a) - c).

We would like to point out, that we found no known as-

teroid for case a) but ouly model asteroids.

1.) Transitions between libration • inner -

outer circulation.

We found a model asteroid at the resonance v^. The con-

dition for an asteroidal orbit to be located in the secular

resonance I'm. The condition for an asteroidal orbit to be

located in the secular resonance i>i<; is:

f! designates the motion of the ascending uode fi of an

asteroidal orbit. Subscript J and S refer to Jupiter and

Saturn, respectively.

According to Williams (1969), the resonance argu-

ment n - 11/ librates either around 0° and 180°.

o MODEL 7 BODY 16

MODEL 7 BODY 16

2 4 6

TIME (1O5 YEARS)

Fig. 1 : The time evolution of longitude of ascend-

ing node fi with respect to Jupiter's longitude of ascend-

ing node Uj over 1 Myr for body 16 in table 1.

Figure 1 shows an example for a transition from li-

bration to circulation. Until 8 x 10s years, the resonance

argument librates, then circulates, while the asteroid is

located in the v16 resonance (libration), its orbital inclina-

tion increases from 10° to 30". After leaving the resonance

(circulation), the inclination remains about 25°.

In analogy with mean motion resonances, we plotted

the orbital evolution also in a polar diagram in order to

see the type of circulation region, the asteroid enters. In

the case of secular resonances we use the variables

^ = [2(1 - e")"3 (1 - cos i)]1" cos(n - Uj)

tf = [2(1 - e2)'/* (1 - cos i)]1'2 sin(fi - ilj) (2)

Fig. 2 : Orbital evolution in a polar diagram (Eqs.

2) for body 16.

In Figure 2, the asteroid starts on the bananca shaped

curve. Before completing one libration cycle, the orbit

becomes an outer circulator.

2. ) Transitions between two overlapping

resonances i/j6 and u^.

We present the behaviour of a model asteroid mainly

located in the secular resonance */14. According to Fig-

ure 3, the asteroid starts to circulate slowly, then librates

about 180°. Near 3 x 106 years it circulates very rapidly

and librates finally again around 180".

MODEL 10 BODY 4

10 30 30
TIME (10B YEARS)

Fig. 3 : Same as Fig. 1 for body 4 over 4.2 Myrs.

126



Dating the fast circulation near 3 x 106 years, the asteroid

is located in the Pg resonance. Figure 4 shows the u«

resonance argument Z - its versus time. Oue libratiou

cycle of w - us about 180° near 3 x 106 years appears.

o MODEL 10 BODY 4

n

i l " I / !•'
I1

10 20 30
TIME (105 YEARS)

40

Fig. 4 : The time evolution of longitude of peri-

helion Ci with respect to Saturn's longitude perihelion Cis

over 4.2 Myrs for body 4 in table 1.

The orbita' evolution in a polar diagram (Figure 5)

using again ip( and $i like in Figure 2, shows transition

between Iibration and inner circulation.

MODEL 10 BODY 4

It is interesting to note that the inclination is in-

creased from i° to 25° during libration in v,6. On the

other hand, the eccentricity is increased to U.C8 (Venus

crosser) while the asteroid is located in the ^ resonance.

This model asteroid confirms a conjecture by Wetherill

(1979) concerning the importance of secular resonances

for the delivery of Apollo-Amor asteroids.

S.) Close approaches to Jupiter

The orbital evolution of 2368 Beltnvata, shows a dif-

ferent behaviour. Until 5 X 105 years the secular argu-

ment w - Qs librates around 180° (FroeschM and Scholl

1987), then progesses suddenly. This behaviour is caused

by close approaches with Jupiter. The eccentricity of Bel-

tovata increases up to 0.85, and consequently its distance

perihelion is only 0.3 MJ. B?ltovata has a chaotic orbita)

evolution.

These examples show clearly that in secular reso-

nances like i i mean motion resonances, alternation be-

tween libration and inner /outer circulator .occurs. Be-

cause of this analogy we conjecture also the occurence of

chaotic motion at secular resonances. The calculation of

the maximum Lyapunov exponent has to be done to check

this conjecture.

Unlike in the mean motion resonance case, in the sec-

ular resonanoe case overlapping resonances occur which

cause chaotic motion.

0.2

Fig. 5 : Same as Fig. 3 for body 4.
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Appendix:

Starting values of tbe astcroida referred to the invari-

able plaue defined by Jupiter and Saturu orbits.

Body

16

4

2368

2.

2.

2.

a

05

05

104

0

0

0

e

.17

.17

.413

( i )

10.

4.

6.

•

37

37

894

any

152

151

340

0

0

314.3

(a-os)°

282

282

237.9

00°

187.

187.

92.

3

3

7
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ARTIFICIAL SATELLITES AMD THE PHENOMENON OF RESONANCE

A.H. Jupp

Department of Applied Mathematics and Theoretical Physics, Liverpool University,
P.O. Box 147, Liverpool. L69 3BX

ABSTRACT
This contribution presents a review of resonance phenoi^na associatsd with the orbital motion of

artificial satellites. Following an outline of the principal features of satellite notion and tracking
methods the topic of passage through high-order resonances is discussed. Next, a brief description of
geostationary and other low-order resonant orbits is presented. The paper is concluded with an historic
account of the well-known critical inclination problem.

1. IHTR01X1CTIOM

Within the restricted space available for this
presentation it is not possible to give a fully
comprehensive review of the subject. The account
must, of necessity, be a personal one, and so I begin
by apologising to those who may feel I have omitted
certain aspects of the subject which they would claim
to be either more interesting or more important.

The study of resonances in artificial satellite
theory may very broadly be divided into four topics;
these are, in arbitrary order;

(i) passage through high-order resonances,
(ii) geostationary and other low-order resonances,

(iii) the critical inclination problem
and (iv) satellite-attitude resonances.

The last of these, which concerns the orientation
of the satellite itself with respect to its primary,
will not be considered further in this article. The
review will begin by considering some of the
fundamental features of the motion of artificial
satellites. (It is to be understood that throughout
this article, unless reference is made to the
contrary, the satellite's primary is Earth.] This
will be followed by a short survey of satellite
tracking techniques. Thereafter, topics (i), (ii)
and (iii) will be investigated respectively in some
detail, with (i) and (iii) featuring more predomi-
nantly than (ii).

2. FUimAMEMTALS

An artificial satellite in orbit about Earth is
subjected to many diverse forces. The more
important of these are the gravitational forces due
to Earth, the Moon and Sun, atmospheric (principally
drag) forces, solar radiation pressure and
electro-magnetic forces. Apart from Earth's
gravitational force, it is the structure of the
satellite and the nature of its orbit that determine
which perturbing forces are significant and which are
negligible in any particular application.

Satellites whose height falls below about 1000km,
or about 1.16 Earth radii, are significantly affected
by atmospheric drag. Once a satellite falls below
about 150km, or 1.02 Earth radii, it usually remains
in orbit only for a few more revolutions. The
principal observable features due to atmospheric drag
are a secularly decreasing eccentricity (e),
semi-major axis (a) and orbital period. In other
words, the orbit becomes smaller and more circular.
There is a smaller secular change in the orbital
inclination (i), but the perturbations in the
longitude of the ascending node (fl) and the argument
of perigee (u) are predominantly periodic.

On the contrary. Earth's asymmetric figure causes
secular perturbations in O and w but periodic
perturbations in a, e and i. This complementary
situation is highly fortuitous for those who wish to
use satellite orbital data for atmospheric and
geodetic research.

Unless a satellite has a very high eccentricity
the effects of luni-solar gravitational forces are
very small; they are, in any case chiefly periodic.
A summary of the principal effects of the different
perturbing forces is displayed in Table 1, which is
taken from King-Hele (1964).

Perturbing Source

Earth's grav. field
Atmosphere
Luni-solar

grav. field

Secular

large

n,w
a,e

small

i

Periodic

moderate

e

small

i.n.a
n,u

a.e.i.n.w

TABLE 1 : Principal Satellite Perturbations.

As a quick reference Table 2 displays Information
relating orbital period (T), seni-aajor axis and the
conmensurability (resonance) relation with the
rotating asymnetric Earth. The value e,,^ gives,
approximately, the maximum eccentricity needed to
ensure the orbit is a non-collision one with Earth.
Orbits relating to the lower part of the table are
those we shall consider in the section on passage
through resonance, those in the upper part will
feature in the section on low-order resonances.

Resonance

2:3
1:1
4:3
3:2
2:1
3:1
4:1

14:1
29:2
15:1
31:2
16:1

T(hrs)

36
24
18
16
12
8
6

1.71
1.66
1.60
1.55
1.S0

a(Earth radi .)

8.67
6.62
5.46
5.05
4.17
3.18
2.67

1.14
1.11
1.09
1.06
1.04

cmax

0.88
0.85
0.82
0.80
0.76
0.69
0.63

0.123
0.099
0.083
0.057
0.038

TABLE 2 : Resonance conditions and orbital data.

3. TBACKIHG TECHMQPES

Several different techniques are used for
tracking artificial satellites. These come under
four broad headings; optical, radio, radar and laser.
There are advantages and disadvantages in each, and
only a superficial description and comparison will be
attempted here.
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Optical techniques have been widely used since
the launch ot the first satellites in the late
fifties, with a very (treat measure of success. Within
the scope of optical facilities there are the
photographic methods using Baker-Nunn; Hewitt and
other cameras, astronomical telescopes and
tunetheadalites. The Smithsonian Astrophysicat
Observatory has been responsible for most Baker-Nunn
observations, while the Ordnance Survey has provided
most Hewitt data from its camera at Maivent (U.K.).
Other observations have been obtained using
theodolites and binoculars. While optical methods
are relatively straight-forward, and for the most
part very accurate, there are some obvious
restrictions. The sky must be dark and clear at the
time of satsllite passage; simultaneous conditions
which are less common than desirable in many
locations.

Radio-tracking techniques have chiefly been based
on Doppler and interferometer methods. The U.S.
navy has used Doppler tracking very successfully for
many years. Yet it is not only the professionals
who obtain useful data. In the early days of
satellite launches a small team at Ketterins Grammar
School (U.K.), headed by a Physics school-teacher,
was highly successful in monitoring satellite radio
signals. At times this team was the first to
provide the initial orbital data of newly-launched
Russian satellites. Moreover, in spite of their
primitive apparatus, their data and calculations
enabled them accurately to locate a new launching
site in the U.S.S.R. The world-wide minitrack
system, incorporating a network of interferometers,
has also given invaluable data. Clearly, radio
tracking is not feasible for radio-quiet satellites,
but it is an all-weather day and night facility.

Under prime conditions optical and radio
techniques can provide satellite positions accurate
to 5-10m.

Radar is an expensive and less accurate method
which is sometimes employed for satellite (racking.
However, its use has not been widespread for serious
observational work where great accuracy is called
for.

The advent of satellite laser ranging (SLR) has
brought about a revolution in tracking accuracy.
Modern third-generation SLR facilities, such as the
one at the RGO (Herstmonceux), provide range data
accurate to less than Scm. A network of mobile SLRs
enables observers to maximise the data set on a given
satellite. The major shortcoming of SLR tracking is
the small number of satellites equipped with the
necessary corner reflectors. Compared with several
thousand satellites which can be tracked photograph-
ically and several hundred from radio signals, only
about twenty satellites are currently suitable for
laser tracking. Nevertheless, the scientific
potential for the future is enormous. Researches in
geodesy, oceanography, atmospheric physics and
geology are likely to advance significantly from
appropriate analysis of the accumulated
highly-accurate data from SLR facilities.

4. PASSAGE THROUGH RESOMABCE

As was mentioned in Section 2, atmospheric drag
forces significantly affect satellites whose height
falls below about 1.16 Earth radii. The drag causes
the satellite's orbit to contract and become more
circular. A glance at the lower half of Table 2
reveals that satellites in these low orbits are
passing through resonances from 14:1 to 16:1. In
general terms, the time of passage through the
resonance decreases as the order of resonance
increases. That is, the time available for
observations for a 14:1 passage through resonance is
greater than that available for a \6:1 passage. The
actual time depends upon a number of parameters,
including the eccentricity and inclination of the

orbit at the time of passage. It is, highly unlikely
that n 17:1 passage through resonance could ever be
observed, as this would correspond to an orbital
period of 84 mins with semi-malor axis 1.0005 Earth
radii I

The geopotential at an exterior point, distant r
from Earth's centre, may be written in standard
spherical harmonic form

(cos 0) +

* 2

where » is Earth's gravitational constant (398600
km3/s2>, R is Earth's equatorial radius (6378.1
km), B is the co-latitude, • is the longitude and
Pn(cos B) and P™(cos O) are respectively the n-th

degree Legendre polynomial and the Jt-th degree, n-th
order associated Legendre polynomial. The constants
J , J. and •, have to be determined. The
n <m tm
symbol J was chosen in tribute to Sir Harold
Jeffreys, who, through numerous publications,
including his classic book "The Earth" (Jeffreys
(1970)], has contributed so much to celestial
mechanics, geodesy and geophysics. The terms in the
first infinite series in (1) are referred to as the
zonal harmonics, while those in the second are
referred to as the tessera! harmonics. The
second-degree zonal harmonic coefficient J2,
associated with the flattening at the poles, was
known with reasonable accuracy prior to the advent of
artificial satellites. This was not the case,
however, with respect to the other coefficients.

The zonal harmonic coefficients Jn have since
been found from the analysis of many hundreds of
satellite orbits; the even coefficients from the
secular rotations of the orbital planes, and the odd
coefficients from the oscillations of perigee
heights. By choosing orbits above Earth's
atmosphere, perturbations due to drag are negligible
and consistently good results have been found.

In contrast to the latitude-dependent zonal
harmonics the longitude-dependent tesseral terms in
the geopotential have generally little effect on most
satellite orbits. Usually the perturbations are
periodic, with periods close to 24 hours or its
sub-multiples, and along-track amplitudes of about
1/2 km. These very small amplitudes render the task
of determining the tesseral coefficients much more
difficult. Nevertheless, modern high-speed
computing facilities can process vast quantities of
observational data to solve for the large number of
unknown coefficients Jnm and phase constants *nm^
In order to make progress, however, the series in vl)
have to be truncated so that the set of unknowns is
finite. The resulting solution is usually referred
to as a Standard Earth Model. There are several
such models in existence and they are continually
being improved as more and improved data become
available. We shall later refer more specifically
to Earth Moaels.

Resonance plays a fundamentally important role in
the determination of certain of the tesseral harmonic
coefficients; for a state of resonance enhances the
perturbations corresponding to a specific sub-set of
the harmonics. This phenomenon provides an
invaluable tool for more accurately evaluating this
sub-set of coefficients, and thence it is possible
better to determine the "noti-resonant" coefficients
appropriate to a given model.

While expansion (1) is traditional, it has been
the practice for some years to cast the longi-
tude-dependent part of the geopotential in the
alternative form
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u •* 2 mX •• Stmsin mK\,

(2)
in which the normalising factor N, is given by

N.
2<2« + !)(< -

*m U • m)!

It follows from Equations (l)-<3) that

tan

(3)

1 (g«./eJ •

The next part of this section briefly describes
the important contribution of Kine-llele and his small
group of collaborators at the Space Department of the
Royal Aircraft Rstablishmcnt, Farnboruu£h, U.K.

The orbital parameter most useful in the analysis
of resonant orbits is the inclination. The
eccontri-ity also serves to provide additional
information, but not usually in the high-order
resonance applications, corresponding to low orbits.
Close to » : « resonance, thf rate of change of
inclination corresponrtins to the J, term is

*m

dt
n
sini

(kcosi - m) „

<l-eV'2 e ,j*-mtl(C

Here n is the mean motion, j = /-I, R_ denotes
the real part and p. q, k and r are integers.
F_ is Allan's (1967a) normalised inclination
tap
function and G is a function of the eccentricity

*pq
related to Hansen's coefficients. The resonance
angle • is defined by

* = «(u + M) + p(« - v). (6)

where M is the mean anomaly and v the sidereal
angle. The integers y and q take on values
1,2,3, ... and 0, *1, ±2, ... respectively, and

yp. k - q, 2p - t - k. (7)

There is a formula, similar to (5) for de/dt,
but lack of space precludes its inclusion in this
treatise. For any given resonance (p : «) it is
clear from Equations (5)-(7) that an infinity of
lesseral coefficients contribute to the total
inclination change. The contributing tesserals can
be "lumped" together in the form

(8)

where K increases in steps of 2 from its minimum
permissible value, and the Q are functions of

inclination. The latter may be taken as
constants for a particular satellite.

Of course, the total change in the inclination is
due to contributions from many other perturbing
forces - e.g. the zonal harmonics, luni-solar forces
and, where appropriate, drag forces. These must all
be subtracted from the observed change, to leave the
resonant contribution. This procedure requires
knowledge of the zonal harmonic coefficients and, for
low orbits, the structure of *.ie upper atmosphere.
Thus the determination of the tesseral coefficients,
and thence the Earth Model, goes hand in hand with
the determination of a model for the atmosphere.

Having subtracted the contributions to di/dt
from all other known sources there remains an
equation for (di/dt) due to the resonance,
which involves a set of lumped coefficients in the
right-hand side. Th^re is a similar equation for
(de/dt) . The resulting series are assymptotic
and, provided the eccentricity is sufficiently small,
only a small number of lumped coefficients have a
significant effect and need be retained.

The Farnborough team has developed a set of
programs, including PROD, THROE and SIMRES, which is
used to fit the processed inclination and eccentric-
ity data for a given satellite and thus to obtain
sets of values for the Jumped coefficients. Then if
enough data is available from several satellites,
individual tessoral harmonic coefficients can be
evaluated.

*m
- qw)) . (5)

For satellites above the influence of the
atmosphere, the state of resonance is stable and data
can be accumulated oy^r a very long period, often
many years. However, once drag becomes influential
the state of resonance cannot be maintained and the
data set is restricted to about a.year in the case of
14:1 resonance, but to only a few weeks (or perhaps
days) in the case of 16:1 resonance. The observed
changes in the inclination and eccentricity during
passage through resonance are small. For example.
Cosmos 462 on its passage through 15th-order
resonance showed changes of about 0.005° and 0.0003
respectively due to resonance [WalKer (1978)).

It is beyond the scope of this brief review to
give more than the above outline sketch of the
methods used. The serious enthusiast is referred to
the published articles of the Farnborough team for
further details and references (eg. Walker O978).
King-Hele (1986)). while readers new to satellite
geodesy would benefit from studying Kaula's (1966)
seminal t^xt.

In parallel with the efforts of the U.K. team,
Wagner and his collaborators in the United States
have made invaluable contributions to this field of
study (eg. Wagner (1975), Wagner (1977)).

The detailed analysis of the data corresponding
to a large number of satellites passing through the
resonances listed in the lower part of Table I,
provides values for the tesseral harmonic coeffi-
cients for orders (m) 14, 15, 16 and 30 and for
lumped coefficients of orders 28, 29 and 31.
Corresponding to each order, coefficients are
determined for a range of values of the degree U>.
Table 3 displays the most recently determined values
for the 16th-order tesseral harmonics [King-Hele and
Walker (1986)]. The values were established from
the analysis of the orbits during the list few weeks
(or days) of the lifetimes of the satellites Skylab
1, 1973-82B, 1971-106A. 1972-05B and 1980-43A.
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As was mentioned earlier, many Earth Models
exist, and. their subsequent improvement continues
apace. The most recent Gaddurd Garth Models GEM
I0B, IOC and 1.2 ll.erch et al (1985)1, and the
European Model GRIM3-M (Reigber et al (1985)1 give
thj teaseral harmonic coefficients to order and
degree 36. Both GEM L2 and GRIM3-L1 make use of
laser ransins data from the LAGEQS satellite. In
contrast, Rapp's (1981) model gives the coefficients
to order and degree 180 - some 32,000 coefficients in
all. The best current models define the given
height correct to about 1.5m, but the individual
coefficients vary considerably. It must be
emphasised that the Earth Models are not usually
based purely on satellite data; gravimetric and other
Earth-based ("»ta are also used. To conclude this
section Tab* 4 compares the values of some
30th-order harmonic coefficients from three recent
models with the values derived by King-Hele and
Walker (1987) using data taken from 25 satellites
passing through ISth-order resonance.

A.30

*

30

32

34

36

GEM10B

-5.2

-0.6

-11.9

-3.9

GRIH3-L1

-0.6

-6.9

-23.0

-7.6

Rapp

-3.3

-6.7

-22.9

-6.0

KH

-3.3

-8.7

-12.2

-4.7

109S

*

30

32

34

36

GEM10B

11.1

-0.2

1.2

-0.9

GRIK3-L1

7.1

-1.0

0.7

6.4

Rapp

7.5

0.5

-0.6

4.8

KH

7.7

0.6

5.4

-3.1

TABLE 4 : Comparison of different evaluations of^the
coefficients 3 Q, §t 3() , * - 30(2) 36.

S. GEOSTATIOBART AMD OTHER LOW-ORDER RKSOHAHCES

It was stated in the previous section that a
state cf resonance between the rotating Earth and a
revolving satellite enhances the perturbing effects
of specific tesseral harmonics in the geopotential.
For low-order resonances, some of which are
delineated in the upper half of Table 2, the effects
of atmospheric drag are negligible, except possibly
for satellites in highly eccentric orbits. These
enhancements provide an effective means of
determining the relevant tesseral harmonic
coefficients.

Of the low-order resonances, it is the 1:1
resonance which has received the most attention.
the absence of perturbing forces, such as Earth's
asymmetry, synchronous satellites in equatorial
circular orbits would remain stationary relative to
an observer on Earth. The potential of this
situation for communications purposes was very
quickly realised and the first communications
satellites, such as Telstar and Syncom, were launched
into near-circular synchronous orbits. Synchronous
satellites in inclined orbits would, on the other
hand, appear to describe a figure of eight against

In

the background sky. The problem of the motion ft
synchronous, or near synchronous, satellites received
a great deal of attention us the early nineteen
sixties; es. Blitzer et al (1962), Musen and Bailie
<1%2), Morando (1962), Prick and earlier <l%2) And
Allan (1963).

The last of these authors -showed that, in terms
of the notation of Section 4, the longitude of the
satellite approximately satisfies

n
3n' 2 5m J4m<R/a)*P™(0)sin (9)

In his analysis Allan assumed that both the
inclination and eccentricity were small. The
dominant term on the right-hand side corresponds to
J 2 2. and is associated with the ellipticity of
Earth's equator, amounting to some few hundreds of
feet difference in the semi-axes. On restricting
the analysis to the effect of the J22 term only.
Equation (9) reduces to

- £ k sin 2*, (10)

with k2 = 36n2 J22<R/a)
2 and • =• • - »22 • t/2.

Table 5 gives various determinations of J22 and
at that time, and it is immediately obvious how

uncertain these values were. Allan chose

Investigator

Izsak 1961
Kaula 1961
Kozai 1961
Newton 1962
Newton 1963
Kozai 1963

J22 " 1 0 6

5.35
1.68
2.32
4.0
2.2
1.97

•

33"
38.
37.
11°
10°
19.

22

W
i"U
5°W
W
u
5°W

TABLE 5 : Some early determinations of J22 and #22.

J22 4 « 10" and = 25°W for his analysis.
Equation (10) is essentially the simple pendulum
equation, and a solution may be found exactly in
terns of elliptic functions. The stable equilibria
are located at 115°W and 65°E, corresponding to the
minor axis of Earth's equatorial ellipse.
Similarly, unstable equilibria are found at 25°W and
155°E, corresponding to the major axis of the
ellipse. Taking the currently accepted value of
*22 °' about 15°W, the above equilibria positions
are shifted by 10°. With today's value of about 2.8
for J22 the period of libration close to the stable
equilibria is a little under two years. This
libration causes drifting from the geostationary
position and it is inevitable because equation (10)
represents only an approximation to the real
situation, and the Quitted terms cause the satellite
to be perturbed from stable equilibrium. For this
reason communications satellites have to be equipped
vith the means of getting back into station.

The aforementioned simple pendulum analogy is
lost as soon as more than one tesseral harmonic term
is taken into account. Allowing for general, rather
than small, values of the inclination and/or
eccentricity also considerably increases the
difficulty of analytical development.

Just as the long-period motion of a 24-hr
equatorial satellite is dominated by the J22

tesseral harmonic, with smaller contributions coming
from the JJJ, J,,. J^2. J44. ... terms, a 16-hr
equatorial satellite is dominated by the J33 term,
while 12-hr and 36-hr satellites in inclined,
near-circular, orbits are predominantly affected by
the Jj 2 harmonic. A rigorous mathematical
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treatment of resonance effects due to the longi-
tude-dependent gravity field was formulated by Allan
(1967a, b), and Gedeon (1969) save an appealing
alternative treatment based upon the stroboscopic
mean node.

With judicious choices of near-resonant orbits
the study of the long-period behaviour of satellites
gives a potentially more accurate means of evaluating
the tessera! coefficients than that obtaining from
non-resonant orbits, (es. Wagner (1968, 1970), Murphy
arid Victor (1968)).

6. THE CRITICAL INCLINATION PROBLEM

The most celebrated problem in artificial
satellite theory is undoubtedly the critical
inclination problem. It has not only received the
attention of scores of eminant celestial mechanicians

and mathematician!} but also generated deep
controversies among them.

First, it is necessary to describe the genesis of
the problem and to try to explain how it is
associated with resonance. Here, I choose Allan's
(1970) "simple treatment" to aid me in this task.

The longitude-independent geopotential,
restricted to the second zonal harmonic is, from
Equation (1),

- J,
2P2(cos 0)]. (11)

This ?s the simplified potential function which is
said to describe the main problem in artificial
satellite theory. The corresponding disturbing
function, developed in terms of the usual Kepler
elements and averaged over the short-period terms, is

64
2sin2id5 cos2i - 1 )cos 2w • OU^). (12)

A second-order (in J2) secular term (Brouwer
(1959)1, independent of u, is omitted here as it
plays no significant role in the subsequent
development. In this simplified model a is
constant and the component of the angular momentum
along the axis of symmetry of the primary is also
conserved; thus.

