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Preface

This material was presented in a set of three lectures in two days,

October 29 and 30, 1987 at Nagoya University. I attempted to give an elemen-

tary survey of magnetohydrodynamic theory as it applies to toroidal confinement

emphasizing the concepts and avoiding detailed derivations in hopes that the

ideas will be useful for students and researchers just entering the field.

In some places I felt that the actual developments should be described, and I

decided that it would be worthwhile to give some exact results. Thus the notes

are uneven. I hope that everyone who looks at this will find something of

interest. Since the lectures were separated by only a few hours, I did not

feel that it was necessary to break this material into three formal sections.

A proper breakdown would consist of four sections — a short one on the

derivation and justification of the MHD equations, a fairly long one on the

equilibrium problem, one on linearized stability, and some comments on non-

linear evolution, magnetic islands and transport.

I am very grateful to all my new Japanese friends for making this visit

so pleasant and profitable. I especially appreciate the kindness shown by

Professors Y.Ichikawa, Y.Terashima, T.Kamimura, and J.Todoroki of Nagoya

University, and by Professors A.Iiyoshi and M.Wakatani of Kyoto University.

I should also mention the kindness shown by the secretaries who patiently

helped me. I served as a Visiting Professor of the Nagoya University Institute

for Plasma Physics from August 17 until December 18, 1987 as a part of the

activities of the Joint Institute for Fusion Theory, directed by the

Coordinating Committee of US-Japan Fusion Research Collaboration.

John L. Johnson



Principal Research Physicist

Princeton Plasma Physics Laboratory
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Princeton, New Jersey 08544, U.S.A.
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ADVENTURES IN MAOJETOHYDRODYNAMICS

I have decided to give an overview of my picture of the magnetohydrody-

naoic approach to plasma confinement in toroidal systems. Rather than pre-

senting detailed calculations, I will consider mainly simple nodels and comment

on the approximations they contain and the physical insight that they can

provide. I hope that the simplicity of what I have to say will not insult

you and that you will feel free to interupt to add to, or to challenge, my

ideas. I decided to refer mainly to my own papers, rather than to give

extensive reference to the literature. Since we attempted in these papers to

give proper credit to the work of others, I believe that this is fair.

Since I understand that stellarator studies will form an important part

of the program at this Institute and I have maintained a love relationship with

this approach over the years, many of ny applications will be aimed towards

this configuration. I will, however, exploit the two-dimensional simplicity

of tolcaoaks quite often.

I intend to start by prescribing a simple set of MHD equations, commenting

on their derivation and justification, and mentioning their advantages and

limitations. Once we have a set of MHD equations, we find it convenient to

classify our studies in terms of different time scales. Thus, we can separate

the problem into considerations of (1) the behavior of ideal steady state

plasmas (equilibrium), (2) the stability problem associated with plasma motion

associated with the tine it would take for an Alfven wave to propagate across

the system, (3) nonideal modes where the growth rate of the instabilities
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corresponds to a fractional power of the resistive skin time, and (4)

transport, where the plasma flow is associated with diffusion processes. I

will spend most of the time on the equilibrium problem and divide the remainder

almost equally between ideal and resistive instabilities. I will say very

little about the transport problem. Although the different time scales provide

a convenient way to categorize our considerations, I will often find it con-

venient to mix several of them into a particular item or application.

With the advent of large computers, it is tempting to approach the problem

of plasma containment from first principles, and to try to follow the time

evolution of a large number of particles in a self consistent manner. The task

is difficult because the electrostatic interactions between the particles set

a length scale associated with the Debye shielding distance,

h - (kT/4-me2)1/2, and a time scale tied to the plasma frequency,

cop- (,Awne
z/m) '̂ 2, for the calculations. Since these are much shorter than

those of interest in a plasma, large spatial meshes and many time steps must

be used before the results can be significant. Furthermore, a large number

of particles must be used to provide a reasonable description of the particle

behavior in the six-dimensional configuration-velocity space. To further

complicate the problem, it is difficult to obtain the electric field and cur-

rent (from which the local magnetic field must be calculated) because they

are determined by taking differences between large terms. Significant pro-

gress has been made by introducing artificially small mi/rne mass ratios and

by treating the electrons as a fluid. The gyrokinetic techniques that have

been introduced recently are very promising. Nevertheless, I think that this

approach will be useful for investigating specific problems, such as the

behavior of the plasma in a "resistive" layer around a rational surface, and

- 2 -



will not be appropriate for design studies for building specific devices.

Thus, I think that the use of moment equation, which have proven accurate

enough to give us much of the physical insight that we need, will continue

for some time.

As I just noted, a very small departure from charge neutrality will pro-

duce large electric fields in a plasma. Thus, since we are not interested in

behavior on the plasma frequency time scale or Debye shielding distance length

scale, we impose the condition that n« - ZTH with ze/c the ion charge. This

anihilation lets us ignore the displacement current in Maxwell's equations and,

except for very low density plasmas, the dJ/dt term in Ohm's law.

The most common way of introducing the MHD equations is to start will a

Boltzmann equation (1] .

^ + IB • Vfi + <f (E + W X B) • VJ,: - ( &• )collision • ( D

for the ions and a similar one for the electrons, but with ze/c replaced by

-e/c. Here /j(r,ui,t)d3rd3«) is the number of ions in configuration space cfV

and velocity space cPw at time t and the term on the right-hand side of the

equation is the rate of change of the ion distribution function due to

collisions. This provides a satisfactory description of plasma behavior,

although most of you probably spend your time working on problems where

higher-order correlations are important. If we multiply this equation by an

arbitrary function Q(w) of velocity and integrate over velocity space, we can

obtain a set of noaent equations that describes the average behavior of the

plasma. Setting Q(w)-\ provides equations for particle conservation,

ji + V • urn - 0 , (2)
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^ + V • We - 0 , (3)

where

Ti iO. i ) - ffi<fiw , V i ( r , t ) - ^rJwfidPw ,

with similar relations for n«. and ve. Momentum conservation is obtained with

Q(w) - m w'.

niirtiC-^r1 + Vi-VvO - ^P(J?+i/ixB) - V-*; + Pie , (4)

ve-Vve) - ~^(E+vexB) - V-*e - Pie . (5)

Here

* i ( r . t ) - MiTli I (W - Wi)(JB - Vi)f A (6)

is the ion stress tensor, a similar expression holds for the electron stress

tensor *e , and P,e is the momentum transferred from the electrons to the ions

through collisions. Energy transport is obtained by setting

Qs(r,w,t) - m(w - vs) (w - vs)/ 2 for each species. This determines the

evolution of' the stress tensor in terms of an even higher moment. Braginski

wrote the standard reference in which all of the transport coefficients are

given [2] . More recently, Hazeltine, Kotschenruther, and Morrison have

evaluated them in the long mean free path regime [3] .

Although the MHD equations can give a good picture of the macroscopic

- 4 -



behavior of a confined plasma, they can only be justified when the distribution

of random velocities of the particles is sufficiently well behaved that the

stress tensor * can be approximated in a relatively simple way. There are

two cases where this can be done rigorously.

If the collisions between particles are frequent enough that the electron

and ion distribution functions are nearly Maxwellian, the stress tensor is

isotropic and

V • *s - V Ps. (s - i,e) (7)

The theory for this case was developed by Chapman and his collaborators [4] .

Although the collisionality in a thermonuclear plasma is too low for this

model to be justified, it is often employed with surprisingly believable

results. In this case it is reasonable to terminate the equations with

momentum conservation by assuming an adiabatic equation of state

(fr + Vs • V)(psns
y) - 0 (s - i,e) (8)

with 7, the ratio of specific heats, set equal to 5/3.

If the plasma is in a strong magnetic field, which is slowly varying in

both space and time, a guiding center model can be developed. This was done

by Chew, Goldberger, and Low (5] . In this model the nondiagonal elements of

the stress tensor vanish to lowest order in the gyration radius and the two

diagonal components perpendicular to the magnetic field lines are the same,

but possibly different from the component along the field. Thus

•s - P,sl + (Pis " P«) ff (s - i.e) (9)



with I the unit dyadic. The basic idea is that the particles are bound to

the field lines by the Lorentz force but are free to move along them. Since

both Pi and p« can vary in the direction along B and the heat flow along the

field lines depends on the detailed nature of the velocity distribution func -

tion as collisions become infrequent, general application is limited. It is

often reasonable to assume that there is no heat transport along the field

lines so that p» is constant along B. Then Pi obeys an adiabatic equation of

state with y - 2.

As noted earlier, charge neutrality imposes a relation between the elec-

tron and ion densities, ne - zrij . The moment equations must be supplemented

by what is left of Maxwell's equations after this condition has removed the

displacement currect. Then

f • -V x E , (10)
at

J « V x B , (U)

V • B - 0 , (12)

where

J - § (Hi ZVi - Tie Ve) . 03)

We use B, rather than H, in Eq. (10) to emphasize that the currents in the

plasma are being treated explicitly. For the most part, I'll ignore factors

of Ait and c where they do not contribute to the physics understanding.
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These equations constitute what is usually called the two-fluid MHD

equations. Although they provide a simple and clear derivation of plasma

behavior when one of the constituents is nearly at rest, their application to

general cases is rather cumbersome because it is necessary to calculate the

current by means of Eq.(13) in order to determine E and B. It is therefore

useful to construct and work with a one-fluid model. To do this, we define

the plasma density and velocity as

p - num + Jume (14.)

