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CHAPTER 1

General Introduction

The gravitational attraction between large and heavy objects like stars and galaxies

is successfully described by Einstein's theory of general relativity. However, in or-

der to have a description of gravity, that is also applicable at very short distances,

we should include quantum mechanics. Unfortunately it turns out that, when ap-

plying the standard quantization techniques to general relativity, we obtain infinite

answers for the physical quantities we are interested in. The typical scale at which

gravitational as well as quantum mechanical effects become important is known as

the Planck length, and is of the order of 10~33cm. Since it seems impossible to de-

scribe quantum gravity within the framework of standard quantum field theory, it is

natural to assume that at the Planck length our conventional picture of elementary

particles and their interactions should be modified.

A proposal that is actively pursued nowadays is that elementary particles are not

point-like, but should be thought of as one-dimensional extended objects, or strings.

These strings can propagate in many different vibration modes, and interact by

joining and splitting. In one of these vibration modes the string behaves just like the

graviton of general relativity, and hence string theory contains gravity. Particularly

promising is the theory of superstrings, which has so far survived all consistency

checks and is likely to produce finite amplitudes. Many of the essential features

of superstrings are common to all string theories, and are most easily studied in

the context of the bosonic string. Although this theory has some inconsistencies

associated with the presence of a tachyonic state, the formulation of bosonic strings

is simpler, and also the mathematics needed to do computations is better developed

than for superstrings.

In this thesis we study the structure of loop amplitudes in the bosonic string the-

ory. String scattering amplitudes can be represented as sums over two-dimensional

surfaces. In particular, for computing loop amplitudes we have to consider surfaces
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with handles. After a gauge-fixing procedure the amplitudes can be expressed in

terms of correlation functions of a two-dimensional field theory defined on Riemann

surfaces. One of our aims is to obtain explicit expressions for these correlation

functions for strings in flat space-time.

Since gravity is included in string theory, we should also consider curved back-

grounds. The propagation of strings in a curved background is also described by

a two-dimensional field theory. An important requirement, which is crucial for the

consistency of string theory, is that this field theory is conformally invariant. This

suggests that the classical solutions to string theory should all correspond to two-

dimensional conformal field theories (CFT's). This correspondence is supported by

the fact that for a gravitational background the condition of conformal invariance

reproduces the Einstein equations.

We start in this introductory chapter with a brief review of the functional integral

approach to string perturbation theory. We describe the definition of the sum over

surfaces and discuss the gauge-fixing procedure a la Faddeev and Popov. In the

next section we give a discuss the basic concepts of conformal field theory, and in

particular explain the role of modular transfomations. The content of the thesis will

be outlined at the end of this chanter.

1.1 String theory

In quantum mechanics the evolution of a relativistic point particle is described in

terms of the transition amplitudes A from an initial to a final position in space-

time. It is well known that these amplitudes can be represented as a path integral.

Symbolically,

A= Y,eiLensth (1.1)
pat/15

where the sum is over all paths X*{T) connecting the initial and the final position

of the point particle. The "Length" of a path is the proper time needed to travel

along it.



The elementary objects in string theory are extended in one direction and, when

propagating in time, such a string sweeps out a two-dimensional surface or 'world

sheet'. Thus in analogy with the path integral (1.1) we represent the quantum

mechanical transition amplitudes for strings as a sum over surfaces connecting the

incomming and outgoing strings, with weights depending on the area of the surface

A= J2 e'Area (1-2)
surfaces

The dominant contribution in the sum (1.2) comes from the surfaces with a small

area. Intuitively one expects therefore that at low energies, or as T —> oo, strings

behave as point particles.

An embedded surface can be described by a map A'M(£*,£2) from a two- dimen-

sional parameter space to space-time. We restrict our attention to closed strings, so

only surfaces without boundaries are considered. In flat space-time the area can be

expressed in terms of X^(^) as

Area = T jd\sj-Aei (daX»dhXtl). (1.3)

The constant T is called the string tension and specifies the units in which the

area is measured. The expression (1.3) can be interpreted as the action for a two-

dimensional field theory denned on the world sheet, and is known as the Nambu-Goto

action for strings.