(1 - e2>cos2i = constant, (13)

leading to

dt (14)

Effectively then, the variables of the problem
are i and u. Lagrange's planetary equations
yield

di
dt

3.
32

(16)

Since J? = O(10
inclination very close to

u vanishes for some

tc
cos~Ml//5) 2 63.4°;

is called the cvitioal inclination. If i
could remain very close to ic then the omitted
terms in (16) are likely to be important. However,
by virtue of (15), the inclination is changing.
Next,

3u di au •
3i dt aw u>

and so in the neighbourhood of the critical
inclination

9 2
u 2 " JO n

2,3 rim
n J2laJ

e2)"6sin

(17)

u. (18)

As in the previous section, we have here another
analogy with the simple pendulum. This equation
demonstrates that close to i = ic the long-period
behaviour in u is an oscillation or libration.
When the fourth-order zonal harmonic is included in
the analysis the factor J2 in Equation (18) is
replaced by ^(J 2 + J4). This last factor is
negative, and so the positions of stable equilibrium
correspond to u = ±«/2. The minimum period of the
libration in u is 2T/K. £ 120 years. In general,
the libra'.ion has period of order jTj , and so
from Equation (15) the corresponding amplitude of the
oscillation in i is of order jj . Similarly,
through relation (14), the oscillation in the eccent-
ricity is also of order J2 , provided the eccent-
ricity is not very small. On the other hand, away
from the critical inclination. Equation (16) shows

that u circulates with a period of order J^1,
giving rise to corresponding oscillations in i and e
of order J, It is clear then, that close to the
critical inclination, the amplitudes of the periodic
perturbations in i and e are larger by a factor
of J2 (- 30). Three facts must be clearly
understood; (i) this large amplitude is effected over
a very long period of time, (ii) the rates of change
of i and e remain of order J2, for all values
of the inclination and (iii) the critical inclination
is independent of the oblate primary, provided
Jj >> Jn (n > 2). It is also evident from Equation
(18) that the period of libration tends to infinity
as e -• 0. However for very small values of e the
other zonal harmonics, especially J*. J5 and Jg
contribute significantly to the right-hand side of
Equation (18). The small eccentricity case will be
discussed in more detail in due course.

But where is the physical resonance? In a
given system we are accustomed to associate resonance
with a near commensurability of. at least two
frequences within that system. For instance, the
mean motions of Jupiter and Saturn are in the ratio
5:2, those of the Trojan asteroids and Jupiter in the
ratio 1:1, These, and several other similar
relations, are well-known and ouch researched
resonances within the solar system. In the case of

the critical inclination problem the principal
feature of resonance, an enhancement of the amplitude
associated with an increased period, is apparent; yet
no obvious physical explanation is at hand. Some
authors have suggested it is a consequence of the 1:1

commensurability between ths frequencies 6 and ft
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at the critical angle 63.4°, whore 0 is the
loneitude of the pericentre. This would appear to
be the closest explanation to a physical argument.
It is principally this lack of a really credible
explanation that has led to the controversy. The
idea was put about that since no sound physical
explanation was available, the singularity at i ' ic
is purely mathematical, and a consequence of the
mathematical techniques in the analysis. Indeed,
Kikuchi (1967) made a bold attempt to demonstrate
this

Before elaborating further on the mathematics of
the problem it would seem sensible to give a brief
narrative of the early history of this fascinating
subject. The reader is referred to the recent
article by Coffey et al (1986) for a more detailed
account. According to Coffey et al it was Orlov
(1353) who first noted a particular problem
associated with the inclination ic. His work
appears to have been overlooked for the next
reference to the problem seems to be the comments by
McVittie and Herget on a paper by Brouwer (19S8).
The several "classical" artificial satellite
theories, including those of Brouwer (1959),
Garfinkel (1959) and Kozai (1959), developed at this
time all exhibit a singularity corresponding to
i = cos'Ml/v'S). There followed many learned
treatises on the critical inclination problem. Hori
(1960) demonstrated that the singularity is avoided
when the solution is developed in powers of J2
rather than J2; a technique usually attributed to
Bohlin (1889). Garfinkel (1960), Hagihara (1961) and
Izsak (1962) investigated the problem, each
incorporating the fourth-order zonal harmonic into
his analysis. Garfinkel (1962) gave a formal
solution of his 'abnormal* case, corresponding to
small eccentricities (a special case refered to
earlier in this section). The third-order harmonic
was includtd in Kozai's (1961) study, while Aoki
(1963a) developed a theory taking into account the
terms in Jj, J4 and J^. Aoki (1963b) went on to
analyse the small eccentricity case, incorporating at
this time all the zonal harmonics up to order six;
but he underestimated the significance of the sixth
harmonic. This shortcoming was pointed out by
Chapront (1965). Garfinkel (1966) formalised his
Ideal Resonance Problem and chose the critical
inclination problem to illustrate his new theory.

According to those concerned with practical
satellite missions, eg. Geyling (1965), there was
lothing unusual in evidence for satellites at or
close to the critical inclination. Later numerical
integratinns by Lubowe (1969) appeared to confirm
this. At the same time Lubowe dismissed as
incorrect the earlier work of Message et al. (1962),
in which it was shown that perturbations in the
co-ordinates were amplified at the critical
inclination. Garfinkel (1969) similarly dismissed
Lubowe's argument on the grounds that the time-scale
of the integrations were orders of magnitude too
short. Later numerical experiments performed by
Hughes (1961) give credence to Garfinkel's case.
This controversy sparked off a lengthy and often
heated debate among celestial mechanicians. At
first the "non-believers" appeared to be in the
stronger position, but gradually their ammunition was
exhausted, so that today the consensus of opinion is
that there is something very special about the
critical inclination. Further, satellites in orbit
at or close to the critical inclination do experience
stronger perturbations than those at other
inclinations (e.e Walker (1984)).

Garfinkel (1973) provided the first "global"
solution in artificial satellite theory, incorporat-
ing the fourth zonal harmonic, but setting aside the
difficulties associated with small eccentricity at
the critical inclination. Jupp (19/5) studied the
contributions of the third and fifth harmonics at the

critical inclination in the moderate eccentricity
case, thus extending the earlier work of Aoki. It
was shown that four topologically different types ot
behaviour of the pericentre are possible, two of them
exhibiting the phenomenon of double libration. A
necessary condition for double libration is
e > /(6/13) (£ 0.68).

There remained the intrinsically more complex
problem of near-circular orbits at the critical
inclination. Oesterwinter (1978) could find no
suitable analytical solution appropriate for the very
practical problem he had to solve. Consequently
Jupp (1980) developed an independent theory
specifically for the small eccentricity case. All
the zonal harmonics were taken into account and deep
and challoo resonance regimes were investigated.
There follows a brief description of this contribu-
tion.

In the usual manner the problem is reduced to one
of long-period (in u) by averaging over all the
short-period terms. It is assumed that Jm<",> 2)
is 0(J2>, while the critical quantity 5 cos i - :
and the eccentricity are taken as O(J»j ). Then
all terms up to OIJ^) are retained in the
disturDing function and the subsequent analysis.
The working variables are h = e sin g and
k » e cos g, where g = u. An investigation of the
(e, g) phase plane reveals that six topologiually
different Types of behaviour are theoretically
possible; the types being differentiated by a set of
inequalities depending upon the values of the zonal
harmonic coefficients Jn, the constant
• = 5(1 - e2)cos2i - 1 and the semi-major axis a.

This basic theory was later applied to Earth
satellites (Jupp and Abdulla (1983)). The retention
of all sixth-order terms in J^ , according to the
assumptions in the previous paragraph, leads to the
conclusion that only four of the six types of
behaviour (of e and u) alluded to are possible
for Earth satellites. The number of types is
reduced further, to two. when Ihe seventh-order tern
factored by e Jj sin g is included in an extended
analysis. The remaining types, labelled Type 1 and
Type 2 are illustrated in Figures 1 and 2, in which
representative curves of the constant (long-period)
Hamiltonian F are shown. It is clear that libration
in g is possible in both configurations. The two
types are distinguished according to whether a
parameter, labelled d, is positive or negative.
Figure 3 displays the regions in the (•, a) plane
where 1 and 2 occur; here a is the semi-major axis
and • = log |106»| sgn *.

Fig * Trajectory* of h =. comlanl in Iht \K fcl pl inc.7vrvl
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Fig. 2. Trajectories of f = constant in Ibe (A, k) - pUne; r>7* 2.

Fig, 5. The (#, a) ~ plane Tor the seventh-order theory.

The effects of luni-solar perturbations on the
behaviour of satellite orbits close to critical
inclination was investigated by Hough (1981a). All
zonal harmonics up to the thirty-sixth are taken into
account and his theory applies to all values of
eccentricity. Hough found that the inclusion of the
luni-solar contributions markedly shifts the bounding
criteria differentiating the Types of phase plane
portraits. The removal of the luni-solar terms gives
qualitative agreeoent with Jupp's (1975) earlier
work. In a parallel paper. Hough (1981b),
determined the effect of solar radiation pressure on
satellites in sun-synchronous orbits near the
critical inclination.

More recently Cushman (1983) described a global
geometric solution of the main problem, in which ̂
neither inclination nor eccentricity is restricted.
Finally, Coffey et al. (1986), after providing a
comprehensive review, made use of extensive numerical
integrations to describe their own geometrical
interpretation of this remarkable problem; their
analysis again being restricted to the main problem.

Added note
At the meeting I became aware of the very

extensive research effort within eastern Europe on
the subject of passage through high-order resonances.
In particular I wish to mention the work of Dr.
Klokocnik and his colleagues in Czechoslovakia and
the Intercosmos programme.
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DISCUSSION

A. Nobili: When you compare the values of some
resonant coefficients as obtained by King-Hele
with those obtained within the GEM and GRIM
global models don't you think that the values
obtained using data from resonant satellites
only should be better?
X! Jupp: Yes, of course, and Or. KlokoCnik in
the next lecture will indicate why this is so.
J. Henrard: You .showed that I'or the main prob-
lem, the long period one degree of freedom
system can have figure 8 shaped phase space
solution for small eccentricities. Then later
when you added other harmonics of the gravita-
tional field this possibility seems to have
disappeared. Do you know which harmonic is res-
ponsible and rules out this possibility?
A.Jupp: The general theory indicates that six
different phase-plane configurations are pos-
sible; I label these Types 1-6 (Cel. Mech. 2_1,
361). When applied to Earth satellites, and
taking into account all sixth-order terms in
the Hamiltonian, Types 4 and 5, corresponding
to figures of eight, are ruled out. The addi-
tion of a single seventh-order term (in e Jj)
removes, in addition, Types 3 and 6. It is not
possible, without much further work, to say
what happens when other seventh-order and
higher-order terms are included in the analy-
sis.
Cl. Froeschle: Do the numerical integrations
performed by Hughes involve some truncations
in the Hamiltonian?
A. Jupp: He integrated Newtons equations of
motion using the "main problem" model; that is,
the dominant zonal harmonic term in 7, i s *ne

only harmonic included. But it is the X, term
which gives ri>5e to the critical inclination
problem.
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THE SEMIANALYTICAL THEORY OF RESONANT SATELLITE MOTION
IN NONSINGULAR VARIABLES

I.V.Tupikova

Institute tor Theoretical Astronomy,

Kuluzov quay, 10, SU-192187,

Leningrad, USSR

ABSTRACT. The semianaljtical theory ot the motion ol the resonant Earth satellite under the influence of Sun and Moot) is
constructed in nonsingular variables by Lie transforms. The explicit expressions tor the general terms of the combined
perturbations are obtained up to the third order with respect to Cj,,. The account ot the additional perturbations is exemplified by
the calculation of the corrections due to the precession and the nutation.

1 .INTRODUCTION.

In spite or (he obvious advantages of the analytical
construction of a satellite theory, trie semianalytieal methods
based on the numerical integration ol the analytically
averaged differential equations of the satellite motion are
now widely used, ft is due not only to the complexity ol the
analytical solution (especially in the resonant case) and to
the existence of the resonant phenomena practically in all
the perturbations, but also to the following features of the
semianalytical approaches:

- any number o' the resonances in the different
perturbations may be treated in the simular manner;
- it is easier to take into account the passing of a
satellite from one resonance to the other; during the
numerical integration one have just to verify the
commensurability between the satellite mean motion n
and the Earth's angular rotational velocity V and
accordingly to change the conditions determining the
"resonant" combination ot the indices;

- the expressions ol the additional perturbations
(atmospheric drag, solar radiation pressure, etc.) in
the new (mean) elements will be simpler than in the
analytical method, since it depends on the complexity
of the transformations ol the variables;

- finally, it Ihere exists at least one perturbation which is
impossible to lake into account analytically up to the
desired accuracy, one can"t avoid the numerical
integration with all its drawbacks and shortcomings.
Then, the presence ot some resonant terms in the
averaged equations (that is the main difference
between two kinds of methods in this case) does not
influence much on the cost of the numerical integration
and on the errors.

The semianarytical algorithm described here is
intended tor the satellites with possible resonance n :i)=ot
(ralio of two relatively prime integers); it avoids singularities
for near-zero exoenlrioily and inclination.

The perturbations included into the theory are due to
the gravitational field of the Earth, Sun and Moon. The
averaging has been carried out by the Lie translorns method
up to <^; all the formulae have been obtained in the explicit
form.

The expressions for the additional perturbations within
such an algorithm may also be obtained explicitly up to the
desired order. As an example, the perturbations due to the
precession and the nutation of the Earth have been
deduced.

2. DIFFERENTIAL EQUATIONS OF MOTION

For yjr , e<t the following set of elements is
nonsingular:

( a = semimajor axis,
fl = M*«+S?
£= e cos (u>+5?),
J>= e sin («'+S?|,
P = sin i/2 cos2,
Q = sin i/2 sinS2)

(all the notations are ol common use).

Lei us average the equations ol the satellite motion
preserving only the secular, long-period and resonant
terms. The Lie transforms method having been initially
formulated for the canonical systems, may provide a
powerful technique in our case. The lollowing formal
considerations may be ot importance in this connection.

Let the Lie transformation to be applied, for example,
to the set of the Delaunay canonical elements (L,l).

Using the initial system in the osculaiing elements (L,l),
as well as using the averaged system in the mean elements
(L',11), one can get the diflerential equations of motion in
nonsingular elements.

Since the mean elements £'and (L',11) are connected by the
same relations as the osculating ones, the Lagrange
equations tor the mean elements are of the same form:
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where L^l is the Lie derivative ol I under W and L I are its
iterates (Depril, 1969]

_ / i - i
QR

In this equation F and R are expressed in the new
If' * l c ' y'fPFp.+Q Pp..

'%•

h&o

cf-è " 37i'4'*t' rX' HH'q.'**' %'+ s.nW*f
Let us tind F and W in the torm

cfi I'd1**' <ç' + where F' and T depends only on the geopotential, R' and S'
are due to the third body, FR' and TS' are due to the
combined effects.

Let

F'z&Fc + Fj, T,T1 + T6 + '

193 '

r p

•-&S'.

where the function with the index " i " has the order ol 0.1 .

Including terms up to the order of C^the equations for

the determination of F '̂, T^are of the following form:

where *>=V7^Tt K'= f*'*! «!**•
Here the perturbing function F' corresponds to the

second term in the averaged Hamiltonian: F=yw*/2Lj +F'.

The formulae connecting the mean elements and the

osculating ones take the form

(2) e-e+feM+M

(3) e'xe-fewj+tfi

where W is the generating tunction of the transformation (L.l)

-> (L',11) and {f,g} is, as usually, the Poisson bracket.

Thus, digressing from the method ot obtaining F', the

algorithm reduces to:

a) the determination of s by £:

b) the numerical integration ol the averaged system

(1):
c) the delermination of E by £.'

3. PERTURBATION TECHNIQUE

The determining equations for Rn', S^ giving the same

precision lor the satellites lower than the geostationary ones
The disturbing functions due lo the Earth (F) and due | Hows'

to the third body (R) can be written as

aT t

ïere

10 (for the synchronous satellites).

Consequently, though the developments ot the

disturbing functions begin with the terms ol order of 10 , the

typical small parameter is £=0.1.

The generating (unction W of the non-oonservalive

transformation and Ihe new Hamillonian F may be found

Irorn Ihe determining equation

f5)
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The determining equations (or the combined where n-

perturbations ̂ Rjp^fy <t*f\ may be written as

To solve these equations the expressions tor the
general term ot the Poisson brackets {I ,g} where

have been obtained in the explicit form.

4. LINEAR APPROXIMATION

The general term of the geopotentia! may be

expressed in the nonsingular variables as (Giacaglia, 1975):

where

-tnS,

In the above expressions *is Greenwich siderial time, â

is mean equatorial radius of the Earth, C ^ and S,m are the

normalised coefficients of the geopotential harmonics.

F are normalised inclination functions, X ^ are

Hansen's coefficients and K^[%?,P^), !^ {$,?,&,$) are

determined by the known simple recurrence relations.
The linear part of (4),

'«)

gives us the expression for the general term of the
linear part T * ••

T(4>=

T + ^ of the generating function T:

r.WThe averagsd part of the Hamiltonlan F =•• F3

evidently, lakes the following torn"/

£\where n-2p+q=^.

The general term of the disturbing function due to the
third body can be written as

where

91 JS An

"ftt

In the above expressions/^ the gravitational constant

ollhe third body, r',o(£are Jhe geocentric distance and the

equatorial coordinates of the perturbing body.

The solution of the linear part of (5)

1
written as * *

, / < • * ;

S =

may be found, tor example, by the method of the variation of

arbitrary constants in the form

Here

-iinfh
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When the perturbing body theory based on the time

polynomials tor coordinates is used, the coefficients A^, B

may be found in the closed torm (at least, tor some Indioes).

The usual way consists in the calculation ol these

coeflioients as the power series In 1/n.

Taking the integrals in (7) successively by the parts,

one can get

where the functions H , T3

replacing A' ,B" with

(8)

dilter from H' , D'»w>- by

The solution in the same form was obtained in
(Vashkovjak,1971) by another method; to represent the
coordinates ol the third body the author used the Newton
interpolation polynomials of the fourth order constructed on
the basis of the ephemerides published in the
"Astronomical Year-book ot the U.S.S.R.". It turned out that
tor achieving the precision about 15 m in radius and 500 m
along the orbit over the period ot 100 days one can take into
account only the lirst and the second derivatives in (8).

5' SECOND APPROXIMATION

Using the coefficient
rz if « £

we can write the Poisson brackets from (4) as

Z-tp+q, *o
Rather cumbersome calculations give

T

The quantities used in the above formulae are defined

as follows:

where s=sin(i/2), c=cos(i/2),

The explicit expressions (9) allow one to construct the

third-order theory without using any computer system of the

analytical transformations and hence to aside the problem

of the lack of the computer memory.

The application of these expressions in the analytical

programming reduces the amount of calculations

considerably minimising time and memory costs.

Averaging in the second approximation is carried out

in the same way as in the first one: the secular, the long-

period and the resonant terms delined by n-2p+q+k(n'-

2p'+q!j=1£2«are preserved in the new Hamiltonian and then

the corresponding part of the generating function is

determined.

It is worth mentioning that for the given resonance hi

3 / s : T the resonant effects will be produced in the first

approximation by the harmonics C.wfjjj > 1, I > 0). In the

second approximation such effects will be produced not

only by the interaction C4o*Cjft+«,jj* (third-order theory),
c*©*cae*cj/!>i-£» jf> (fourth-order theory), but also by the

combined effects of the "non-resonant" narmonics C »C.

with the indices satisfying the conditionsm+m=j^ or |m-m'|=

The expression for the general term ot the combined
perturbations between the harmonics of the perturbing
bodies takes the lorm
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fi(h'-3f>>+f)

The nonsingular expressions (or the combined

perturbations between the second zonal harmonic and the

perturbing body harmonics may be obtained in the form

' C - 4 I I CJ / •

~

The averaging part of such perturbations corresponds
to the functions with the indices 2-2p+q+k(n"-2p'+q')=o,

Let us emphasize that the formulae (10),(It) may be
expressed as the functions of the third body orbital elements
with the aid of the usual translormal'ins.

Up to desired accuracy we have

Now, regarding £ as being absolutely exact, one oan

found the mean elementsfc'from the iterative equation

where

Analogously, regarding the mean elements £ to be
exact, one can found £ from

where

Let us exemplify the effectiveness of the method for the
sake of brevity only for the lunar-solar pertutbations.

In this case the osculating elements may be found from
the following equation

1=3

h e n o e > l h e a l 9 ° r i l n m r e<!u c e s '° l h e determination of the

Using the standard procedure (5) we have lo calculates

by the formula

6. SHORT-PERIOD PERTURBATIONS

The shorl-period perturbations may be calculated not
only by (2) and (3). but also by the economical procedure
suggested in (Tupikova, 1984a).

Substracting from (2) the equation (3) we get

7. ACCOUNT OF ADDITIONAL PERTURBATIONS

Let us consider the method of obtaining the expression
for the additional perturbations in the new (mean) elements
on the example of precission and nutation.

As it was shown in (Kozai&Kinoshila, 1973), the motion
of the equatorial plane ol the Earth due to Ihe precession
and the nulation may be taken into account by introducing
the special differential corrections in Ihe satellite motion
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equations lor I.WanctXin the tollowing lorm

&•. _ _ x. eo-4 S2 - a -

9*
-x

where x=sinfi,cose< and y=sin0,sirW. are the lunctions ot the

standard parameters ot precession and nutation.

It is easy to show that in nonsingular elements these

corrections take the form

3-t

In (he Delaunay elements such coneelions appear in
the equations tor ,^=2 in thelorm

Generalizing the results ol (Tupikova, 19S4bJ lor the

non-conservative case, one can show that alter the

averaging translormation ol the variables the differential

corrections will appear in the equations lor the all mean

elements

('2J d-k

and up to O(W) may be written as
9V

Hete(flL.l

for ;h^
i..iirei'-Jiofis *£ ii.-n- )o

the

In the lirst approximation such corrections will have,
evidently, the same lorrn as toi the osculaling elements*. In
the ne;1 approximation these expressions will be essentually
more complex.

For example, lor A such expression take the loilowlng
form

Here the application ol the differential operator

does not involve any singularity since

md nutation.

and the lunctions f ^ - J ^ . - J - & £
may be calculated without singularities.
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DISCUSSION
A. Jupp: Have you introduced into your theory,
at this stage, any model for atmospheric drag?
You are, after all talking abnut satellites pas-
sing through high-order resonances.
I.V. Tupikova: I haven't yet introduced such a
complex additional perturbations into the theory.
It was just an example of the application of the
semianalyticol theory in this case.
J. Henrard: Were the analytical expressions com-
puted by hand or by algebraic manipulations on
a computer?
I.V. Tupikova: We haven't yet the system for the al-
gebraic manipulation, allowing to compute the expres-
sions of the arbitrary kind, so the analytical ex-
pressions were deduced by hand. But the formulae ob-
tained had been partly vorified with the aid of the
UPP system, available in our institute. Alter the
direct construction of the Pninsnn scries for the com-
biner! perturbations between the ^onal harmonics C,n~
-C i n, the result has been compared with the known
solution (Kinnshita, 1977).



ORBITAL ANALYSES OF INTERCOSMOS SATELLITES AND

TH6 EARTH GRAVITY FIELD MODELLING

Jaroslav Klofco«n1k

Astronomical I n s t i t u t e of the Czechoslovak Academy of Sciences
CS-251 65 Ondrejov Czechoslovakia

Orb i t a l I nc l i na t i ons of INTERCOSMOS 3, 5. 9 , 10 and 11 s a t e l l i t e s have been analy-
£e<i, as passing through /9/«C - o r b i t a l resonances, and the values of the lumped
geopotent ia l coe f f i c ien ts of the 14th, 15th, 29th and 30th orders have been compu-
t e d . These resu l ts have been used as a part of the input data for adjustments of
the values of the i nd i v i dua l harmonic coe f f i c ien ts of tne relevant orders, as
constra ints for the comprehensive grav i ty so lut ions GRIM 3, 3B, 3L1, for the
accuracy ca l i b ra t i on of older Goddard Earth Models, and for various in tercompar i -

sons of the grav i ty models.

O rb i t a l elements of Intercosmos s a t e l l i t e s
were analysed fop various purposes, mainly
to deta-mine the upper atmosphere ro ta t ion and
the Earth g rav i t y f i e l d parameters (Tab. 1 ) .
The l a t t e r r e s u l t s , as wel l as t h e i r use i n
the g rav i t y f i e l d modell ing w i l l shor t l y be
reviewed.

The o r b i t s of Intercosmos 3, 5, 9 , 10, 1 1 ,
14, 16, 18, 19 and Bulgaria 1300 were of
interest for the study of the gravity f i e l d .
Successful analyses of inc l inat ion variations
of the Intercosmos 3, 5, 9, 10 and 11 resul-
ted in the determination of the linear combi-
nations of the harmonic coefficients - so
called lumped geopotential coefficients -
responsible for the 'resonant' variations at
the 14th- and/or 15th order resonances ( K lo-
kocnik 1975, 1977, 1979a,b, Sehnal and Klokoe-

nik 1979). The best result was achieved
from Intercosmos 11 (Klokocnik, 1979a ) ,
as the orbit of th is sa te l l i t e was nearly
circular and the quasi-secular perturba-
tions of the inc l inat ion due to the Earth
gravity f i e l d (of the 15th-order in this
case) had time to build up (Fig. 1) . An
independent analyses of inc l inat ion and
eccentricity of the same sa te l l i te ( Walker
1980) yielded the 15th-order lumped values,
which agree very well with our values.
Intercosmos 11 (and Ariel 3, analysed by
Sooding and Allan a time ago) yield perfect
samples of the orb i ta l resonant phenomenon
in action.

The lumped coefficients of the part icular
order, gathered from variety of orbits with
as diverse incl inations as possible, can be

Table 1 .

of the results from orbital analysts of the Intcrcosnos satellites
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Figure 1 . The orbital Inclination of INTERCOSMOS 11 showing the variations produced by
the 15th-order resonance, which caused the inclination to increase by about 0.08 (equi-
valent to 10 km) . w h i l e the accuracy of the data (NASA two-line elements) is estimated
to be about +0.003 . The observed (dots) and theoretical (curve) values of the inclina-
tion f i t mutually very well; very accurate and reliable 15th-order lumped coefficients
were extracted (KlokoSnik, 1979a,b; Walker 1980), although the input data were of lower
accuracy. The orbit was nearly circular and thus the atmospheric drag was low and the res-

onant perturbations had a sufficient time to build up.

used to adjust the values of the individual
harmonic coefficients of the relevant order
(to soie Maximum degree, usually 30-36).
Careful analyses with encouraging results
of the 12th to 16th and 30th-order (King-He-
le and Walker, 1982, 1984, 1986, 1987; as
well as the results of other authors) should
be pointed out. We also contributed to the
determination of these individual harmonics,
namely of the 14th- and 30th orders (Klo-
koEntk ana Kostelecky 1978, Kostelecky and
Klokoinik 1979, 1983); the tentative val -
ues of the 30th-order (Kostelecky and Klo-
kocnik, 1979), now superseded by the res-
ults of King-Hele and Walker (1982, 198%),
yielded the f i r s t numerical result of this
order at a l l (KlokoCnU, 1979b).

