
F<Moo m 
iV-body bound state relativistic wave 

equations 

H. Sazdjian 

Division de Physique Théorique? Institut de Physique Nucléaire, 

Université Paris XI, 

F-91406 , Orsay Cedex, France 

1PNO/TH 88-35 June 1988 

'Laboratoire associé au C.N.R.S. 

& 



Abstract 

The manifestly covariant formalism with constraints is used for the construc

tion of relativistic wave equations to describe the dynamics of N interacting spin 

0 and/or spin \ particles. The total and relative time evolutions of the system are 

completely determined by means of kinematic type wave equations. The internal 

dynamics of the system is 3^-'-dimensional, besides the contribution of the spin 

degrees of freedom. It is governed by a single dynamical wave equation, that de

termines the eigenvalue of the total mass squared of the system. The interaction is 

introduced in a closed form by means of two-body potentiab. The system satisfles 

an approximate form of separability.. 
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1 Introduction 

The manifestly covariant formalism with constraints permits the formulation and 

construction of the relativistic quantum mechanics of two interacting particle sys

tems in a compact form [l,2,3,4,5,6|. The latter is essentially characterized by 

the fact that the internal dynamics of the two-body system is three-dimensional, 

besides the spin degrees of freedom. The wave function then factorizes into two 

parts. The first part has a kinematic content and displays the dependence of the 

system on the two covariant time variables of the particles (defined as the longitu

dinal components of the coordinates along the total momentum). The second part 

contains the dynamical properties of th". system, represented by its dependence on 

the three transverse relative coordinates. 

It is this reduction property of the dynamics to a three-dimensional one in a 

covariant and compact way that makes two-particle relativistic quantum mechanics 

rather attractive from the practical point of view. In particular, it circumvents 

the difficulty of relative energy excitations inherent to the Bethe-Salpeter equation 

[7,8]. On the other hand it was shown [9] that two-particle relativistic quantum 

mechanics is actually equivalent, by means of a non-singular transformation, to 

the bethe-Salpeter equation, considered in its sector of "normal" solutions. This 

last feature establishes the connection of the quantum mechanical framework with 

quantum field theory. 

The above procedure could also be generalized to the TV-particle (N > 2) 

case. Here, however, one major difficulty arises coming from the separability 

(cluster decomposition) requirement [10}. This condition states that if the system 

of particles is separated into subsystems (clusters), so that the interactions between 

the subsystems become negligible, then the dynamics of each cluster should become 

independent of the dynamics of the others. This condition puts severe restrictions 

on the way the total interaction of the system is constructed. 

Several authors presented solutions satisfying the separability requirement in 

the JV-particle case [11,12,13,14,15,16,17,18]. One of the main features of the latter 

construction in the manifestly covariant formalism [15,16] is that, contrary to the 
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two-body case, the total interaction does not appear here in compact or closed ' 

forms. Rather, it ts represented in the form of a series expansion in terms of 

the coupling constants of the two-body potentials. (The same phenomenon also 

exists in the non-covariant formalism.) Furthermore, it is no longer possible to 

factorize the wave function into a kinematic time dependent part and a dynamical 

3;v"I-dimensional function. 

These features mean that it is not possible in the /V-body (/V > 2) separable 

relativistic quantum mechanics to solve the eigenvalue problem in a closed form, 

parallel to the way utilized in non-relativistic mechanics. Therefore, approxima

tions seem to be necessary when dealing with practical problems. 

In this respect, it is useful to emphasize that the property of separability is more 

crucial in scattering problems than in bound state problems. In the latter case it 

seems reasonable to replace the whole TV-body relativistic system by another one 

which has an approximate form of separability and is more tractable on practical 

grounds, and which, at the same time, satisfies several plausible requirements, such 

as the presence of two-body potentials, the occurrence of the correct separable 

non-relativistic limit and the factorization property of the wave function into a 

kinematic time dependent part and a 3w_I-dimensional dynamical part. 

The aim of the present paper is to construct ./V-body rclativistic systems, which 

are approximately separable, permit the treatment of bound state problems in a 

rather compact form, satisfy the requirements mentioned above and might be con

sidered as trial approximations to the more correct and general separable systems. 

The method that we use in this construction is based on the generalization of sev

eral features encountered in the manifestly covariant formulation of the two-body 

problem. 

Approximate separability is understood here in the following sense. There is 

a relativistic zcroth order approximation of the dynamical wave equation of the 

system in which case a weak form of separability is realized ; when (here are non-

interacting clusters the internal wave function factorizes into independent wave 

functions corresponding lo the clusters. 
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' TV-body relativislic systems were also considered in the past [19,20,211, but the 

systems that have been proposed do not possess the correct nonrelativistic limit 

in the unequal mass case, neither are reducible to a free TV-particle system in the 

absence of interaction. 

The plan of the paper is as follows. In Section 2 we review the case of two spin 0 

particle systems. In Section 3 we briefly sketch the way separable interactions are 

constructed. In Section 4 the free TV-body system is described in a basis defined 

by its total momentum. We introduce the interactions possessing the property 

of approximate separability in Section 5. (A summary of Sections 4 and 5 was 

presented in Ref.[22]}. In Section 6 we consider the case of TV spin \ particle 

systems. Section 7 describes systems with a mixture of spin j and spin 0 particles. 

In Section 8 we construct the scalar product of the theory. We conclude in Section 

9. 
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2 Two spin 0 particle systems 

In the manifestly covariant formulation, the two-particle wave function satisfies 

' two independent wave equations |5] : 

# , * ( * „ * , ) s (p, -m]- V)9(Xuxi) = 0, (2.1a) 

H,9{xuxt) s (p\ ~ m\ - V)¥(x„x,) = 0, (2.16) 

where p„ = ihd/dxa , (a = 1,2), mi and rri2 are the free masses of particles 1 

and 2, respectively, and V is a manifestly covariant Polncarl invariant interaction 

potential. 

The compatibility condition of these equations is 

| / / ~ i , / / 3 | * = 0 , (2.2) 

which yields 

W - f î . V J - 0 . (2.3) 

The potential V must be a solution of this equation. We introduce the notations 

P = Pi+P7, v=\{pi ~Pi), X=\(x1 + x2), i = x, - i , , 
xl ~ x» ~ (P-x)Pii> xL = p,x, xaL = xa,p (a = 1,2), 

(2.4) 
paL = P-Pa (a = 1,2), Pa = P(i/(P') , /2 . P'>0, 

v* = v„ - (p.t/)pH, M = mi + m2 . 