It is possible to put (1.3) in a more manageable form by introducing, in addition

to the field X11, an extra auxiliary field in the form of a two dimensional metric ga/,

[6]. The action

S[g,X] =Tjd%^gabdaX*dbXli (1.4)

is classically equivalent to the Nambu-Goto action: by solving the metric gab from

its Euler-Lagrange equation and substituting it back into (1.4) one recovers (1.3).

Polyakov used this new action to define the sum over surfaces by the functional



integral

A = J[dgdX]exp(-S\g,X\). (1.5)

Here we have Wick rotated to imaginary time, so the metric gab has an euclidean

signature. Both actions (1.3) and (1.4) are invariant under reparametrizations

£ —* £'(£)• This invariance has to be fixed, in order to avoid over-counting in the

functional integral. To do this for the Nambu-Goto action one has to put restrictions

on the derivatives of the field X", and the subsequent analysis becomes quite messy.

This is the reason why the action (1.4) should be preferred, since in this case the

reparametrization invariance is quite easily fixed by choosing the conformal gauge,

in which the metric takes the diagonal form

(1-6)

The action (1.4) is invariant under scale transformations gat, —+ \{£,)gab , and conse-

quently, when we insert the metric (1.6) into this action, the conformal factor />(£)

will drop out.

In order to extract the volume of the reparametrization group we can apply the

procedure of Faddeev and Popov. Following their prescription we introduce a set of

anti-commuting ghost fields bai, and c°, with 6°a = 0, described by the action:

(1.7)

Also the ghost action appears to be scale invariant, and thus in the gauge (1.6) the

conformal factor p(() seems to be eliminated completely. However, Polyakov showed

that as a consequence of the trace anomaly the functional integral still depends on

/?(<f); it enters in the form of the Liouville action. The trace anomaly receives

contributions from the fields X11 (n = 1, ...,<£) and also from the ghosts b and c.

Only for strings in the critical dimension d = 26 these contributions cancel. In this

case the integral over the conformal factor />(£) can be factored out, and the sum



over surfaces reduces to

A = J[dX][dbdc] exp{-S[X] - S[b,c]), (1.8)

where the action for X and b,c is given in (1.4) and (1.7) with gab — 6a\,.

The expression (1.8) for the string amplitude is only schematic. First of all, to

describe amplitudes with external string states we have to insert vertex operators

in the functional integral. These vertex operators depend on the momentum and

the polarization of the external states, and are expresssed in the string coordinates

X11. A second aspect we have ignored in (1.8), is the fact that the string amplitude

receives contributions from surfaces with all possible topologies. The relative weights

for these contributions depend on the coupling constant A of the string. For closed

strings the amplitude can be expanded as

(1.9)

where A^ represents the contribution of surfaces with g handles. In fact, for g > 1

the gauge fixing procedure is somewhat more involved than sketched above. The

metric gab cannot be completely gauged away, and there remains an integral over

the moduli space of Riemann surfaces of genus g. The integrand factorizes into a

product of a space-time and a ghost part as indicated in (1.8).

An important property of the gauge fixed action for the fields X, b and c, which

allows us to formulate the theory on Riemann surfaces, is its invariance under con-

formal transformations. These are a special kind of reparametrizations £ —> £' which

leave the metric in Uie conformal gauge (1.6):

This symmetry is essential ingredient in the proof of the decoupling of the unphysical

degrees of freedom. A more practical consequence of the conformal invariance is that

we can apply the powerful techniques of two-dimensional conformal field theory.



1,2 Conformal field theory and Riemann surfaces

Conformal field theory (CFT) was originally developed to describe critical phenom-

ena in two-dimensional statistical-mechanical models [2]. Soon after that it was

realized, notably by Fiiedan and Shenker [7], that CFT also provides a natural

framework for studying string theory. In particular, there are many indications that

the classical solutions to string theory correspond to CFT's.

In the following we assume that we are dealing with a euclidean two-dimensional

space. The action of the conformal group is most easily described in terms of complex

coordinates z — £' + i£2 and ~z — £' — i£2; in these coordinates the metric is of the

form:

ds2 = p(z, z)dzdz~.

Then we deduce from (1.11) that the conformal group consists of the analytic

reparametrizations

z-+z\z), z-*?{z). (1.11)

Because of this fact it is clear that complex analysis will be an important tool in

CFT.

Some CFT's are defined by an action 5 for some fundamental field, like a scalar

or a fermi field. For these models conformal invariance is usually straightforward

to check. However, for most CFT's no action is known, and may not even exist.