V - -fiitliniilJi + nefflet/e) . (15)

It is clear that me/r«i is a very small number so that some simplification is

possible. If the energies associated with the electron and ion flows are about

equal, the electron velocity will be of order O«i/me)'
/2~ 40 times larger than

the ion velocity. It follows from Eqs.(13) to (15) then that the ions account

for the major parts of p and v while the electrons carry most of the current

in a typical plasma.

Multiplying Eq.(3) by m: and Eq.(4) by me and adding gives

|e + v • pv- o . (i6)

The charge neutrality condition that V-J - 0 follows from taking the proper

differences of these equations. Addition of Eqs.(4) and (5) gives a momentum

balance equation

p(dl + V ' V v ) " J X B ~ V
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Both the electric field and the collisional momentum transfer cancel exactly.

Some terms of order (me/mj)
l/2 have been dropped with respect to the nonlinear

pv • Vv term, which itself is usually small. If we multiply Eq.(4) by

and Eq. (5) by -e/mec and add, we get

2

E + v x B = ^ c Q + fpz (J x B - V • *e) + ,} -J . (18)

Here we have also dropped terms which are small of order we/nii . The resistive

term ??-J is introduced arbitrarily to represent the momentum exchange term

(c/nee)Pf, since Pe\ should be dominantly in the Vi~ve, or nearly J,

direction. There are also contributions to Pe; proportional to VT and

BxVT, but they are usually ignored. Except in very low density plasmas, the

aJ/dt term is small and can be eliminated. The JxB term on the right-hand

side of Eq.(18) is the Hall term, which dominates many MHD applications and

studies. Since the inertial term on the left-hand side of Eq.(17) is usually

small in comparison with any one of the terms on the right-hand side, we can

use this equation to eliminate this Hall term and write

E + v x 6 - j ^ V • *; + r) • J . (19)

The ion stress tensor term on the right-hand side of this equation is of order

î fhcnal / axoci-2 smaller than the v x B term, where u and L are characteristic

frequencies and lengths associated with motion around an equilibrium and ac

is the ion gyration frequency. Since (uL)- ~ vihermai and w/wc « 1 in most

stability applications, this term is frequently dropped. This has the added

advantage that it makes the linearized stability problem self adjoint when

the plasma is collisionless [6].



Equation (19) is called the generalized Ohm's lav since it reduces to

the well known relation in the absence of a magnetic field or in a rest frame

moving with the plasma. In high temperature plasmas the resistivity term is

usually small, so that only the left-hand side of the equation is important.

It is often useful to eliminate J and E from Eqs. (17) and (19) by taking a curl

of this latter equation and using Maxwell's equations. Then

p(ef + v' Vv) ~ *'x B ~ v p " B " VB " V ( i r + p) ' (20)

^ - V x (t/ x B) - o V2B . (21)
or

Here we have simplified the problem by using a scalar pressure and a contant

scalar resistivity. It is useful to note that these equations are typically

solved backwards from what one would expect [1] . To a good approximation,

the inertial term is small in comparison with the other terms in Eq.(20) so

that crossing this equation with B determines the current. Similarly,

crossing Eq.(19) with B gives the plasma velocity.

There are four distinct time scales where application of these equations

are important. The first is the static equilibrium problem where

J x B - Vp (22)

with J given by Eq.(ll) and B divergencefree from Eq.(12). This simple con-

dition forms the backbone of plasma confinement and will be the subject of most

of my discussion. The ideal stability problem concerns plasma behavior on a

time scale associated with the time it takes an Alfven wave to propagate across

the system, a2 ~ BP/(4xpL2) . Since this is of the order of microsecords in

a typical fusion plasma, stability in this regime is important. Resistive
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instabilities which grow on a time scale of the order of milliseconds, typi-

cally a ~ (»?BVl67r2p2L6) I/3, have also been observed experimentally and are of

considerable interest. Finally, transport takes place on a resistive time

scale, co ~ »?/L2, which is of the order of an hour. I will barely comment on

behavior on this time frame.

We now turn to the scalar pressure, static equilibrium problem, defined

by Eqs.(22), (11), and (12). Of course suitable boundary conditions must be

imposed. These determine the current in the plasma

o B t o _ j . B / & , ( 2 3 )

B • Va - - V • J B X V p ' V B 2 - B x V p ' V ( 2 p

B4 B4

2B x Vp • (B • V)B 2B x Vp • K
B4 " B2 ( }

where K - (B/|B|) • V(B/|B|) is the local magnetic field line curvature. I will

give a couple of trivial applications of Eq. (24) to show how this simple

expression contains most of the physics of the toroidal equilibrium problem.

First we consider a configuration like the bumpy torus where the magnetic

field lines close on themselves [7]. We look at a particular field line on a

surface with pressure p - p0 and calculate the current through a ribbon passing

normal to the surface p - p0 with one edge on this line of force and the other

on the surface p - p0 + 8p. Then, from Eq.(23), wee see that the current

passing through this ribbon is

I -
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where dl is integrated along the closed magnetic field line and 8r is the local

width of the ribbon. We get exactly the same result if we calculate the cur-

rent through a ribbon associated with a different line of force on this

p - p0 surface. Since J • Vp - 0 so that no current can flow through sur-

faces of constant pressure, this requires that

(25)P - P(y> ^w

when the magnetic field line? are closed. Only when the rotational transform

is irrational can the Pfirsch-Schluter currents determined by Eq.(24) cancel

the charge separation associated with having pressure gradients in region where

there is magnetic field line curvature.

As a second application, we consider the large aspect ratio tokamak of

Fig.l with

B - B0(ev + ^-ee) ,

p - Po(l - 4) -

Fig.l
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and i - constant because we assume a constant net toroidal current. We use

(• - 1/q. where q is the safety factor, rather than 2.%/q as in the older

literature. The field line is nearly along lines of constant <p or Z - Rip.

Since the curvature K - -eR/R , we get from Eq.(24),

R r ae
2por

B0a
2fi

sin I

or

7,<r) -

If we look along the y-0 surface, the field associated with this current is

• ' "

This vanishes at x=0 and at

x—2i2a2/($R (Fig.2) . The

x=0 point is the magnetic

axis. The second is a

separatrix that approaches

the plasma from the R-0

axis as the pressure is

increased. This would

imply that the separatrix

would be inside the plasma

unless fi<2cza/R. This has

led several well respected

JRx
2

Fig.2
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physicists to claim that there is an absolute limit on the /] that can be con-

tained in a tokamak and caused same controversy when Clarke and Sigmar intro-

duced the "flux-conserving tokamak" concept [8] that if heating of a tokamak

occurs on a fast enough time scale that the magnetic fluxes are conserved, then

additional net currents will be induced to keep this separatrix outside the

plasma. Of course, it has long been recognized that externally produced dipole

and quadrapole fields can be imposed to control the position of the

separatrix.

We could describe other simple examples where Eq.(24) describes the major

physics content of toroidal equilibrium discussions. We note that the B-V

operator is proportional to (Rp/R) (d/dcp -id/dd), so that the parallel current

will be singular on any rational magnetic surface on which i — n/m unless

dp/dr - 0 or (Ddl/B - constant on the surface. The surface disruption and

island formation associated with these singular currents is the subject of much

current research.

Since plasma behavior along and across the magnetic field lines is quite

different, it is useful to work in a coordinate system in which the magnetic

field lines are straight. One of the earliest and most useful ones was

developed by Hamada [8]. He obtained a set of (V,6,C) coordinates in which both

the field and current lines are straight and the Jacobian,

J - (VV x V0 • VC)~' - 1. Such a system can be constructed [9] by setting

up an arbitrary (V,0",C") coordinate system in which V - / dr is the volume

inside a magnetic surface which contains a toroidal flux ip(V) - / B • V£"dr

and a poloidal flux x(V) - JB • VQ"d.T. Lines of constant 6" close on them-

selves after one trip the long way around the torus. They do not encircle

the torus the short way. In one trip the short way around 9" increases by

unity. Similarly, lines of constant C" close on themselves after one trip
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the short way and C" increases by unity in going around once the long way.

We can write the magnetic field in the form

B - VV x VJJ , (26)

where I is a periodic function of 8" and t". If dip/dV does not vanish, we

can chose f" so that B • V£" > 0 since the lines of force all tend to go around

the same way. Then by making the well behaved transformation,

e' - e" + (<#/dV)-'A, c' - <" .

we eliminate the function A from v. Thus the magnetic field lines are

straight. If dip/dV had vanished, but dx/dV were nonzero, this transformation

could have been made on C"-

The further transformation

e - o' + jjjf G(v,e',o -

f - C + § G(v,e',n ,

does not alter the form of v. We can pick the function G(V,0',C') so that

B • V G - 1 - ( W x V6' • V O " 1 •

This makes the Jacobian J - (VV x V0 • VC)"1 equal to unity. Further we

can show that in this coordinate system the current lines are straight;
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VV (27)

with I(V) and J(V) current flux functions analogous to V(V) and z(V). Although

it is difficult to explicitly construct this coordinate system for a particular

configuration, Hamada coordinates have been especially useful for many alge-

braic applications.

Boozer recently developed a coordinate system with straight magnetic

field lines that can easily be constructed numerically by following the field

lines far enough that they determine the magnetic surfaces [10]. He showed that

one can write

B - VV x V60 - Vx + 0VV (28)

where

e -

with i(ip') the rotational transform. Then the toroidal flux V> the poloidal

angle 0, and x> which for a vacuum field is the stream function, form a

O M . X ) coordinate system with J - (VV x V0 • Vx)'1 - 1/62.