Equation (2.3) means thai V depends on x through the transverse components 

xT alone : 

V = V(xT,v,p). (2.5) 

By subtracting the two equations (2.1) from ciich other one gets the following 

equation for ^ : 

( P Î - P Î ) * = K - » » Ï ) * , (2-0) 

which is independent of the interaction potential, ft determines the evolution law 

of * with respect to the covariant relative time variable xi. For eigenfunctions of 



the total momentum p, the solution of Eq.(2.6) is 

#(A-,i) = e -* J f
e - , 'K - ' ^W(*p ' ty ( a ; r j f (2.7) 

where if>(xT) now represents the internal wave function, and since it depends on xT 

alone, the internal dynamics (or the eigenvalue equation) will be three-dimensional. 

By taking the sum of the two equations (2.1) and using Eq.(2.6), one gets the 

eigenvalue equation 

which is three-dimensional. 

Because of the structure of the potential V [Eq.(2.5)J , the wave equation 

operators H\ and Hi commute with the longitudinal momentum operators pu and 

pjt, (2.4). Therefore the wave equations may be considered as yielding eigenvalues 

for pit and p-u,. It turns out that they rather yield eigenvalues for p\L and p\h which 

are also related by Eq.(2.6). We admit that the physically acceptable potentials 

are those which yield positive eigenvalues for p\L and p*f Then each of pu, and 

Pit has two real eigenvalues with opposite signs. Thus the space of normalizable 

solutions of the wave equations splits into four subspaces according to the signs 

of the eigenvalues of pu and pu,. The physical Hilbert space W is identified with 

that subspace where both pu, and p2i are positive. In this case the expressions of 

the latter are, in terms of p* and the masses, 

„ - V ) 1 / 2 / i - | . m î ~ m M „ 2 ^ | m s „ J | / , o ) 
P\,IL ~ —-—(1 ± -j J . p > |m, - m2 | . (2.9J 

i, p 

This also ensures the positivity of (p2)1", since the sum of the two equations (2.9) 

is nothing but the identify equation 

Pu + PZL = (P2)1'2 • (2.10) 

The above definition of the physical Hilbert space #*is a direct generalization 

of a similar definition in one-particle relativistic quantum mechanics, where the 

physical Hilbert space is identified with the positive energy solutions. 

4>{xT) = 0 , (2.8) 
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In terms of pu and pj/„, the eigenvalue equation (2.8) becomes 

\Pu + Pit ~ K + rn\) + pj' + p? - 2V)M*T) = ° - (*") 

while the expression (2.7) of the wave function, which fixes the covariant time 

evolution of the system, takes the form 

*(x,,Xi) = e-'(i'«.1'H+rji*,i)0(xr) . (2.12) 

Equation (2.6) becomes 

p\L-p\L = rn\-ml. (2.13) 

Equations (2.9) and (2.11) can be considered as equivalent to the two equations 

(2.1) when the space of solutions is restricted to the physical Hilbert space (pu > 0 

and p2L > 0). 

One can also study the nonrelativistic limit of Eq.(2,8) (or (2.11), By defining 

the nonrelativistic hamillonian H as 

\hnp0 = Mc2 + H , (2.14) 

one finds that, in the equal-lime case, Eq.(2.8) reduces, when c —• oo, to the Galilei 

invariant Schrôdinger equation 

HV(X,S) = 

where 

éi+êi+w* *(X , i ) , (2.15) 

g = r r " P l ~ m ' P a , (2.1G) 
A/ 

and V0 is the dominant part of the nonrelativistic limit of the potential V : 

li,nK = 2 ^ ^ r 0 + O ( c " ) . (2.17) 

When the potential V is calculated from quantum field Ihnory, then, in the 

ladder and the relalivistir instantaneous approximations, one always gels behav

iors of the type (2.17). In these approximations the relationship between V and 

the propagator function /J(i,pi,P2) of the mediating field between particles 1 and 
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2 (including the couplings to them) is [5,9| 

V(xT,Pl,p2) = -l-fdXLD(x,pup2) {[(1 + K ~ m ? ) ) / ( m ; - < „ r ' >)'/') 

.+[(l_(f=i^|),/K»_<l,r'^./.jj f 

(2.18) 

where the symbol < w1"3 > represents the mean value of the operator wT'. 

In scalar theories D is proportional, to lowest order of the interaction, to the 

coupling constants (m1gi)(m2gi) and therefore the behavior (2.17) is found in 

the nonrelativistic limit. In vector theories D is proportional, to lowest order of 

the interaction, to Pi-Pi9igi and again the behavior (2.17) is found. (Higher order 

terms in the coupling constants yield, through formula (2.18), non-dominant terms 

in the nonrelativistic limit.) 

10 



3 Separable interactions 

The manifestly covariant formalism with constraints can also be applied to the TV-

particle casu |&). Here the wave function satisfies JV independent wave equations 

which generalize Eqs.(2.1) : 

HMx1,...,xN) = {p\-ml-Va)m(xu...,xN) = Ql (a = 1,...,7V) , (3,1) 

where Va is a manifestly covariant Poincaré invariant interaction potential relative 

to particle a. The compatibility conditions of these equations read : 

| i / a j i / t ] * « 0 , (a,6 = l , . . . , J V ) . (3.2) 

They are JV(JV —1)/2 in number and yield conditions on the interaction potentials 

V„. 

In order to construct separable interactions, one includes in Va all the two-body 

interactions Vot of particle a with the other particles b |15] : 

Va = E ^ + Wa; (3.3) 

the potentials Wa are remainders to be specified below. According to the two-body 

equations (2.1) the potential!) V,» satisfy the symmetry property 

Vai = Vt0 . (3.4) 

They are solutions of the compatibility equation (2.2)-(2.3) of the two-body system 

M) : 
\pl-ml-Vab,pl-ml-Via} = 0, (3.6) 

which, after the use of the properly (3.4), becomes 

\PI- Vl K,»! = 0 . (3.0) 

Voj is then of the form (2.5) : 

V*b = 1«4.I\I» - p.,hp.,i~r.,K I1?,*- '>,/>,,*) , (3-7) 

where we have used the notations 

Pah = Pa + Pi, vah = ••% - pb) , xai = xa - xh . (3.8) 
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The two-body potentials (3.7) do not satisfy alone the global compatibility 

conditions (3.2). This is why one has to include in the potentials V„ the additional 

interaction terms Wa in order to satisfy Eqs.(3.2). 

By replacing the potentials V„ (a = -1 , . . . , N), (3.3), in Eqs.(3.2) and using 

Eqs.(3.4)- 3.6) one finds the equations which must be satisfied by the potentials 

W. (o = l , . . . , W ) : 

Irf.W») - \pl,Wa) = |£^.V t tc + Wc,Ze^Vie + Wb) , 
(3.9) 

(a,6 = l , . . . , N ) . 

The general solution of Eqs.(3.9), in the classical case, satisfying the separabil

ity condition was presented in Ref.[15j. The Ws are expressed as functional series 

in the two-body potentials Va». Furthermore they may also contain other n-body 

(2 < n < A') potentials. As can be seen from Eqs.(3.9) the W's are of second 

order in the two-body potential coupling constants. 