The results of analyses of resonant pheno-
mena are useful to improve the values of the
harmonic coefficients in the comprehensive
Earth gravity models or to calibrate their
accuracy i f an independent Earth model is
s t i l l available. The results from Intercos-
•os 3 , 5, 9 uere usec> to assess the accura-
cy of Soddard Earth Models GEN 7 and 8 for
the 1Sth-order in (Wagner and Lerch, 1978).
Majority of our results, in the form of the
lumped coefficients, have been incorporated
into the European gravity f ie ld models
GRIMs, begining from GRIM 3 (Reigber et a l ,
1983, 1985; KlokoEnik and Kostelecky 1980).
Some of our numerical results, in the form
of the harmonic coefficients, were merged
with the other information by Rapp (1981)
in the Ohio State University OSU 81 model.
Further valuable references to these our
results come from the USSR (e .g . , ZhuravLev
et a l , 1980; Sochi l ina, 1984).

The accuracy assessments and various inter-
comparisons of the Earth gravity models by
means of the lumped coefficients can be
listed in ( Klokoenik 1982, 1985, 1986;
KlokoSnik and Pospisilova, 1981, 1984). One
example is here in Fig. 2; the 15th-order
lumped coefficients, 'measured' from various
'resonant' sa te l l i tes , including the Inter-
cosmoses, and the resonant solution based
on such satel l i tes ( King-Hele and Walker,

1984, KHW 84), are compared with several
older and recent Earth models, from which
the GEM 8, 6EM 1OB/C, OSU 1977 /Rapp ' 7 7 / ,
NWL-1G and SAO SE 6 (Gaposchkin's solution
from 1980 ) are independent on these reson-
ant data. The accord of GEM 10B and Rapp'81
with the resonant results is very good.
This test indicates the accuracy of about
+ 5x 10~y in ful ly normalized harmonic coef-
ficients of the 15th-order odd degree in
GEM 10B.

Very str ict requirements on orbit determi-
nation for geodynamic and altimetric satel-
l ites lead to further detailed study of the
Earth gravity f ie ld parameters and their
accuracy. The study of the orbit accuracy
as a function of the accuracy of harmonic
coefficients of recent Earth 9ravity models
such as GEM 10B, GEM L2, GRIM 3L1, OSU '81
or OSU '84 via the lumped coefficients has
already been performed (Klokocnik and Kos-
telecky, 1986; Klokocnik, 1987a,b).
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pp It is unfortunate that passage through
resonance data is restricted ta 14/1, 15/1 and
H/t (and, of course 29/2, Jl/2). We can,
therefore, get reliable values of the corre-
sponding harmonic coefficients. What prospect
is there for getting more accurate values for
the many other tesseral harmonic coefficients?
J. KlokoCrn'k: I agree with you that there is
only a limited range of orders for which the
relevant harmonic coefficients can be deter-
mined from passage through the higher-order
resonances. There are also the 17/2, 19/2 ...
resonances, which would be useful to estimate
the 17th and 19th-order coefficients, but the
appropriate 'resonant' results have also been
obtained from some shallow resonances, for
example at orders 7, 9, 11 - 14, as well a.
from the deep 1:1 resonance of geostationary
orbits. The accuracy of recent Earth gravity
models is lower for the orders 8 to 12 than
for the orders 13-15; thus new satellites at
heights corresponding to some of the 8th to
11th order resonances would be very useful.
A. Nobili: I fully agree that the analysis of
data from resonant satellites is very import-
ant to obtain a better determination of the
corresponding resonant coefficients and thus
improve global models. I would like to mention
that optical data from geosynchronous satel-
lites will be used within the COGEOS project
with the same purpose.
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THE ROLE OF RESONANCES IN PLANETARY R I N G S

N. Borderies

Jet Propulsion Laboratory, California Institute of Technology
4800 Oak Grove Drive, Pasadena, CA 91109, U.S.A.

Abs t rac t . The new observations of planetary rings, including those acquired during the
encounters of Voyager with Jupiter, Saturn and Uranus and the discovery of incomplete rings around
Neptune, reveal the great importance of resonances in determining the dynamics and the shape of
planetary rings. Several types of resonances play a part in planetary rings. Current questions of
interest are related to the nonlinear theory of density waves, the confinement of the Uranian rings,
and the arcs of rings around Neptune.

Observational evidences of the role of res-
onances in planetary rings and elements of
classical theory

Observational evidences that satellites largely deter-
mine the morphology of planetary rings have been
known for a long time. The most striking example
of such a phenomenon is given by the outer edge of
Saturn's B ring, also the inner edge of the Cassini
Division, which is located at a 2:1 resonance with
the satellite Mimas. The particular location of the
Cassini Division strongly suggests that the pertur-
bations exerted by Mimas in the vicinity of the reso-
nance are responsible for the gap outside the B ring.
Thus the problem is to explain how Mimas has been
able to open this gap.

Studies of test particle perturbations near the
resonance location show that, in a frame rotating
with the satellite, tost particle orbits are ellipses cen-
tered at Saturn. Inside the resonance radius these
ellipses have their short axis aligned with the direc-
tion planet-satellite. Outside the resonance radius
it is the long axis which is aligned with the direc-
tion planet-satellite. The eccentricity of the ellipse
rejects the forced eccentricity of the test particle
orbit. It is proportional to Ms/Mp, the ratio of
the satellite mass over the planet mass, and it is
inversely proportional to the distance Ar to the res-

Far enough from the resonance the gradient in
eccentricity is small and the streamlines are nested
in each other without intersecting. But within a

small range of radius, | Ar | jr ~ (Ms/Mp)1/2, the
streamlines intersect. The distance from the reso-
nance at which nested streamlines cross gives the
scale for the width of the resonance in the limit that
the self-gravity of the ring material is negligible.

One of the first ideas that people have had to
explain the Cassini Gap was that the gap could cor-
respond to the perturbed region where the stream-
lines cross. This explanation encountered several
difficulties : in addition to the fact that the precise
mechanism by which the perturbed region would
have been emptied was unclear, the width of 'his
region appeared to be one hundred times smaller
than the Cassini gap and the resonance was not lo-
cated in the middle of the gap, as one would have
expected, but at its inner edge. Actually the second
difficulty was Ies3 severe than its seemed, since the
Cassini Division is only empty in its inner part, over
few hundred kilometers.

Goldreich and Tremaine (1978a) presented a
theory for the formation of the Cassini Division.
According to this theory, Mimas had excited a trail-
ing spiral density wave at the position of the 2:1
resonance. The density wave carries negative an-
gular momentum outward. Eventually the wave is
damped by a combination of its nonlinearity and of
the viscosity of the ring. The particles lose some of
their angular momentum and spiral inward, open-
ing a gap. This theory offers an explanation for
the fact that the satellite exerts a significant effect
over a radial width much larger than the width of
the resonance calculated without taking the collec-
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tive effects into account, and also explains why it is
the inner edge of the gap which corresponds to the
resonance position.

By analysing data from four VOYAGER exper-
iments, namely images, and occultation data in the
ultraviolet, visible and radio wavelengths, Porco et
al (1984b) have shown ths >, the B ring outer edge is
an ellipsis whose short axis is aligned with the direc-
tion of Mimas and that the edge semi-major axis is
located 24 kilometers outside the resonance position.
The contradiction with the theory, which would pre-
dict the long axis to be directed towards Mimas, can
be solved Sy including the collective effects due to
the ring self-gravity and the viscosity. It is then pos-
sible to construct models in which the streamline
configuration inside the resonance extends accross
the resonance location. Collective effects explain
also why the amplitude of the edge, at = 74 km,
is greater than predicted by the first order theory of
test particle perturbations.

It is worth mentionning that, even though it is
understood why the 2:1 Mimas resonance maintains
the outer ege of the B ring, there is still no general
theoretical understanding of all the structur in the
Cassini Division. For example we do not understand
the outer edge of the division, however that might
be defined.

The data aquired during the VOYAGER mis-
sion have confirmed the presence of density waves
and more generally the importance of resonances
in Saturn's rings. The stellar occultation data ob-
tained by the VOYAGER 2 polarimeter and UV
spectrometer (Esposito et al, 1983, 1987, Holberg
et al, 1982) show clear evidence that a number of
features in Saturn's rings are associated with reso-
nances.

The second strongest resonance corresponds to
the outer edge of the A ring which is associated with
a 7:6 resonance with the coorbital satellites. The
dynamics of this edge is complicated because the li-
bration of these satellites give rise to a set of closely
spaced resonances. However the data are consis-
tent with a shape of the edge with seven lobes, as
predicted by the first order theory of test particle
perturbations (Porco el al, 1984b).

The predominant effect of resonances in re-
gions of medium and high optical depth, from 0.4 to
1, is to give rise to density waves. Generally these
density waves are accompanied by an increase in the
background optical depth, so that they appear as a
peak in optical depth in compressed data (Holberg
tt al, 1982). Most density waves are excitsd by the
small satellites which border the rings of Saturn.

Density waves are much less common, although
not completely absent, in the regions of low optical
depth. The Cassini Division contains the first dis-
covered density wave, excited at the position of an
apsidal resonance with Iapetus (Cuzxi et al, 1981).
The periapsis of a particle orbiting at this resonance
location makes one revolution around the planet in
the same time it takes Iapetus to accomplish one
orbit around Saturn. A resonance in a region of
low optical depth seems to be generally character-
ized by a gap containing a narrow optically thin
ringlet (Holberg el al, 1982). This is the case for
the resonance associated with the apsidal resonance
with Titan. The dynamics of the ringlet located at
this resonance is determined by Titan (Porco et al,
1984a). The ringlet is eccentric and keeps its apsidal
line directed towards the satellite.

Another effect of resonances in planetary rings
is the confinement of narrow rings. The problem ap-
pe'aredrafter the discovery by Elliot et al (1977) that
Uranus was surrounded by very narrow rings. The
problem of confinement can be expressed as follows.
Consider a set of particles on circular orbits. Their
total angular momentum remains constant. The
maximum energy corresponds to the state where all
the particles are on the same orbit. It follows that
the dissipation of energy resulting from the inelas-
tic collisions among particles lead to a spreading of
narrow rings. In terms of angular momentum redis-
tribution, the spreading is a consequence of the fact
that there is an outward flux of angular momentum.
Particles near the inner edge lose angulax momen-
tum and flow inward. Particles near the outer edge
gain angular momentum and flow outward.

Goldreich and Tremaine (1979b) proposed an
explanation for the existence of narrow rings which
did not require these rings to be very young. Their
idea was that each ring of Uranus is bracketed by
two small shepherd satellites which are responsible
for its confinement. Each satellite exerts on the ring
which it confines a gravitational torque of second or-
der with respect to the ratio of the satellite mass to
the planet mass. The sign of the torque is such that
the inner satellite gives angular momentum to the
ring, and the outer satellite takes angular momen-
tum from it. The idea of Goldreich and Tremaine
was that the ring lies between the two satellites, at
the place where the viscous torque exerted on the
ring material is balanced by the gravitational torque
exerted by the satellites. They computed the lat-
ter torque by using the concept of overlapping reso-
nances (see next section).

The discovery of the two shepherd satellites of
Saturn's F ring has proven that the idea of Goldreich
and Tremaine was essentially correct. It turned out
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however that the classical theory of Goldreich and
Tremaine required some revision because it did not
offer a natural explanation to the sharp edges which
most narrow rings exhibit.

Classification of resonances

The physical importance of resonances in planetary
rings can be understood in terms of natural frequen-
cies of oscillation of the particles. Consider a par-
ticle orbiting in the gravitational field of a planet
which has an axis of symmetry Oz and a plane of
symmetry O — xy normal to Oz [O — xyz is a di-
rect rectangular system of coordinate axes). Then
circular orbital motion in the O — xy plane is pos-
sible. Motions of particles in nearly circular, nearly
equatorial orbits can be defined using an epicydic
theory (Chandrasekhar, 1942). For this we describe
the dynamical state of the particle by its cylindrical
coordinates r, 9, z, and we solve the Lagrange equa-
tions by developing formally the solution as power
series of two small parameters which express the de-
parture from an equatorial and circular orbit. The
first-order solution can be expressed as

r = ro[l — ecos(ict + 6)], (1)

(3)

in terms of six constants of integration, ro, e, 6, 6QO,
z10 and j . The angular velocity, n, the epicyclic fre-
quency, K and the vertical frequency v are functions
of ro. The two latter frequencies characterize the
small oscillations which the particle accomplishes
around a guiding center moving on an equatorial
circular orbit.

Let us now introduce a satellite. It is easy
to show that the satellite potential at a point of
cylindrical coordinates r, 9, z can be expressed in a
Fourier series with arguments of the form m(8—npt),
where the pattern speed np depends on the natural
frequencies of the satellite (Goldreich and Tremaine,
1980). When using a first order epicyclic theory
to determine the perturbed motion of the particle,
one finds that resonances appear in three cases : (i)
First if n = np, that is to say if, in a frame rotating
with the pattern speed, the particle feels a constant
force. These resonances are called corotation reso-
nances, (ii) Second if m[n — np) = ±/c, that is to
say if, in a frame rotating with the pattern speed,
the particle is excited with a frequency equal, in
absolute value, to its natural horizontal frequency
of oscillation. These resonances are called Lindblad

resonances. When the + sign applies we have an in-
ner Lindblad resonance, otherwise we have an outer
Lindblad resonance, (iii) Third if m(n — np) = ±v,
that is to say if, in a frame rotating with the pattern
speed, the particle is excited with a frequency equal,
in absolute value, to its natural vertical frequency
of oscillation. These resonances are called vertical
resonances. If the particle has initially some free ec-
centricity, we find more complicated resonances such
as eccentric resonances defined by the general con-
dition m — qn — mns — kits = 0 with q j4 0; m is
positive and the sum of the coefficients, which are
integers, must be equal to zero.

Another useful concept is the one of isolated
and overlapping resonances. In a ring perturbed
by a nearby satellite, principal resonances occur at
<»«» = as[m/m± I)2 /3 . For m » 1, resonances
are spaced by the distance (2as)/(3m2). The width
of an isolated resonance is 2(Ms/Mp)1/2as. Thus
resonances overlap if l/(3m2) < (Ms/Mp)1/2. This
criterion is a simplification because if a density wave
is excited at a resonance location, the width of this
resonance is larger than the one estimated from the
crossing of periodic orb''.: In that case the width of
the resonance is comparable to the first wavelength
of the density wave.

(2) Density waves

Two types of waves are excited in rings. Most of
them are density waves associated with resonant
forcing of the eccentricity of particle oibits , but
one find also some bending waves associated with
resonant forcing of the inclination (Esposito et a/,
1987).

The linear theory of waves is well established
(Goldreich and Tremaine, 1978a, 1978b, 1979a, Shu
et ai, 1983, Shu, 1984). It is based on the linearized
equations of hydrodynamics. Each density wave is
associated with one Fourier component of the satel-
lite potential. One component of the satellite poten-
tial is characterized by a pattern speed np and by an
azimuthal wave number m > 0. One assumes that
each variable describing the problem is the sum of
an unperturbed part and of a perturbed term which
varies as cos(m(0 — npt) + f k[r')dr'\ where k(r) is
the wavenumber. The lines of constant density are
tightly wound spirals. This theory predicts that the
radial wavelength of the perturbation is inversely
proportional to the distance to the resonance, and
that it is proportional to the unperturbed surface
density. For this reason density waves are in a use-
ful indicator of the mass contained in rings and in-
deed have been used to estimate the mass of Saturn's
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rings (Esposito et al, 1983, Holberg et al, 1982, and
Longaretti and Borderiea, 1986).

It is also possible to use the linear theory of
density waves to compute the torque exerted by the
satellite on the ring. The torque exerted by a satel-
lite at an inner Lindblad resonance is negative. It
follows that the satellite is subjected to a positive
torque which tends to make its orbit expand. Cal-
culations, based on the formula for the linear torque
indicate that the small satellites which border the
rings of Saturn have remarkably short time-scales
for the evolution of their semi-major axes, of the or-
der of tens or hundred millions of years (Goldreich
and Tremaine, 1982). Unless we consider that these
satellites have only been there for such a short time,
we must find an explanation for their survival. This
is one of the unsolved problems of ring dynamics.

From the conservation of angular momentum
luminosity and from the fact that the radial wave-
length decreases as the distance from the resonance
increases, one infers that waves should tend to be-
come nonlinear. Indeed it turns out that most of
the density waves in Saturn's rings are nonlinear :
in these waves the perturbed optical depth is clearly
not small compared to its unperturbed value. Thus
a nonlinear theory of density waves is required. The-
oretical work on nonlinear density waves has been
performed by Shu et al (1985a, 1985b) and by Bor-
deries et al (1985, 1986).

One useful approach to describing a nonlinear
density wave is to consider the streamlines of the
flow of particles in a frame rotating with the pat-
tern speed. Outside a 2:1 Lindblad resonance for in-
stance, the orbits of non interacting particles would
be ellipses having their long axes aligned with the
planet-satellite direction. But, because of collective
effects arising from the self-gravity of the ring and its
viscosity, each streamline is actually slightly shifted
in direction with respect to its neighbours. At the
place where the streamlines come close together the
ring material is compressed and the surface density
is enhanced. At the places where the streamlines
are far apart, the ring material is rarefied and the
surface density is lower.

The shape of the streamlines can be expressed
in the form r = a — ae(a) cosm[$ + A(a)| where
e(a) is an eccentricity, A is a phase angle, and $ =
0 — npt. The separation between two neighbouring
streamlines at a given longitude $ is 6r = {dr/da)6a.
We write J = dr/da = l-gcos[m{$+A)+-y]. The
parameter q expresses the degree of compression of
the ring material. The streamlines would cross for
q = 1. The surface density is E = Eo/./. This for-
mula gives a nonlinear description of a density wave.
The linear case can be recovered in the Jimit where

q •<. 1. In contrast with the linear theory which
predicts that a radial profile of a density wave has a
cosine shape, the nonlinear representation is able to
reproduce the large troughs and narrow peaks which
are exhibited by nonlinear density waves (Longaretti
and Borderies, 1986).

Estimates of the torque based on nonlinear mod-
els (Borderies et al, 1984, Shu et al 1985a) and on the
analysis of data (Longaretti and Borderies, 1986)
have indicated that nonlinear effects do not decrease
the torque much below its linear value. Therefore
the introduction of the nonlinearity in the density
wave theory does not solve the time scale problem
mentioned above.

Density waves in dense rings may be unsta-
ble. This result has been obtained by Borderies
et al (1985) from a model of liquid viscosity which
applies to the case where the particles are closely
packed together, much like the molecules of a liquid.
We proposed that unstable density waves explain
the chaotic va< rations of optical depth in Saturn's B
ring and might account for the eccentricity of nar-
row rings in the Saturnian and Uranian :/stems. In
particular this mechanism can explain the shapes of
the 6 and 7 rings of Uranus (French et al, 1967):
the edges of the S ring are ellipses centered at the
planet, which we refer as an m = 2 distortion; the
7 ring contains a mode m = 0, which corresponds
to axisymmetric oscillations of the ring. Alternate
explanations exist for these two kinds of observa-
tions. The source of the structures in the B ring
could be the viscous instability discovered by Lin
and Bodenheimer (1981), Lukkari (1981), and Ward
(1981). However Araki and Tremaine (1986) inves-
tigated the dynamics of dense rings and found that
this viscous instability does not arise in their model.
The eccentricity of narrow rings can be excited by
shepherd satellites (Goldreich and Tremaine, 1981).

Confinement of narrow rings

During its encounter with Uranus, Voyager discov-
ered the shepherd satellites of the £ ring (1986U7
and 1986U8). Porco and Goldreich (1987) have shown
that the absolute scale of the Uranian rings should
be reduced by about 6 kilometers and that such shift
brings the 24:25 resonance of 1986U7 and the 14:13
resonance of 1986U8 in coincidence with the inner
and outer edges of the ring. These authors found
also that 1986U7 is the outer shepherd for the 6
ring and that 1986U8 is the outer shepherd for the 7
ring. Other shepherd satellites have not been found,
perharps because they are two small and too dark.
Goldreich and Porco (1987) have investigated the
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shepherding of the c ring, and have found that the
classical theory of shepherding works for the £ ring,
provided that it is no more than few meters thick.

As mentionned above, the sharp edges of most
narrow rings of Saturn and Uranus posed a problem
to understand how these rings are confined. These
sharp edges suggest that the viscosity produces a
contraction of the rings rather than a spreading.
The classical shepherding mechanism of Goldreich
and Tremaine works well if the density E varies
smoothly accross the ring. Due to the combination
of the Keplerian shear and of the ring viscosity v as-
sociated with particle collision, the material inside
any radius a exerts a positive torque LH = 3jrSwna2

on the material outside this radius. The net torque
exerted on a small ringlet inside the ring is the dif-
ference of the torque exerted by the material inside
radius a on the material outside it and of the torque
exerted by the material outside radius a + 8a on the
material inside it. It follows that Ljt represents the
rate at which angular momentum crosses the circle
of radius a per unit of time; we refer to it as the
viscous luminosity of angular momentum. The rate
at which the ringlet drifts due to viscosity is propor-
tional to -dLn/da. If the only factor which varies
significantly accross a narrow ring is the surface den-
sity S, the function LJI (a) behaves like the function
S(a). In a ringlet such that 2 falls sharply to zero
at the edge, the classical mechanism of shepherding
seems to imply that the satellite torque must act
mainly on the edge. But it is not in the nature of
gravity to exert such a local action. Actually the
satellite torque is exerted over the width of the res-
onance which is in many cases much larger than the
distance over which S drops to zero.

The resolution of this paradox lies in the fact
that the viscosity in a ring perturbed by a satellite
has a very different effect from the viscosity in a Ke-
plerian ring (Borderies et al, 1982, 1983). When a
particule passes the satellite, it receives a gravita-
tional kick. In a reference frame rotating with the
satellite, the particle starts to oscillate with a wave-
length which depends on its relative velocity with
respect to the satellite, hence on the difference of
their semi-major axes. Such oscillations have been
observed, for instance, at the edges of the Encke di-
vision in Saturn's A ring (Cuzzi and Scargle, 1985);
they have been attributed to the presence of a small
satellite orbiting inside the gap.

Two neighbouring streamlines have slightly dif-
ferent wavelengths. Therefore they eventually tend
to intersect. The condition that the streamlines
cross in less than 360 degrees turns out to be equiva-
lent to the condition for overlapping resonances. At
the place where the streamlines come close together,

the angular velocity increases outward. The flux
of angular momentum, which is outward in unper-
turbed regions of rings, is limited or even reversed
within the range of azimuths which corresponds to
the perturbed region of the ring. The luminosity of
angular momentum, which is the integral of the flux
over the circumference of the ring, can be arbitrar-
ily small at finite S. Flux reversal can be produced
at all semi-major axes in the ring. As a matter of
fact density waves inside the ring can contribute to
the flux reversal. Indeed the oscillations in the op-
tical depth which are observed in the e ring stellar
occultation profile at egress have wide throughs and
narrow peaks, which suggest that there might be
density waves excited in this ring. Porco and Gol-
dreich (1987) suspect that a density wave is excited
at a 47:49 resonance with 1986U7.

The introduction of flux reversal in the model
has lead to a new type of shepherding. Satellites
confine the ring primarily by decreasing the lumi-
nosity of angular momentum below its unperturbed
value. The new shepherding mechanism requires
less massive satellites than those needed for the clas-
sical shepherding mechanism.

Area of rings around Neptune

Recent occultation observations have established the
presence of ring material around Neptune (Hubbard
et al, 1986). A remarkable property of these rings is
that they are incomplete. Neptune has only arcs of
rings and no complete rings where the other plan-
ets have just the opposite. Moreover these arcs are
narrow.

In contrast with the three other giant planets,
which have regular inner systems of satellites, Nep-
tune's moons have irregular orbits. TViton, which is
in an orbit close to the planet, but retrograde and
highly inclined to the equator, is particularly strik-
ing. It is likely that there is a connection between
the peculiar ring morphology around Neptune and
the disturbed nature of its satellite system. The
latter may be due to a major collision (Harris and
Kaula, 1975).

A natural explanation for incomplete rings is
that they consist of arcs of particles librating around
a corotation resonance. The triangular Lagrange
points constitute a particular case of a corotation
resonance. An example is given by the Trojans as-
teroids, which librate around the triangular Lagrange
points of Jupiter. Lissauer (1985) presented a model
for the arcs of rings around Neptune, according to
which these arcs were located about the Lagrange
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points of a yet undiscovered satellite. In this model
a second satellite is responsible for the radial con-
finement of tlie arc. The fact that the arcs are found
at more than one radius makes the Lissauer model
require several satellites.

Goldreich et al (1986) presented another model
in which the arcs were centered on corotation res-
onances with a single satellite. The satellite is as-
sumed to move on an inclined orbit. The inclination
of this hypothetical satellite would fo'low from the
same event which produced the unusual orbits of
Nereid and Triton. The corotation resonances con-
sidered here are not the familiar triangular Lagrange
points but are more complex resonances which in-
volve the satellite inclination. Near each corotation
resonance there is a Lindblad resonance which ex-
cites the particle orbit eccentricities, thus increasing
the energy of the arcs while inelastic collisions tend
to reduce it. Hence the same satellite is responsible
for the arc confinement.
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P L A N E T A R Y R I N G S

Andre BRAHIC and Bruno SICAROY

Observatoire de Paris et Universite Paris VII
92195 Meudon Principal Cedex, France.