Boozer noted that in this system it is easy to decompose any function in

6 and (p. He showed that along a field line with constant V and 60, the iden-

tity

holds, with g(V) the current the short way outside the surface Tp that provides

the toroidal field and Z(i/>) the current the long way inside the surface. Then

- 15 -



one can calculate the spectral components of any physical quantity and the

value of t(i/0 itself by integrating along a line of constant i1 and 0O. This

includes

- £ ft...

J - i(iM.«>) - X (1 + X X , e'to-^) , (29)

vith the prime indicating that the n - m - 0 term is treated separately, etc.

Eq. (24) then gives an expression for the Pfirsch-Schluter current

The singular behavior of this current is particularly transparent in this

expression.

Although these coordinate systems have proven to be useful for both

analytical and numerical applications, they suffer from the limitation that

the lines of constant 6 tend to be concentrated in regions where the toroidal

magnetic field is large, and become sparce on the outside of the torus where

most of the interesting physical behavior is occuring. This makes numerical

application difficult; if spectral decomposition in Q and <p is employed, a

large number of terms must be used to represent the functions adequately.

Dewar [11] and Hirshman [12] and their colleagues have independently introduced

coordinate transformations which distort the shapes of the coordinates so as

to have any desired Jacobian while maintaining the condition that the magnetic

field lines be straight. Then the functional form of the Jacobian can be used
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as a parameter to optimize the coordinate system for a particular problem.

Dewar introduced this arbitrariness by adopting (i/'.EKC) coordinates with

with q - l/t(i|>), and adjusting SO/'.S.p) so that

(31)

Much work has been done with two-dimensional tokamak equilibria by

adopting a cylindrical {R,(p,Z) coordinate system and explicitly separating

the magnetic field into its poloidal and toroidal components. Then

B - V<p x V* + g(*)V<p (32)

with * the poloidal flux between the axis of symmetry and the surface. If we

introduce this into Eqs.(ll) and (12) and then take a dot product with V7*,

we obtain the familiar Grad-Shafranov equation [13]

± Jg + 4.- ( f i2*|I + g(*)^3±) . (33)

Probably every fusion laboratory in the world has its own efficient code to

solve this equation numerically. This is usually done with a fixed coordinate

grid. A basic difficulty is often encountered that the Shafranov shift makes

the magnetic surfaces bunch close to each other at the outside of the plasma

at high /3 so that it gets increasingly harder to get accurate answers.

For this reason it is frequently useful to solve an inverse problem, where

the coordinate system is distorted to fit the magnetic surfaces. Thus, we

introduce an arbitrary r,0 coordinate system and solve for R(r,8) and Z(r,Q)
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I which enable the coordinate r to be constant on a magnetic surface [14]. To

: illustrate this, we set

B - Ro So [ / ( r )Ve x Vr + g(r)V<p ] . (34)

Then our Grad-Shafranov equation can be written as

i l i i f (dR\2 . fdZ\z 1 _ J_ J_fdR dR , dZ dZ\\
JR \ dr JR I \ddj \ddj J 39 JR\dr e6 ar ae/J

_ 9(r)dg(r)
_

R0
2B0

2 dr

If we adopt the usual tokamak ordering in which g~l, /~(p')1/2 ~ (g')'/2 ~ r/R

~ c, we can take our (r,0,<p) coordinate system to be cylindrical in lowest

order, and concentric with the magnetic axis. This leads us to adopt an

expansion of the form

R - Ro - rcosd - A(r) + s»(r) cos (m-l)0 + - , (36)

Z - rsinfl + s.(r) sin (m-l)0 + — , (37)

so that the Jacobian

" S fr ~fr § - r

We henceforth denote derivatives with respect to r by primes. In lowest order

in € we get

£j + gg + 1 /(r/)' - 0 ,

- 18 -



which provides pressure balance. This equation can be used to determine

g(r). With g(r) - 1 to lowest order, we get

(38)9(r) - 1 - ̂  + f° ̂  [ r/(r) ]' dr .

Only terms proportional to cos 6 appear in the next order. They are

„ (2(rf)' _ i y _ (Zirf)' j_\ _ Zrgg_ _ Q

This can also be integrated directly,

A'(r)

One can easily evaluate these expressions outside the plasma and calculate

expressions for

fir) - / . ? ,

as well as the poloidal flux and other useful physical quantities. Here the

subscript indicates evaluation at the plasma surface.

One can determine expressions for the poloidal flux in the outer region

where r~R. The contributions from the plasma can be obtained by employing

_ IQ _
1 53



toroidal coordinates where the correct boundary conditions can easily be

imposed and then transforming to the (r,d,<p) coordinates by means of Eqs. (36)

and (37). The contribution from the external coils can be expressed in terms

of the magnitude, curvature, etc., of the magnetic field that they produce at

the magnetic axis. The expressions for the poloidal flux obtained from the

calculation with r~a and with r~ft can be matched to obtain the complete

solution. This calculation shows that

Biexternal qfa { ' ^ 3 . | 8^C

is an equilibrium condition for the plasma.

Another well known property can be obtained from Eq. (38) if we assume that

the current is uniform inside the plasma, / - fa(r/a), and that the pressure

is parabolic, p - Pefc^B^^-r^/a2), with 0e the poloidal 0. Then

g - 1 + fa2 (\-Pe)(\-rW) ; (41)

the plasma is paramagnetic at small jSe and diamagnetic at ft) > 1.

It is necessary to include the higher order terms in Eqs. (36) and (37)

to procede further. Such terms, of the form s,(r) exp[i(m-l)0], represent

ellipticity for m-2, triangularity for m-3, etc. This has been done. An

interesting result is a relation between the curvature of the externally

imposed vertical field at the magnetic axis and the ellipticity,

1/16 +(R0W)(aEa
(42)

- 3/2 + In (8R0/a)
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Here the elliptic cross section has a minor radius, Ra - ft0 + Ac = a - £a.

and a major radius Za = a + Ea. This relation between the surface shape and

the external field led me to predict erroneously that shaped cross sections

like the JET tokamak could not be controlled. 1 assumed that when the curva-

ture was modified to control up-down instabilities, the cross sections would

be deformed instantaneously and the plasma pushed outward into the wall.

Fortunately, control can be achieved with such small changes of K that this

problem did not occur.

It is frequently useful to solve the inverse problem of finding Rf+.Q),

Z(tf,6) numerically from Eq.(35). Most of the work of Shafranov and his col-

leagues [15] has used this formulation. I like the formulation that DeLucia

and his co-workers at Princeton used [16], The principal difficulty is in

obtaining convergence at the magnetic axis.

The problem is much more difficult for three-dimensional systems. The

most widely used method to approach this problem is to use the stellarator

expansion in which the magnitude of the helical field and the plasma pressure

are assumed to be small with respect to the axisymmetric toroidal field. In

the original formulation [17], the field was given by

B - Boez + c& + £2(Bh + B? + B3 + B66) + - , (43)

with the label e denoting an order of smallness, and a coordinate system with

dl2 - dr2 + (rdB)2 + [(1 - (r/ff) cos G]2 dZ2

was used. This can be identified with a torus where Z - ftp, with r the

distance from the major radius R. All other physical functions, including

the polodial flux, * - *0 + e*
(l) + c2*2 + •», are expanded in a similar way.
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Here Bo - constant is a uniform toroidal field;

Sin (me-phZ) (44)

is a superposition of helically invariant vacuum fields with periods that are

integer multiples of the field period h - N/R with N, the number of helical

periods around the torus, assumed large; B^ - e»B0(r/R) cos 0 is the correc-

tion to the torodial field due to curvature, B(/8) - -ez p(>l/)/B0, is the cor-

rection due to the diamagnetic current that contains the pressure;

is the field associated with current along B, both inside and outside the

plasma; and B66 is a nonaxisymmetric field of higher order. Clearly

V2A(O) - oB0 (a - J-B/B2) (45)

in lowest order. Now, solving B-V* - 0 order by order, gives

in lowest order,

(r,6)

in the next order, and

* ( 0 )(r ,e) - ^ {Br
sjBe6dZ) + 2xRA° , (46)
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with < > denoting an average over the length 2x/h. Addition of the expression

for *(1) to Eq. (46) gives the magnetic surfaces, correct to first order in

the expansion

*(r,0,Z) - *(0) (r + fr, 6 + fe) , (47)

where

f(r,8,Z) ' ~k f (48)

Solution of the condition that V-J - 0 in the same manner as was done for *

provides the condition

a(r,d) - £§£ p w ' (*(0))Q (r,6) + G(*(0)) , (49)

where

Q(r,e) - ^-f - ^ cose . (50)

It has long been recognized that although a large aspect ratio expansion was

assumed in this derivation, the results of the model agree well with

three-dimensional calculations if we change the V 2 operator to V-(1/R2)V in

Eq.(45) and add a term (r2/F?)cos2Q to Eq.(50). Todoroki recently showed me

that one should take the averages in Eqs. (46) and (50) along a vacuum magnetic

field line, rather than at constant r and 6. One must recognize, though, that

the condition file ~ iz that follows from Eq. (24) imposes a strong constraint

on the pressure if this finite aspect ratio application is considered.
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One can go a little further with the stellarator expansion. If I start

with this model and make an inner expansion that r/R is very small, I find that

to lowest order in this inner expansion

*o(0) "