Instead, we can describe such a CFT in terms of the operator content or, equiva-

lently, its Hilbert space H. An important operator is the stress-energy tensor Ta),.

The translation and scale invariance of the theory imply that Tab is traceless and

conserved:

T\ = 0

Vara6 = 0. (1.12)

Using these facts one shows that To(, has an analytic and an anti-analytic component

T(z) = Tn + iTi2 and T(z) = Tu — iTu respectively. Expanding T{z) in powers of



z yields

T(*)= £ z-n~2Ln. (1.13)
n=—oo

The operators Xn are the generators of the analytic part of the conformal group.

By applying the so-called radial quantization procedure one finds that these Ln's

satisfy the Virasoro-algebra

m , I n ] = (m - n)Lm+n + JT^™ 3 ~ m)Sm,-n, (1.14)

where the number c is called the central charge and is one of the parameters char-

acterizing a CFT. The other component T(J) gives rise to a similar set of Virasoro

operators Ln, satisfying the same algebra (1.14) with the same value of c. The

operators L_i, Lo and Lj generate the 5/(2, R)-subgroup of the conformal group

consisting of translation, dilatations and special conformal tranformations. Note

that for this subalgebra the central term in (1.14) vanishes. In radial quantization

the role of the hamiltonian is played by the dilatation operator Lo-

The Virasoro operators Ln and Ln act in the Hilbert space H of the CFT. The

states in "H can therefore be arranged into irreducible representations of both the

left (=analytic) and the right (=anti-analytic) Virasoro algebra. The vacuum state

|fi) is the unique state annihilated by all Virasoro operators Ln with n > — 1. The

other states \<j>) are obtained by acting on the vacuum with some local operator

(1.15)

This shows there is a one-to-one correspondence between local operators and the

states in the Hilbert space Ti.

An important class of operators are the so-called primary fields corresponding to

the heighest weight states of the Virasoro representations. These operators trans-



form as tensors under the conformal group (1.11)

The conformal dimensions hi and hi of the primary field <f>i correspond to the eigen-

values of the dilatation operators LQ and LQ, respectively, and parametrize the rep-

resentation of the Virasoro algebras. The operators which are not primary are called

descendants. For example, the stress-energy tensor T(z) does not transform as given

in (1.16) , because of the central term c in the Virasoro algebra, and is a descendant

of the identity operator.

The importance of the primary fields becomes clear when we consider the op-

erator algebra of the CFT. Using the conformal invariance one can show that the

algebra of all operators in the theory is completely determined by that of the pri-

mary fields. The operator algebra is conveniently expressed using of the operator

product expansion (OPE). An OPE describes the behaviour of the correlation func-

tions when the positions of two operators come close to each other. The form of the

OPE of two primary fields is dictated by conformal invariance, and should look like

(1.17)

The dots represent terms involving descendant fields.

One of the aims in the study of CFT is to determine all primary fields fa, their

conformal dimensions hi and hi and the operator product coefficients Cy*. This is

also important for string theory, since the primary fields correspond to the physical

states of the string. The conformal dimensions give the masses of these states and

the string interactions are encoded in the operator algebra. A powerful method

to study these properties of a CFT is to analyze the behaviour of the theory on

Riemann surfaces. By definition, the transition functions on a Riemann surface are

analytic, which means that they are given by conformal transformations of the type

(1.11). Therefore CFT allows a very natural formulation on a Riemann surface and



in particular we can consider its correlation and partition functions on this surface.

A particularly useful quantity is the partition function Z on a torus: it gives us

important information about the spectrum of the CFT. Let us discuss these aspects

in some detail.

We consider a two-dimensional torus, and choose two cycles a and b as shown

in fig 1. By cutting the torus open along these cycles, it can be mapped onto

a region of the complex plane C, which, using the conformal invariance, can be

chosen to be the fundamental region of the lattice AT = Z -f rZ. Here, the modular

parameter T is a complex number with positive imaginary part. It parametrizes the

conformal geometry of the torus and can be interpreted as the 'proper time' needed

to propagate around the b-cycle. The partition function Z(T,T) is defined as the

trace of the evolution operator:

Z(T,T) = tr^e2™11*-** c-2"1^1"-*'). (1.18)

By expanding Z(T,T) in powers of e2mT we can read off the conformal dimensions

of the operators in the CFT. Since the Hilbert space can be decomposed into repre-

sentations of the Virasoro algebra, we can write the partition function as a sum of

the characters of these representations. In this way Z(T,7) gives information about

the primary fields and their multiplicities.