Abstract. Despite all the new data, the nature of planetary rings is still
controversial. We don't know why each planetary ring is so different from the others ana we
have no idea of the nature of a single particle ring. The large number of structures
observed in planetary rings seems to indicate that many different physical mechanisms are
simultaneously at work. We are not yet able to include all of them in a single model.
Resonances with nearby satellites play an important role, but through complex mechanisms.
Appropriate observations and more sophisticated models are needed to improve our
understanding of rings and to identify the main physical mechanisms involved.

Ten years ago, astronomers still wondered
why Saturn was the only planet in the solar
system surrounded by rings. Saturn's rings were
imagined as the result of collisions between
solid particles. The theory of
three-dimensional collisional systems loosing
energy and keeping angular momentum was then in
good agreement with Saturnian rings seen from
ground-based observatories (Brahic, 1977;
Goldreich and Tremaine, 1978). In less than ten
years, the subject has been completely renewed.
A much more complex system than expected has
been discovered around Saturn by the Voyager
spacecrafts and the detection of rings around
Uranus, Jupiter, and Neptune, has shown that
the existence of rings around the giant planets
is in fact quite natural. Despite the flood of
new information on morphology and optical
properties, we have very little direct evidence
about what rings are, how they formed, or how
they behave. Sue?; questions can be answered
only by building theoretical models and
comparing their implications with past and
future observations.

On the one hand, astronomers have now many
thousands of space and ground-based rings
observations to understand. On the other hand,

several models, which are difficult to compare
with each others, have been recently developed.
In this colloquium devoted to theoretical
progresses, it is not the right place to make a
review of observational facts and we have ro
room here to give an exhaustive discussion of
the theories. As examples, we will just give a
list of observations which have to be explained
and some information and references on some
models. We will not give any definite answer,
but rather, as an example, a list of questions
rised by recent observations. Most of the
discussions, new data and of our state of
knowledge is contained in two complementary
books (Greenberg and Brahic, 1984; Brahic,
1984).

Uhy are there rings around planets? Why are
they interesting?

For more than three and an half centuries,
Saturn's rings have had a special fascination
and symbolism. An enormous literature has been
devoted to studies of their nature, properties
and origin. The study of the rings has
attracted outstanding scientific minds such as
Galileo, Huygens, Cassini, Laplace, Maxwell,
PoincarS.
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The history of planetary rings studies
began on a night of July 1610 when Galileo
Galilei saw for the first time the planet's
disc through a refractor at Padua. After this
discovery of "something around Saturn", it was
not immediatly realized that a flat disc

encircled Saturn and many different
interpretations of the strange, apparently
variable object were put forth by the
seventeenth century's observers. It was only in
1655 that Christian Huygens first correctly
solved the problem. Jean Dominique Cassini
discovered in 1675 a dark division and was the
first to recognize the rings as a cluster of
small satellites without having the possibility
to prove it. Pierre Simon de Laplace showed in
1802 that a solid ring would be unstable. James
Clerk Maxwell was awarded the Adams Prize in
1857 after he demonstrated that the rings had
to be "comprised of an indefinite number of
unconnected particles". This was confirmed a
few years later by James Keeler who observed
that the sunlight reflected off the rings was
Doppler-shifted such that each individual
particle follow a Keplerian orbit around
Saturn. In 1911, Henri Poincare showed
qualitatively that a three-dimensional system
of colliding particles flattens into a thin
disc. It was only after 1970 that such systems
have been numerically studied with large
computers.

Even if we are still far to understand the
detailed behaviour of rings, the existence of
ring systems around a planet is now well
understood: it is a natural consequence of the
Roche limit and of mutual collisions between
ring particles. In the immediate vicinity of a
planet, tidal forces break up all large bodies
into little pebbles, or prevent any accretion
or coalescence of small bodies into a large
satellite. The interplay of mutual collisions
between these tiny bodies leads to the
formation of a disc in the planet equatorial
plane. Rather than being smooth, continuous
structures (consistent with Earth-based
observations of Saturn's rings), rings are
better characterised as sets of narrow ringlets
with sharp edges, sometimes slightly
elliptical, or kinky, or inclined, or broken,
or also as hardly visible featureless diffuse
rings or sometimes as dense rings with waves
running through, ... It is clear that

resonances with known or still unknown

satellites should explain most of the observed

structures.

Planetary rings are important not only
because of the dynamical problems they rise,
but also because it is probable that processes
which played a role in planet and satellite
formation are still at work in these rings.
Planetary rings may also provide an appropriate
analogue for events in flat systems like spiral
galaxies or accretion discs. Furthermore,
particles of planetary rings are natural
"probes" of the internal structure of the
central planet. Planetary rings are a natural
laboratory of dynamics, cosmogony and particles
and field physics.

OBSERVATIONS

Ten years ago, there were not enough
observational data to tsst theoretical models.
The situation has completely changed today. In
less than five years (from the discovery of
Uranus'rings by occultation to the Saturn's
rings fly-bys), our conception of rings
underwent a revolution. The close fly-by of
Jupiter's, Saturn's and Uranus' rings tins
brought to us millions of data which are far to
bf> understood. Thanks to the use of new
detectors, ground-based observations of
planetary rings have brought during the same
time complementary information, in particular
the discovery of strange and apparently
incomplete rings (or arcs?) around Neptune.

Even if the existence of rings around giant
planets seems now natural, it is striking to
note that all four detected ring systems are
markedly dissimilar. Jupiter is surrounded by a
thin diffuse ring, Saturn owns a spectacular
bright system of rings with thousand of
structures, Uranus has a small nurber of narrow
rings, and Neptune's rings seem incomplete.
These striking differences as well as the
detailed structure and the evolution are not
yet understood.
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Jupiter's rings

Qucovered by the Voyager 1 space .>rt in 1979,

Jupiter's rings are among thf . it tenuous such

systems ever discovered Ihe Jupiter's '•ing

system comprises several components: the main

ring with a 'jright" narrow ring on the

outside, an inner "halo" and an exterior

"gossamer" ring (Jewittt et ai., 1981; Burns et

al., 1984; Showalter et al., 1987).

Comparison between back-scattered and

forward-scattered sunlight images shows that

there are macroscopic bodies as well as fine

dust. Macroscopic bodies are centimeter-,

meter- and even kilometer-sized, the moons

Adrastea and Metis being maybe nothing more

than the largest of the "ring particles". These

macroscopic bodies may be the by-product and

the ejecta of collisions between the ring moons

(Burns et al., 1984). The moons and additional

undetected ring moons may help to confine

distinct features inside Jupiter's rings.

Better resolution information is needed to lead

to a better understanding of Jovian rings

dynamics. In particular:
- What is the particles size and mass

distribution?

- What is the small scale structure of the
rings?

Are the rings old or young or
continuously replenished by external sources?

- Are the local micrometeoroid flux and
dust grains released by volcanoes on Io
sufficient to maintain the rings?

- What are the role of 2:1 and 3:2 Lorentz

resonances?

- Why is the main ring so thin, and the
halo so thick? What is the role of the magnetic
field? Are the charge-to-mass ratios so
different in the main ring and the halo? Why?

What is the origin of azimuthal
brigntness asymmetries found in both the main
ring and the halo?

Saturn's, rings

A large number of ground-based observations at
all wavelengths (visual, infra-red, radio.

radar, . . . ) , the observation of the ring plane
crossing by the Earth and, above all, the

fly-bys of Pioneer 11, Voyager 1 and 2

spacecrafts have completely renewed our

knowledge of Saturn's rings. Saturn is
encircled by thousands of narrow annular

regions of different brightness and opacity.

To say that Saturn's ring system is complex is
an understatement. There are no smooth, well
defined, uniform rings well-ordered around

Saturn, as once was believed. There are

thousands of ringlets, eccentric rings, twisted
and braided rings, sharp edges, kinky rings,
waves, ... Even at a scale of 100 meters, the

rings are anything but featureless. As in

fractal objects, when resolution is improved,
small details reveal still smaller structures
(see new radio occultation data by Tyler and
Marouf, 1987). On a larger scale, the rings
still exhibit, enough regional similarity to
retain and extend the classical designations
given them by ground-based observers. Moving
outward from Saturn, these are 0, C, B, A, F, G

and E.
Newly discovered satellites play obviously

an important dynamical role and can explain
some of the observed structures. Saturn's rings
are so complex that a complete map of the rings
at all wavelengths is not yet available. Radio
and star occultation will give a resolution
better than few hundreds meters. It is probable
that a large range of completely different
physical processes is simultenaously at work in
Saturn's rings. It is particularly difficult to
recognize the signature of each one in the
large bulk of features.

There is a large number of still unanswered
open questions, let's quote some of them as an
example:

- Why Saturn's rings are so different from
other planetary ring systems?

- Why Saturn's rings system is divided in
so different zones from the dense B ring to the
diffuse E ring?

- Are the rings born with the planet or are
they younger?

- What is the nature of individual "ring
particles"?

- What is the role of resonances?

Is the sole presence of t-he ring

satellites sufficient to explain the complexity

of structures?
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- What is the ring chemical composition? Is

it dirty ice or humid grains?

- Is the chemical composition variable with

the distance to Saturn?

- What is the sue and mass distribution?

Is this a function of Saturn's distance?

Uranus' rings

Until 1986, Earth-based stellar occultation
observations have been the source of our
knowledge on Uranus'rings (Elliot and
Nicholson, 1984). Voyager 2 fly-by confirmed
the existence of the rin&s, led to the
discovery of at least an other one and of a few
"broken rings" and gave additional information
on their structure (Smith et al., 1986).
Uranus' rings are extremely black (albedo
smaller than 3$). Compared to their
circumference (about 250 000 km), they are
exceedingly narrow. Eight do not exceed 10
kilometers in width and the largest one reaches
100 kilometers. All the nine rings discovered
from the Earth vary in width and optical depth
with pcsition around the ring. Eight out of
nine a.-e eccentric. Six out of nine are
inclined. Each ring precesses as a rigid whole.
Voyager high phase angle images reveal about
100 new ringlike features of very low optical
depth and relatively high dust abundance
interspersed within the main rings. Two new
discovered satellites seem to confine three of
the Uranian rings (Goldreich and Porco, 1987).
Several questions can be asked:

- Are the other rings also confined?

- What is the rings' origin?

- Why Uranian rings are so different in

back-scattered and forward-scattered light?

- What is the origin of the hundred of

structures discovered in forward-scattering

sunlight images?

Neptune's arcs

In the past years, several astronomers have
assumed that Neptune, which possesses two
"irregular" satellites (the inclined Triton and
the eccentric Nereid) cannot be surrounded by
rings. Several campaigns of observation have

given negative results (Elliot, 1984; Hubbard
et al., 1986; Sicardy et al.. 1986). In spite
of this, Brahic, Hubbard, Sicardy and Vilas
(1984, 1985) have tried to look at the
surroundings of Neptune and have found ringlike
arcs encircling the planet. It is evidently out
of question to directly observe a ring system
around Neptune from Earth-based telescopes.
This planet looks like a 2 arc second "point
of light" from the Earth. Any dark material in
the immediate vicinity of the planet should be
hidden in the diffuse light from Neptune. The
technique used in this case is to take
advantage of a star occultation. This method
has been successful and led to the discovery of
nine narrow rings around Uranus. Stellar
occultations are more difficult to use for the
case of Neptune than for Uranus for at least
two reasons: First, Neptune is more distant
than Uranus and scans a smaller surface, by
about a factor 2, in the sky plane than Uranus.
Second, the inclination of Neptune's axis of
rotation is such that any equatorial ring is
seen at a rather oblique angle contrarily to
the Uranus case where the rings are seen
faced-on.

In spite of these difficulties, more than
100 star occultations by Neptune and its
surroundings have been observed. Data obtained
from at least 5 stellar occultations between
1981 and 1987 definitely indicate the presence
of material in orbit around Neptune. The most
striking feature of Neptune's rings is that
they do not seem to completely encircle the
planet. The apparent path of the star relative
to Neptune must cross the partial ring in order
to observe a detection. Contrary to the Uranus
case, each star occultation successfully
observed does not systematically lead to a
positive detection.

Given the number of negative results to
date, it now appears that the current
observations can be explained by at least one
narrow, partial ring composed of one or more
arcs covering about 10% of the orbital path.

- How can such a ring system be maintained?

- There are two very different sort of
hypotheses as to the meaning of ring arcs in
general: either there are dynamically confined
or they are transient products of ongoing
collisional activity in an ensemble of moonlets
and smaller chunks of debris. In this second
case, is it a continuously evolving object

162



disappearing and reappearing all the time?

- In the first case, is it a small object
moving on a strange orbit (see the paper by
Bnmo Sicardy in this book)? Is it a family of
small arcs? Is it a highly variable continuous
ring?

- Is Neptune surrounded by a dusty and
diffuse equatorial ring invisible from the
Earth even with stellar occultations techniques
(Sicardy et al., 1986)?

THEORETICAL MODELS

Putting together all the observations, a
general picture of collisional flattening and
spreading emerged, with structure governed in
part by resonances with the satellites. The
large number of structures observed in Saturn's
and Uranus's rings as well as the dynamical
study of viscous discs seem to indicate that
many different mechanisms are simultaneously at
work in planetary rings. Inelastic collisions,
particles self gravitation, disc-satellite
interactions, collective instabilities of discs
and particle mass distribution play
simultaneously an important role. We are not
yet able to study all these mechanisms in a
single model. In order to perform his
calculations, each author makes peculiar
assumptions which are more or less realistic
and which are different from other models. It
is why it is particularly difficult to compare
each model. For example, rings are sometimes
considered as a fluid medium, but the mean free
path between two particles collision is large
with respect to the size of the system. Many
influencial theories assume that all particles
have the same size, this is obviously not true.
Collisional processes are also idealized: in
some models ring particles bounce off one
another like billiard balls (Brahic, 1977;
Stewart et al., 1984), in other models, there
is a gradual erosion of their surface
(Borderies et al., 1984; Harris, 1984), some
believe that the particle are ever-changing
snow-drifts (wetdenschilling et al., 1984). But
more sophisticated assumptions would not be
necessarily more realistic. The first modern
step in the understanding of planetary rings
has in fact been made with the study of simple
unperturbed collisional systems.

The collisional dynamics, of a
differentially rotating disc of particles have
been studied by lynden-Bell and Pringle (1974),
Brahic (1975, 1977). Goldreich and Tremaine
(1978), Lin and Papaloizou (1979). The main
results '• an be found in their papers and can be
summarized in the following way: after a very
fast flattening of the order of few tens of
collisions per particle, the system reaches a
quasi-equilibrium state in which the thickness
of the newly formed disc is finite (by this, we
mean that the centres of the particles do not
lie in the same plane) and in which collisions
still occur. Under the combined effect of
differential rotation and of inelastic
collisions, the disc spreads very slowly,
particles move both inwards and outwards
carrying out some angular momentum. In the
absence of external confining forces, the
spreading time is of the order of the time it
takes particles to random walk a distance equal
to the ring width. During a collision, part of
the relative velocity is transformed into
vertical and radial motion. After some time, an
equilibrium will be established between the
energy received by the system and the energy
lost in inelastic collisions. The energy which
is continually lost as a consequence of
inelastic collisions is obtained at the expense
of the bodies moving inward and outward. In
effect, because of the conservation of angular
momentum, the energy lost by the particles
moving inward is larger than the energy gained
by the particles moving outwards: in spreading,
the disc loses a small amount of its total
energy.

Some unsolved questions

Many questions remain open, few of them are
given below as examples:
- Are short timescales for the recession of
close satellites from the rings and for
satellite orbit evolution compatible with rings
formed long ago with the planet and the
satellites?

- What is the behaviour of a particle or rather
a group of particles inside the Roche limit as
a function of the distance to the planet?
- How accretion works inside Roche limit?
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Co "particles" live long, or are they
continuously forme' • id destroyed?

- What is the size ^vi mass distribution inside
the Roche limit?
- Co "satellites" survive inside rings?
- Are there large clumps of particles?

What is the nature and the chemical
composition of particles?
- Is it possible to explain color differences
observed by Voyager spacecrafts as a result of
differences in shape, size, dynamical,
electrical or optical properties of the
particles?

- Are the rings still evolving?

Are we observing seme rings which are
continuously destroyed and created?
- Why are the rings not homogeneous?

- Why do they show a large number of complex
structures such as eccentric rings, irregular
and kinky ringlets, narrow ringlets with sharp
edges, wavy structures, ...?
- What is the cause and the evolution of the
spokes?
- What is the source for the diffuse outer G
and E rings?

- How do micron-sized particles interact with
the Saturn's magnetosphere?

- What role do interplanetary meteoroids play
for the destruction and erosion of large ring
particles and for the generation of small
particles?

- Are there rings outside the Roche limit, such
as the E ring of Saturn or the suspected arc
near the orbit of Triton (Brahic at al., 1987)?

In order to understand the complex
structure of observed ring sytems, a number of
authors have considered resonances with known
satellites. In fact, there is not a simple
one-to-one correspondence of resonant locations
with ring structure. Resonances play probably a
very important role, but through complex
mechanisms. The role of resonances is developed
in the articles by B. Sicardy and N. Borderies
in this volume.

It is interesting to note that not only
planetary science, but also other fields of
astronomy have much to contribute to our
understanding of the structure, behaviour, and
evolution of planetary rings. The scientific
challenge presented by the new information
about ring systems has also attracted the
attention of a group of astronomers whose past

work has generally focused on the dynamics of
galaxies and stellar accretion discs. The
dynamical similarities between those system
and rings are extensive, and it was quite
natural that much of the detailed work on
ring-system dynamics has been based on the
mathematical techniques of galactic dynamics,
especially since many critical contributions
have come from researchers whose past efforts
focused on galactic research. One can wonder
how it is possible to apply correctly galactic
dynamics techniques; they are based on the
suite of implicit assumptions and
approximations that has been incorporated into
galactic dynamics. For example, it is not
immediately clear, a priori, how well the fluid
mechanical treatment of galactic discs, which
models particle interactions dominated by
distant gravitational encounters, can really
represent the dissipative interactions of ring
particles colliding with one another and
perturbing one another in the context of
Keplerian motion. F. Shu (1984) has studied the
collective effects arising from the
self-gravity of the ring material, including
spiral waves and bending waves, both kind of
waves which have been first discussed in the
astronomical litterature in connection with the
dynamics and structure of the spiral galaxies.

Analytic studies are done using Boltzmann
equation with a right-hand term of collision.
This has been done for example by Goldreich anv.
Tremaine (1978, 1982), Araki and Tremaine
(1986), and Ha'meen-Anttila
(1978.1981,1982,1983). In order to solve this
equation, several assumptions have to be
introduced and the real question is to know if
the "academic problem" then considered has
anything to do with real rings. Rather than
trying to "understand" this or this feature, it
is more interesting to investigate different
physical mechanisms.

A very interesting mechanism has been
quantitatively studied by Goldreich and
Tremaine (1978, 1982). Through gravity, a
nearby satellite can alter a ring particle's
orbit, making it elliptical. The overall effect
of this on a population of particles in a disc
is to increase in some places the density of
particles and to decrease it in other places
and finally to give rise to spiral density
wayes, like those in galaxies. If the
perturbing satellite is exterior to the ring.
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this wave moves outward, carrying negative
energy and angular momentum. An isolated ring
particle would return to its original position
after the encounter with the satellite, but the
rings are dense enough to have numerous
collisions between particles, and the particles
involved in such collisions finally move inward
toward the planet, in other words, encounters
with a satellite increase radial motions while
collisions circularize the orbits. The net
effect is thus a repulsion of the orbits. The
outside satellite tends to take angular
momentum from the ring. Conversely, an inner
satellite, moving faster than the particles of
the ring, adds energy to nearby particles and
transfers angular momentum to the ring from its
orbit. Satellites exert torques on the ring
material at the locations of their resonances.
The presence of dissipation is necessary. The
resonance torque does not act on isolated test
particles. For example, there are not enough
collisions in the asteroid belt and this
mechanism is not responsible for the formation
of the Kirkwood gaps. This phenomenon is
similar to the viscous dynamical friction
studied in stellar dynamics. Planetary rings
support leading and trailing spiral density
waves which are controlled by a combination of

the Coriolis force and of the ring's self
gravity.

Lin and Bodenheimer (1981) have claimed
that the complex structures observed in
planetary rings are a manifestation of a
"pinch" instability induced by the nature of
viscous diffusion. The rings have a tendency to
break up into many ringlets when the conditions
for thermal and viscous stability cannot be
satisfied simultaneously. But their assumptions
in particular on the "friction" between
particles do not seem very realistic.

Numerical simulations can be considered as
a laboratory experiment. The first simulations
were done by 0. Trulsen (1972). At this time hs
was trying to prove the jet stream idea (ring
of particles confined only thanks to inelastic
collisions). This idea presented by Alfven
(1969) does not work for a free ring system.
Energy has to be given from an external source,
for example an external satellite, in order to
confine a ring of colliding particles. Salo
(156b and with Lukkari, 1984) has done a series
of numerical experiments using a numerical
approach similar tc the one of Trulsen.

J.M. Petit and M. Henon (1987) have
developed a Monte Carlo numerical simulation in
which they study the role of binary
gravitational encounte-s between particles of a
two-dimensional system. It is the only mode!
which allows the study of "near-miss"
encounters.

A THREE DIMENSIONAL COLLISIONAL MODEL

A sequence of numerical models is studied by
Brahic, Sicardy and collaborators (1975, 1977,
1987, . . . ) . In order to understand first the
basic mechanisms of the dynamical evolution of
gravitating systems of colliding particles,
tney started by a very simple model called the
"standard model" in which a three-dimensional
system of particles moves in the gravitational
field of a central body. All particles are
hard, indestructible and frictionless spheres
having the same mass and the same radius. The
total mass of the particles is negligible with
respect to the central mass, attraction between
particles is neglected, ai\d so particle orbits
are Keplerian around the central mass. As a
consequence of their finite dimensions, the
particles collide. After each collision, the
grazing component of the relative velocity of
two colliding particles is reduced by a
constant factor k' whilst the perpendicular
component is reduced by a constant factor k.
The method described (Brahic, 1976) can be
easily extended to more complex situations, for
example different collision models or different
potential fields, or even self-gravitating
systems.

Brahic and HSnon (1977) have shown that th°
thickness of a collisional system depends on
the coefficient of restitution. For very
inelastic collisions, the system is completely
flattened. For intermediate collisions, the
thickness of the disc is of the order of a few
times the size of the particles (for a system
composed of equa! sized particles). For almost
elastic collisions, the thickness of the disc
increases and the disc becomes
three-dimensional.

The local thickness of Saturn's rings is
probably of the order of a few tens of meters.
On a large scale, the rings dm probably
slightly warped and are possibly surrounded by
an "atmosphere", by small satellites and by
large chunks of matter just outside or even



inside the rings.
In a real system, most collisions are

between particles of very unequal size.
Realistic models of ring 3ystems should include
a distribution of masses. First results have
been obtained (Brahic and Sicardy, 1981;
Clairemidi and Brahic. 1988). There is no real
equipartition of energy, but rather a kind of
separation between massive and less massive
particles. The mean inclination and the mean
eccentricity of the large particles is smaller
than the mean inclination and the mean
eccentricity of the small particles. The more
elastic the collisions, the bigger the
separation.

The internal rotation of particles have
been taken into account (Barucci et al., 1986;
Clairemidi and Brahic, 1988). The numerical
study shows that exchanges between rotational
and orbital energies lead to an equilibrium
state of rotational properties after few
collisions per particle and to a state in which
rotation axes are randomly oriented.

Other models in which the rebound
coefficients k and k1 depends on the particle
relative velocity and which accretion and
fragmentation have been considered are also
studied (Clairemidi and Brahic, 1988).

In order to understand the mechanism of the
interaction between satellites and a population
of colliding particles, satellites have been
introduced in this model (Sicardy, 1988). It is
interesting to note that, under some
circumstances (see the paper by B. Sicardy in
this volume), ring-like arcs can be confined.

A system including simultaneously
collisions, satellite interactions and
gravitational encounters is under development
and should be run by A. Brahic and B. Sicardy
on a Cray Z computer in 1988.

We have seen detailed structure of ensembles of
particles and we know that it must depend on
thr behaviour of the particles themselves. We
don't know what a "ring particle" is and even
if this word has any meaning. We don't
understand why each planetary ring are so
different from the others. We don't understand
planetary rings origin... We need more
observations and more sophisticated models.

Considering the freshness of the data and

the need to simplify things for a first cut at

interpretation, dynamical properties

(morphology, evolution) and physical properties
(particle sizes, composition) have been treated
largely independently until now. There is a

fundamental question about the process of

dynamical model building. In order to perform a
mathematical study that will reproduce an

observed feature or property, one needs to make

a model simple enough for its analysis to be
tractable. Models are thus simplified, perhaps
to the point that one can feel that some of the

essential physics has been neglected. Is the

model discredited because some of its

assumptions are ad hoc or implausible? It is a
matter of judgment, of course. Obviously if it
can be shown that the assumptions are both

wrong and critical, then the model must be
discarded. Otherwise, if the model does
reproduce an observed property well, it

suggests that the questionnable assumptions may
be okay or at least not very critical and we
tend to accept the model. It is clear that a
major step in the understanding of planetary
rings dynamics will be done when collisions,
resonances, gravitational encounters and
realistic collision laws will be included in a
single model able to run during long time
scales.

CONCLUSIONS

It is clear that the study of planetary rings,
like the rings themselves, is a dynamic and
evolving subject. Despite all the new data, the
nature of planetary rings is still
controversial. A fundamental reason is perhaps
that we have never seen a single ring particle.

A better understanding of the physics of
the rings requires obviously more observations.
Clearly more intensive, coordinated
ground-based stellar occultation observations
must be carried out. Next Saturn's ring plane
crossing should be observed in 1994. After the
wealth of information obtained during the
Voyager flybys, a properly instrumented Saturn
orbiter mission should be the logical next step
to adequately address the unsolved questions in
planetary rings physics. Mission designs have
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already been proposed (Casslni proposal, 1982).
After the Voyager encounters, any observation
of Saturn's rings by a spacecraft should
satisfy to at least the following requirements:

1) The highest possible resolution.
2) Observations with a large variety of

phase angles.

3) Continuous observations of selected
areas in order to follow their evolution with
time.

4) Occupation experiments (star
occuitations observed in visible and
ultra-violet as well as radio occultations).