Several remarks are in order at this point. First, the total potentials V01 (3.3), 

do not possess a closed form, unlike the two-body potentials (2.5). Second, in their 

quantized version, the two-body potentials V,» (3.7) themselves become highly 

non-local operators. The reason is that the momentum operators p„t (3.7)-(3.8) 

do no longer represent the total momentum of the system and therefore they 

do not have corresponding eigenvalues. The first argument of the potential Vai 

(3.7) then loses the simplicity it had in the two-particle case (2.5), where the 

total momentum could be replaced by its eigenvalue. Third, the covariant time 

dependence of the total wave function cannot be factorized and therefore the 

3Ar-,-dimensional internal dynamics of the system cannot be exhibited in a simple 

way. This is a consequence of the separability condition, which requires from the 

various potentials to be built up from two-body operators or variables and doe* 

not allow the kinematic elimination of the covarianl time variables. One is forced 

to work with four-dimensional variables and operators, although it is clear from 

the number N of the wave equations (3.1) that the internal dynamics is actually 

S^-'-dimensional. 

These remarks outline the fact that the practical resolution of Eqs.(3.1) is not 
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possible for N > 2 without further approximations. 

A usual approximation which is rommonly applied is the l /c3 expansion method 

(c : the velocity of light) starting from the nonrelalivistic limit of the theory. This 

approximation has however two main drawbacks. In the first place it breaks the 

re'ativistic invariance of the theory. Secondly it is not very adequate for treating 

ultra-relativisUc problems, when the constituent particles of the system become 

light or massless. 

For these reasons we shall develop in this paper another approximation which 

consists in maintaining the relativistic invariance of the theory but relaxing the 

separability condition. This permits the construction of the total interaction in a 

relatively closed form and also the explicit reduction of the internal dynamics of 

the system to a 3w-1-dimensional one. Furthermore, we shall ensure the realization 

of an approximate form of separability. 
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4 The free JV-body system in the tota l momen

tum basis 

We shall be guided by the simplifying features obtained in the two-particle dy

namics. It was possible there to define two longitudinal momenta pu and pjj,, 

(2.9) and (2.4), which could be expressed in terms of the total mass squared p1 

of the system and the free masses of the particles. Thus, they had well defined 

eigenvalues and permitted the factorization of the covariant tin;-' dependence of 

the wave function (2.12) and the explicit reduction of the internal dynamics to a 

three-dimensional one. 

We shall try to generalize these features to the TV-particle case (N > 2). We 

use the notations 

P = £ÎL,p 0 , P„ = P„/(p2)1/2, P ' > 0 , M = £ 2 . i " « . , 

Xot=Za-P, PaL=P-Pa, Xat = X„ - Xb, (o, 6 = 1 , . . . , N), 

PÏM = P°P ~ (P-Pa)p,i, iJid = *«6)i ~ (p-*o»)pp . i4-1) 

PV = P\~[P-P.Y, *Zl = *L-(p-*a*)'. 
V — J- VW -r -^ — ff i-'a=\ * » • 

Since in the absence of interaction the system must reduce to that of N free 

particles, we begin by formulating the method of approach in the free case and 

then introduce the interaction. Our aim is to define analogs of the longitudinal 

momenta of the two-particle case that have eigenvalues expressible in terms of 

the total mass squared p2 and the free masses of the particles. We start with the 

decomposition of the individual momenta p„ into longitudinal [pat) and transverse 

(pi) components with respect to the total momentum p, as defined in Eqs.(4.1). 

We notice the identify : 

E P ^ = ( P J ) , / 2 . <4-2) 
,i=l 

In the free case the wave equations (3.1) become 

(pl-mlMx1,...,x„) = 0, (a = l,...,N). (4.3) 

By subtracting two wave equations from each other and by introducing the 

14 



longitudinal and transverse components ot the momenta, (4.1), we gel 

tà-;>?)* = K~m?)*, 
Wx, -Ph)9 = I K - ml) - (PV-PV)}* , M = 1 N) . . 

Contrary to the two-particle case, Eq.(2,13), the difference of the squares of two 

longitudinal momenta is no longer equal to the difference of the masses squared. 

(In the two-particle case one has pj = p-i = vT ,) Consequently the longitudinal 

momentum p„i cannot be expressfcd solely in terms of ps and the masses (cf. 

Eq.(2.9) for the two-particle case). It is also a function of the transverse momenta, 

which are dynamical operators. 

We conclude that even in the free case the longitudinal momenta pah (4,1) 

cannot be taken as the analogs of the longitudinal momenta of the two-particle 

case. Instead, we have to define generalized longitudinal momenta that have the 

properties quoted previously. To this end we introduce a canonical transformation 

that removes from the right-hand sides of Eqs.(4.4) the transverse momenta and 

thus leaves the new longitudinal momenta as functions of p2 and the masses alone. 

Let U be the operator of the canonical transformation. It can be written In 

the form 
N 

V = exp|i X) X-Lk„i] , (4,5) 
0 = 1 

where kai are functions of the transverse momenta, the total mass squared p ' and 

the free masses. They also satisfy the condition 
N 

DU = 0, (4.6) 
o=l 

which means, according to Eq.(4.2), that the total mass squared p1 is not affected 

by this transformation. 

The operator U, (4.6), transforms the longitudinal momenta p„i into p'ltL ; 

Pat -» p'„i = P«t + <",.i . (4.7) 

The operators fr„j. are chosen in such a wny I liai the Iriinsfornicd \vnv<- function is 

an eigenfunclion of the longitudinal momenta pat with eigenvalues satisfying the 

relations 

PIL ~ P\I, ~.™\ ~ ml , (a,6 = l , . , . , # ) , (4.8) 
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to be compared to Eqs.(4.4). In order to make the relationship between p„L and 

p2 more transparent, we dévide the above relation hy (p„;. -f Pbi,)< sum all the 

relations with respect to the b's for fixed a and use relation (4.2). We end up with 

the TV equations : 

^ - £ , ( m ° I m ' U ( p ' ) ' / ; . (« = 1 N). (4-9) 
»= , [Pal, + Pbh) 

Except in the two-body case, these equations cannot be solved analytically in 

a closed form. However, an approximate solution can be found which can be used 

for successive iterations. This will be presented below. 

On the other hand, the operators kai must satisfy the relations 

(PaL + kaLf - (pbL + *„.)» = (m2
a - ml) - (PÏ - PV), (a,6 = 1 , . . . , JV) . (4.10) 

(Cf. Eqs.(4.4)). We proceed similarly as above. We dévide Eqs.(4.10) by [paL+ 

Pbh+ kai+ kn), sum all the equations with respect to the b 's for fixed a, use 

Rels.(4.9) and end up with the relations 

W e i i E ^P° ' " P*'^+ ^PaL ~ PbL^kaL + kb^ = o 
teï [P-L + PbL + kaL + kbi) ' (4.n) 

( a = l , . . . , J V ) . 