Fig.l. By cutting the torus along the cycles a and b it can be
mapped onto the fundamental cell of a lattice. The complex number
T parametrizes the geometry of the torus.



The partition function has to satisfy an important consistency condition known as

modular invariance. Not every distinct value of r corresponds to a different torus.

If we perform the modular transformation

(1.19)

with a,b,c,d £ Z and ad — be = 1, then the new lattice Af is the same as AT up to

rescaling. Consequently, the two tori parametrized by T and f are equivalent. Since

Z(r, T) depends only on the conlormal geometry of the torus, it should be invariant

under these modular transformation. Thus we should demand

(1.20)

The modular invariance of Z(T, T) is a very restricive constraint, and has led to

a complete classification of the partition functions for unitary CFT's with central

charge c< 1 [4]. From the view point of string theory however, CFT's with c > 1, and

in particular with integer values of the central charge, are more relevant, since these

describe the string compactifications. Their classification is still far from complete,

and is one of the major goals in in the study of CFT and string theory.

1.3 Outline of this thesis

In this thesis we consider conformal field theories on Riemann surfaces, and we apply

our result to study the loop amplitudes for bosonic strings. The organization of this

work is as follows.

In chapter 2 we consider the gaussian model which describes a single string coor-

dinate X. We compute the partition and correlation functions on Riemann surfaces,

and in particular clarify their analytic structure. An important role is played by the

loop momentum operators, which are shown to satisfy canonical commutation rela-

tions. The complete string amplitude is considered in chapter 3. For the calculation

of the contribution of the Faddeev-Popov ghosts, we use the fact that the ghost
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system is equivalent to a gaussian model coupled to a background charge. This

technique, called bosonization, also allows us to determine the Green functions of

the string coordinates X11. The final expressions for the string loop amplitudes are

given as integrals over loop momenta and over complex moduli parameters, which

are the analogues of the familiar Schwinger parameters for point particle amplitudes.

Our investigation of the gaussian model reveals a connection between the oper-

ator algebra and the modular behaviour of the theory. In chapter 4 it is shown that

this observation can be generalized to arbitrary CFT's. We will derive a relation

the so-called fusion rules and the behaviour of the one-loop characters under the

modular transformation r —> — 1/T. This fact gives restrictions on the conformal di-

mensions and provides a first step toward classification of CFT's. Applied to string

theory these results relate the interactions of the string states with their masses.

Finally, in chapter 5, the string amplitudes are compared with the well-known

results for point particles. We will show that there is a close resemblance between the

loop amplitudes for y3-theory and our expressions for string multi-loop amplitudes.

We will also point out the similarity beween <^3-amplitudes in curved backgrounds

and the analytic structure of string amplitudes in backgrounds described by CFT's.
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CHAPTER 2

The Gaussian Model on Riemann Surfaces

One of the simplest, but also most important, conformal field theories is the gaussian

model. It is described by a free massless scalar field compactified on a circle. There

is one free coupling constant in the theory, which can be identified with the radius

of the circle. In spite of the fact that the gaussian is a free field theory, it reveals

many of the features of general CFT's. Therefore, since it is possible to compute all

the correlation functions, it is very suited for developing new ideas and techniques

for strings and CFT.

For string theory the gaussian model is particularly interesting, because it de-

scribes the string coordinates X^ in the compactified and uncompactified dimen-

sions. Furthermore, for a special value of the radius the quantized model is, by

bosonization, equivalent to a free Dirac fermion, and, by adding a background

charge, it can even be used to represent the Faddeev-Popov ghosts of string the-

ory. The gaussian model is also of interest to statistical mechanics. It corresponds

to the Coulomb gas representation of the critical line of the XY model. Also many

other statistical systems can be mapped on to the gaussian model. Although we

will use, most of the time, the terminology of string theory, the XY or Coulomb gas

interpretation is sometimes also useful.