5) Observation of small particles
phenomena.

A real progress in our knowledge on rings
will be made only when we receive on the Earth
the image of at least one "single ring
particle"! One can paraphrase the poet: "Give
me one particle and 1 will explain the world!"

/

WITti SHEPHERDING SMBXTTE WITHOUT SHEPHERDING SATHLUTH
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A Numerical Study of Resonances in Collisional Disks:
Application to Planetary Ring Arcs.

Bruno Sicardy

Observatoire de Paris et University Paris VII,
02195 Mendon Cedex Principal, France.

Many recent observations have shown that resonances have a wide variety
of effects in planetary rings: spiral waves, gaps, confinement, sharp edges,
arcs. While resonances are known to be associated with such structures, the
role of inter-particle collisions is still poorly understood, although necessary
to explain the long term evolution of the rings.

In an effort to better understand the associated dynamics, we have per-
formed numerical simulations of colliding particles orbiting a massive central
planet. The code simulates the 3-D motion of 100 identical spherical particles
orbiting a massive cental body and suffering inelastic collisions while being
perturbed by one or more satellites.

We used this code to explore in more details the dynamics of arc rings,
and to explain in particular the recent observations of arc structures around
Neptune. Clusters of particles at a satellite's Lagrangian point (L4 or £5)
are shown to be dispersed by dissipative effects. Hpwever. a second satellite
can stabilize the system by providing sufficient energy through a Lindblad's
resonance m±l:m. Other dynamically equivalent configurations (e.g. only
one satellite, but with an eccentric orbit) can also stabilize arc syterns, in
accord with current analytical models.

We examine the roles of collisions at Lindblad and corotation resonances
in various cases. Arcs remain at the potential maxima created by the coro-
tations. However, stability requires that the satellites' masses be within a
limited range: small satellites cannot provide enough energy while large ones
give too much, so the arc can disperse.

1 Introduction

Many recent observations have shown the im-
portance of interactions between planetary
rings and satellites in the Solar System (a
useful review may be found in "Planetary
Rings", R. Greenberg and A. Brahic, Eds.,
University of Arizona Press, 1984). Satellites
may have such different effects like confine-
ment of ringlets or arcs, clearing of gaps or
launching of spiral waves patterns. The asso-
ciated dynamics is clearly interesting in itself,
but it may have also very important applica-
tions to related, and inaccessible, objects like
galaxies, accretion disks or proto-solar sys-
tems.

Several analytical works brought impor-
tant light on disk-satellite dynamics (Goldre-
ich and Tremaine, 1982), but some basic prob-
lems remains open (Borderies, Goldreich and
Tremaine, 1984). Without any doubts, many
of the structures observed in planetary rings
are associated with resonance effects. It is
most likely however that the global behavior
of rings near resonances is linked to the local
behavior of the particles, governed in turn
by collisions. Unfortunately, no direct obser-
vations are currently available at the resolu-
tion of a particle size (which should range in
a rather broad interval, from fim to a few
meters). Depending on the law of collision,
spin effects, accretion and fragmentation, the
overall evolution of the disk may be very dif-
ferent. At that point, numerical experiments
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can be quite useful since they escape the math-
ematical difficulties associated with complex
collision laws. In counterpart, the limits of
such experiments are well known: the num-
ber of particles remains small, all the physics
cannot taken into account at the same time
and most often, the real parameters of the
object cannot be used, so that scaling factors
are necessary, but not always sufficient.

2 The numerical code

The main characteristics of our code are the
following:

1) It describes the 3-D motion of N par-
ticles orbiting a massive central body (the
"planet"). Each particle is followed step by
step in a deterministic way. Typically, we
take N=100.

2) The only interactions between particles
are inelastic collisions. Self-gravitation, radi-
ation forces, plasma drag are ignored. Dur-
ing a collision, the relative velocity of the two
particles is changed in the following way: the
component perpendicular to the contact sur-
face is multiplied by en while the component
along that surface is multiplied by e<. Con-
sequently, en = - 1 and et = 1 holds for per-
fectly elastic collisions while en = 0 and et = 0
holds for sticky material.

3) The particles are hard spheres which
suffer instantaneous collisions. No accretion
or fragmentation occurs. All particles have
the same radius and their spin is ignored.

4) Between two collisions, the particles
follow a Keplerian orbits perturbed by small
satellites. The reaction of the particles on the
satellites is ignored (zero mass particles), and
the satellites do not interact between them-
selves. The orbits of the particles are per-
turbed using Gauss' equations and equinoc-
tial elements. More details about the code
may be found in Sicardy (1987).

Because of the small number of particles,
the study of gaps like Cassini's division still
remains marginal. For the same reason, the
code is somewhat limited for the study of
ringlets. Consequently, we have first explored

the dynamics of arc rings which are confined
not only in the radial direction, but also in
the azimuthal one, thus allowing a better spa-
tial resolution with numerical experiments.

3 Planetary Arcs

Recent ground-based observations have shown
the presence of incomplete ring structures,
or "arcs", around Neptune (Hubbard et al.,
1986, Brahic et al., 1986). Clearly, a free arc
of Neptune would rapidly spread off around
the planet because of the differential Keple-
rian motion, on a time scale of the order of
one month. Thus, the chance for us to catch
a transitory arc is vanishingly small.

Arc structures actually suggest corotation
resonances which could trap material in az-
imuthally bounded regions. The most classi-
cal one is the 1:1 resonance with a satellite
on circular orbit. Then the two Lagrangian
points LA and X5 are known to be stable against
perturbations. However, in the rotating frame,
these points are potential maxima, so that
inelastically colliding bodies in their vicinity
will be driven away little by little (Greenberg
and Davis, 1978). Some of the particles then
"fall" on horseshoe orbits, which would be
easily detected from the Earth by stellar oc-
cultations. The opposite is actually observed:
most of the time, the arcs are not detected.

It thus follows that more ingredients are
needed to maintain particles at these poten-
tial maxima. A solution proposed by Lis-
sauer (1985) is that a second satellite pro-
vides the necessary energy to the particles
through the superposition of Lindblad reso-
nances. A more economical model has been
proposed by Goldreich, Tremaine and Bor-
deries (1986). In that case, the satellite has
an inclined or eccentric orbit. Suppose the
arc and the satellite are in resonance m i l :
m, then in a frame rotating with the arc,
the satellite's orbit is closed and exhibits m
"petals". Because of the eccentricity or the
inclination of the satellite's orbit, the mean
potential felt by the arc exhibits m maxima
and minima along the arc's orbit. Thus, this
problem is dynamically equivalent to the La-
grange points, except that we have now m
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possible sites for the arcs instead of 2. More-
over, because of the m ± 1: m resonance be-
tween the arc and the satellite, the latter is
able to provide at the same time the energy
lost by collisions.

4 Exploration by Numerical Ex-
periments

We have analyzed several runs to explore the
stability of arcs, in the frame of the mod-
els presented above. A detailed analysis will
be published elsewhere, we give here some
preleminary results only. In what follows,
units are chosen so that the central planet
has mass unity, the gravitational constant is
unity and unit of time is such that a body
on circular orbit of radius unity has a angu-
lar velocity equal to unity. Unless otherwise
stated, the radius r of the particles is 10~3

and the coefficients of rebound are en = —.1
and e( = .1

4.1 Arcs at the I4 Stable Lagrange Point

Clusters of particles initially packed around
the Li point of a satellite (thereafter named
the " Lagrangian satellite") loose energy so
that their libration amplitude become larger
and larger. When the separatrix between tad-
pole and horseshoe orbits is reached, the arc
turns to be destroyed. The runs were made
with a Lagrangian satellite's mass of M< =
1(T4. Then after a total number of 2800 colli-
sions among the 100 particles (corresponding
to «s 60 collisions per particle and 120 revo-
lutions of the arc) the azimuthal extension of
the arc is already 90 degrees. Increasing the
particle radius r to 2 x 10~3 increases the dis-
sipation rate so that the first particles reach
the separatrix after only 20 revolutions.

In a real arc, the dissipation of energy E
may be estimated by:

where fc is the collision frequency, e is the
typical value of en and e( and O is the an-
gular velocity of the particles. On the other
hand, the difference of potential energy be-
tween the Lagrangian points L4 and L3 is
AE = (G.Mi)/a, where G is the gravita-

tion constant and a is the orbital radius of
the particles. We take fc « fi (i.e., there is
one collision per revolution), r s» 100cm, a »
109cm,n » 1.8 x lO-'s-'.Mj w 4 x l02lg, so
that the typical dissipation time tc = AJS/JS
for the arc is:

< e « 3 x Midyears

Note however that an arc composed of ceutimeter-
sized particles would be marginally stable over
the age of the Solar System, because of the
factor r~2 in E.

4.2 Arc at the
herd satellite

point with a shep-

A second satellite (thereafter named the "shep-
herd") was added so that the arc lies at the
5:4 outer Lindblad resonance of the newcomer.
The aim is thus to study the effects of an iso-
lated Lindblad resonance on the arc. Because
of this resonance, the shepherd forces the arc
into an eccentric motion, at the same time
it provides some energy to it. However, the
eccentric motion has the opposite effect than
the input of energy: it increases the libration
amplitude, thus taking the arc away from the
stable point. This effect is clear when calcu-
lating the energy of a particle with eccentric
motion around L\\

E = - + (l/2)e2 + M,.f(e0),

where tjo is the mean distance of the parti-
cle to the Lagrangian satellite's orbit, e is
the eccentricity of the particles' orbit, OQ is
the mean longitude relative to the satellite
and f(80) is the classical function describ-
ing the potential hill around £4 : /(0o) =
cos(60) - l/(2sin(90/2)). The above equa-
tion shows that the stability region of the arc
(i.e. where particles librate) is defined, in the
(E,e2) plane, by:

2E + Mi < e2 < 2E + 3Mt

e2 < 2E+Mi is forbidden from energy consid-
erations while e2 > 2E+3Mi allows the parti-
cle to reach the £3 instable point and thus to
follow a horseshoe orbit. The stability region
defined above shows that for a given energy
E, the particle may go away from the stable
point, provided that the eccentricity e is suf-
ficiently high.
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Our experiments show however that the
arc may actually follow very eccentric orbits
and remain nevertheless stable, i.e. within
the "stripe" defined by the inequalities above.
For instance, with a shepherd mass M, =
2 x 10~5, the arc is still stable after 13000
collisions in spite of an eccentricity of 0.075.
This may be interpreted in the following way:
collisions tend to decrease the eccentricity of
the arc, but they cannot decrease it below
the value \/2E + iWJ because of the forbid-
den region. Then, all the particles tend to
follow the same epicycle motion around the
Li point. Equilibrium is reached when col-
lisions dissipate all the energy provided by
the shepherd. Note however that a new ef-
fect then appears: all the epicycle motions,
even if they have different amplitudes, have
the same period, so that increasing the eccen-
tricity does not necessarily increase the dis-
sipation rate. This is because two particles
on neighbor epicycles have no differential mo-
tion. Thus the arc ends up with very small
relative velocities between the particles but
with a high global eccentricity, all the parti-
cles being in phase.

4.3 One Satellite On Eccentric Orbit

The same kind of experiments were under-
gone, but with only one satellite. The La-
grangian satellite was suppressed and the shep-
herd was given a certain eccentricity e,, its
mass being again M, = 2 x 10~5, unless oth-
erwise stated. The energy of a particle is now:

E = - ( 3 / 8 ) ^ + (l/2)e2 + M,.g{0o)^

where g(60) = e,Bmcos(m8Q), 90 is the longi-
tude of the particle relative to the pericenter
of the satellite and Bm is a positive constant
of order unity, depending on the resonance
m ± 1 : m. We have taken again m = 5 and
the arc is at the outer Linblad resonance of
the shepherd. The stability condition for the
arc is now:

2E - e,BmM, < e2 < IE + e.BmM.

The same discussion as for the Lagrange points
now holds for the corotation points. Note
however that because of the factor e, before
M, in the expressions above, the "stability
stripe" is narrower than in the previous case.
Consequently, the arcs will be more easily de-

stroyed. For instance, with e, = .1 and after
6300 collisions (about 100 revolutions), 6%
of the particles have crossed the separatrix
and follow circulating orbits. Increasing e, to
.2 widens the stability region, but the satel-
lite can get closer to the particles and thus
force higher eccentricities. The net effect is
to spread even more the arc. Back to e, = .1,
but using M, = 10~5 improves things, and
most of the particles remain in the arc.

5 Conclusion

Our numerical experiments support the ob-
servational evidences and the theoretical pre-
dictions for stable arcs around Neptune. Mor-
ever, our code proves to be an useful too' for
exploring the dynamics of such objects. In
particular we have shown that the stability
of arcs are easily interpreted in terms of a
stability region in the {E,e2) plane, where e
is the eccentricity of the arc and E its energy
in the corotating frame.

The next step is now to apply this stabil-
ity criterium to real arcs vtasome appropriate
scaling factors. This needs a careful discus-
sion of collision laws in planetary rings and
will be presented in a forthcoming publica-
tion.
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DISCUSSION

N. 3orderies: In your numerical experiments,
did you take particles with a positive radius
or were they punctual? Did you observe cases
in wchich the ring would not stop contracting?
The reason why I am asking this question is
that with Goldreich and Tremaine we have shown
that it is the self-gravity of the arcs which
limit their contraction. Since self-gravity
is absent in your numerical experiments I
would expect that in some cases the ring arcs
would not stop contracting and I am interested
in knowing if indeed you found such cases.
B. Sicardy: The particles are identical spheri-
cal,particles with a finite size (typically
10 of the orbital radius, see the text). I
do not see any evidence for an arc contraction
during the different runs. On the contrary,
the azimuthal extension of the arc seems to
reach some equilibrium value. However, some
more careful analysis of this point should be
made, in particular to estimate the expected
time scale of such contraction, and see if it
may be detectable on the numerical experiments.



PHYSIOS OF INSTABILITIES IN PLANETARY RINGS
AJTO THE PREDICTION OF HEW URANIAN

SATELLITES

A.H.Fridinan, M.N.Gor'kavij

Astronomical Council of the USSH Acad. of Sci. 48 Pyatnitskaya str.
Moscow 109017 USSR

ABSTRACT. By means of correlation analysis, resonance interaction between Uranian
rings and new satellites predicted earlier, ia proved. Instability of circular rings rela-
tive to the disturbance with the azijnuthal number ra=1 is shown; it may be the cause of the
ring's eccentricity. This justifies the authors' hypothesis that the formation of eccentric
rings of the protodisk around Uranus is due to unknown Uranian satellites. There ia no
longer necessity for the hypothesis of the existence of "s2iepherd"-satel?.ites in Uranian
rings which have not been discovered by Voyager-2. A new - accretion instability of the
protodisk is described which may have served as a generator of the birth of a large-scale
structure of Saturn's rings. The discovery of the instability makes it possible to under-
stand the origin of the hierarchic structure of Saturn's rings, since the mechanisms of
formation of narrow ringlets were investigated earlier.

Uranian rings were discovered on March 1977 [\. 2J' . Ikiany of the properties of dense
narrow Uranian rings divided by large empty regions hEve proved to be unique, i.e. having
ellipticity, homogeneous precession, sharp edges and stability against diffusive disper-
sion [3, 4 ] .

Most important questions of the origin and dynamics of the rings may be the following:
1) How were Uranian rings formed ? What accumulated the circumplanetary matter into

narrow rings being so distant from one another ?
2) What is the origin of ring eccentricity ?
3) Why are the rings stable ?

The nature of Uranian rings has been widely discussed during past years /"5-157 • T h e

data obtained by Voyager-2 in January 1986 have confirmed the hypothesis about the resonance
nature of Uranian .rings, which had been put forward by the authors of the present paper as
early as 1985 j[15j • The system of Uranian satellites, discovered by Voyager-2, is in good
agreement with the predicted (in /~15J ) system of hypothetical satellites. The present
paper analyses the correlation between Uranian rings and resonances from its new satellites.
It also considers instabilities of planetary rings that may be responsible for a large-
scale hierarchic structure of Saturn's rings.

First hypotheses on the relation with known satellites. The authors of P\l suggest
that the distances between rings nay be due to resonancesfrom the known Uranian satellites.
In paper HJJ by Dermott and Gold the positions of 5 rings identified in 1977 and designated
as od , p , # , <T , § , were compared with a series of three-frequency resonances from
Ariel-Titknia and Ariel-Oberon. Particles v/ere suggested to "get stuck" on the resonance
orbits while moving towards the planet. Later on, Aksnes [7J and Goldreich and Nicholson
(~82 showed that in the ring zone three-frequency resonances were stronger from Miranda,
but not from Ariel; what is more, even the strongest three-frequency resonances can cont-
rol particle motion in a very narrow zone (of several tens of meters) which is smaller
than the width of the rings. Aksnes pjj suggests that only certain kinds of resonances may
decelerate the matter that is moving towards the planet. He also mentions Colombo remark
on approximate resonance relations between rings themselves. The authors of ^"8, 9 / suggest
that Uranian rings may be strongly non-linear spiral waves excited by resonances in an opti-
cally thin disk. Steigman {"10, 11 ~J modifies Dermott-Gold hypothesis relating ring posi-
tion to three-frequency resonances from Miranda-Ariel and Miranda liyi - undiscovered on the
orbit of the radius 105221 kms. But in 1978 4 more Uranian rings were discovered^ » 4, 5,
b) and it became impossible to relate the position of all 9 rings to three-frequency reso-
nances from outer satellites. iVith critical comments taken into account C7>&1 , that seri-
ously undermined the position of resonance hypothese (including Derraott-Gold models as
well).

Hypotheses on unknown satellites in the rings and "shepherd"-satellitea. A series of
hypotheses appeared in 1979 suggesting the existence of several unknown satellites in the
ring zone. £"12, 13 7 regarded each ring to have a satellite, the forner being either a
gradually regenerating gas-like "trains" of invisible satellites fi2J or a crowd of parti-
clt.s on adjacent "banana"-like orbits near the satellite fi3j . Goldreich and Trenaine (5j
suggested each ring to be located between two 3atellites-"shepherds" that prevent the ring
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particles from dissolving. The introduction of "shepherds" made it possible to explain
ring eccentricity [14J . The stability of the .ring in the differential proceaeieri WHO ex-
plained to be due to self-gravitation forces /~5J . In November 1980 Voyager-1 discovered
two satellites-"shepherd3" (Pandora and Prometheus) nour the narrow elliptical ring F .
After that, the idea of "ahepherd"-aatellites became widely accepted.

Hypothesis on the reacnance nature of Urunian rings due to a aeries of unknown Uruni-

an satellites. Paper |"i6j (see also /~17/ ) develops u conception of the existence of
the rings to be due to intensive colliding detsruction of particles near the planet. A
olose location of the planet determines a considerable value of relative shear velocities
of particles in a differentially rotating disk SLd0 (where •^-~\jQfifi/^t'' is the angular rota-
tion velocity, Cto is the size of particles). | The outer boundary of the ringn is deter-
mine by the equation Xia0•\Jtff •»/(?,,' (where JfSmyi?,, is an escape velocity of the particle sur-
face, close to a chaotic motion velocity of the particles themselves [ 16_/ which gives

R. ring ^ ( "p/P )4'J, inside this boundary a condensational growth of particles i3 limi-
ted by several meters /~16jf while outside it, it goes on until the satellites are formed.
Thus, rings of numerous macropartides are formed in the region where the formation of
satellites is forbidden. The coexistence of the "mixed" rings and satellites may be possible
only in a sufficiently narrow region between the aones of rings and satellites (for ex-
ample, ring F with shepherds on the edge of Saturn's rings).

The model of "shepherd"-aatellites suggesting the existence of up to 18 satellites
across the whole zone obviously contradicts the given conception of ring foruation. Cn the
other hand, at the beginning of the 80-ies several narrow rings (sometimes with a notice-
able eccentricity) being due .not to shepherds, but to resonances from outer satellites
were discovered (see £19, 20f , Pig. 1 from [Mj ). This makes doubtful the necessity of
the "shepherds" model for Uranian satellites as well.

In /"15] it is suggested that the position of Uranian rings corresponds to lower order
Lindblaa resonances 1:2, 2:3, 3s4... fron a series of unknown satellites behind the outer
border of the rings. The discovery of a surprising reguliarity in the position of Uranian
rings well favoured this hypothesis: there are several orbits near the outer boundary of
the rings, each of then being resonant with a pair of rings simultaneously. let us note
that a series of smaller satellites were discovered just near the outer boundary of Ju-
piter and Saturn rings. One may naturally expect that a similar series of satellites
may exist near Uranian rings as well, at least due to a rather continuous distribution of
matter in the protodisk. Orbital_radii of invisible-satellites each of which determines
the position of two rings simultaneously were determined by the ring position in /"15J . To
explain the properties of ring £ near its outer edge, a "shepherd"-satellite was sugges-
ted to exist.

Voyap;er-2 encounter with Uranus in January 1986. Voyager-2 discovered 10 new satellites
and a series of faint rings £2\-2*il ( see the Table) thus summarizing the discussion about
the nature of the rings.

Table

Characteristics of Uranian satellites and rings

Hame

S A I i l L I

Radii oi' satellite orbits j
Resonances from satellites in the ring

discovered 21-23 {predicted 15,24; gone 36+53 4U53 103 lsr.3

1985 VI
1986 V6
1986' v"4
1986 VI
1986 V2
1986 V6
1986 V8
1986 V9
1986 V8

86 000+26
75 258+30
69 942+27
66 086+33
64 352+27
62 676+25
61 777+27
59 173+27
53 796+49

66 450

62 470+

61 860
58 600
55 330

1:3
1:3
1:2;
1:3;
1:2
1:2
1 :2
1:3
3:5

1:2
3:5
3:5; 2:3
3:5; 2:3
3:6; 2:3;
3:5; 2:3;
3:5; 2:3;
2:3; 3:4;

3:4
3:4
3:4;
4:5

4:5

R I

M a L-i e Orbital radii (Ian) ; Eccentricity

Ring I
1986 U IR

51 156.3+ 4.9
50 660 + 30
50 030 7 30
48 306.T+ 4.7
47 632.3+ 5.1
47 183.6T 5.2
45 668.8+ 5.0
44 726.67 4.9
42 579.3+ 4.8
42 243.4+ 4.9

7.924 + 0.23

(0.020 ± 0.140)
(0.121 + 0.201)
(0.014 T 0.25 )
(0.438 7 0.22 )
0.759 + 0.26
1.065 ~ 0.29
1.900 7 C.29
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ring segment-arc -
ring segment 2
ring segment 3
ring 2
dust ring
1986 U 2R

41 845.9+ 4.6
41 760 +~30
41 470 ~ 30
38 430 7 50
38 280 " •SO
37 000 +
39500

1,001 i 0.024

Unpublished value

Satellites are not discovered inside the ring zcne except for the annlJ.es t one near
the outer boundary of the ring zone, vrfiich was cimilnr to the inner "shepherd"-aat;elJ no of
F-ring near Saturn. Thus, only one of 9 rings proved to be surrounded by "shepherd"-sute-
llitea. On the other hand, Voyager-2 confirmed the hypothesis of the resonance nature cf
Uranian rings (as the orbits of some of the discovered satellites proved to be in ^ood
agreement with the orbits that had been calculated earlier /"17, 24, <?5j , see the Table).
nevertheless, a shift of the real orbits of the new satellites from the predicted ones
by several hundred kilometers, as in the satellites 1986 U1, U6, U3 and U9, makes the com-
parison of the position between rings and resonance orbits difficult. Besides, tne predic-
ted "shepherd"-satellite of ring is located not near the outer, nut near the inner edge
of the ring (satellite 1986 u7) having resonance of the 4*5 type, not 3:4 near the ring,
as was suggested in 15 . The detected sy3tem of satellites was wore nw.ieroua than it
had been predicted earlier (the number of the rings is also increased). This is why we
analyse the real picture of the rings and satellites to find out sha lav,' of resonance
"rings^saielliteB"interconnection. The analysis of Voyager-2 data and a general position
of narrow Uranien rings and resonances from the discovered satellites are shown in "/if..
(below). H i
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Pull vertical lines indicate reliable, rather, dense rings - 6, 5, 4I°d , P , i which
were discovered by ground-baaed observatories ( 2 - ia a broad component of £,* ring); ^ ,
y , £ und 1986 U IK ring discovered by Voyager-2.

Dotted vertical lines indicate poorly investigated narrow details of the ring system,
discovered by Voyager-2 as well as the edges of the broad dust ring 1986 U2R. Lindblad
resonances of the type 1:2; 2:3s 3:4; 4:5 from each satellite are marked by points and
connected by dash-and-dotted line (the year of the discovery - 1986 is omitted in sate-
llite designations). Pig.1 shows non-Lindblad resonances (see the Table) of 1:3 type
(straight crosses) mad those of 3:5 type (oblique crosses). The height of the mark of
various types is equal to 3/n+m corresponding qualitatively to the value of the Given reso-
nances.

II we divide the whole ring sone of 36*53 thousand kilometers into 17 evident intervals
of o thousand kilometers each, the average number of resonances in the interval where the
rin^; is located will be more than 2 times as high as that in the "empty" interval. At the
top of Pig.1 arrows of different height(corresponding to the type of the resonance) indi-
cate a summarized picture of resonances in the ring zone and a hyotogran (full line) is
constructed, characterizing the spacxal distribution of resonance orbits. Shaded areas form
«. hystogram of the ring distribution (each detail of the ring system contributes to the
hystograw).

The correspondance between the peaks oi' the tv/o hystograms is obvious: the rings are
concentrated near the group of resonances. The correlation coefficient between the heights
of the two hy3tograus calculated by general methoda /~26j : Q = 0.727 + 0.114 (in the zone
of 36*53 thousand kilometers); Q = 0.782 £ 0.108 (in the zone of 40+ 53 thousand kilome-
ters) - nay serve a quantitative measure of the given interconnection. Let us remind, that
Q = 0 corresponds to the chaos; a complete coincidence of Q=1. The coirelation coefficient
value may serve as a convenient instrument for investigation of the following questions:
what types of resonances played the main part in the ring formation ? Whiii satellites
influenced ring position and which did not ? We shall omit in consecutive order this or that
satellite(and all its resonances) or all the resonances of thi3 or that type. Let us consi-
der the value of the correlation coefficient Q as a contribution of the given satellite
(or a given type of resonances) to the correlation coefficient Q.