If we set %K - (i cos 9, we find in the next order the equation

dr r dr
JL + J_-dr3££

r2 r3t dr dr n2

Solution of this equation provides a measure of the shift of the plasma boun-

dary with respect to the magnetic axis as a function of the pressure. As can

be seen in Fig.3, there exists

a particular ft at which the

outward shift of the magnetic

axis with respect to the center

of the plasma surface becomes

infinitely large. Above this

critical ft, equilibria can

again be found, but with the

magnetic axis shifted inward,

rather than outward. It is

interesting that the homo- Fig.3

geneous part of Eq.(51) is the

equation that determines the critical fi of the lowest-order straight column

for stability with respect to an axisyametric n«0, m-1 mode. Thus one would

predict that solutions with high (5 should be unstable with respect to a rigid

shift [18].
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The Scyllac device, in which a theta pinch is closed into a torus, could

be modeled with the stellarator expansion using several resonating components

of Eq.(44) to satisfy Eqs.(45) and (49). Recognition of the instability

associated with Eq.(51) led us to predict the instability that prevented this

device from working [19]. The emphasis of the Wendelstein VII-AS group has been

to combine the different components of Eq.(44) so as to minimize the

Pfirsch-Schliiter current, Eq. (49), while keeping some magnetic well. In this

device, which should soon start operation, they have reduced this current to

about half of what a single helical multipole would produce. Recently they

combined these fields with a large distortion of the magnetic axis from being

planar, enabling them to achieve very high pressure confinement, </S> ~ 9%, in

stable configurations. This Helias approach will be used in Wendelstein VII-X,

the next device that the German group is planning.

A standard result from calculations with the model is that the outward

shift of the magnetic axis with respect to the plasma boundary changes

the shapes of the magnetic

surfaces. This deepens the
1

magnetic well, a favorable

development that the Russians

have emphasized [20,21]. At

the sane time, it increases

the rotational transform at

the axis (Fig.4). Thus t can

pass through a low-order reso-

nance or hit one in a shearless

region if one is not careful.

An additional set of vertical

¥

Fig.4
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field coils to provide a quadrapole field was installed on the ATF torsatron

to prevent plasma loss due to this.

I think that the most significant recent development was the work of

Hender and Carreras [22] who carried through the stellarator expansion in the

Boozer coordinate system. They recovered the Grad-Shafranov equation

v V
 g 'Pv ee

B0\Jy/ d* d* F

from the terms independent of <p and an additional Poisson-like equation for

Bj from the toroidally varying part,

dPv Pr\ j r / ae

A

U ( < ^ < ^ **) •

(l7Jv)(a<P)/apy)
pp "

<BP> + ( ̂ - ) <Be> ,



be - ( £ ) <8P> + ( £ ) <6e)

This enables them to evaluate the nonaxisymmetric corrections to the fields

and currents.

Shafranov and Pustovitov (23) worked out an inverse procedure with this

same expansion. They started with equations like Eqs.(36) and (37),

R - Ro - r(l + 5) cos (6 + A) , (54)

Z - r(l + 5) sin (6 + A) , (55)

where 8 and A contain the harmonic part of the field. Formally introducing a

system of ̂ -independent coordinates and introducing the proper averaging, they

obtain a "stellarator expansion"-like generalization of Eq.(35). Todoroki

[24] has developed a code employing this formulation.

Most auxiliary heating techniques preferentially deposit their energy

into perpendicular or parallel energy. Thus it is useful to determine
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equilibria with anistropic pressure distributions Eq.(9). If we introduce

the functions

K - V x r B , (56)

B ae

we obtain from the equation

J x B - V • P ,

(57)

v R _ dP"
x B a*

B V* (58)

i ?
B dB • - I - T - Pi - Pi

B2 (59)

Thus the generalized pressure surfaces which contain the two vector fields B

and K have many properties analogous to constant pressure surfaces in the

isotropic case [25]. In the axisynmetric case, we can again express the mag-

netic field by Eq.(32) and obtain

eZ2 a* B +
d(rg)

where rg is a function of *. The stellarator expansion has also been applied

for three-dimensional configurations to obtain an equation analogous to

Bqs.(49) and (50) [26].
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We should now turn to the stability problem, the behavior of small per-

turbations about these static equilibria. We first restrict consideration to

ideal aodes where the resistivity is neglected. Then, assuming that the per-

turbations vary as exp(-iat), introducing a displacement vector ?, such that

v - -ia f e i u i , (61)

using Eq,(21) to relate the perturbed magnetic field Q to ?,

Q - V x (£ x B) , (62)

and obtaining the perturbed pressure as a function of £ with Eqs.(8) and (16),

we can reduce Eq.(20) to the equation of motion

JxQ + V(f-Vp + >pV-f) . (63)

The earliest work on instabilities used sharp surface models in which direct

integration of this equation was easy. If we multiply this by f* and integrate

over the system, we obtain

a2r - 8W , (64)

ZT - /p£2dr , (65)

2&V - J [ ?2 + Jxf-Q + e-VpV-e* + 7p(V-f)2 ] 8T , (66)

where we have assumed that f-n - Q'n - 0 at the boundary of the system. Here

«2T represents the kinetic energy and 8V the change in potential energy asso-
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ciated with the displacement vector £*• Early in the fusion program, Bernstein

and his colleagues showed that Sit' is self adjoint so that a2 is real [6]. Thus

the frequency or growth rate of any HHD mode in an ideal system must pass

through the point oR - o>, - 0 as the system is changed from being stable to

unstable by adjusting one of its parameters. They determined the proper gen-

eralization of 61/ for a case where a vacuum region exists outside the plasma

surface. If one is not interested in the growth rates or shapes of the normal

modes, the system can be shown to be unstable by exhibiting a displacement

vector f which makes 5W<0, or to be stable if such a perturbation does not

exist. In general, it is convenient, especially for numerical applications,

to express the stability problem of Eq.(63) as the determination of the sta-

tionary points of the Lagrangian

L - co2T - SW . (67)

It is useful and instructive to transform 6V into a different form.

The component f, of f along the field enters 8W only through the yp(V-f)2 term,

since one can add the terms

^Vp-Vx^xB) - *L

JB) - (f̂ -Vp) B -v(|) ,

and see that they integrate out. Next we use the identity

Q • B - Vx[(f1xB)xB ] +• £iXB - J - -B
2 V • ̂  - ?, • V(S2 + p)
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to express the remaining part of the f • VpV • fi* term in terms of Q,*. Then,

completing the square of the terms containing Q,, we obtain

• / < *2BV - f t Q,2 +(Q, - B

or, expressing Q, back in terms of V-fi and using the expression in Eq. (24)

for the field line curvature K,

261/ - / [ Q2 + B^V-fj. + 2?!-K:)2 + 7P(V-?)2 + JLX£S-QI

c ] dr . (68)

The nature of these terms can easily be identified. The first term is

the energy associated with twisting the field lines, an Alfven wave. The

second term corresponds to a fast magnetosonic wave associated with compression

of the magnetic field. If V-fa is small, the third term is associated with

pertubations along the field, the slow magnetosonic, or acoustic wave. The

next term represents the work done by the interaction of current along the

field with the perturbed field, the so-called kink term. The last term is

the change in energy associated with expansion or contraction of the plasma

in a curved magnetic field, which drives interchange and ballooning

intabilities.

To get some idea of the size of these terms, it is useful to think of a

large aspect ratio tokamak. The fast magnetosonic branch consists of waves

with

( M H 2 ~ ^ / / a 2 , or </ ~ B2/pa2 ,
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related to the time it would take an Alfven wave to go the short way across

the system. If V-fi is large the third term contributes to change this to

co2 ~ (B2 + yp)/pa2. The shear Alfven branch has

pa'
2 ~ (B2/L2)?A

2 , or a2 ~ B2/pq2P? ,

where q is the inverse of the rotational transform. If the shear determines

the length of interest a2 ~ E?i'2/p with L/C the shear length. If V-fi <» 0,

the third term has

- • > - » ; & •

One can see that since the waves associated with finite V-f± correspond to

large a2, they are quite stable. Thus, in a study of instabilities using

almost any expansion one can think of, it is reasonable to restrict consider-

ation to displacements that have

V - ^ + 2i,-K - 0

to lowest order. In a tokamak expansion where the toroidal curvature

dominates, this condition becomes

i U - 0 . (69)

I find this a much more satisfactory simplification than the more commonly used

one of setting V-f - 0, which merely eliminates the relatively small acoustic

modes.

A good picture of the nature of the MHD spectrum can be obtained by
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looking at a cylindrical plasma containing a uniform toroidal current, so that

the rotational transform is shearless, a parabolic pressure profile, and a

constant density [27]. In Fig.5, we show the spectrum for a column with an

effective aspect ratio R/a - 5 for modes with poloidal mode number m - 2,

where f ~ e' ("e""fcz). The eigenvalue 02 is the growth rate normalized to a

poloidal Alfven time. Since the positive and negative eigenvalues vary by many

orders of magnitude, we use an inverse hyperbolic sine scale. This scale is

linear for small values of fi2 and logarithmic for large Q2.