(In the last step we have also used relations (4.8).) 

An approximate solution for the fc's can be obtained by retaining in Eqs.(4.11) 

those terms which have contributions in the nonrelativistic limit. In this limit paL 

and p%* behave as c2 (c : the velocity of light). Therefore, kti behave as c°. We 

can then neglect in the denominators of the second terms of Eqs.(4.1l) the k's. 

We get a system of linear equations for the fc's : 

NkaL + f 0»!' - P H + (P,, - P*L)[U + M = 0 ^ (4i2) 
6=1 (PaL + PbL) 

Upon replacing Ar by £(,(pat + pu)/(p.iL + PM.) in the first term, the equations 

become : 

y 2p*ikaL [ y (paL - pbL)khL | J^ [pi' - p Q = Q 

k=J (PaL + PbL) ITl (PcL + PbL) iTl (p„t + Pit) 

(o = l N). 
(4.13) 
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These equations can be solved exactly. The solutions are searched for in the form 

Ki. = {-PV +k)l(2PaL), (4,14) 

where k is independent of th* index a. One finds 

One can use these expressions to get improved approximations of the solutions 

of Eqs.(4.11). By replacing expressions (4.15) in the denominators of the second 

terms of Eqs.(4.11) one can use an iterative procedure to get better approxima

tions. It is to be noticed that to the next order of the approximation the fc's cease 

to be quadratic functions of the transverse momenta. One can also develop the 

denominators of the second terms of Eqs.(4.11) in Taylor series in the fc's and 

retain terms up to a given power. 

One can use the above procedure to find approximate solutions of Eqs,(4.9). 

These solutions should yield the correct nonrelativistic behavior of p a t up to order 

c°. To this end we first consider the nonrelativistic limit of p„i,and of Eqs.(4.9) : 

Hjn Pat = mac
2 + li„ , (4.16a) 

l™ ( , ' ) ' / ' = A/C' + ( t f - i ^ ) . (4,166) 

[H is the nonrelativistic hamiltonian of the system.) The fc0's satisfy the linear 

equalions 

They have a similar structure to (hat of E(|s.(4.11) mid can be .solved by an nnnl-

ogous method. One finds 
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By noticing that {H - p2/{2M)) is the nonreiativistic limit of ((p2)1/2 - Mc1), 

Eq.(4.16b), we replace the former by the latter in the expressions of the ha's, 

(4.18), to get covariant formulas for the p„i's, (4.16a). The resulting expressions 

of the p„i's are replaced in the denominators of the second terms of Eqs.(4.9) to 

obtain the approximate solutions : 

ffil + i f (ma-mb) ^ 
"»«"»» £ « j ïk)] ' (4.19) 

(a = l,...,N). 

These expressions are also well defined in the ultra-relativistic case, when one or 

some of the masses vanish. We notice that in the two-particle case expressions 

(4.19) reduce to the exact solutions (2.9). (In this case the fe's vanish.) 

Like for the fc's, the approximate solutions (4.19) can be used in an iterative 

procedure in Eqs.(4.9) to improve the approximation. 

Thus, we have transformed the free wave equations (4.3) by means of the canon

ical transformation (4.5) in such a way that the longitudinal momenta have eigen

values given by Eqs.(4.9), approximate solutions of which are given by Eqs.(4.19). 

This means that the covariant time dependence, x„i, (4.1), of the transformed 

wave function is defined through exponential functions : 

s 
¥f>i,... ,xN) = exp[-i'£*.*P«iM*5i • • •) • (4-20) 

The function x}> represents the internal wave function. It depends on (JV - 1 ) inde

pendent transverse relative coordinates (4.1). the internal dynamics is therefore 

3Ar_,-dimensional because the transverse coordinates have only three independent 

components. (The total wave function <Jr, (4.20), being a/so an eigenfunction of the 

total momentum p, the internal wave function \6 depends on relative coordinates 

alone.) 

The N non-independent eigenvalue equations (4.9) can be considered as N 

wave equations defining the covariant lini'" cvoh:li«n of Hie system. They arc non-

independent because their sum satisfies the identity equation (4.2). Therefore, 

there remains to define an Nth wave equation, which should govern the dynamics 

of the system. This equation is given by the sum of the wave equations (4.3). 

* Nti\l + (lP7V'1-M)/(2 
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Upon using transformation (4.7) one gets the equation satisfied by the internal 

wave function 0, (4.20) : 

£ {p\u + 2P°LkaL + k\L + pi' - ml) 0(xj;, . , .) = 0 , (4.21) 
0=1 

which fixes the eigenvalue of p2. 

Since the exact expressions of ka[„ (4.11), are not simply quadratic functions 

of the transverse momenta, we conclude that the wave equation (4.21) is not a 

second order differential equation in the spacelike coordinates, but has a more 

complicated structure. This is the price that is paid for the factorization property 

(4.20) of the wave function into a time dependent kinematic part and an internal 

^"'-dimensional dynamical part. Notice that this phenomenon has happened 

even in the free case. 

If we use the approximate expressions of &„/,, (4,15), and neglect the quadratic 

terms in the It's in Eq.(4.21), we get a differential equation which is of second 

order in the spacelike coordinates : 

£ U + "P£v/( V - " J *(«£,• • >) = 0 . (4.22) 
«=i I 2.i=i 5 £ J 

This equation could be considered as the zeroth order approximation of the exact 

equation (4.21). The corrective terms coming from the exact expressions of the 

fe's, as well as from the quadratic terms in fc0i,, might be treated as perturba

tions to improve the result about the eigenvalue of p ' . The £'s, as can be seen 

from Eqs.(4.11) and (4.15), are functions of the differences between the individ

ual " kinetic energies" in the cm. frame. In the mean these quantities might be 

expected to be small in bound states. 
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5 The interacting case 

The final wave equations we obtained in the free case suggest the way interaction 

should be introduced. The N non-independent wave equations (4.9) have a kine

matic nature and should not be modified by the presence of interactions. This 

feature is also true in the two-particle case, concerning Eq.(2.9). The factoriza

tion (4.20) of the wave function remains therefore unchanged. It is the dynamical 

equation (4.21)-(4.22) which should feel the presence of interactions. Its analog in 

the two-partic/e case is given by Eq.(2.11). Particle a, say, feels an interaction po

tential Va which enters additively into its "kinetic energy" term —pj" . The latter, 

therefore, undergoes the modification 

" J ' f - ' - p f + V. (5.1) 

Equation (4.22) then becomes 

hrlL + N ^ - ^ ^ - m y , ( x S , . . . ) = 0 . (5.2) 

The modifications (5.1) should also be used in the exact equation (4.21) through 

the expressions of the operators kct. 