0.10 H

0.05-

0.00
« . . . « . — — - ^ 5 : 6 67 7.8 8:9 9:10 10.11

1.4 2:3 U 4:5 V ? ^ V * 2 5.7 7:9 9-.U(n:ml

3 2 2

Fig. 2
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Fig-2c

Pig. 2a shows contributions of each satellite to Q. The satellites are located in
correspondance with their actual position. Full line for Q io in the zone of 40*43 loss,
the shaded line for Q is in the aone of 36*53 teas. For example, the correlation coeffici-
ent decreases when any of the satellites(1986U 1, 1986 U6, 1986 U3, 1986 U9, 1986 U7)
close to the predicted orbits is excluded. It is seen that satellite resonances 1986 U2
and 1986 U4 do not correlate with the rings and decrease the correlation coefficient. If
we exclude these satellites, Q will sharply grow: Q a 0.921 + 0.024-2 (in the zone of 40+
53 thousand tas): Q = 0.837 + 0.073 (in the zone of 36* 53 thousand tans).

Obviously the given satellites did not participate in the formation of the Uranian
rings' system (probably due to their later formation).

llhus, almost all the satellites that determine the position of Uranian rings were real-
ly correctly predicted fi5j . Let us note that satellite T986 05 and 1985 01t aleo contri-
buting to Q positively, have only one strong resonance sash in the zone of classical ringa,
and they could not have been predicted by the position cf tha rings.

Figs. 2b, c show the contribution of various types of resonances to the correlation co-
efficient. Only a zone of classical rings (40+50 thousand Jans) is considered.

Fig. 2b shows resonances from all the 10 new satellites, Q = 0.780 + 0.109. Fig. 2c
analyses resonances from 8 satellites (1986 U2, 1986 U4 are omitted), Q = 0.899 ± 0.053.
Dashed line indicates a specific conventional contribution of Q of one resonance of the
given type (the number of resonances of each type in the zone 40*53 is shown in Fig.2b,c).

The following reguliarity is well seen: the positive contribution to the correlation
coefficient is made by resonances of lower orders: 1:2; 2:3; 3:4; 4:5; 1:3; 3:5. Reso-
nances of higher orders make a negative contribution or close to zero.

This physically obvious reguliarity is also as strong an argument of the resonance
origin of Uranian rings as the correlation coefficient value itself. Let us also note that
new rings correspond well to the resonance picture, since the correlation coefficient is
decreased as soon as they are excluded.

son
Comparison of the hypothesis /i57 and observations by Yo.veger-2 21,22 . The compari-
of the orbital radii of predicted and detected satellites is given in the Table. The

following is a confrontation of hypothetical statements with observational data.

HYPOTHESIS

1. There is a series of small satellites be-
hind the outer border of Uranian rings.

2. Satellites ere not formed inside the
ring zone (excluding a narrow intermediate
zone near the outer border of the rings).

3. The rings are due to the resonance ac-
tion of the types 1:2, 2:3, 3:4 from unknown
satellites, located within a zone of 50*82.2
thousand kms.

4. Five predicted satellites should produce
a resonant action, each on its pair of rings
simultaneously.

OBSERVATIONS

1. Nine of ten new satellites have been
found behind the outer border of the rings.

2. In intermediate zone (near the outer
border of the rings only one, the smallest,
satellite is located.

3. Nine of ten satellites are in this
zone having resonances of the given type in
the region of the rings.

4* A specific property of 5 of ten sa-
tellites discovered is that they affect two
rings simultaneously; their orbits coincide
well with the predicted orbits of the sate-
llites with two-frequency resonances.
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5. Peculiarities of the outer 5 -ring are 5. The 3 -ring AS the only one near
due to the presence of a satellite-."ohepherd". which the "shepherd" hue been found.

6. The diameters of the satellites are to 6. The average difuiiet'r of the satellites
be about 100 kms. is 70 tons (from 15 to 163 kms).

The hypothesis of the resonant nature of Uranion rings being confirmed provoo the for-
mation of a narrow ring to be due to the influence of an outer satellite. The formation
of narrow rings begins obviously from the occurence of a series of spiral density \vave3
and cccoustic waves in resonance orbits.

Spiral density waves while spreading outwards from the resonance orbit serve as bariers
to the fine dust moving towards the planet due, for instance, to the Pointins-rtobertson
effect or gas friction. The dust may stop at the outer border of the aone, perturbed by a
spiral wave, thus forming ring condensations. Therefore the distance between the resonance
and the ring cannot exceed a typical scale of the spiral wave damping (the lutter reaching
several hundred kilometers in Saturn's rings).

Accoustic waves spreading towards the planet, may be the regions of enhanced veloci-
ties of dust motion. In this case dust may gather in the inner side of the aceoustic wave,
i.e. on the border of the unperturbed zone.

The mechanism of resonance formation of ring is discussed in more detail in
Let us analyse a principally different structure - Saturn's rings wtiose hierarchic

composition is due to the action of "inner" forces - instabilities(in difference from
"outer" resonance influences of satellites oh Uranian rings). Some of the instabilities
considered below may also be responsible for typical peculiarities of Uranian rings at
the protostage of their formation (i.e. frcm the protodisk).

Instabilities cf a differentially rotating disk of non-elastic particles. Rings around
planets are differentially rotating disks that consist of non-elastically colliding par-
ticles. Collisions of several-meter particles prove to be one of the main factors of ring
evolution. A proper description of colliding dynamics of rings is u hydrodynamical model
of viscous liquid or gas where several meter blocks act as separate molecules.

Is paper ("28 J (see also /~29( ) for differentially rotating disks of gravitating non-
elastic particles there has been developed a transfer theory with a scalar equation of ener-
gy and v/ith due regard to heat flows. It is strict in the case of slow differential rota-
tion ( t- 4Sl/Ai <.< 2.0. ) or high-frequency collisions ( SLt^i), when one may assume the
llaxwellian distribution function as a stationary one. Such a transfer theory describes
the main peculiarities of transfer processes in planetary rings and may be suitable for
qualitative study of ring instabilities in the general ca3e (tdSi/£i •*• 2SljSWc*i).

let us investigate the stability of linear oscillations of a disk of non-elastic par-
ticles. In view of the above stated, let us write a general set of equations of transfer
for a differentially rotating disk of non-elastic particles:

Here i? = $/r • % is a transverse coefficient of thermal conductivity; S~ is
a surface density of the disk; p;5"i=5'T7i; "VJTtf- i s a gravitational potential. In
eq. (1) we took into account the possibility of non-diffusive flows that change the disk
surface density (for example, accretion and carrying fine dust away from the disk ( U+ a nd
H"" describe increase and secrease of the surface density correspondigljj. The density of
the cloud of non-diffusive particles is naturally supposed to be rather low, not influen-
cing the rest of the transfer equations.
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Ebergy balance is written

Let us write linearised equations for disturbances of ( •<• + Hype in a
short-wave approximation 1. Taking into accoxmt that the visconoity coefficient
alao particpates in disturbance, we obtain the following froia the system (1)-(4):

:

r -

where

' T (7)

Putting the determinant of the system (6) equal to zero, we obtain a dicj-srsicm equa-
tion of linear oscillations of a differentially rotating disk of non-elastic particles.
We write the equation in a simplified form omitting the terns with W" , N ~ :

J &r] + (*

§[(7 )(
w h e r e + K 1 «"» ?•&( 4 t~T fi - 4 £*• <t)] * 0,

let us analyse the case with m=0 (axxally synaietric disturbances).

Neglecting dissipative effects ( ̂ f^SL>>^<(1), we obtain the following dispersion equa-
tion:

The firat root,£o =0 describes jfche so-called "neutral" oscillations - disturbances that
change rotatin moment of particles [30J . Taking into account the dissipation, it is on this
branch of oscillations that dissipative instabilities f31J (including the negative diffu-
sion instability) and wave instability of negative energy get developed [32] .

o X. Z.
The second root to ~Uio describes the Jeans "branch". At W o <0there occurs Jean3 in-

stability: gravitational power overcomes stabilising power of pressure and rotation forainj;
narrow ringlets of the width equal tb that of the disk (rings' thickness is equal to epi-
cycle p and may reach several tens of meters).

There are several types of oscillations in the gravitationally stable disk, connected
with particle collisions. At ^"•w>)iil«A we obtain (frou (8)) a dispersion equation of the
second order which gives two roots for sufficiently long waves n 4L « 1: Y =-|4fr , tfz=~&l(

( 59 is a diffusion coefficient), describing thermal instability [53] at &Er<o and negative
diffusion instability (34. 35j at &<0 correspondingly. The former inctability causes
a jump-like heating (or cooling) of the disk £33 J without resulting in any structures. The
latter instability is connected wit a inelasticity of particle collisions which reaults in
decrease of chaotic velocities in the regions of higher density (where particles "get
stuck" making the dinsity even higher). In rarefied regions chaotic velocity of particles
is higher correspondingly. As a result, there occurs a diffusion from regions more rare-
fied in the regions of higher density. One may easily show that the coefficient symbol
of diffusion is negative in this case. The criterion for the diffuse instability is:

2f = ̂ 4£rj3-4£r^-2Ji/*£r** (9)
A problem of typical widths due to the jjiven instability of rings is widely discussed

f36J . According to (8), one can show [*l8j that diffusive instability is stabilized by
thermal conductivity when k*k^ 1. i«e. short waves of several widths of the disk have
the maximuia increment.

In the disk which is stable relative to the above analysed instabilities and in
which there is a flow of external particles (IlV 0; H~/ 0) there may develop accretion
instability [U] :

If ~ -&K1 +AKf 5 (10)
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a, <v>o; 4 ̂M'- M
Ve.r:,'. 3>G drscrlbon the gonoriii increr.ne of the disk's i:iuss during the accretion of email
p.u't.Jc-es. '.i'hcn u i o , •'.> C rings •..•if.i a characteristic iiccle \ ?z2tr&/A arc formed. Fluc-
•ouciiijun of suuh s.; Gxzc absorb a:.wll e:;iernr.l particles most effectively. Physics of the
given :nuU:b.U Lty ronei.iblec n:echnnia:.i of barlitina fornfition in a desert taking place
during; trcnapormtion cf uand by the wind.

Lot uu concider ncn-oxially cynu.ietric node t* -4 . ./hen JJ'-VTPK'̂ JI , Ifw * 1 , •il tc » 1
we o t a i n the fallowing dispersion equation from (a ):

^ - X / I j/i

wjierc t ~ i ; Wp= "ĵ f > I? is the frequency of precession due to non-sphericity of the
gravitational field of the central body. Thus, non-axially symmetric (ia=1) disturbances
of .1 differentially rotating disk cf non-elastic particles are unstable with the incre-
:.iea I .

;.:odes ftl>i aro of high frequency (6J-N.JI) and do not suffer similar instability. It is
possible that the given instability be resonsible for the transformation of a circular
disturbance of the disk into elliptic. Here differential precession destrys all the
elliptic ringlets having the width of more than 40-50 kms for a shorter time than would
be needed for their formation due to the given instability. Narrow dense ringlets in
which _self-gravitation overcomes differential precession have more chances for "survi-
val"

Structures of planetary rin°:s. Large-scale structure (from 50 up to 1000 kilometers)
of B and C Saturn's rings discovered by Voyager-1 and Voyager-2 £58j nay be explained
by the action of accretion instability both on the protostage and at present. The ques-
tion of a superfine structure that can be formed in dense rings due to Jeans and diffu-
sive instabilities has not yet been solved by observation.

Harrow Uranian rings and several siiiilar ringlets in Saturn's rings radically differ
l'row the nain mass of circular and sufficiently wide rings. Dense Uranian ringlets have
eccentricity and inclination as well as variable width ( a typical width is from 1 up to
10 kns) f21J . It will be natural to suppose that such rings are non-linear stable for-
mation of the type of solutions.
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THE ASTROPHYSICAL INTEREST OP THE ESA ASTROMETRIC NISSIOM "HIPPARCOS"

P. Crifo, A. Gomez, c. Turon

Obaervatoire de Paris, Section de Meudnn
DASGAL, P-9Z195 Meudon, Prance

HIPPARCOS satellite should b« launched in 1989. It will measure position^, proper notions, and
parallaxes of about 110,000 selected stars brighter than 13, with a precision of 2 milliseconds of arc.
Accurate positions (up to 1.5 arc second at t/ie date of observation) and magnitudes ( up to o.5mag) have to be
known in advance. The star selection has to be optimized with respect to bo^h scientific priorities defined
by the ESA Selection Committee, and to technical constraint* for satellite operation.
The Input Catalogue under construction contains stars selected among the 700 000 ones proposed in 1982 by the
world-wide astronomical connunity. The Input catalogue Consortium is in charge of making the
identifications, providing the necessary data with the required accuracy, and maki.ig the selection. A first
provisional version has been established in February 1987 and its content ij& described {
- "survey" of bright stars, about complete up to a limiting magnitude function of both galactic latitude and
spectral type, about 55000 stars. <M

- Fainter stars from proposed prograaM* i nearby stars ; stars with high proper motion ; variable stars, ir.
particular Cepheids and RR Lyrae for distance scale calibration ; open cluster stars ; atars for galactic
structure studies ; stare in the Magellanic clouds ; stars for reference frame ; stars for linking to the
extragalactic system ; minor planets.
A rough estimate of the star distribution versus spectral types and distance is presented. The fulfilment of
important astrometric or astrophysical programmes is evaluated.

1. Introduction

The BIPPARCOS mission is now scheduled for launch in 1989
and will last about 2.5 years. It alas at measuring the
positions, proper notions, and parallaxes of about
110 OOO stars brighter than B - 13, with an average
acccuracy of about 2 mas or 2 mas/yr.
Due to the operation system of the satellite, the stars

to be observed should be selected in advance ; the
positions and magnitudes should be known with a priori
respective accuracies of 1.5 arcsec and 0.5 mag.
This "Input Catalogue" will include the stars to be

observed, and the relevant data resulting either from
compilations or from new ground-based measurements.
For optimising the scientific return with respect to

the satellite observing possibilities, the mission is
being numerically simulated and the final Input
catalogue will be the result of successive iterations.
For details, see Ferryman (this volume) ; Perryman and
Schuyer, 1985 ; Proceedings of the Aussois Colloquium,
1985, Turon £ Perryaan eds ; Turon fi Crifo, 1986.
The preparation of the Input Catalogue is being

conducted by the INCA consortium, led by C. Turon
(Obaervatoire de Paris) and involving researchers of
several countries. It represents a very big cooperative
worX involving many specialists in rather different
fields.

2. Proposed stars and new ground-based measurements

2.1 The HIPPARCOS Data Base.

About 76O OOO stars have been submitted for HIPPARCOS
observation by the world-wide astronomical community.
Proposals have been rated by an ad-hoc ESA Selection
Committee, and each star in each proposal has been given
a priority index.
After a huge cross-identification work performed

mostly thanks to an intensive use of the SIMBAD * Data
Base (centre de Donnees stellaires, observatoire de
Strasbourg, Prance) w>d by individual study of over 200
lists of stars (published an unpublished), redundancies
have been eliminated, and the list reduced to 214 000

different stars, among which only about 5 000 are not
registered in SIMBAD. All oroposed stars have bet
organized into a Data Base having the same structure as
SIMBAD, so that the SIMBAD routines and procedures* can be
used, altogether with new specific softwares. Por
details, see Gomez and Crifo (198S), and Morin and
Arenou (1985 ).

2.2 New ground-based measurements.

2.2.1. Positions.

The catalogue of Astrometric Data (CDA), established at
Heidelberg (PRG) from available astrometric catalogues
is being used for providing accurate star positions.
Stars not found in the CDA are being re-measured i new

positions are measured either with the Automatic
Meridian circles at Bordeaux (P) and La Palma (SP), or on
plates (mainly ESO Quick Blue Survey), where all
proposed HIPPARCOS stars are being measured south of
-17.5° (Bordeaux, P i Hertsmonceux, O.K. ; Leiden, N.L. ;
Marseille, P.)
Astrographic plates have been used in speci/.l areas

such as the northern polar cap or galactic clusters
(Hamburg, P.R.G.; Munster, P.R.G.) Overlapping zones
show an excellent agreement. Comparison of results for
stars already in astrometric catalogues shows that plate
measurements are of higher quality than the General
catalogue positions for the mean epoch of the HIPPARCOS
mission. Por more details, see Requieme 1995 and 1906.
Minor Planets (about 50 should be in the catalogue) are
also intensively observed, so as to allow a better
adjustment of the ephemerides.

2.2.2. Magnitudes.

The reliability of the SIMBAD magnitudes and colours has
been checked. A very important work of compilation of
photometric data is being performed at Lausanne, CH (see
Mermilliod, 1905).
New photoelectric measurements, including in

particular faint nearby stars and variable stars, are
being carried out for about 10 000 stars, mostly at ESO
(La Silla), but also in Calar Alto, La Palma, etc. This
work is coordinate*] at the Observatoire do Geneve, CH
(see Grenon, 1995 and 1986).

Sat of Mentmcatloiu, MMturairantt and Hbllogriptiy for
Astronomic*! Data.
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2.3. Special treatment for variable stars.

stars with a magnitude amplitude smaller than
2 magnitudes are considered aa constant ; the Magnitude
kept for observing time allocation is adapted to the type
of variability (maximum brightness, or minimum, or some
intermediate value).
stars with an amplitude larger than 2 magnitudes will

have ephemerides allowing the magnitude to be calculated
at each passage in the field. Por a good adjustment they
need to be observed before the launch, but alBo during
the mission (see Mennessier, 1985).

2.4. Double and multiple stars.

With p and Am being the separation and magnitude
difference, the following rules have been adopted i
- p < 10" i only one entry in the Catalogue. Present
coordinates and magnitudes are those of the photocentre.
- 10" « p < 30", and Am < Amo (Amo is si function of the main
component • s magnitude, varying from 3 at v - 7 to o at v -
13) i two entries in the Catalogue (or more if there are
more components in this p, Am range). Missing components
have been added and the observing time will be shared
between the components. If Am > Amo i the secondary
components are neglected.
- p > 30" t At these separations also the star nay be
perturbed by nearby components, depending on p and Am.
Stars producing a noticeable perturbation on others need
to be observed for correction of the perturbation
(veiling glare process) and must therefore be in the
catalogue.
A large programme for detecting and measuring double

and multiple stars is coordinated by the Observatoire de
Bruxelles (B). A new Catalogue of Double and Multiple
Stars (CCDM) is in preparation, for details, see
Domnanget (198S) and Turon (1987).

3. Star selection and cawlogue optimization

The selection of 110 OOO to 120 000 stars among the
214 OOO proposed ones should be made along the following
lines :
- respect, as nuch as possible, the' scientific
recommendations of the selection Committee,
- use the available observing time in the best possible
way, and give to each star the observing time needed for
correct determination of its astrometric parameters.
The competition between each star and its neighbours

within a circle of 0.0 deg. radius is estimated by a
numerical coefficient which is the ratio between the sura
of observing times needed for stara of higher priority
index or brighter within the same priority class, and the
available observing time (see Hicolet, 1995 > creze,
1985). This simple calculation allows a good first
selection ; it is then checked by means of extensive
numerical simulations taking into account the
superposition of both fields of view, and the actual
observing strategy (way of distributing the observing
time between the stars present in the field of view).
Alter each simulation run, results are examined and
priorities are revised if needed for some "important"
stars (nearby stars, stars used in the calibration of
cosmic distance scale, stars needed for linking the
HIPPARCOS reference frame to an extragalactic system,
via VLSI or Space Telescope, etc. ).
Some severe conflicts may of course happen, and they are
examined individually. Pigures 1 and 2 show some
examples :
- Figure 1 : Pleiades.
la i all stars registered in STMBAD.
lb i all stars proposed for HIPPARCOS observation.
lc i stars kept after simulation. The brightest stars are
kept.
- Figure 2 i conflicting situation. Competition is
between a nearby star of spectral type dM, and a radio
star observed in VLBI. Because the catalogue contains
many more nearby stars than radio stars, the radio star
\B kept. Here, the decision is by no means automatic.
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la : aJl stars registered in the SIMBAD base.
1b : all stars proposed For HIPPARCOS observat
Ic : stars kept in ICI.
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Problems are obviously encountered in crowded
regions, such as galactic clusters, Magellanic clouds,
or near the galactic plane. The mutual perturbations of
close stars, described in the multiple star paragraph,
are also taXen into account for the final choice (some
important stars are fully unobservable).
A first provisional version of the Input Catalogue,

IC1, has been issued in February 198? (115 ooo stars).
Its contents is briefly described here below. "Hie
contents of the final Input catalogue will be slightly
different, mainly at the faint end.

4. Astrometric contents of IC1

for more details, see Turon, 1987.

4 1 Astrometric catalogues

A very large fraction of the submitted astrometric
catalogues is included in 1C1 : FK4 (100 % ) , PK5
(99.6 % ) , NPZT (99 % ) , IRS (AGK3R • 97 % , SRS i 95 »),
GC ( B6 % ) . IC1 includes also about 13 000 AQC3 Lick stars
and 5 5O0 stars used to study the Earth rotation.

4.2. Reference fraae.

The HIPPARCOS reference frame will be linked to an
extragalactic reference system via t (i) radio stars
observed in VLBI ; (ii) link stars around quasars. The
quasars (too faint for HIPPARCOS) and their link stars
will be observed with the Bubble Space Telescope.

The observability of these stars has been carefully
checked. For •ore details, see Argue 1987, or Argue 1986.
Dynamical reference frame : about so Minor Planets

will be observed. The list depends on the launch date.
Ephenerides for positions and magnitudes will be
provided (see Bec-Borsenberger, 1985).

Strasbourg Colloquium (H0g et al eds). Moreover a great
majority of proposed progranroon have an astrophyslcal
aim.

5.1 The Survey

The Catalogue contains first a baa in list of about 55 000
bright stars automatically selected in SIMBAD up to the
following limiting magnitude i
VMm = 7.9 • 1.1 sin Ibl lor spectral type « 06
vllm = 7 3 • 1 ' " n l b l **" *P*<rtral typa > 06
If the spectral type is unknown, the break is taken at
B-v - 0.6.
The spectral type dependence has been adopted in order

to avoid a too large number of far-away red giants with
not very accurate parallaxes.
Sone bright stars will however be missing in some dense
areas.
Painter stars have been added among the proposed ones,
following the recommendations of the Selection
Coaanittee t
about 30 000 start fainter than tha aurvay limit but brighter than 9.0,
about 30 000 atara falntar than V - 9 .0.

5.2 Types of stars

The HIPPARCOS catalogue contains stars of all spectral
types, luminosity classes and ages, as well as many
special types of stars (variable stars like Cepheids, RR
Iiyrae, LPV i central stars of Planetary Nebulae i Wolf-
Rayet stars j unite dwarfs i metal-deficient stare,
etc. ) | cluster stars and even stars belonging to the
Magellanic Clouds.

5.3. Distances

It was possible to estimate the distances of a large
fraction of the IC1 stars from the spectral type (HD, or
MK when available), using a reddening correction for OB
stars. The result (rather crude I) is shown in Tables 1
and ?..

VVPC

6 - 8

8 - 1 0

> 10

TCfThS*

« 1OO

9

I S

1

2 9

3 1 8

810

2 4 5

DO1

100-500

2 2

3 7

3

65

6 0 6

7 3 0

4 9 4

7 2 7

soo-iooo

7

9

9 M

• 7 6

B 6 0

BOO

x

1

3

lOOO

O49

6O2

5fl3

45G

Total

3 3

6 3

6

1 0 7

9 0 5

0 1 8

1 8 2

9 B 4

Tab)* 1

Distribution versus V magnitud* ar.d distance

\ sp
dpc\

< loo

500 - 1000

» JOOO

TOTMi

2

1

1 0

OB

1B0

2 1 0

B 5 0

1 5 0

1

1

1 7

A

19O

0 4 0

2 3 0

3 4 0

r

1? 19O

8 0

2 5 0

24 74O

1 3

1

3 9

1BO

B 2 0

4 B 0

2 3 0

12

2

4

1 7

to m

26O

6 S 0

6 5 0

&40

TO

73

9

3

t«z

0 -

9 0 0

4 6 0

0 0 0

%

I C 1

2 5 . 2

8 . 5

3 . 0

94 .

Tabla 2

IC1 : Distribution versus spactral typa and dlatanca
(tha Nnal Input Catal(.gua wll ba slightly dlffarant).

5. Aatrophysical content of tci

HIPPARCOS is the first satellite devoted to global
astroaetry. However, the many impacts of the mission on
astrophysics have been emphasized already in several
meetings > see for example the Proceedings of the Padova
Colloquium, 1979 (Barbieri s Bemacca eds), and the

5.4 Parallaxes and proper motions, luminosity
calibration

Good individual parallaxes will be available for about
30 000 stars, thus allowing a better calibration of
luminosities in the HR diagram ; and for stars between
100 and 500 pc (about 65 OOO stars), HIPPARCOS will
provide parallaxes valuable for statistical use. Proper
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motions will ba available up to l or 2 kpo, allowing a
kinematic study of atara out of tha solar neighbourhood.

5.S Cosmic distance scale

All Oaphttids (55) and RR Lyra* (26) within l Xpo will ba
observed t and the distance of many qalactic cluatars
vill be determined (about 100 Hyadaa stars).

5.6 Stellcr H I H I

About 700 binariaa with known orbits closer than loo pc
will be observed.

s.7 Nearby atars

they aca very well represented in IC1, including about 1
800 Gllese's stars, 1 000 IBS stars and 7 COO NIAT stars.

6. Publication of the Input Catalogue

It is planned to publish the Input Catalogue, about 18
Month* after launch. It will contain i
- The Main Catalogue i positions at epoch 1990, system
J20OO, and accuracies i proper notions ; magnitudes ;
colours ; spectral types i indications for duplicity or
variability ; known parallaxes i identifications.
- Annex Catalogues giving detailed information on
double, multiple, and variable stars.
- Annex catalogues on Solar System objects i ephemeridos
for minor planets, and the satellites Europa and Titan.
- All new data gathered on stars proposed but not
retained for the Input Catalogue will also be published,
in a distinct catalogue.