The group of modes with large fi2 which are essentially independent of

the rotational transform 1/q is the fast magnetosonic branch. The very slow

10s

I02

I0"2

I0"4

0

-I0"4

• i i iSfliilll ! 1 M i l !: : : : :

! I !\i i us
, ' i

1.90 1.95 200
nq

205 ÎO

Fig. 5
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•odes that fill the band between Q2 - 0 and Q2 - 1CT4 are the acoustic or slow

•agnetosonic branch. The band of nodes with Q2 ~ 10~2 well away from the point

where nq - 2 so that m - nq - 0 is the Shear Alfven wave spectrum. As the

transform approaches the twist imposed on the displacement vector, unstable

waves branch out of this branch. These form the Suydam modes. The unstable

spectrum is discrete and Sturmian in behavior. Away from the point where

nq - 2, we can trace the modes as they pass through the virtually

undisturbed sound continuum and approach the solid curve, which represents

the locus of the accumulation point fi2 - (m - nq)2. The mode just above the

right-hand portion of this branch is the stable part of the m = 2

current-driven kink which goes unstable at nq - 2. It then couples with the

interchange (or Suydam) modes and exits at the lower left to become stabilized

eventually near nq - 1. I found it very interesting that the kink mode is

really the lowest mode in the fast magnetosonic wave.

This figure was constructed with the PEST code, and the nature of the

eigenfunctions examined. Because of the finite number of radial expansion

functions used to represent the eigenfunctions, the continuous spectra asso-

ciated with the acoustic branch and the stable part of the shear Alfven branch

are represented by discrete sets of points. If one looked at the eigenf unc-

tions of the continuum modes carefully, he would see a logarithmic singularity

at the particular surface where fi2 - (m-nq)2 or where

fl2 - (7P/(B2 + 7P)(m-nq)
2).

It is possible in this case of a circular cylindrical plasma with peri-

odicity length 2/T/fc, and constant current to carry through the extremization

of Eq.(67) with respect to £e and ?z, the components of the displacement vector

in a magnetic surface, analytically. The problem then reduces to one of

solving the equation [27].
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d [ D dyl f d / C\ \ C3 I
dT\TCd7\- [dT\Tci) + Tel]

where

D - (pu2 - F2)G ,

Cl =, -1

C2 - -4(m
2 + n2fc2r2)G + p V ,

C 3 - -(pa)
2 - F2)C2

F - 2 ^ - nkBz - f (m - nq) ,

G - pa2 (B2 + TP) - 7PF2

The fact that the shear Alfven and acoustic wave branches have continuous

spectra follows immediately from the singularities in Eq.(70) associated with

zeros of D.

Some understanding of the nature of these spectra in systems with little

shear can be obtained by means of a WKB analysis [27]. If we set
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in\Jy - ysin\Jn(r)dr - (2m-l)7r/4

we see that

n [ D dr\rC2J rCz } • .

The phase factor in y comes from matching to Bessel function behavior at small

r. This leads to a dispersion equation

f ndr - j-K + (2m-s)7T/4 , (j - 1,2,3 ) (71)
Jo

where s - 1 for the boundary condition y(a) - 0 and s « 3 for y'(a) - 0.

For the model of Fig.5 with n - 1 and q - 2 so that F - 0, we can

integrate Eq. (71) exactly if we assume that a2 « 1. Then in the large aspect

ratio limit this reduces to

pa' - -[ 2ka / U + 1/4)TT ]2 , (72)

a discrete spectrum with an accumulation point at <u2 - 0 that agrees well with

the figure. If |pa2/7rBe2 - (m-nq)2| « (m - nq)2, one can again get a simple

relation

- {m-mf f (jffaj) (73)

that agrees well with the numerical results, say near q - 2.1.

For systems with relatively large shear, the modes are more localized so
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that we can use a boundary layer theory to calculate the mode structure

[27,28], We consider a cylindrical plasma column where m - nq(rs) at one

singular surface inside the column, and use Eq.(70) to look at the spectrum

associated with the Suydam accumulation point at a2 - 0. The inertial terms

are small and can be ignored away from the surface r - rs. Then

SL ( rF2 dy\ _ 2n2fc2 / * _ Be2. , n V
dr V 2 W dr) (22fc 2 2) \<*r r (m2+n2fc2r2)

- 0 . (74)

If we obtain an indicial equation near this surface by assuming that

y ~ (r-rs)
h(l + . . . ) , we find that

y± ~ G± |x|-|/2 { eic(u/2)'"III+^ + c.c.) (75)

with

x - (r-rs)/a

u - (40s - D l / 2 .

ar

Here G± and y± are the two constants of integration of the second order diff-

erential equation, with the "+" sign indicating the solution for r>rs and

the "-" sign for r<rs. Integration of Eq.(71) with the proper boundary con-

ditions at r-0 and at r-a determines y+ and y-, but leaves the G±'s free.

- 37 -



We can see from Eq. (75) that when Ds<\/4 the two solutions are real and

y diverges near the singular point. For now, we will consider only systems

with As > 1/4 where the system is Suydam unstable.

Very close to the rational surface, the inertial terms become as important

as the other terms so that pa2 ~ F2. To treat this region we can introduce a

stretched coordinate, such that

-r, U 2 .

This reduces Eq.(70) to

s ~ 1 + (E^/yp) + t2 Ji + (ffWp) +

In the limit of large t, the solutions have a form similar to that of Eq. (75),

(77)

y± ~ E± Itl"
1"4 { e1 w « lnl" + 'J + c.c. } . (78)

Since the behavior of the inner and outer solutions must be the same in each

overlap region,

G± - £ ± \Q/nqa\
l/z ,

y± - £± - g In |n/nq'a| - 7tj± .

Then, since the eigenvalue Q must be the same on either side,
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fl2 - (nq'a)2eC2/u) [y* + y- - E* - E- - K(U + j-)] -

y+ - y- - e+ - e- - 7r(j+ - j-) . (80)

Eq.(77) does not have a solution in closed form, but has only three arbitrary

parameters and can be solved numerically. This is usually done by solving

the even and odd solutions separately and then adjusting the amount of each

that is needed to satisfy Eq.(8O). Then evaluation of Eq.(79) is easy. Since

the exponential function in this equation measures the degree of localization

of the boundary layer, we must have (j+ + j-) sufficiently large that the

exponent is negative for the procedure to be valid.

If, as is usually the case, one is not interested in the specific value

of the growth rate of an instability, but only wishes to know whether or not

a system is stable or the dependence of where the system goes unstable with

respect to some specific variable such as /?, it is only necessary to consider

the sign of SW in Eq. (66). Since the kinetic energy term T is positive

definite in Eq.(65), it follows from Eq.(64) that the sign of w2 is the same

as that of oh'. Thus, an instability can be shown to exist by constructing a

displacement vector that makes 8W < 0. The problem is usually approached by

minimizing 5lt' by solving the Euler-Lagrange equations obtained by varying

the different components of the displacement vector. This often leads to proof

of stability as well.

It is convenient to use the straight cylindrical plasma model again. Then

the function y - r£r which minimizes 8W must satisfy Eq. (74). If we had

included a simple positive definite term, T - / rp$r
2, in 8W in order to

preserve a positive definite norm, we would have had to add the term pu2y/r

to this equation. Note that this does not introduce a singularity because y
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vanishes at r - 0. Then it is easy to see that if there are no rational

surfaces with the particular values of in and n that we are considering in

the plasma, the function pw2 can be adjusted to satisfy the boundary conditions

at r - 0 and at r - a. If y has changed sign somewhere in this region with

pa2 - 0, it follows that co2<0, and a proper normal mode treatment would have

found an unstable mode. Conversely, if y had wanted to maintain the same sign,

u2>0 would have been necessary, and we would have demonstrated stability.

Newcomb has shown that a similar logic applies if there are one or more sin-

gular points rs where F(rs) - 0 inside the plasma [29]. He showed that each

of the regions, 0<r<rs and rs<r<a, can be considered separately, and pres-

cribed the proper boundary condition to give for y(rs + c) for the analysis

of this outer region. Then, if the solution of Eq. (74) with y-0 at r=0 changes

sign before reaching r~rs, or the solution starting properly just above rs

changes sign before reaching

r-a, the system is unstable.

Conversely, if y does not cross

zero in either region, the

system is stable. Thus, the

stability properties can be

determined from Eq.(74),

Fig.6.

It was noted earlier in

connection with Eq.(75) that y

diverges as r approaches rs if

Ds, given by Eq.(76), is less

than 1/4 and that if Ds>\/A,

stable

X unstable
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y ~ G|x|-|/2cos(|ln|x| + y) . (81)

This clearly vanishes an infinite number of times, and thus at least once in

each region, satisfying Nevcomb's condition for instability. This local con-

dition for instability is called the Suydam criterion because he was the first

one to construct a displacement vector related to Eq.(81) [30].

Since Ds is related to p'(r), it is not hard to identify this term with

the expansion energy associated with pressure gradients in region where the

magnetic curvature is unfavorable. The average normal curvature, the 2q2/r

in Eq.(76) for a cylindrical pinch, can be shown to be V(V0» where V(ip) is

the volume inside a magnetic surface containing the toroidal flux f and primes

denote derivatives with respect to i/>. Thus systems are usually classified

according to whether they possess a magnetic well, V"<Q, and are locally

stable, or a magnetic hill, V">0, where unless the shear q'2 is large enough

to make Ds<l/4 the system would be unstable. As we will soon see, the com-

ponent of the field line curvature that lies in a magnetic surface, the

geodesic curvature, enters the expression for a term similar to Ds in more

general systems. I think it should be included when we talk about the stabi-

lity properties of a configuration, but too often V"(^) is still used as a

criterion. Since these instabilities can be viewed as an interchange of the

position of the magnetic field lines locally, they are usually called inter-

change instabilities.