In order for the wave equation (5.2), or for the analog of Eq.(4.21), to be com

patible with the other wave equations (4.9) and the factorization property (4.20), it 

is necessary that the potentials V„ be independent of the longitudinal coordinates 

z»i. (6 = 1 , . . . , N), (4.1). Therefore they depend on the transverse relative coor

dinates x%b> (4.1), and eventually on the momenta. (Translation invariance implies 

that only relative coordinates appear in V, while Lorentz invariance implies that 

V„ are Lorentz invariant functions of their arguments.) 

In the following we shall confine ourselves to two-body potentials alone. (The 

procedure that will be used can be immediately generalized by including other 

n-body (2 < n < N) potentials.) In this case V", is given by a sum of two-body 

potentials Vai, satisfying the symmetry property (3.4) : 

V. = £ K * (5.3) 
I * . 
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The two-body potentials V„b are functions of the coordinates and momenta of • 

particles a and b alone (see for notations Eqs.(3,8) and (4.1) : 

Vah ~ y^[xah,pai,vailpai,pn) . (5.4) 

If V„L is taken from a field theoretic expression like (2.18), one should replace the 

quantities (mjj- < vT >) by ( m j - < pi' >) and p' by (pai + pu,)'. Vah should 

have a nonrelatlvistic limit (in the equal-time case) analogous to that given by 

Eq.(2.17) : 

(Momentum dependent nonrelativistir potentials have relativistic counterparts 

which have worse properties from the separability point of view.) 

We now examine the Btatus of separability of the interacting system constructed 

so far. 

We first notice that the method of describing the system in a basis charac

terized by the total momentum hides one particular aspect of separability, which 

consists in associating with each independent cluster of the system its own mo

mentum, independently from the total momentum of the system. The fact that 

each individual longitudinal momentum has been expressed in terms of the total 

mass squared of the system and of the free masses of the particles prevents us from 

isolating the momentum of an arbitrary independent cluster. This feature is true 

even in the free TV-body system (see Section 4), which by definition is separable, 

once the canonical transformation (4.5) has been introduced. Therefore we should 

not insist any longer on this aspect of separability. 

Rather, we shall check a weak form of separability, which requires that when the 

system is separated into non-interacting clusters, then the Internal wave function 

il>, (4.20), factorizes into corresponding independent wave functions. 

We consider the dynamical wave equation in its approximate form (6,2). We 

observe that the "kinetic energies", -pj,'. as well as the two-body poleiilialt, (5.3), 

appear linearly in this equation. This feature then guarantees the factorization 

property of the internal wave function 4> into independent wave functions when 

there are non-interacting clusters (i.e., when the two-body potentials concerning 
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the particles of different such clusters vanish). Of course each independent wave 

function will still depend on the total mass squaied of the system through the 

various longitudinal momenta that are present in the wave equation (5.2). But 

this feature is essentially related to the remark made previously about this aspect. 

The implicit dependence of the transverse vectors on the total momentum is 

not a source of non-separability. Rather, it is a kinematic consequence of Lorentz 

transformation from the cm. frame (p = 0), where the transverse vectors are 

independent of the total momentum p, to the frame with velocity if = p/pa. Also 

notice that not all the transverse momenta are independent. They satisfy the 

relation : 

E P r , = 0 . (5.6) 
0=1 

The above separability property is lost when one passes to the exact wave 

equation (4.21) with potentials. The reason is that the "kinetic energies" and the 

potentials no longer appear linearly in the equation. In particular one finds terms 

containing the product of the "kinetic energy" of a particle with the potentials 

of other particles. This phenomenon does not allow the factorization of the wave 

function into independent wave functions when there are non-interacting clusters. 

Kowever, if Eq.(5.2) is a good approximation for the exact equation (4.21) (with 

potentials), then an approximate from of separability will hold. 

Finally we consider the nonrelativistic limit of Eq.(5.2), which is the relevant 

equation in this limit. By using the limits (4.16), (4.18) and (5.5), as well as the 

limits 
topr=-(pa-^p)v, (5.7) 

we deduce the expression of the nonrelativistic total hamiltonian of the system : 

n = Y.£- + T.vM{s!t
tl). (s-8) 

It is Galilei invariant and separable. 

In summary, the representation of the iV-body system in a basis defined by its 

total momentum permits the factorization of the wave function, (4.20), into a kine

matic covatiant time dependent part and a 3"_1-dimensional dynamical part. The 
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latter wave function satisfies a dynamical wave equation possessing an approximate 

form of separability. This equation can be solved by successive approximations or 

iterations. The zeroth order approximation, Eqs.(5,2)-(6.3), provides a second or

der differential equation in the spacelike coordinates ; it possesses a weak form of 

separability in the sense of the factorization property of the wave function corre

sponding to non-interacting clusters. The higher order approximations could be 

treated by perturbative methods. At all the stages of these approximations the 

relativistic invariance of the theory is maintained. 
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6 Spin \ particle systems 

The two-fermion wave function satisfies the following two wave equations |5] : 

W1* = |-7,.pi-m1-(Tfj.pj + m,)V]*(i, . i ,) = 0 , (6.1a) . 

# J * = hi-Pi - m, - (7,.Pl + mj)K]*(r,.x,) = 0 , (6.14) 

where * is a spinor function of rank two : 

* = * o , . a J ( l l . S 2 ) , («J,C«J = 1 4} , (6.2) 

and ifi and *jj are the Dirac matrices relative to particles 1 and 2, respectively. 

The compatibility condition (2.2) of Eqs.(6.1) imposes on the potential V con

dition (2.3), which means that V depends on x through the transverse components 

i T alone : 

v = v(xr,pi,p,,nri1T,l. (6.3) 

Furthermore, the wave function satisfies also Eq.(2.6), which is a consequence of 

Eqs.(6.1), and has therefore the structure (2.7). 

Like the potential of the spin 0 case, ^Eq.(2A8)\, the potential V, (6.3), can 

be obtained from the kernel of the Bethe-Salpeter equation by analogous relations 

[5,91. 