7. Conclusion

The input Catalogue will constitute a very precise and
homogeneous set of data, compiled or newly obtained. Its
preparation has strongly stimulated fields such as
meridian observations or multiple stars cataloguing,
photometry of nearby stars and variable stara. Minor
Planet observations, cross-identifications of stars,
etc.
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THE NON-ROTATING ORIGIN: CONCEPTUAL DEFINITION.
APPLICATION TO THE ROTATION OF THE EARTH.

J. Souchay

U.A 1125 du C.N.R.S, Observatoire dt Paris, 61 Avenue de l'Observatoire, 75014 PARIS, France

Abstract . The present definition of U.T.I is a complex one which introduces the old
concept of the "Fictitious Mean Sun" which has been sugge sted by Newcomb (1895). The conven-
tioiufal right ascension of the Fictitious Mean Sun brings the basic relationship between Sidereal
Time, arising directly from observations, and U.T.I, as it is internationally adopted. Unfortunately,
this basic relationship needs some effort of understanding for the common user. It is the reason
why B.Guinot (1979) propose d to adopt another point instead of the vernal equinox on the ce-
lestial equator, that lie called th e 'non-rotating origin a ' This point obeys to a clear kinematical
concept. Moreover, it should bring a ne w conceptual definition of U.T.I very easy to und»rstand.
The position of a on the celestial sphere can be easily determined by th e Eulcrinu angles ty and
0 which are positioning the instantaneous axis of rota tion of the Earth relatively to an inertial
plane of reference. It can also be realized by the way of a quantity ' s' depending on the only motion
of the instantaneous equator. Formulation and developpement of V are success! vely given.

Introduction

The present definition of U.T.I, which is a conven-
tional one, conies from its conventional relationship
with the "Greenwich Mean Sidereal Time" (G.M.S.T.I)
directly deduced from the different kind of observa-
tions (transit times of stars, V.L.B.I., etc..)

More precisely, the currently adopted ex-
pression for this relationship is as follows (Aoki &c
alv1982):

G.M.S.T.l at Oh. U:T.l

= 24110".54841

+ 8640184". 812866 Tu

+ 0" .093104 T*

- 6".210"G T?L

(1)

With: T,, = d,,/36525 , where d,, rep-
resent the number of days of universal time
elapsed since JD 2451545.0 U T l (2000 Jan-
uary 1, 12h. U.T. l) ; du = ±0.5,±1.5,±2.5,...

(This expression has to be used with the
FK5-based astronomical reference system )

. In fact, this definition is based on Newcomb's
expressions (1895). Newcomb introduced the con-
cept of the "Fictitious Mean Sun" which he defines
as having a strictly sidereal motion in right ascen-
sion in the reference frame defined by the preces-
sional constants on use. So, the right ascension of
the Fictitious Mean Sun ct[F.M.$] iS given by the
equation as follows:

= G.M.S.T.l of Oh.U.TA + 12 h

Two motions are involved in the expression (1) above:
firstly the motion of the equinox along the celestial
equator; secondly the motion of the Fictitious Mean
Sun along this equator. It appears that the first one
can easily be eliminated by choosing another point
on the instantaneous celestial equator instead of the
mean vernal equinox. This point was called the 'Non
rotating origin1 by B.Guinot (1979). This point has
several advantages which will be exposed in the fol-
lowing sections.

Conceptual definition of the non-rotating ori-
gin

Let us consider a Celestial Reference System (C.R.S).
According to its own definition, its axes are fixed
among the directions of the most remote bodi es of
the universe (as quasars of which proper motions are
generally considered equa 1 to zero) as seen from the
barycenter of the solar system. The C.R.S can be
practically represented by a celestial sphere of cen-
ter O with a fundamental great circle of pole Co and
of origin E() on this circle. We can us e the trirect-
angular coordinates: OX towards OEO, OZ towards
OC'o, and OY completing the d irect triad (Figure
1)

In a similar aim, we can also consider a Ter-
restrial Reference System (T.R.S). It will be defined
by the condition that there is no net rotation or
translation between the surface of the Earth and
this reference system for an average over the whole
surface of the Earth. The terrestrial directions can
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n fuiulumout.ul niout di-cl« of pole V î, itml un ori-
yin (the longitude origin) Ilu on thia circle . Thus
it is also poss ible to use trirectnngular coordinates:
OXT towards Flo, OZT towards O/Jy, und OYT com-
pleting the direct triad (Figure 2)

In the following, the point P will design the
instantaneous pole of rotation. Now let us explain
the means by which the non rotating origin is de-
termined:

(1) In space:

A referential (O,x,y,z) is constructed from
two conditions: firstly Oz coincides with OP; sec-
ondly Ox is defined in such a way that, as P moves
in the C.R.S, (O,x,y,z) has no component of in-
stantaneous rotation along Ozzwith respect to the
C.R.S . The Non rotating origin in the space, called
'a', is the intersection between Ox and the celes-
tial sphere (Guinot,1979). The axis Ox, and conse-
quently a, are initially arbitrarily chosen, but their
complete motion is then entirely defined by the con-
ditions above (Figure S).

(2) On the Ear th:

A referential (O,x-p,yT >ZT) W constructed
from two conditions: fi rstly Oz-p coincides with
OP; secondly Ox is defined in such a way that, as
P moves in the T.R.S, (OJXT/JTJZT) has no com-
ponent of instantaneous rotation along Ozf with re-
spect to the C.T.S • The Non rota ting origin on
the Earth, called cc, is ihe intersection between Oxt
and the surface of the Celestial Sphere. The axis 0
XT, and consequently tc, are also initially arbitrarily
chosen (Figure 4)

Practical determination of the Non rotating
origin a

DETERMINATION 1 (Figure 5)

The C.R.S which will be used for this P.rst
practical determination (Figure 3) is the ecliptic of
an epoch to, where in = J 2000.0 so that Co corre-
ponds to the pole of this ecliptic and that the point
Eo coincides with the equinox 70 of t(1. The trans-
formation between this C.R.S. and the system of
reference (O,x,y,z) can be realized by the three Eu-
lerian angles ^ , 0 and <I>, in such a way that ^ and 0
allow us to realize the positioning of OP ,and that
the last angle $ allow us to realize the positioning
of OCT around OP (Figure 3). Then, the condition of
non-rotation of (O,x,y,z)around Oz is characterized
by the differential equation: 4> = -tycosQ .

So, if N(t) represents the descending node

n f U i n r i | U i i l . i i l ' n f i n n t u i l l i i ' i x i i i l . i i l . i n i i , I f I ' ( I ) l ' ' | > -

IHHUIIU tho Nou-iotatiiiK O ' i«in in the npucc a t the
da te t, then:

- N(tu)o[h)

- - / cosQd('i)
Jt,,

Knowing that P is very closed to the Ce-
lestial Ephemeris Pole (C.E.P), we can remark that
the numerical developpements of the motion of the
C. E.P. in the C.R.S are nearly the same than for
P. Effectively, these two pole3 are ver y closed one
to the other. They are only separated by a quasi-
diurnal term whose amplitude cannot meanwhile be
neg lected in the further calculations. At present we
can make the identifications: 0 = wA + Aj«; $ =
— (ipA + Ai0). Aj« and Ai^ are the classical angles
of the nutation of the Celestial Ephemeris Pole ref-
erenced to the fixed ecliptic of to which are issued
from the current theory of the nutation (Seidelmaiiii
1982) ; w,, and ip,, are the precession quantities based
on the I.A.U(1976) System of Astr onomical Con-
stants (Lieske & al. 1977) A further developement
will give:

9 - 90 = N{t)o{t) - N(to)a[ta)

/ • '

— / (oi/t — Co + Aie)sin€itd{rpA + Ajt/i)
Jt.,

(2)
from that, it is now possible to give the

trirectangular coordinates of a in the C.R.S:

(Oa)x = cos(ipA + A[tf)co«f

4- sin[il>A + Aiip)sin<]?cos(wA -f

(Ocr)y = -sin(ipA

+ cos(ipA +

(Oa)z — sin<$>sin(ujA

where $ is given by (2), its value <J>0 at date
ty depending on the arbitrary choice of a(t<j).
These three expressions of coordinates are interest-
ing, in order for instance to have a good idea of the
trajectory described by a, in function of time, in the
celestial sphere, •I'M being first determined.

DETERMINATION 2 (Figure 6)

Another way of determination for a can be
realized by the use of a quantity 'a' (Capitaine, Guinot,
Souchay, 1986) which can be defined as follows (Fig-
ure 4): if we consider the node N(t) between the
equator of instan.ta.ncou> rotation of date. tu and the
equator of instantaneous rotation of date t, a{t) will
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be tied to ff(t0) (arbxtrarly chosen) by the relation'
ship:

Where exact formulation of s is:

3 = (3)

where $A and 6A are classical precessionnal
quantities and where Af̂ i and &6A are the respective
supplementary contributions to these quantities due
to the nutationfwe consider the true tquator of date,
not the mean one).

Let us note that all the precedent param-
eters do not call out any reference to the ecliptic.
They are only dependent on the specific motion of
the equator. Nevertheless, the expression of », ac-
curate up to 5.10"° " after one century, can then
be written following the formula (Capitaine &: al.
1987).

3 = - - « o

• A1(j)]dt (4)

The complete development of 3, up to 5.10~Gl,
is given in Table I (Capitaine & al, 1986). We can
distinguish several kinds of terms. The main one is
due to the only precession and is proportionnal to
t3. Another one is due to the only nutation and is
of a secular form. Then, crossed terms (precession-
nutation) appear to be significative, in the present
level of accuracy. They present themselves as a com-
bination of polynomial and sinusoidal terms.

Practical determination of the Non-Rotating
Origin 137

ro is defined when knowing the motion of
the instantaneous pole of rotation in the C.T.S: at
any instant.

But it might be easier to choose in this aim
the C.T.S associated with the B.I.H system (Annual
Report, 1987), which implicitcly establishes an axis
OZT towards a reference pole and an axis Oxx to-
wards a reference origin of longitudes. It can easily
be proved that if we consider the node Q'(t) between
the two equators of instantaneous rotation (Figure
7), and the Non-Rotating Origin zv(t) at the instant
t, the angular quantity:

gives a secular term whose _4 the numerical
value is about 5.10 " per century. The

real prime meridian of rotation ought to be at any
time the meridian crossing P and the Non-Rotating
Origin £> It is not the case at the present time,
even if the drift between this ideal meridian and the
present one seems to be very small.

On a new proposal to define U.T.I , by the
way of the Non-Rotating Origins

Once located the Non-Rotating Origin in the epacc
a and on the Earth w, it can be immediately proved
that the angle acu varies in a rate that is just equal
to the amplitude of the rotatiounal vector of the
Earth, so that, if 6 designs the angle crro, U.T.I,
in its ideal definition, ought to be defined as:

U.T.I = k.[9 - 6n)

, where k and ff(, are constant terms from which the
value is chosen for U.T.I to follow the succession of
days and nights. (Guinot,1979)

Conclusion

The advantages of the prcdedent definition proposed
just above are multiple. At first it does not refer to
the mean equator of the date but to the true one.
At second, it does not neglect some crossed terms of
precession-nutation from which the order is about
0".001. At third, it does not introduce the vernal
point, from which the determination implies a very
good knowledge of the motion of the Ecliptic, which
is not firmly realized, with the best accuracy. At
last, it is clearer and more accurate than the official
one, which introduces the supplementary concept of
the "Fictitious Mean Sun".

Moreover, we can observe that the two kinds
of determination 1 et 2 can be usef ul. The first one
seems to be avantageous to represent a at each in-
stant as a function of precession-nutation (Lieske k
al.,1977, Seidelmaiui,1982).The second one appear
s still more interesting because it allows us to lo-
cate a by angles which are uniquely associate d to
the motion of the equator relatively to the equator
of a basic date to. Now, new technics like V.L.B.I
and L.S.R are able to determine these angles by a
regular data, with the best accuracy.

readies a significant, amount (Capitaine &r. al.
1980). Effectively, the development of this quantity
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TABLE I
Development ofs up to 5 x 10"""

The development is computed for the coordinates of the Celestial F.phemeris Pole When the
coordinates of the pole of instantaneous rotation are used, some amplitudes differ slightly: they are
given between parentheses

Otigin
of the term

precession

nutation

precession
x nutation

nutation
x nutation

+ Cons!an!

n°
of nutation

all

1

9

3)
11
33
34
12
13
36
10
38
39
41
40

3
42
45
44

{ 9,16
(10.12

1,9'

[ 1,2
131,33

( - .van = 01

Terms ofs
in 10"!", (

(+ 394)

(-4472)

(-277)

(-44)

(-9)

( + 2)

in centuries

+ 3629 t3

+ 385 r

( - 265
I -4471 (
) - ill2

U \l2

r+ i
1 + 431

f- 2791
1 - 3f2

- 47 f

- Ill

- lOr
- 6f
+ 5f
+ 3r
+ 3f

3(
+ It
- It
— i r
- 11
+ 1 (
- 1 /

1 <
+ 11

+ 1

1

+ 1

sinQ (•)
cosQ
sinO
cosO

sin 2CI
-cos2n

'cos 2 ©
sin 2©

cos2<t
cos (3© -p.)
cos (2(1 - f i )
cos (3<[ - p)
cos(Q +p,)
cos (2© --ft)
cos (<t + p)
cos(O -p , )
cos((t - p + f i )
cos(-<[ Hp+fi)
cos(3([ -p—tl)
cos (3{ + p - 2©)
cos(2p-n)
cos(4C - 2 © |
cos (4(f - 2p)
cos((t +2Q -p)

sin 2 p.

sin (2© -f i )

sinfi (•)

Period
in days

6798.4
679S.4
6798.4
6798.4

3399.2
3399.2

182.6
182.6

13.7
121.7
13.6
9.1

365.2
177.8
27.1

365.3
27.7
27.4
9.1
9.6

1305.5
7.1

6.9
23.9

3.8 x 10"

177.8

6798.4

(*) To be added to the other term of .same argument.

.lip.e I, a l . , 198b)
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A liENf'KAl l / l I) Ml iHtJU Ul CJUMAHNG b 1AK L'UKIU.I'I JONS (ROM L M l l U D f ANU TIME Ufi'iCRVAl IONS

Jan Hef ty

Oliifirvatory of the bluvak lechnical Universi ty, Radlinskehu I I , H13 6U Bratislava,Czechoslovakia

l.uny periods of regular astrunumical l a t i tude-longitude measurements on observatories par t i c ipa t ing
m determination of Earth's ro ta t iun parameters are frequently used l'or estimation of corrections to
star catalogue mean places and proper motions. Ihe: proposed method is the extension and generaliza-
t ion of the; usually e \p lo i ted chain method. I t is possible to estimate simultaneously the corrections
of decl inat ions and r i y . i t ascensions for instruments which determine both la t i tude and longitude.
Additional unknowns - amplitudes of short-per iodic terms (e.g. corrections to nutat ion amplitudes,
t i da l var ia t ions, nearly diurnal polar motion, instrumental parameters and re f rac t ion anomalies) can
be included into to ta l adjustment. I t is nut necessary to f u l f i l the condit ion of closing the chain.
The constraint for unknown parameters is the minimum of chuosen quadratic form. The problem is solv-
ed by using the theory of generalized inverse of matrices. The method is demonstrated on determinat-
ion of the r igh t ascension corrections from observations with visual t rans i t instrument. Another
applications of proposed method are out l ined.

An i n c r e a s e c f accuracy of t ime and l a t i -

tude o b s e r v a t i o n s by means of o p t i c a l a s t r o -

metry depends upon the e l i m i n a t i o n o f s y s t e -

ma t i c e r r o r s hav ing e f f e c t on the n e a s u r e -

ments . The o b s e r v a t i o n s e x p l o i t e d by the de-

t e r m i n a t i o n o f the E a r t h s r o t a t i o n parame-

t e r s ( c o o r d i n a t e s of t e r r e s t r i a l po le and the

d i f f e r e n c e between the U n i v e r s a l t ime and

Atomic t i m e ) are f i r s t of a l l i n f l u e n c e o by

e r r o r s i n c a t a l o g u e mean p l aces and p roper

mot ions of observed s t a r s . F u r t h e r sources

of s y s t e m a t i c e r r o r s a re the r e f r a c t i o n a l

a n o m a l i e s , t i d a l v a r i a t i o n s of l o c a l plumb

l i n e s , l i m i t a t i o n s f o l l o w i n g f rom n u t a t i o n

model used by r e d u c t i o n of o b s e r v a t i o n s e t c .

Most of these e f f e c t s can be de te rm ined by

a n a l y s i n g the large; s e t s of t ime and l a t i t u d e

a s t r o m e t r i c a l o b s e r v a t i o n s themse lves . O f ten

nrt j a s t r o n o m i c a l ubsurva t ion.s used f o r e s t i -

ma t i on o f r i g h t ascens ion and d e c l i n a t i o n s

c o r r e c t i o n s , However the t r a d i t i o n a l cha in

methods based on two s tages p rocedure - the

r e d u c t i o n of the group means and the comput-

a t i o n uf group c o r r e c t inns have more : i h n r t -

ccr i 'n i i j s . There are i g n o r e d d i f f e r e n c e : ; i n

i'ni annunt of ul.";pr vn 11 mis am) t h e i r a c c u -

racy conct' r n j pu; n'i fo r uruupr, so f o r s i n g l n

s t a r s . Hi r i ii i 1.H:TH.I!S of o the r s y s t e m a t i c

c r r c r : . a n 1 n::t rj(:n,ui I ed anil a l i .n the: acnu-

l .K.y or.' i ir.i 11' ii f nh I ,i i in '; M a r corr i 'c ; 1 l oil'".

tin- •!,. ; i , , ; r i:( f-'MM-H'ir- ct ,i I . ( I ' . 'V7) in- s i -

'• I I ! t . - 1 1 ; r • . . t , • . i ; , ! i •• 11 ; hit i , f i . : r r u f : 1 1 i ' . h ' 3 ( i f :A;>r

I ; u • . : j ; i , ; 11 ' • ; i t r n - i • i n i . • , •- i ' i i u I I n r u ' n u : ; 1 y

w ; ' ' ' . i : i - 1 i " I ' U ' I . I : . ' !, I i <".' I : I i ( I 1 • ! , j I i t ' J i l l ! -

1 ' ' : i i ; ; * u f ; i v .•! ; -t i l n n 1 ; ! i;r..- i i i:n t t i c [ j r 1 nc i p I f::;

of the Least-squares method removes moat of

these shortcomings. But this procedure re-

quired the latitude or UTO-UTC as observed

values, what is not valid for majority of

used astronomical instruments. In this paper

is presented the extension of the Manabe's

method for the case of indirect measurements

if the instanteneous latitude and UTO-UTC

are determined by solving normal equations.

The examples are the transit instrument

where the times of passages through the col-

limation plane are measured, the astrolabes

with time of passage through almuncantar

measured, or PZT with plate coordinates mea-

surements .

1 he idea of the method can be described

by the model

(2) D(y/) = (r (C

where F(y) and D(y) are symbols for operators

of mean value and dispersion of a random vec-

tor y = (y ] ; y2 y n ) ' of measurements.

The matrices Xn ^ and I_n ^ are known matrices

of observation equations'with ranks R(/) = m

and K(i.) = 1 . C n n j.; a known positive oemi-

definiti. matrix of weight coefficients. Vec-
t r u s ^m ' ̂| anri '->t:ai'1r <r are unknown para-

mutfirr,. ! he Lliviuinu of unknowns into two

vectors is .,! fundd'i.ivital importance for num-

erical SO 1 V llljj .

Ih- fir;,, t-vc<:l,ift 1nF.rtj5pr.tr, thu un-

Knowns whir'i are r.or.on for the whole period

"I i.li-..i:i vat i,•;:.:•,. lf,(.y inn ,;. (j , c o r r e c t i o n s of

mean plnces and ,„„,,„, n,uiu,r,n of ..l.^nrved

star:,, ,-impl i tuclns n( ;,-,:,! pfiriu:1ic terms of
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nutational and tidal origin and amplitudes of

other syste«»tic effects with known functional

dependence.

The second group of I parameters % are

unknowns different foi each observational

night such as instanteneous latitude, UTO-UTC

and instrumental parameters. We presume that

these parameters are constant during the

single observations or their change can be

sufficiently predicted e.g. on base of BIH

Earth's rotation parameters, cr is unknown

Dispersion of unit weight.

For the existence of solution is necessary

that m+i ^ n. Since the whole number of

m+ I unknowns (h and •% can reach several

thousands tie effort is to arrange the equat-

ion (1) for solving only the unknowns fi and
2

C . Let us define the substitution Matrix

(3) *l = G'1 - G'H-CL'G"1 L)" 1 L'G"1 ,

where 1. C~ L is regular matrix of normal

equations solving only unknowns -jr without

considering unknowns ft. Then the normal equat-

ions of system (1) can be divided into two

subsystems

(4) V 'WX «i = \ 'Wy/

(5) L'G"1^fi + L'G"1IL * = IL'G"1^ .

The unknown m-vector fi we obtain solving (4).

if we substitute X 'WX = S and X'Wy; = q, the

equation (4) becomes

(6) S fi = q .

The matrix S is not regular and therefore it

does not exist an linear unbiased estimate

of parameters fi . For solving (6) it is ne-

cessary to use the generalized inverse of

-latrix S indicated as S". (The generalized

inverse of matrix A of arbitrary dimension

and arbitrary rank denoted as A~ is matrix

which satisfies the condition AA~A = A (Rao

and Mitra, 1971). Existence of A~ is not

unique.) A class of solution for ti is

(7) ft = S" q + (S'S - I) \ ,

where I is an u.iit matrix 3rd •& is an ar-

bitrary vector. The solution depends on the

fixed choices of the g-inverse and the vec-

tor ^ . One of possibilities is such a choice

if the unknowns ft have to fulfil any condit-

ion given beforehand.
m

The condition 2 ft ; = 0 (m < m) is used
J

where the rank deficient is of value 1. Be-

cause in our case IUS) - m - p (p is number

of parameters adjusted each observational

night) we should need p >1 of conditions. It

is hardly to determine such as linear condit-

ions without deforming the unknowns fi . More

convenient is to define the non-linear con-

dition that IN - norm of fi defined as

II (i Ifi = (A'N/i ) = min. (W is positive se-

midefinite matrix). In practice it means that

the generalized sum of quadrats of chocsen

unknowns 0>. is minimized (Kubackovd et al.,

1982). There is not necessary to fulfil the

usually demanded condition that the chain

must be closed. For the. sake of illustration

let us presume IN = I. Other more general

cases are discussed by Hefty (19B5). The

I - norm of solution £> will satisfy the con-
' I/O

dition (iftfi)1'' = min., i.e. the sum of

quadrats nf corrections to star places is

minimized. The estimate of /i is

(8) A = S+q ,

whare S is Moore-Penrose pseudoinverse of S.

(The Moore-Penrose pseudcinverse A of matrix

A fulfil 4 conditions

M."'A = A, A+AA+ = A+, IMY-- AA+ and
(A+A)'= A+A
(Rao and Mitra, 1971). Such a matrix is uni-

que.) The estimate of fh with minimalized ar-

bitrary norm is unique. The parameters •j

can be obtained from eq. (5). The residual

sum of squares is

(9) f2 = y'G^y - y'WXfi

and the estimate of dispersion is

(10) <S-2 -- ?2/[n - i - R(S)] .

The described method is quite general and

can be applied to arbitrary type of astronom-

ical instrument. The numerical solution is

considerably simplified if the measurements

in individual nights are taken as mutually

uncorelated (Manabe et al., 1977, Hefty,190i).

In such a case it is not unavoidable to in-

verse the n x n matrix C and I x l I G L

matrix as a whole. The inverse can be comput-

ed in parts without particular demands on

computer memory. The most complicated problem

from the numerical point of view is the IJKMU-

ralizcd inverse of m x m S matrix, where m

is the number of unknown parameters /S . Ihe

algorithm based on the Creville recurent me-

thod enables to compute Moore-Penrose invere
by M3nabe et al . (1977) and Vondrak (19(10), o f symmetric matrices un to m =
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The method was exploited for the estimat-
ion of right ascension correction of 269 FK4
and FK«supp. stars observed with the Transit
instrument Zeiss at Bratislava during the
period of 10 years. Simultaneously the ampli-
tudes of diurnal and semidiurnal tides and
nutation corrections were adjusted. The un-
known parameters f include the UTO-UTC, the
azimuth of instrument and its change with re-
spect to time. The accuracy of single star cor-
rections is in limits 0.003 s - 0.007 s, the
mean errors of amlitudes of short periodic
terms are less than 0.001 s.

An another example of application is the
amplitude estimation of nearly diurnal free
nutation on the basis of PZT latitude ?id time
observations at Ondfejov (Hefty, 19B7). The
free nutation amplitude was estimated simul-
taneously with group corrections in latitude
and time and with periodic terms on tidal
frequencies. The accuracy of computed ampli-
tudes is 0.006". Quite different is an appli-
cation of the method to adjusting the astrono-
mical observations in local geodetical net
which is in progress.
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ON THE POSSIBILITIES OF INTERPRETATION OF CIRCUMZENITHAL MEASUREMENTS

G. Karaky, 0. Kostelecky

Research Institute of Geodesy, Topography and Cartography,

Geodetical Observatory Pecn^, 2S1 65 Ondfejov, Czechoslovakia

Time and latitude observations, made by the circumzenithal at the Geodetical Ob-
servatory Pecny (Ondfejov) in the years 1970 - 1983, were analysed and some secu-
lar and periodical terme were proved. These results are studied from the stand-
point of possibilities of their geodynamical interpretation: determination of the
secular variation of the station position, detection of the secular, Chandler's
and annual polar motion from optical measurements at the single station, and tidal
influence on the variation of the local plumb-line.

1. Introduction, Analysis of the Results of
Measurements

At the Geodetical Observatory Pecny in
Ondfejov (fm 49°5S', A « 0 59 E) the measur-
ements of universal Time and latitude with
the visual circumzenithal (CZ) have been
conducted since 1970. The circumzenithal is
an astrolab-type instrument described in de-
tail by Vondrak (1970). The results obtained
till 1983 (i.e. before the new system of as-
tronomical constants and processing methods
were adopted) have been analysed with regard
to the personal equations (Karsky, 1985).
shifts, trends and periodicities (Kostelec-
ky and Karsky. 1967). Now, we shall try to
explain the origin of some detected effects.