If the Suydam criterion implies stability it is still possible that forces

away from the singular surface, particularly the ones associated with the

J,x£i-Qi term in Eq.(68), can drive an instability. Such modes are not loca-

lized and are called kink instabilities. Their existence must be determined

by direct integration of Eq.(74).
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The straight cylindrical plasma column with p - 0, a uniform axial cur-

rent and a very large aspect ratio, nka « 1, with the current ordered so that

the rotational transform is finite, is a good illustrative example of the

analytical technique. Then Bz - Bo (a constant), J, «= Jz =- fc60/qa (also a

constant), and Be - (fcB0/qa)r for r < a, and Bz - Bo, Jz - 0 outside.

We start with the energy principle, Eq. (68). We first consider the plasma

region r<a. The B2 |V-£i|2 term is the only one that appears in lowest order.

Since this is positive definite, fi must be restricted to make it small. Thus

?i - e2 x Vr? + 0(nka) .

This makes Qz vanish in the lowest significant order. Since Q is a divergence

free vector, we can thus write

VC + 0((nka)2) .

From the vector relation Qr-Vr-VxCfiXB) - V-((£ixB)xVr) - B-Vfr, we can

identify

C - B • Vn - i(Bea/a)<im-nq)n .

We now go on to the next higher order.

+ B2 IV-q2 J . (82)

Again f± can easily be chosen to eliminate the V-fA term. We can do an inte-

gration by parts with respect to 9 on the rJi(a>?Var) (aC/rd0) term so that the
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J, term becomes Jt d{(drf/dd)£)/rdr and can be integrated. Now the

Euler-Lagrange equation for C gives

V-rVC - 0 ,

If we multiply this equation by f* and do an integration by parts with respect

to r, we can convert Eq. (82) to a surface term. Only the |VC|2 term enters

8W in the region outside the plasma. It too can be evaluated by operating

on the Euler-Lagrange equation. Then we get

261/ - 2 m B eg ( a ) (m-nq) (m-1-riq) rf(a) . (83)
a

Thus the system is unstable if (m-1) < nq < m. This is the well known

Kruskal-Shafranov kink instability for m - 1 [31,32]. The onset at m - nq is

the same for any current distribution, but the point near m-1 - nq where

stability is recovered is moved both by varying the current distribution and

by providing a conducting wall outside the plasma column. This mode is the

one that was seen dropping down from the fast magnetosonic mode to go unstable

at nq - 2 and having a fairly large growth rate after all of the Suydam modes

became stable in Fig.5.

An important instability, the internal kink mode, can be studied with this

formalism for systems in which the current distribution is not constant, such

that q < 1 below r = rs and q > 1 for r > rs. We again obtain Eq.(80), but

with B» and q varying with r. In this case, if we expand

d<7dr - d(Be(l-q)/r)/dr o + (Be(l-q)/r) aij/ar and do an integration by parts to
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move the d/dr from the \r)f term, we get

28W - J rdr Be2(r) [ l-q2(r) I
dr

This can be made to vanish

by making ri a constant

for r<rs and zero for

r>rs Fig. 7, since the

(1-q2) term can dominate

in the thin layer where

q~l so that rf can be

large. This analysis can

even be extended to more

complicated two or three

dimensional models. It Fig.7

is necessary to go one order higher in the aspect ratio expansion in order to

examine the stability of the system. This is easy for the present case and

leads to instability. Modes with different values of m couple in systems with

noncircular cross sections or toroidicity so that the algebra becomes very

complicated. These effects provide stabilization, but do not prevent the mode

from occuring. This mode has been identified with internal disruptions in

tokamaks, and with fishbone instabilities when kinetic effects are properly

incorporated in neutral beam heated devices.

The Mercier criterion [9,33], a generalization of Suydam's condition that

the system is unstable if Ds in Eq.(76) is greater than 1/4, to an arbitrary

toroidal geometry, is probably the most used criterion in existence. It is

- 44



easily derived [9] by working in Hamada's (V,6,O coordinate system, and

restricting consideration to the neighborhood of some singular surface Vo where

m-nqo - 0. We project the displacement vector in the form

£ - £ w + ? B x V V + f -B- (84)
f f" |W|2 ?s B2 fb B2 { }

and assume that the perturbations are localized so that d/dV is ordered large,

d/dV » a/du > d/eC where u - qo6-C> when acting on any of these components.

If we insert this into Eq.(68), and expand the components of f in this loca-

lization parameter, we can minimize 51/ order by order. In the lowest order

we must choose fs to eliminate the fast magnetosonic waves, just as in our

treatment of the kink mode. In this order we must also make the dominant part

of fi constant along the field lines to avoid fast Alfven waves. We can do

several minimizations in the next order, ending up again with a second order

differential equation similar in form to Eq.(74). In this case we see that

£„ has a cos(D, In |V-Vo|) behavior if [34]

„ „ If? ~B

n p ~jw
rr

f
2 L

ol?
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A
v0 v

The original derivations of the

Mercier criterion consisted in con- *

structing a test perturbation that

vanished everywhere except between

two adjacent modes of this

oscillation, Fig.8, and satisfied

the Euler-Lagrange equation for £„

in this thin region.

I took the liberty of writing Fl9-8

Eq.(85) in a quite different way from what one obtains by the straighforward

derivation that I sketched. In particular, I replaced the label of the mag-

netic surfaces by an arbitrary parameter Z, which could be any surface function

that is convenient for a particular application. Thus, if Z were set equal

to the volume V, the first term would not be present, if Z were set equal to

the poloidal flux %, the third term would be missing if Z were the toroidal

flux V> the fourth term would be removed, etc. The use of several equilibrium

relations and some vector identities were employed to obtain this form. The

first term is the magnetic well' associated with the curvature of the magnetic

field lines normal to a magnetic surface. This term reduces to Ds in Eq.(76)

for a straight reversed field pinch. The second term represents the magnetic

well produced by the diamagnetic current — except through a Shafranov shift,

the plasma can not dig its own well. The next two terms are destabilizing

terms associated with geodesic curvature, the component of the field line

curvature that lies in the magnetic surface. To see this, note that the non-

constant part of the parallel current a - J-B/B2 is given as a function of KS

by Eq.(24) and that the current flux the long way I is related to the parallel

current by V - V'' ((DoEPdl/B) / {(p&dl/B) with a similar relation for the
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current flux the short way J. The fifth term is also associated with the

Pfirsch-Schliiter current and is destabilizing. The last term is the stabili-

zation obtained from the global shear of the field lines. I believe that this

criterion, or the analogous resistive criterion DB, is what should be evaluated

in device design studies, rather than V"(i/0 as is usually done.

In all of this work we have introduced an ordering a/ax » d/du, where

x-V'-V0 measures radial distances and u measures distances normal to the mag-

netic field line inside a magnetic surface. This assumption led to the con-

dition that QV=(B-V)t;v is constant along a magnetic field line to lowest

order. If we make the ballooning mode assumption d/dx ~ a/au » d/dl, where I

measures the distance along a magnetic field line, we can make considerable

analytical progress. In this case the derivatives normal to the magnetic field

tend to cancel each other if we use a WKB type of analysis, the modes become

localized along a magnetic field line, and we obtain an ordinary differential

equation for ?„ [35,36]. Thus, if we adopt a (i/'.O.t*.) coordinate system in

which B - S/axVi> with a - C-Q0 and introduce the eikonal representation,

S - n [ a + jeu(Tp)dq(Tp) ] ,

such that the wave vector is

kj. - VS - n [ V{-qVd-(0-6u)Vq ]

with n the toroidal node number and du the angle at which the contribution

Vq from the shear is a minimum, we are led directly to
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B • V^±r B-V* + §£- (kiXB-Vi//) (kxxB-K) * + A2 $ - 0 (86)
B- E>

with ic the magnetic field line curvature, <p the electric field potential

associated with the diplacement, and the A term introduced to provide a kinetic

energy eigenvalue, A2 > 0 being stable. Much elegant work has been done with

this equation, and the formulation is applicable to a much larger class of

problems than MHD. Although the lines are not periodic, a Fourier analysis

and transform can reduce the problem to an integration of a single harmonic.

In the limit of large 6 in this transformed coordinate, the same cos D, In |8|

behavior that was found for small i in the interchange mode Mercier criterion.

Thus ballooning modes can always be found when the system is Mercier unstable.

Although the modes of Eq.(86) are so localized that the MHD model can not be

justified, this equation has proven useful for machine design considerations.

Before leaving the subject of ideal instabilities, it is useful to note

that the stellarator expansion formalism provides a simple, but good, model

for investigating the stability of many three-dimensional configurations

[37]. We adopt the equilibrium of Eqs.(45) through (50), and assume that the

displacement vector can be written as

£ = E [ ?(0-(r,6) + e(l)(r.0) + - ] e-
i(sh+nk)z ,

s ,n

where h is the wave number associated with the longest helical period, \/R,,,

fc-l//?0 is the wave number associated with toroidal periodicity and Z = Rtlp.