Equations (6.1) can be transformed by "diagonalizing" them with respect to 

the operators fi.pi and f2.p2. In Eq.(6.1a), one brings the operator ij.p2 on the 

right of V and uses again Eq.(6.1b) to eliminate ij.pu and similarly for fi.pi in 

Eq.(6.1b). After introducing the wave function transformation 

* - | l - ( 7 l . p - f t . i > l ' ) T 1 / 2 * . (6.4) 

which does not modify the properly (2.G)-(2.7). "'"' «»<Js up with wave equations 

i»f the form 

# t * s [-y,.?, - m, - KH|* = 0 , (6.5a) 
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/ / , * = \l2.Pj - mt - K„J* « 0 , (0.56) 

The potentials Vn and V3t are related to the potential V of Eqs.(6.1), and Vjj is 

obtained from K» by an interchange of the indices 1 and 2 of the various vari

ables and parameters. Examples of Eqs.(6.5), corresponding to different types of 

interaction, classified according to their tensor structure, were presented in Ref.6, 

Because the potential V, (6.3), (or the potentials Vjj and Vjj) depends on the 

three-dimensional transverse coordinates xT alone, the dynamics resulting from 

Eqs.(6.l) or (6.5) is also three-dimensional, besides the spin degrees of freedom. 

The same conclusion also holds for the internal wave function rj>, (2,7). 

The above construction can be generalized to the W-fermion case. Here the 

wave function is a spinor of rank N 

* = *o, . . .o K ( i | , . .M^), ( a „ . , . , a „ = l , , . . , 4 ) , (6.6) 

and satisfies N independent wave equations i 

i/a* = K . P a - m a - ^ ) * = 0, (a = l TV). (6.7) 

These are the analogs of Eqs.(3.1) of the spin 0 case. The wave function operators 

H„ must satisfy the compatibility conditions (3.2). As in the spin 0 case, Eqs,[3.3), 

V, is given by a sum of two-body potentials and a remainder, VVa, which is fixed 

according to the compatibility conditions (3.2). However, here again one finds the 

practical difficulties of separable interactions as in the Bpin 0 case : the potentials 

V„ do not have a closed form and the wave function * does not factorize into a 

kinematic time dependent part and a 3w~'-dimensional dynamical part. 

In order to obtain a system of wave equations that avoids these difficulties 

and satisfies an approximate form of separability, wc follow the line of approach 

developed in Sections 4 and 5. Wc const rui-l pcnrrtilizcd longitudinal momenta 

thai have eigenvalues expressible in terms of the total mass squared and the (tee 

masses, and introduce (he Interaction In a final dynamical wave equation. Wc first 

proceed in the two-partic/e case. 
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Because the potential and the wave function satisfy the properties (2.3), (2.6) 

and (2.7), we can again define longitudinal momenta p\i and JJJI, (2.4), which 

have well defined eigenvalues, (2.9), and satisfy the properties (2.10) and (2.13). 

The factorization of the wave function then takes the form (2.12). 

The dynamical wave equation is obtained by multiplying Eq.(6.5a) by in, 

eq.(6.5b) by Tfjt and taking their sum. One gets : 

[(p2)i/2 _ (mj-yu + mj-ysz.) + liilï-PÏ + IILII-PI ,„ „. 
(6.8) 

-{I11.V12 + W 2 1 ) ] * = 0 , 

where we have defined 

7«£ = P-7. . 7 ^ = 7«A. - {p-la)pv, (o = 1.2) . (6.9) 

Because the potentials Vtj and VJt are not arbitrary functions but satisfy the 

compatibility condition of the two independent equations (6.5), it is clear that the 

wave equation (6.8) can again be split into two independent equations (6.5) when 

desired. Therefore the wave equations (2.9) and (6.8) permit the recovery of to 

the wave equations (6.5). 

We can now generalize this procedure to the /V-particle case. In the free case 

the wave function satisfies N free Dirac equations 

( 7 a - P a - m a ) * ( i , , . . . , i A r ) = 0 , ( o = l , . . . , J V ) , (6.10) 

which also imply the N free Klein-Gordon equation (4.3). 

Therefore from Eqs.(4.3) we can proceed as in the spin 0 case to define gen

eralized longitudinal momenta. We introduce the canonical transformation U, 

(4.5), which transforms the longitudinal momenta into new ones, (4.7), satisfy

ing the relations (4.8), or equivalently the system of equations (4.9). The wave 

function then factorizes into a kinematic covariant time dependent part and an 

internal 3N-1-dimensional dynamical pari (besides the spin degrees of freedom), 

as in Eq.(4.20). 

The kinematic wave equations (4.9) are assumed to remain unaffected in the 

presence of interaction. The latter is introduced in the dynamical wave equation 
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that generalizes Eq.(0.8) : 

N 

(p'r-r 0 = 1 
Tfat"l« ~ laLln-PÏ + 5 T lahVab 

M l 

* = 0 , (6.11) 

where taL,1a *""* VÏ a r p defined as in Eqs.(6.9) and (4.1). V„i are the two-body 

potentials the structure of which is defined in two-body wave equations of the type 

(6.5) ; Vta is obtained from Ka(, by the interchange of the indices a and b in the 

various variables and parameters. Because of the compatibility conditions between 

the wave equation (6.11) and the wave equations (4,9), the potentials VB» do not 

depend on the longitudinal coordinates x„£ or i n , (4.1) : 

Vch - V,:6 («I», Pa, Pb, Pat,, PiL, 7o . 7*) • ( 6 - 1 2 ) 

(x^h are defined in (4,1).) V„i are Poincaré invariant functions of their arguments. 

Several observations are worth mentioning. First, Eq.(6.11) does not involve 

the operators A:, (4.5), (4.7), (4,11). This is because the longitudinal momenta 

appear in Eq.(6.11) through their sum (4.2) and since the fr's satisfy relation (4.6) 

they disappear from the equation. Therefore, Eq.(6.11) is an exact first order 

differential equation in the transverse coordinates. This is in contrast to the spin 

0 case, Eq.(4.21), where the fc's appear in the exact equation and yield derivative 

operators of higher order than the second. However, this feature is also implicitly 

reproduced in the present case, when solving Eq.(6,ll). By trying to eliminate 

some of the sptnorial components of the wave function in terms of one of them, one 

does not end up with a differential equation of second order. This phenomenon 

does not occur in the two-particle case, because, as we stressed before, Eq.(6.8) 

splits into the two independent equations (6.5). These lead to a final equation 

which is always of second order in the spacclike coordinates. For A' > 2, Eq.(O.H) 

cannot split into subequalions and one lins not enough equations to reduce Uir 

order of the final diffeicMial equation to two. Tlicifforo, one again is forced to 

use approximations (perturbativc treatments) for the high order terms. 

Second, because the momentum operators and the two-body potentials appear 

linearly in Eq.(6.11), the internal wave function (4.20) factorizes into independent 
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functions when there are non-interacting clusters. The weak separability property 

is therefore realized in the fermionic rase already in the exact équation. 

In the nonrelativistic limit Eq.(6.11) reduces to a Galilei invariant and separable 

Pauli- Schrôdinger type equation. 

The previous results can also be applied to systems involving anlifermions [5j. 