The observations were arranged in 16 fix-
ed observation series containing 25-35 stars
according to sidereal time (by 1.5 h). Dur-
ing the investigated tine interval from MOD
40 633.87 to MOO 45 682.83 there were 1 481
such series with eight observers alternating
in observations. The mere superficial compari-
son of the results indicate the existence of
personal equations which were determined in
the following way.

For the Individual observers the devi-
ations from the "1979 BIH System" were de-
termined, i.e.

(l) or - (on- UTC)BIH~ (W1- orc)ct

(2) OF - %- fez
where the subscript "CZ" indicates circuaze-
nithal measurements referred to CIO, Ao (en-
tering the computation of UT 1) and y?o are
conventional coordinates of the instrument.
The values DT and DF , cooaonly referred to
as OS , were approximated by the function

(3) DS = Ao + ft, ccS (d>, - "f.) + Ros cos Cpo_r %J

whereby- {2x/Pj)t . t " M3O - M3D , Pi is
the period in days, the indices "1" ana "0.5"
correspond to the periods of one and one
half of the Bessellan year respectively,
MOD > 43 413.0 is the common mean epoch, Rj_
^p° are amplitudes and phases for MOO .

After verification that the annual and
semi-annual waves (predominantly).express
a station effect, the determined Ao > -*S were
adopted as personal equations of observers
(Karsky, 1985). At the same time it turned
out that the passage from the manually- to
motor-driven micrometer led to the systema-
tic changes of the personal equations by 20 -

25 ms (passage across, the almucantar was ob-
served earlier).

For the analysis of periodic station ef-
fects we then used the homogenized values
of DT, DF* which can be generally written
as

(4) AS*= A?-/-/,

Moreover, we analyzed two values which
would have been affected by polar motion,
i.e. the observed changes in eastern longi-
tude
(5) aLe**= c-trrc)cz*A7

C-CUT,-UTC)BM>

and in latitude

(6) ?**$£*+Afj
homogenized with the same personal equations.
The value 4i M'i» referred to the origin
which varies only with the secular changes
of position of the BIH station eet (i.e.

h h h f h ) # £
p (

with the changes of the CIO origin),
i h l f ih

e.with the changes of the CIO origin), # £
is the result of measurement without the re-
duction to CIO, 1 • («.- 1.002738 ... .

The quantities £>T*. OF*, ALet^ and U?&
comprehended as realizations of a random
process with a deterministic part, were ex-
pressed as the functions of time
{7) H E
where x>(t) has a normal distribution with
the zero mean; fj = 1/Pj is the frequency.
The quantities H were then investigated by
Vanicek's anharmonic analysis (VaniSex. 1971),
modified by Vondrak (1977). On the basis of
model tests and preliminary analysis we used
K« 1 and to the statistical significance
testing of the detected periods we applied
an adapted F - test; to accept the actual
existence of a period we claimed that the
probability of the hypothesis be at least
90 %.

A rigorous crlterlum for assessing the
existence of periods is among others essen-
tial for the risk of aliasing, i.e. indie-
crimination of frequencies In spectral analy-
sis, which may produce unrealistic, relati-
vely lor.g periods (see e.g. Andel. 1976).
If there is a hidden period of the length
>i « V In a mixture of different periods,
where V is the sampling period, the value of
the hidden periodic effect will always (ap-
proximately) revert to the initial value
after A/ sampling periods.
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Hence, it holds

(8) A/. V a (Nt 1) Ps « P*

The period A cannot be found but, inste-
ad of it the longer pseudoperiod P* will oc-
cur:

Under observations arranged in fixed se-
ries the aliasing may give rise to manifes-
tations of some phenomena, such as tidal ef-
fects or another effects which at the period
of one solar day induce an annual pseudope-
riod.

When the observed data are distributed
irregularly and a hidden effect has a clear
noise part, the problem of resolution of
frequencies becomes, however, considerably
more complicated.

The method of analysis of quantities H is
described in detail in (Kostelecky and Kar-
sky, 1987). Here only the final results are
presented in Table 1, where m denotes the
mean square error of one series (calculated
from residuals of approximation (7)), the
errors of determined parameters are given
over them and insignificant parameters are
in the brackets. Note, that the separation
of periods in the used algorithm for the pe-
riod detection is &ry « P} &*n.jt< = 0.001 P}- .

Now, let us consider some possible sour-
ces of periodic add secular effects.

2. Influence of Tidal Variations on the

Plumb-Lins Direction

From the theory of tidal potential and
elasticity of the Earth it follows for the
change of the plumb-line direction with re-
ference to the quasi-inertial system

(10}
- e)

where £ is the north-south component and m
is the east-west component, f . A are geo-
graphical coordinates of the site for which
the effect is calculated, H is the tidal po-
tential, Q - the gravity acceleration, n. is
the radius of the Earth and ii,e are frequen-
cy-dependent elastic parameters (Love and
Shida numbers). In our case we used for ex-
pressing U a tidal potential expansion
(Cartwright - Tyler, 1971) even though it
may be too detailed to this purpose (all
505 waves of the expansion). However, there
is a computer program available at the Geo-
detical Observatory Pecny for the evalu-
ation of prognoses of tidal gravity and
tilt measurements.

In view of the fact that the periodogram
of the analysis of components DT and OF
is constructed for a point observation se-
ries, we have made an equivalent analysis.
First, theoretical tidal corrections had
been computed for real times of observations
of all 1481 analysed series (see Fig. 1) and
then such a set was submitted to the spec-
tral analysis (see Fig. 2). This attempt is
methodically more correct, because in addi-
tion to the standard tidal frequencies it
also indicates pseudofrequenciee caused by
aliasing. From Fig. 1 and especially from
the periodogram of theoretical tidal fre-

quencies we see a clear annual term in the
longitude with the amplitude of 0.014"which
is a product of aliasing (see Chapter 1)
and which consequently produces an annual
periodic term in DT and DL . This "aliasing"
annual wave in the longitude may be appro-
ximated by the expression - 0.006" + 0,014"
cos (,2x/t - 238°).

At this point it ia desirable to discuss
a question of determination of the factor
(1 • & - £) on the basis of variations in <p
and AL . According to Fig, 2 it might be mea-
ningful to consider periods of 1.0 and 1.07
day in <p and &L and an annual term in AL .
Unfortunately, spectral analysis did not
yield statistically significant periods at
the frequencies of 1.0 and 1,07 day and
thus the determination of the factor (1 +
+ A, - Ji) at these frequencies would be of
very low quality. Promising may be the uae
of the annual term in At and/or DT , this
term is, however, affected by a meteorologi-
cal effect which practically cannot be sepa-
rated from the tidal one. This fact is also
supported by the variation inj^, where from
actual observations one gets an annual term
whereas tidal "aliasing" is missing in this
component.

3. Variation of the Local Vertical Due to

Polar Motion and Change of the Rotation

For the variation of the vertical raised
by the change of centrifugal force as a con-
sequence of polar motion it holds - see (Ko-
atelecky, 1988)

(11)
cct

O.OOik f (-/

where tn', and Wj'are the coordinates of in-
stantaneous pole related to the conventional
origin (in seconds of arc). As it holds I'm!,',
/m.'Tl\ < 0.5", this effect can be of the or-
der of 0.001" and hence cannot be detected
from our observations.

For the effect caused by the variation of
the rotation we get (see Kostelecky, 1988)

(12) f'= (U&-Z), 1.£* 10-"]£, A^2f .

Considering that /UK 3 ms we find immedi-
ately that this term ia considerably smaller
than the effect of polar motion where jH, is '
duration of tha day minus 86400 sec.

4. Motion of Lltospherlc Plates

The rotation of individual continental
plates about their poles giveo rise to secu-
lar changes of coordinates of observing si-
tes and, inversely, may be determinated from
these changes. Li (1986) presents the re-
sults from astrometric and doppler measure-
ments. Using his values and simple formulas
presented also by Li (1986) and considering
the rotation parameters of Eurasian plate we
get for our station from astrometrv and dopp-
ler observations • 0.00622"/v and - 0.0O1641;'
/y respectively for X. and - 0.00074"/y and
• 0.00013"/y respectively for <j> . The r.m.a.
errors of our determinations of &£ and w
f Afin Table 1) are, after recalculation.
-0.00175"/y and -0.00117"/y respectively
with Ai containing the influence of secular
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polar aotlon of comparable Magnitude (about
0.002"/y and 0.001»/y). with regard to the
given difference* in sstlsatss of the affect
of rotation (sea different parameters in Li,
1986 among other*) ws can hardly sxpsct the
detection of ths aotlon of Eurasian plate on
the basis of our observations would bs poss-
ible.

S. Detected Effects

L*t us substitute in 4 i * * and /*{5,6) .,
the observed value* of ( ura - urc )ez and jPcz
by th* values referred to CIO and reduced
•gain for the polar aotlon. express its coor-
dinates - M y ) •• a sum of JioiVo) - position
of ths mean pole for MOD , M (j?fc) - secular
aotion and periodic term* (Chandler end an-
nual wobble). Next, we shall compare the ob-
tained expressions with the approxiaation (7)
in order to get an Interpretation of the re-
sult* of analysis.

For the constent terms of the approxiaa-
tion we get

(13)

where A A O ) A 0 O are the correct lone of conven-
tional coordinates of the instrument referred
to CIO. Along with the data on polar Motion
after Vondrak (1985) (without Markowitz wob-
ble) we get

» • 0.3 MS, - 0.006"

Analogically to (13) we may also write
formula* for determination of the time vari-
ations X , <j> froa the values A-,. However,
this daterainatlon is not possible because
in hoMogenlzatlon pointed to the periodic ef-
fect we considered the quantities At (see (7))
to be a result of random errors at the given
data iistribution and did not take them into
account. In fact, the values of Ai for indi-
vidual observer*, obtained from test compu-
tation*, provad to be quite unrealistic - es-
pecially for/)T (fro* -0.465 to + 0.261, units
being 0.1 as/day). This cannot be considered
as either the changes of personal equations
or the changes of station position. Conse-
quently even the values of Ai in Table 1 are
not true tiae changes but a product of obser-
vation errors and processing method; moreover
nLetj and y * include an influence of the se-
cular polar motion. That is why we can write
(on the assumption of equal magnitude of the
"product of observation errors")

114)

where- ji, . <« are the components of tho secu-
lar polar motion related to CIO. We obtained
2 =fcZ-39±1661)xlO"6H/y and # *(992± 2060)x
10" /y. This corresponds to the secular mo-
tion of the Mean pole of (0.0010±0.0021)"/y
in the direction (92.2*95.9) W. For compari-
son: Vondrak (1985) gives froa tb'j analysis
of BZH and other data for the period 1900.0 -
1984.0 the values of 0.0033"/y and 78.2°W.
Meinig (1985) obtained from different systens
for the period 1966 - 1982 Motions ranging
from 0ft0017"/y to 0.0034"/y «nd directions
froa 4°E to 67°W. it seeas that the secular

polar motion can be detected by the analysis
of observations conducted at one station.
The givan r.a.s. errors contradict to that
only apparently because, calculating them
by the law of error propagation, we did not
take into account the strong correlations
between the pairs of /4* in Eqs (13), Let the
correlstion coefficient (not determined in
our case) be equal tov<>; then the r.m.s. er-
rors have to be multiplied by the value q, •
• f(1-»). For/t' equal in turn to 0.9, 0,95
and 0.99 we get $, equal to 0.32, 0.22 and
0.1 respectively.

In AL**' and <fH there are distinct Chan-
dler (detected periods of 1.192 and 1.194
year) and annual (1.009 and 0.993 year) wob-
bles. If in the motion of the instantaneous
about the mean pole C denotes the amplitude
(") and y0 the Initial phase (western longi-
tude of the instantaneous pole in the MOO
epoch) we May wrlt»

(15) ^ «

express the components AJC , /jy- and then
using the well known formulae expressing the
influence of the polar motion on the coordi-
nates further write for

O.OOoi
(16)

and for

(17) tf, a w [ ^ t - %]= C, **[-£t-{y
3 a

From (16) and (17) we determined separa-
tely the amplitudes Cj and phases fcj and
reduced them to the epoch used by VondrAk
(1985), 1900 + 1.19 n for the Chandler and
19OO + n, for the annual wobble (ru is inte-
ger), i.e. 1977.35 and 1978.0. The reduced
phases are denoted by y?oj . The aforementi-
oned solution was performed boih directly
for P.- ,°<pj froa Table 1 and on the assump-
tion that the detected annual wobble in AL**-
is a SUM of the "true" and "aliasing" wobble
in the longitude and the dsteoted annual wob-
le in tf&is a eua of the "true" and "station"
annual wobble, for which we took the wobble
detected in DF™. Separated "true" wobbles
ara along with the other detected wobblee gi-
ven in Table 2 which contains also the com-
paring values from Vondrek's (1985) graphs
(mean value* for our observation period).

6. Conclusions

Froa the preceding considerations and com-
putations we May dran the following conclu-
sions:

1. The conventional coordinates of the instru-
ment are well determined,

2. The realistic• rear'1 ta of the determina-
tions of the aecu •• oolar Motion, Chan-
dler as well as a ••••.-,'", wobble indicate the
correctness of thb ,»ed method of homoge-
nize tion end tha fitness of the method of
enharmonic analysis

3. The lmpro- jd agreement of annual wobbles
froa tho *jngitude and latitude in the po-
lar motion, especially after the "station"
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annual wobble in latitude is applied, sug-
geatt the reality of thia phenomenon, in
all probability of meteorological origin.
Thus, it could alao nanifest itself in
longitude.

4. The aliasing any produce the effecte that
cannot be neglected, especially under ob-
aervatlon in fixed series according to 61-
dereal time.

5.. The detection of phonoaona, such as the
secular change of astrononic coordinate*
or variation of the plunb-lina dlroction
due to the tides and earth's rotation
would claia for the analyeia of long-term
observations with a non-personal (perhaps
photoelectrical) aatrolab-type instrument.
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Table 2 Wobbles in the Polar Motion

Hobble

Epoch of
the Phase

Chandler
1977.35

1978.0

Determination

<4>

CZ longitude
CZ latitude

Vondrak (1985)

CZ longitude
CZ latitude

CZ longitude
without "ali-
asing* wobble

CZ latitude
without "sta-
tion" wobble

Voodrak (1985)

Amplitude

0.145
0.145

0.14/0.16"

0.091
0.202

0.093

0.102

0.11

Phase

102
103
110

314
259

321

251

240

•) innual wobble constant/variable
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ASTROMETRY WITH PHOTOGRAPHIC ZENITH TUBE AT ONDftEJOV

Jan Vondra'k
Astronomical Institute of the Czechoslovak Academy of Sciences

BudeCska' 6, 12023 Prague 2, Czechoslovakia

Photographic Zenith Tube Zeiss (PZT) has been regularly used at Ondfejov Astronomical Observatory
to determine latitude variations and clock corrections within the frame of Earth rotation service
since 1973. About 45 thousand star transits near the zenith of the observatory were observed and
used to improve positions and proper motions of the stars three times, during the history of the obser-
vations. To derive the first two catalogues, PZT78 and FVT83 (based on the observations in 1973-1978
and 1973-19S3 respectively), PZV observations were combined with star positions in AGK2 and AGK3
catalogues in order to obtain proper motions with higher precision. The most recent catalogue, PZT86,
is based solely on PZT observations in the period 1973-1986. The algorithms used to derive all these
catalogues as well as their precision and accuracy are discussed in the paper, and their comparison
with AGK2/AGK3 given.

1. Introduction

The regular astrometric time and latitude obser-
vations with the Photographic Zenith Tube Zeiss PZT1
(f=3780mm, D=250mm) began at Ondfejov Astronomical
Observatory in 1973. The original list of 192 stars
in a narrow declination belt was compiled from the
SAO Star Catalogue (1966). Because the positions in
this catalogue were not enough accurate for the precise
Earth rotation service, Webrova and Weber (1976) used
the first two years of observations to improve the
mean positions of the observed stars; no attempt was
then made to improve their proper motions. The observ-
ing programme contained some very bright stars, the
stars were distributed in right ascension very irregu-
larly, several stars could not be observed after 1977
(due to precession in declination) and the new AGIO
catalogue became available (Dieckvoss, 1975). Conse-
quently, the star list was substantially changed in
1978 - 8 bright stars were excluded and 113 new faint-
er stars from AGIO (up to 11th magnitude) included.
Of these 297 stars 223 were selected to form the fix-
ed observing programme from 1979 on and one more star
was added in 1ST? in order to have quite regular pro-
gramme consisting of 16 groups, each of which lasts
1.5 hours and has 14 stars. Thus 306 different stars
have been observed in the history of PZT observations
at Ondfejov. Their distribution in magnitudes is sho-
wn in Fig. 1 - dashed line represent the distribution
of all these stars while the full line displays the
distribution of the 224 stars observed since 1979.
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Fig. 1 Distribution of PZT stars

The positions and proper (notions of the observed
stars have bean improved three times and published
in detail in a sequence of three articles (Vondra'k,
1980, Ron and Vondra'k, 1985 and VondrSk, 1988); very
similar methods using PZT observations have been used
in all the three studies that will be shortly describ-
ed in the following paragraph.

2. Improvement of the Mean Positions and Proper
Motions

To reduce the PZT plates, the original method,
developed at the Ondfejov Observatory and based on
the method of least squares, was used (Vondra'k,1978).
Beside the instantaneous values of the clock correct-
ion and the latitude, some other auxiliary unknowns
are solved for each group of stars in a single adjust-
ment. From them and the residuals after adjustment
the values of clock correction and latitude can easily
be obtained for each star in the catalogue separately.
The errors in right ascension and declination of the
catalogue used for the reduction necessarily reflect
in the clock correction and latitude respectively
and, consequently, their analysis can lead to derivat-
ion of the respective errors in position. The calcul-
ation is divided into two stups.

In step one, only the positions are determined at
different epochs, using relatively short intervals of
observations (1-2 years long). It is assumed that the
value of the observed quantity (i.e. clock correction
or latitude) is constant during one night and that ths
error of the catalogue position of each star is con-
stant during each interval studied. The unknown value
of the observed quantity at each night x. is then
sought together with star position correction a, by
the method of least squares, using the observed valu-
es x. * based on the observation oi i-th star on the
j-ttj night. Observation equation then reads

(1) V ^ = Xj - 8j - X y ,

^ is the residual. Since the standard least-
=SquaresJroethod leads to a singular system of normal
equations, an additional constraint Za^ = 0 has
to be imposed to make the system solvable. Thus, hav-
ing solved the system for the k-th interval, we arrivd
at the set of corrections to positions in the refer-
ence catalogue a-k , referred to the epochs tiu and
based on p i k PZT observations. ' x

In step Two, the results a i k of step one are com-
bined and adjusted in order to derive the new posit-
ions of the observed stars for a standard epoch, to-
gether with their proper motions. If we denote the
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correction to reference catalogue position and proper
motion of the i-th star^x- and &(/,, the observation
equation for the i-th sxar in the k-th interval reads

(2) ik - aik

where v i k denotes the residual, t is the standard
epoch and A is the shift of the PZT results in the
k-th interval with respect to a selected common referen-
ce system. The practical realization of this system
slightly differed fot- the three improvements of PZT
catalogues and, consequently, A^-s were either includ-
ed into the adjustment as additional unknowns (in case
of the first two catalogues) or estimated before the
adjustment (in case of the third catalogue). Their exi-
stence is quite natural; the constraints I a ^ = 0
in step one were chosen arbitrarily and since they
refer to different stars in different intervals, the
values a ^ in different intervals are referred to dif-
ferent reference- systems. The weight p i k, equal to the
number of observations in k-th interval, was assigned
to each observation equation (2) and the whole system
solved by the method of least squares in order to obtain
4 x . and^yu^.

when deriving the first two improved catalogues, PZT
results were combined with the positions of the same
stars in AGK2 and AGK3 catalogues in order to lengthen
the interval covered by the observations and, consequ-
ently, to derive the proper motions with higher accu-
racy. These positions were treated exactly like the PZT
observations, with the respective values of a., equal
to the difference between the position in AGKZ7AGK3 and
the reference catalogue, the weights p ^ were put equal
to 2 and 1 respectively. The valuesAk were put equal
identically to zero in these two cases, which causes
the resulting catalogue to be referred to the same re-
ference system as the AGK catalogues.

3. The Resulting Catalogues and Their Comparison with
the AGK Catalogues

As was already mentioned in the Introduction, thsre
were three improvements of positions and proper motions
of PZT stars in the history of PZT observations.

The first such catalogue, called PZT7B, is based on
the combination of the positions in AGK2 (revised) and
AGIO from Strasbourg, provided by courtesy of Prof.
Lacroute (1972) on punched cards, with PZT observations
in 1973-197B (Vondra'k, 1980). The observations were re-
duced in the old system of astronomical constants, in-
cluding the Woolard's theory of nutation (Woolard,1953);
the catalogue PZT78 comprises 304 stars, the positions
contain the E-terms of aberration and are referred to
the epoch and equinox of B1950.0. The stars in the cata-
logue can be divided into two proups with substantial-
ly different accuracy characteristics - the stars ob-
served during the whole period 1973-1978 ("old") and
the ones included into the list only in 1978 ("new").
The mean epochs of observation of these two groups are
1974.6 and 1971.3 respectively.

The second improvement, PZT83, is again based on the
combination of the positions in AGK2 and AGK3 from Stras
bourg with the PZT observations in 1973-1983 (Ron and
Vondra'k, 1985). The observations were reduced in agree-
ment with the new astronomical constants (Kaplan, 1981)
end the MERIT Standards (Melbou.ne et al., 1983); the
catalogue PZT83 comprises 305 stars and is referred to.
the new standard epoch and equinox of J2000.0, with
fc-terms of aberration removed. The mean epoch of the
patalogue is equal to 1978.8.

The most recent catalogue PZT86 is the first attempt
to use solely the PZT observations in the period 1973-
•-1986 to improve both positions and proper motions
[Vondra'k, 1988). It contains only the 224 stars formii.fi
the observing programme since 1979, all the reductions
•(ere made again in the system of the new astronomical
constants, and it is referred to the new standard epoch
find equinox of J2000.0. The mean epoch of the catalogue

is equal to 1981.5.
The characteristics of the observations and adjust-

ments of step one for each interval separately are
given in fab. 1, where M is the number of nights, N
the number of different stars observed, n the total
number of observed star transits, n' the number of
transits that were actually used at the final soluti-
on (after the rough errors had been eliminated) and
m», mj denote the standard errors of a single obser-
vation, estimated from the adjustment in right ascen-
sion and declination.

Table 1. Survey of

k

1
2
3
4
5
6
7
8
9

10
11
12

Interval

1973/74
1975/76

1977
1978
1979
1980
1981
1982
1983
1984
1985
1986

1973/86

M

156
167
105
108
108
97

116
139
144
148
124
134

1546

PZT

N

196
192
198
297
224
224
224
224
224
224
224
224
306

observations

n

4641
4311
2413
4019
3114
2670
2963
4198
4319
4166
3522
3932

44268

n'

4480
4161
2345
3935
3019
2606
2879
4071
4194
4045
3429
3820

429B4

m*

0?0124
0.0128
0.0130
0.0136
0.0124
0.0133
0.0126
0.013B
0.012B
0.0127
0.0131
0.0129
0.0130

mj

0'.'142
0.145
0.133
0.142
0.129
0.132
0.125
0.132
0.131
0.133
0.148
0.154
0.137

The accuracy of the resulting catalogues car. be
characterized by the average standard errors of a star
that change in time; the minimal values are attained
at the mean epoch of the catalogue t and they grow
with growing time difference from this epoch, accord-
ing to the formula

(3) » m* + - t m )
2

Graphical comparison of these errors for all the three
PZT catalogues with AGK2/AGK3 at the interval between
1975 and 2000 is given in Fig. 2. The accuracy in both
coordinates is nearly eoual for all the catalogues
studied, i.e. 15 m»cos<5 = m* , standard errors are
therefore represented in a single graph. It is obvious

0"6
0.5

0.4 I-

0.3 F
0.2

0.1

0

_ 15

—-—

-PZT
-PZT

macas6,

78 "new"
78"old"N

——'

^

A

PZT 83=£=

GK

PZT 86 "

1975 1980 1985 1990 1995 2000
Fig. 2 Comparison of accuracy in AGK, PZT78, PZT83

and DZT86

that all the three PZT catalogues are superior to AGK
in accuracy - their standard errors are almost by an
order of magnitude smaller.

All the three PZT catalogues are compared with the
AGK2/AGK3 catalogue in Fig. 3; for the sake of simpli-.
city and to show the systematic part of the differen-
ces between the catalogues more clearly, only the
arithmetic mea^s for each group of stars are display-
ed (the comparison is made for the 224 stars observed
after 1979). The Hamburg AGK3 printed version
(Dieckvoss, 1975) is used for the comparison and
the values for the epoch 32000.0 are shown in graph.
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Fig. 3 Differences between PZT catalogues and AGK for the epoch J2000.0

The mutual agreement of the three PZT catalogues is
remarkable, which witnesses the reality of the found
systematic errors in AGK catalogues. The differences
in proper.motions cause that the differences in posi-
tion grow with time; they are much smaller for the
epoch of J1950.0 than the differences shown in the
graph.

4. Conclusions

The accuracy of all the three PZT catalogues is
by an order of magnitude higher than that of AGK2/AGK3
catalogues. The practice to combine our own observat-
ions with the positions in AGK2 and AGK3, used when
deriving the first two PZT catalogues PZT78 and PZT83,
proved helpful in improving the precision of proper
motions, without substantially affecting the contem-
porary positions of the resulting catalogues. The new-
est catalogue, PZTB6, though more precise than the
preceding two PZT catalogues near the mean epoch of
observation (19B1.5), loses its accuracy rapidly out-
side the. relatively short interval centered around
this epoch, say 1978 - 1985. Substantial systematic
errors in AGK of the type Aou, Zl&in the narrow decli-
nation belt around 49 55' have been found. These
errors grow with time.

The assumption Of the constancy of the clock correct-
ion and latitude during one night, imposed when comp-
iling all the three PZT catalogues, seems to become
obsolete in view of the precision achieved with the
PZT. Consequently, the short-periodic variations of
the local vertical, caused by the Earth tides (both
semi-diurnal and diurnal), should be considered in our
future work.
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