We also assume that (k/h)l/z ~ £(l)/£(0) ~ &>/B0 « 1. Then, inserting this and

the equilibrium conditions into Eq.(68), we can minimize order by order. In

lowest order, we restrict £(0) to eliminate the fast waves, in the next order
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we adjust fi(l) to keep field line bending small, and in the next order we find

28W = j ch (\Q4Z + J« x f/ • Q,. + ^ m • Vpf/01 • Vfi) (87.)

with

"in/cz$J0) - ez x Vr?(r,0)r

Q F - es x V ((Bo ^ + e2 x V *
(0)- V) r)(r,8)e'l"kz ] ,

and *(0) and Q given by Eqs. (46) and (50). Again, one is left with the shear,

kink, and interchange or ballooning mode terms. The analysis with the full

Lagrangian and perturbed field in the vacum region outside the plasma can be

done in this way.

Two major codes, PEST [38] and ERATO [39], for studying the stability

properties of tokamaks were developed in Princeton and Lausanne at about the

sane time with considerable cooperation between the groups. The major problem

encountered by both groups was the wide range of eigenvalues that had to be

treated (Fig.5). The Princeton solution was to use Fourier decomposition in

the surface variables and to project the displacement vector in a manner that

to make one or another of the components large for a given branch of the

spectrum. The Lausanne group treated the radial derivatives of the displace

ment vector f' as dependent variables along with £ and then had to impose an

auxiliary condition of compatability between f and f'. Anania [37] introduced

the stellarator model into the PEST code to obtain STEP, Todoroki [14] intro-

duced it into ERATO to get H-APPOLO and H-ERATO, and the Oak Ridge group made
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similar modifications and extensions of their tokamak codes [40,41,42]. These

codes have contributed significantly to the design studies for most of the

devices that have been built in the last few years. Many initial value codes,

some for axisymmetric systems, some incorporating a stellarator expansion,

and some for arbitrary toroidal geometries have been developed. These too

are faced with the problem of handling multiple time scales. I personally feel

that computers are barely able to handle these problems so that an eigenvalue

expansion is more useful. They are, however, producing interesting and useful

results. I recently prepared a review [43] of the status of MHD computations

for stellarators.

A few comments about application may be in order. Much of the design

effort for both PDX and TFTR was done with PEST. PBX and PBX-M owe their

existence to this code. Helton used GATO (a version of ERATO) in the design

of D-I-D at GAT.

Much work has been done for CIT. Because of cost considerations, this

device is expected to operate at high current and pressure. Many

self-consistent pressure and current distributions have been found that meet

the requirements, but most of the results obtained using profiles calculated

by means of transport simulation are discouraging. Until recently the

experimental observations were equally disappointing. The positive results

that are now being obtained from D-I-D, together with improved ability to

incorporate this data into the models is rapidly making things look better.

The Oak Ridge group did many MHD studies for ATF. I think that their

evaluation of the equilibrim and stability properties of this device as a

function of the number of helical periods, which led to the choice A/=12, was

most impressive. The device is expected to operate well at high (I. Rewoldt

and I pointed out that in an early design the Pfirsch-Schliiter currents would
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be large enough that they could increase the value of c near the axis, so that

two surfaces with i - 0.5 could occur inside the plasma column. Fig.4. We also

noted that these currents are large enough to drive a free boundary kink

instability. Since that time, additional poloidal field coils have been

installed to provide a quadrapole field so the shape of the rotational trans-

form can be controlled, but I have not been convinced that the kink instabi-

lities have been healed.

The observation that an inner helical winding could provide significant

experimental flexibility in a heliac came out of MHD studies. Such a winding

will be installed in both of the large heliacs that are being constructed,

TJ-I in Madrid and H-l at Canberra.

Finally, knowledge of the equilibria will be essential to do the necessary

Abel inversions for diagnostic studies in most future high-/? experiments.

These codes should be capable of providing this.

We now turn to nonideal effects where the condition that E+vxB - 0 breaks

down. When I started thinking about these lectures, my first impulse was to

sepnd most of my time on this subject. Indeed, John Greene gave a particularly

elegant series of lectures on this subject eleven years ago [44] and I was

tempted to reproduce large parts of that series. Since his discussion is

available, I decided to cover a wider range of topics, but in a much more

cursory manner.

In all of the work that we have done up until here, we have ignored the

r?V2B term in Eq.(21). Since the dissipative effects are very small in a

high temperature plasma this is usually a good approximation. However, we have

noted singular behavior near rational surfaces where m - nq. Extra care must

be taken in regions like these boundary layers where the displacement vector

wants to be infinite. Not enough physics has been included in the model, and
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we Bust add more, often deciding what additional terms must be introduced

according to what we wish to examine. Indeed. Newcomb has shown that when

there is no electric field component along B the field can be treated as frozen

into the plasma and the topology of the field lines can not change [45]. The

large displacements can be identified with large currents that must flow along

the field lines to preserve this topology. Then the r)V2B term in Eq.(21)

can be comparable with the Vx(fxB) ~ B-Vf term near surfaces where the

displacement is nearly constant along a magnetic field line. Obviously several

terms in Eq.(18) can support a parallel electric field. I like to think of

qj as phenomenologically representing anything that can support some £« and

thus keeping things as simple as posible by restricting r? to be a constant.

The linearized stability problem is, from Eqs.(20) and (21),

-pco2£ - Jxb + (V x b)xB + V (f-Vp +ypV-£) , (88)

b - V x (fxB) + •$ V2b . (89)

Strictly speaking, we should have included an /;J-(Vxb) term in the expression

for the perturbed pressure and incorporated some source terms so as to maintain

a steady state in the presence of dissipation. These are relatively unimpor-

tant and can be ignored. We start the problem just as we did before, by

ignoring the small >?V2b term. If an instability can be found on this ideal

model, the resistive effects should modify the shape of the displacement vector

and growth rate as a small perturbation and usually deserve little

consideration. If not, we must include these effects carefully in our treat-

ment of the boundary layer. In general then, we can solve the ideal equations

in the outer region, either employing simple models or projections of the
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displacement vector in a suitable coordinate system, so that we have a behavior

similar to Eq.(75) as we approach the singular surface. Then, if the genera-

lization of 0, is such that £-<*>, implying ideal stability, we introduce a

stretched coordinate system to obtain a generalization of Eq.(77) which

includes the resistive term, and solve it. The condition that it matches

asymptotically to our outer solution provides a dispersion relation.

We can see from Eq.(89) that the three terms are of the same order if both

the frequency (or growth rate) and the distance x over which the magnetic field

varies rapidly are ordered as fractional powers of the resistivity, and the

displacement vector and perturbed field are properly related;

Other interesting orders can and must be found, but we should start here. We

make this assumption, project £ and fa as in Eq. (84) , and examine the components

of the equations order by order [46,47,43]. The component of Ohm's law in

the W directon gives

q lv'l dxdu

with <p - #/m and A the shear. The component of this equation along B makes

Sv l_ PCs

a x <i> a u
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in lowest order, and provides equations relating V-f and bb in higher order.

The third component is not needed since a relation between bv
(2) and t>s

(l) can

be obtained from V*b — 0. The two components of the momentum equation give

the same information in lowest order,

namely that the perturbed magnetic field along B just balances the perturbed

pressure. Thus it would appear that the calculation must be carried to a

higher order. The way out is to act on this equation with an annihilation

operator to remove one of the last two terms in this equation. Greene and I

like the operator

V • ̂  x Eq.(88) - 0

as it possesses very nice properties. The parallel component of the momentum

equation closes the set of equations by determining ffa. For a straight

cylinder reversed-field pinch model the algebra is now straightforward. For

general systems where we work in a Hamada coordinate system, we can decompose

any perturbation component as

e - ? + e .

- o ,

fdi/B - 0 ,
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where C is the coordinate varying along the field. Then, as we go along, we

must integrate the equations around the closed field lines to determine the

f s a s functions of the ?'s. This leads to a set of ordinary equations

V'-HT - Q(*-XI) , (90)

G? 1" - QX21 + (E + F)T + QX* + W - 0 , (91)

QT" - X2T + X* - Q2 ((G + KF)T - (G - KE)Z + KH*'] . (92)

Here primes acting on the dependent variables are with respect to X and

„ _ <B2/|W|2)

r <^> K - J£- <fi2>K

„ -

a - J-B/B2 , A - /jf - x'

- 55 -



i/e

* - {b-VV)/iaAX0 ,

T - < b-B>/p' .

Here the perturbations are taken to vary in the u direction, in the sur-

face but normal to the field line as e'au, primes on the equilibrium quantities

are with respect to V, primes on *, E, and T are with respect to X, the brackets

denote line averages

H

and J, I. y, x> are the usual current and field fluxes the long and short ways

in the magnetic surfaces.

If we look at these equations in the limit of large |.Y|, we find that

* - C, |X|>/2-<-D<>'/2 + C 2 |A'|-
1/z-(-D')l/2

with
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0, - E + F + H - i , (93)

exactly the same as that found in connection with Eq.(85), and C\ and Cz are

constants like the £±'s and c±'s of Eq.(78). We must therefore find a solution

of Eqs.(90) through (92) to determine the relation between the ratios of the

Ci's on either side of the layer and then asymptotically match to the exter-

nal solution to get a dispersion relation.