In this case the 7 matrices corresponding to antifermions act on the wave function 

from the right and they are preceded by a minus sign, as compared to the plus 

sign, say, appearing in expressions involving 7 matrices for fermions. 
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7 Systems with a mixture of spin | and spin 0 

particles 

We consider an N particle system composed of n(< N) fermions (eventually with 

a subsystem of antifermions) and (TV — n) bosons. 

The two-particle case composed of one fcrmion and one boson was considered 

in Ref.5. The wave function is a spinor of rank one and satisfies the tow compatible 

wave equations : 

/ / , * = ( 7 . p i - m , - V ) * = 0 , (7.1a) 

i / j * = \p\ -m\- (-y.p, + m,)K|* = 0 . (7.16) 

The potential V is a manifestly covariant Poincaré invariant function depending 

on x through the transverse coordinates xT, (2.4) : 

V=V(xT,v,p,i), (7.2) 

(it satisfies Eq.(2.3)), and the wave function satisfies Eq.(2.6) and the decomposi

tion (2.7). 

As in the purely fermionic case (Section 6), one can bring in Eq.(7.1b) the 

operator i.px on the right of V, use Eq.(7.1a) to eliminate -y.pi and get in Eq.(7.1b) 

a modified potential. The two wave equations become 

7/i* = ( 7 . p , - m , - V „ ) * = 0 . (7.3a) 

/ / , * s ( p j - m l - r „ ) * = 0 . (7.36) 

where V» = V and Vji has a more complicated rclntion with 1". (Examples can 

be found in Ref.5.) 

Actually, Eq.(7.3b) is the "square" of Eq.(7.3a), provided one uses the property 

(2.6) satisfied by the wave function. (The difference of the "square" of Eq.(7,3a) 
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' with Eq.(7.3b) yields Eq.(2.6).) Therefore, for the resolution of Eqs.(7.3) it is 

sufficient to consider the fermionic wave equation (7.3a), together with Eq.(2.6). 

The bosonic wave equation (7.3b) does not provide new informations. 

The above features can be generalized to the ./V-particle case. The wave func

tion is then a spinor of rank n : 

* = * . , . . . » » ( I I - - . I N ) . ( a i , . . . , c t n - = l , . . . , 4 ) , (7.4) 

and satisfies n Dirac type equations and (JV — n) Klein-Gordon type equations, 

with N{N — l ) /2 compatibility conditions for the potentials. 

We shall directly pass to the approximate version of these equations. We 

start from the free case, introduce the canonical transformation (4.5) and define 

the generalized longitudinal momenta satisfying relation:: (4.8) or Eqs.(4.9), with 

the operators k defined by Eqs.(4.11). Equations (4.9) define N non-independent 

kinematic type wave equations and permit the factorization of the wave function, 

(4.20). These results are assumed to be unaffected by the presence of interactions. 

The latter are introduced in a dynamical wave equation which generalizes the 

fermionic wave equation (7.3a) and has the same form as the dynamical wave 

equation (6.11) corresponding to a system of several fermions. The modification 

that is to be introduced with respect to Eq.(6.1l) is in the replacement of the 

operator (p1)1'* by the sum £"=i(pa/, + far.)- (In the presence of bosons we have 

no longer an equality between the two quantities.) We then get the dynamical 

wave equation 

n N 

Y.\{P°L + M - 'W1» + "i'lnl-vl - YL lotKb]* = o. (7.5) 
» * . 

Here Kaj represent the two-body potentials of the fermion a with the other fermions 

(6 = l , . . . , n ; 6 ^ o) and with the bosons (6 = » + 1 , . . . ,N). 

It might seem at first sight that this equation 'loes not involve the bosonic op

erators and potentials. These are actually contained in the operators kaL, (4.11), 

approximate expressions of which are given by formulas (4.15). Each kai con

tains the "kinetic energies" of all particles ; therefore the "kinetic energies" of the 
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bosons appear in Eq.(7.5) through the kai's. Furthermore, in the presence of inter

actions, the "kinetic cnprgU'3" undergo modifications by including the inlnrnctfon 

potentials. 

The bosonic "kinetic energies" undergo modifications of the form (5.1), where 

the potentials Va are a sum of two-body potentials, (5,3). These include the 

boson-boson potentials and the boson-fermion potentials, the latter being taken 

from wave equations of the type (7.3b). 

In order to determine the modifications of the "kinetic energies" of the fermions, 

contained in the expressions of the tat's, we must determine the modifications of 

the transverse momenta contained in the Dirac operator. It is clear from Eq.(7.5) 

that the kinetic operator il".pl" undergoes the modification 

where Va represents the sum of the two-body potentials Vaj. We can write V„ in 

the form 

Va=pllïV., (7.7) 

from which we deduce the modification of the transverse momentum of the fermion 

PTa-vl-\llVa. (7-8) 

In case the potential V„ is globally proportional to the matrix i j , Buch that 

Va = ll-Wa , (7.9) 

then the modification (7.8) can be replaced by 

.PI -PÎ -H' . . (7.10) 

The modification of the "kinetic energy"' of the fermion is given by the square 

of expression (7.8) (or (7.10)). 

These modifications have to be included in the expressions of the k„i,'s, 

As in the purely bosonic and purely formionic cases, Eqs.(5.4) and (6,12), each 

two-body potential Vat, depends on the coordinates through the transverse relative 
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coordinate four-vector zj6 , (4.11), alone. If Vat> is a fermion-boson potential, then 

it may, in addition to the coordinates and momenta, depend on the Dirac. matrix 

70 of the fermion a. 

In the approximation (4.15) of the expressions of the fc's, Eq,(7.5) satisfies the 

weak form of separability, in the sense that for non-interacting clusters the internal 

wave function, (4.20), factorizes into corresponding independent functions. 

In the nonrelativistic limit Eq.(7.5) reduces to a Galilei invariant and separable 

Pauli-Schrôdinger type equation. 
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8 The scalar product 

In general the scalar product of an /V-body theory is constructed by first finding 

a tensor current of rank N,.\., pN(xi,.. • ,x/v), satisfying N independent conser

vation Jaws [23] 

aï'JM....i.....M»(*i.---.*. xN)=Q ,(a = l,...,N) . (8.1) 

The scalar product is obtained by integrating this current over N three-dimen

sional spacelike hypersurfaces £„(a = 1,...,N). The current conservations (8.1) 

guarantee that the scalar product is independent of the surfaces £ . Furthermore, 

if the kernel of the current is a pure Lorentz tensor of rank N and is translation 

invariant, then the scalar product is also Poincaré invariant. 

However, it was outlined in the second of Refs.23 (Section 4) that when the 

surfaces £ a r e chosen to be parallel hyperplanes, defined for instance by a common 

perpendicular unit vector n, 

n = (1,0) , n.x„ = ta , (8.2) 

hsii it is not necessary to know the detailed form of the current (8.1), It is 

sufficient to construct another current Jm.,.pn , satisfying a single conservation 

law, that of global translation invariance (given by the sum of the N conservation 

iwp (8.1)). This current provides on the hypcrplanes (8.2) the correct scalar 

product, because the differences of the contributions of the currents j and j are 

only surface terms with respect to the hyperplanes (8.2) and therefore they do not 

contribute to the scalar product. 