Progress can be made by assuming that the equilibria are nearly stable

so that Q is small [48]. Then, it turns out that Eqs. (91) and (92) have a

nontrivial solution only if

Dp = E + F + H2 = D, + (H - ± ) 2 (94)

is small. If we assume that Q ~ D/?2'3, we can grind through the algebra, and

get a dispersion relation. Glasser did this by using Fourier transforms and

saddle point techniques. The problem was further complicated by the fact that

the inner and outer regions did not overlap so that another ordering had to

be assumed to bridge the gap. The work finally led to

A -

. _ W l24^4~2' PR
r(i)r

2(i-f)r(|-a) ̂  J

(1 - KDR/4&
2) . (// - 0) (95)
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Then

A' - A(Q) (96)

where A' is the difference in the ratios of the large and small solutions

between the two outer regions, is the dispersion relation.

There are a couple of interesting conclusions that one can draw from

Eq. (96). First, A can take on any value for positive Q if DR>0 and there is

always an instability. This is the resistive generalization of the Mercier

instability criterion [9,34] and therefore the mode is often called a resistive

interchange. As with its ideal instability counterpart, the mode is driven

primarily by the interaction of pressure gradients with field line curvature

inside the resistive layer. Second, if DRSO. A must be positive. Then for

negative values of A', one is assured of stability. For sufficiently small

DR, instabilities with Q ~ (X0/Vs)
4/5, that is -ico ~ r?3/5, can be found for

positive A'. These are the tearing modes, where the driving force is trans-

mitted from the outside region. They thus bear some relation to the ideal kink

mode. Finally, a negative DR can increase the value of A' from A' = 0 to

A' - Ac' for the system to be unstable. A/ can be reasonably large, even in

fairly low pressure systems. Just as I said earlier that I would prefer to

see D, rather than AV'/V" presented in design studies, I think that values of

DR could be enlightening.

I think it is useful to interpret the A' of this discussion as a Poynting

vector, the amount of energy that the displacement propagates into the boundary

layer from the outer regions. Then, if DR > 0, the forces inside the boundary

layer are sufficient to drive an instability, no matter what is happening in

the outer regions. If DR « 0, the outer forces do the driving and the boundary
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layer only allows the topology to change through reconnection of the field

lines. If Dp < 0 so that work must be done in the inner region to obtain a

reconnection, we find a minimum amount of energy Ac' needed to be unstable.

It could be useful to note that generalizations of the Mercier criterion

and the analogous resistive interchange criterion for localized modes have been

derived for systems with tensor pressure [49]. Thus

D, -

for instability, where

E + F - <B2/T" 1VV|2> f /W-Vfo+tf/g) / dp,
A2 L \ T.T^IVVI 2 V " dV

\|wf . |vv|2> |vv|2

+ T,

1
J '

dV

H
|VV|2>

r <oy/|
L <B2/T,

A - \l>'x" ~ X V ,

|w|2
A -

BxVV-[ Vx(BxVV) ]
|VV|4

B2
T.-l -

dp,
BdB - 1 + dp,

BdB
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Sone work has been done with more physics introduced into the inner layer

[50], but much more would be useful. The fishbone instability can be

explained as an internal kink instability where a resonant interaction between

the high energy trapped particles provided by neutral injection and the mag-

netic field perturbation provides a free energy source to drive the mode

[51,52].

Considerable progress has been made in the understanding of the nonlinear

evolution of the modes [53,54,55]. In a nearly shearless configuration it

can be shown that an energetically favorable bubble state in which a helically

twisted magnetic island can be reached should be expected for an interchange

mode. The internal kink also evolves into a nearly kinked equilibrium which

has a somewhat lower energy. Rutherford has shown [54] that a tearing mode

forms a magnetic island whose width grows exponentially until the island

reaches a critical width of order r]i/5 and then continues to grow as t2, an

algebraic function of time. It is reasonable to treat the island width as that

necessary for A' to be equal to zero. Cary and Kotschenreuther [56] carried

through similar calculations for toroidal geometry. They found that if DR of

Eq.(94) is greater than zero, the saturated width of the magnetic island grows

as a power of & as the pressure is increased. It decreases, or at least sat-

urates with /3 when DR < 0. Also, the Ac' term observed in the tearing mode

discussion becomes less important as the island width becomes large.

The formation of magnetic islands in stellarators provides what is pro-

bably the most critical limit on the system. This could be equally true for

tokamaks because of the asymmetries associated with discrete coils, ports,

nonuniform injection or heating, instabilities, etc. Although some progress

has been made, this area will be an essential part of MHD studies in the next
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few years.

An equilibrium formulation based on Boozer's coordinate system is an

interesting approach to this problem [57]. If one adopts a suitable

well-behaved coordinate system with good magnetic surfaces, he can show that,

if the actual field is slightly different, a magnetic island exists at each

rational surface where t - n/m with a half width

2RbD
mB0(di/dp)

1/2

with 6p,n.» the n.m'th spectral component of the part of the actual magnetic

field that is normal to the magnetic surface associated with the base field.

As these islands become wide, they overlap and the confinement deteriorates

rapidly. [58].

Remain and his collaborators have constructed a code based on Boozer's

formalism [57,58,59] to evaluate these island widths numerically and to observe

the behavior of the magnetic field lines directly. They have also carried

through a low-/? expansion analytically to show that this island problem can

be severe.

Their approach is to adopt a vacuum magnetic field V. 0> x coordinate

system with good surfaces, where

B - V^ x V(6 - c<p) - Vx .

The Jacobian can be Fourier decomposed;

x V6 • V*)"1 - -L - 4T( 1 + Y,' 5".-W cos (up - md)

Then, if a small pressure is introduced,
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This can be used to determine the magnetic field,

B - h + Vf , (98)

r t2 *
V 2/ - -V-/i .

This can be solved analytically using Mercier"s (p.co.s) coordinates near

the magnetic axis [60],

PVP •

If 5n.» <= p", n-mt « -m(p-po)di/dp, and p - po(l-p
2/a2),

In fHiea^ + S 1 + 3. 1 sin
Boa

z(dt/dp) L
S 1 + 3. 1 si

on the resonant surfaces. Hanson and Cary have shown [61] how to adjust the

vacuum magnetic fields so that wide islands associated with these resonances

can be avoided. However, the nonresonant fields can still provide difficulties

because a transformation to a new coordinate system containing these plasma

effects leads to a nonresonant perturbation
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bp„. m —m£±±_ A _
2R2(m-ru)0 V2B<f(m-nL)p

This again gives rise to magnetic islands at the low-m surfaces. Reiman and

Boozer estimated that these fields broaden the Fourier spectrum of the Jacobian

8n,m so that island overlap quickly occurs. They estimated that this would

lead to a critical /? well under 1% for a heliac that was studied at Princeton.

I think that a major part of the programs on the TJ-H (at Madrid) and H-l (at

Canberra) heliacs will be to investigate this problem. It may be possible that

CHS with its small aspect ratio may also provide some useful insight into it.

I think that I' ve said as much as I should about behavior on these fast

time scales. I should make a few comments concerning transport, namely

behavior on a time scale where a ~ rj/a2. In this case we must use the full

set of equations, Eqs.(2) through (5), an analogous set for energy transport

obtained by taking a higher moment of Eq. (1), and Eqs. (10) through (13). These

are usually augmented by adding what I like to call kitchen physics, extra

terms associated with particle, momentum, and energy injection, changes in

constituency such as ionization, energy radiation by excited states, anomalous

resistivity and viscosity, enhanced transport to model the effects of MHD

activity, etc. The configuration shape and the nature of the interaction with

the outside world can be very important.

The most important feature of these calculations is that the inertia terms

in the momentum equation are small in comparison with either JxB or Vp and

can be neglected. Further, it is usually assumed that the faster scale MHD

effects smooth out the behavior along the field lines, so the rie, rn, Te, Tj,

etc., are functions of the magnetic surfaces. Thus, the problem consists of

determining a "quasi-equilibrium" with JxB = Vp, using it to construct the
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transport coefficients for an ordinary one-dimensional diffusion equation in

*, and then using the transported values to construct a new equilibrium.

Since construction of the coefficients involves averaging over the magnetic

surfaces, this is often called a li-D problem. Most of the early work treated

the system as having concentric circular magnetic surfaces so that all of the

parameters are functions of the raduis r. More realistic models are now being

used, the BALDOR and TSC codes at Princeton and Hogan's work at Oak Ridge being

good examples. These codes have been used in many reactor studies and in

design studies for new devices. Studies of how to provide control against

axisymmetric (n - 0) motion in the PBX-M and CIT tokamaks have relied almost

entirely on the TSC code. Most of the studies concerning ignition in CIT have

been made with BALDQR. The codes have proven to be useful, but one still must

exercise care in the physics assumptions that are introduced into the transport

cofficients. Too often you get out what you put in.

I should conclude these lectures with the note that there is still work

to be done with these simple models. I started working with MHD equations in

1955. Several times since then I have started to get out of the field and move

to more exotic fields. Each time something came up, usually the design of a

new machine or the explanation of some macroscopic observation, that ended with

a request that I do more work in this area. I may yet get into some branch

of plasma simulation or drift-orbit formulation, but I will have no regrets

if I spend my professional life in this area. You do not have to look far to

see interesting and important problems, the tasks are challenging, and the

results are satisfying.

Again I am greateful to the Nagoya University, Institute for Plasma

Physics, International Center for Fusion Theory for making this experience

possible and to all the friends I have made here who have made it so enjoyable
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and profitable. My work is supported by the U.S. Department of Energy under

contract with Princeton University.
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