For the sake of simplicity we shall construct the scalar product of the present 

theory on the hyperplanea (8.2) and shall adopt the latter procedure, by directly 

providing the expression of the scalar product, 

Let $p and *J/pi be two eigenfunctions of the operator P,, with eigenvalues p^ and 

p' , respectively (p2 ^ p2). Let L represent the mass eigenvalue equation operator 

(5.2) or (6.11) or (7.5) (according to the spin values of the constituents) s 

L*P = 0 , (8.3a) 
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2,'*,,. = 0 . (8.3b) 

The prime on L means that pv have been replaced there by pj,. 

We assume that the interaction potentials are superficially hermitian, so that 

L+ = L , (8.4) 

in the usual Li-norm, when pp are replaced by real eigenvalues. 

Then, the scalar product is given by the expression 

(*,.> * j . W . = / d*ïi • • • d3xN%,(^—^)(p'o + Pt>)W-'4p , (8-5) 
^ Po-Po 

where * = ** for spin 0 constituents and 1/ = * + ' y 1 0 . . . 7„o for spin \ constituents 

(n < N). 

It can be checked that the scalar product (8.5) is independent of the total time 

variable A'0. In effect, one obtains 

« â f s O V . * P ) = - / d 3 x t . . . rf3xN*p.(L' - L){p'0 + Pô)""1*, = 0 , (8.6) 

the last equation being a consequence of equations (8.3) and (8.4). This also means 

that for p2 j4 p 2, the scalar product (8.5) is identically zero and the operator PM is 

hermitian. The norm is obtained by taking the limit of the quantity (£' — L)/(p'0 — 

Pa) for pô - • po : 

(*„'.., * ,> ) , . , . , , = fd3x1... rf3x^,a^(2po)"-1 *„.> 

= (2îr)32p05s(p*-p)$ot , 

where the labels a, b distinguish different eigenfunctions with the same mass squared 

P2. 

In order to check the independence of the scalar product on the relative lime 

variables x°b, it is sufficient to consider the case of the norm (8.7), since we saw 

that for p 2 ^ p2 the scalar product (8.5) is identically zero. To this end we notice 

from Eq.(4.8) that (p\L — p\L) is equal to (?n2 - m\) and since each pa/, is, according 

to Eqs.(4.9), a function of p2 and the free masses, we can write 

P.(p«-p»)# = (m2-m 2) /«i(p 2 . rn)*, (a,b = 1 N) , (8.8) 
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where fab is a real function of pl and the free masses, 

Equation (8.8) yields 

Po(p„ - P»)o* = \p-(P* - Pb) + (ml - ml)fal,(p
7,m)|* . (8.0) 

Furthermore, the interaction potentials V are independent of the longitudinal 

coordinate variables and hence satisfy the equations 

|p-(pa-Pt),V] = 0 . (8.10) 

or 

[po(pa-Pi)o,V| = [;?.(#,-p6),K] , (8.11) 

All this means that the action of the operator t'9/ôijj on the norm (8.7) can 

be transformed into a surface term, that in turn can be dropped. Therefore, 

the norm is independent of the relative lime variables x°t. Of course it is also 

independent of the total time variable X°, since the functions #,,<,,, and *Plt have 

the same exponential factor exp[-ipaX°), because of the equality p'2 = p7 and the 

occurrence of the factor 61(p' — p). 

We finally discuss the question of the posltivity of the norm (8.7). To this 

er.J we define the physical Hilbert space X' of states. It generalizes the corre

sponding space considered in the two-particle case (Section 2). W* is characterized 

by positive values of all the eigenvalues p7. Furthermore, for a given p7, each 

paL(a = 1,...,N), Eqs.(4.9) and (4,19), is also positive. These conditions are 

not generally fulfilled for arbitrary interaction potentials. Usually they impose re

strictions on the coupling constants and the shapes of the potentials. We assume 

that the physically acceptable potentials are those which permit the definition of 

a physical Hilbert space )i'. 

Once a physical Hilbert space is defined, the posilivity of the norm can be 

shown by generalizing the proof sketched in Rof.23 for the two-particle case. It is 

based on results mentioned in Section ]C "flU-M, i oncoming the properties of the 

so-called "associated vectors". The appearance in the theory of such states has 

the following three consequences : (a) the occurrence of zero norm slates ; (b) the 

disappearance of the mass gap between the spectrum of the physical Hilbert space 
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and that of the space of unphysical solutions (characterized by negative values of 

some of the POL'S) ; (c) the occurrence of multiple poles in the Green functions. 

If the potentials are characterized by a set of coupling constants {a} = {a t , . . . , 

a r } , then the particular values {5} which produce associated vectors delineate the 

frontier of the domain D of {a} inside which the physical Hilbert space J/* can 

be unambiguously defined. Beyond this frontier, some eigenvalues of p1 become 

negative or complex, and also negative or complex norms occur. 

Therefore the domain V of the values of the coupling constants [a] that permits 

the definition of a physical Hilbert space V* ensures at the same time the strict 

positivity of the norms of physical states. 
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9 Conclusion 

We used the manifestly covariant formalism with constraints in its quantized ver

sion for the construction of relativiBlic wave equations to describe the dynamics of 

JV interacting particles. The formulation is characterized by the property that the 

total and relative time evolutions of the system are completely determined by kine

matic type wave equations, involving only the total momentum and the free masses 

of the particles. The internal dynamics of the system ia then 3N_,-dlmensional, 

besides the contribution of the spin degrees of freedom. 

The dynamics is governed ty a single dynamical wave equation, that determines 

the eigenvalue of the total mass squared of the system. There is a relativistic zeroth 

order approximation of this equation, in which case the latter reduces to a second 

order differential equation in the spacelike coordinates. 

The interaction is essenliaify introduced by means of two-body potentials. To 

the zeroth order approximation of the dynamical wave equation, the system sat

isfies a weak form of separability : when there are non-interacting clusters, the 

internal wave function accordingly factorizes into independent functions, 

In the absence of interaction, the set of wave equations, considered in their 

exact form, permits the recovery of a system of N free particles. 

In the nonrelativistic liirit the system reduces to a Galilei invatlant and sepa

rable system. 

This way of constructing the relallvistic TV-body theory, where separability 

is realized in an approximate form only, has the advantage of introducing the 

interaction in a closed form and of explicitly maintaining the dimensionality of the 

dynamics at 3N~l. For those reasons it is suitable for the treatment of rolnlivistir 

bound state problems. 
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