In this chapter we study the gaussian model on Riemann surfaces with an arbi-

trary number of handles. We will compute the partition functions, and show that

it can be written as a sum (or integral) over loop momenta. Then by analyzing

the behaviour of the partition function on degenerating surfaces, we determine the

correlation functions of vertex operators. Finally, we show that the loop momenta

satisfy canonical commutation relations, and use this fact to derive the modular

properties of the gaussian model on higher genus surfaces. But first let us discuss

the quantization of the gaussian model and describe the structure of its Hilbert

space,

13



2.1 Momentum and vertex operators

We describe the gaussian model with a free scalar field X taking its values on a

circle with radius R, i.e. X = X + 2xR. Then, in complex coordinates z and z,

the action for the field X(z,J) is given by

C I J*~ ^ V ^ 5 V / O 1 \

The action is invariant under shifts X —> JV + c, and furthermore under conformal

transformations 2 —> z'(z). The corresponding conserved quantities are the current

j(z) and the stress tensor T(z) given by

j(z) = idzX

T(z) = -\(dzX)2. (2.2)

Since the scalar field is defined on a circle the group generated by the shifts is com-

pact and can be identified with U{\). In the string picture these shifts correspond

to translations in space-time, and the conserved charge obtained by integrating the

current will therefore be called the momentum. Note that the stress tensor T(z) can

be expressed in j(z). The (/(l)-current algebra plays therefore a more important

role in the gaussian model than the Virasoro algebra.

The general solution to the equation of motion dzdzX = 0 is given by a sum of

a analytic and an anti-analytic part

which will be called left and right moving, respectively. This form of the solution is

indeed invariant under conformal transformations z —> z'(z), as it should be. Before

we proceed some remarks about the notation are in order. The left and right moving

fields, X(z) and X(z~), should be treated as independent functions which are not

directly related by complex conjugation*. We demand however that the sum X + X

*In many respects the coordinates z and z themselves can be thought of as independent complex
variables (see e.g. [1]).
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is a single-valued field (modulo 2TTR). To avoid confusion we will denote the complex

(or hermitean) conjugate of X by A" (or X*).

To quantize the gaussain model we apply the radial quantization procedure [2].

We choose a special point on the surface, say the origin z = ~z = 0, and a contour

\z\ = 1 surrounding it. These can be thought of as corresponding to t = —oo and

t = 0, respectively, in a conventional quantization scheme. Next, the left-moving

field X(z) is expanded in powers of z:

X(z) = q-ip \ogz + i J2 4=K*-" - a\zn), (2.3)
n>0 V n

where we used the reality condition (A'(z))t = X(lj z"). By imposing a canonical

'equal-time' commutation rule for X(z) and dzX, we obtain the following non-

vanishing commutators for the modes

\q,p) = i (2.4)

K , < J = Snm. (2.5)

The zero modes q and p satisfy the same commutation relation as the coordinate

and momentum operator of a point-particle. The other modes an and a£ describe

an infinite set of harmonic oscillators with frequencies u>n = n, and give the theory

its stringy nature. The quantization of X(~z) is completely analogous and yields a

set of right movers 'q,p,'an and a£, satisfying similar commutation relations. The

right movers commute with the left-movers.

In radial quantization, the role of the hamiltonian is played by the Virasoro

operator Lo, which is the generator of dilations z —+ Xz. Combining (1.13), (2.2)

and (2.3) gives for Lo the following expression in terms of the modes

^ = | P 2 + E ^ a n . (2.6)
re>0

Also the other Virasoro operators Ln can be expressed in the modes, and satisfy the

Virasoro algebra with centra) charge c—\.

Using the creation and annihilation operators a£ and an we can construct a set

15



of Fock spaces J-k, which are spanned by all states of the form

Here, |fj) is the vacuum state of the theory annihilated by the modes an and by

the momentum p. The complete Hilbert space is obtained by combining T^ with

the right-moving Fo-k spaces T% in the appropriate way. To be precise, 7i is given

by a direct sum of tensor products of the form

«=®-F*®?F- (2-7)
(k,k)

The allowed values of the left and right momenta k and k will be described below.

As mentioned in the introduction, we can associate to each state in the the Hilbert

space 7i one can associate a local operator by the relation (1-15) For example, the

state a[|17) corresponds to idzX, and the ground states of the Fock space Tk ® T-^

are created out of the vacuum by the vertex operators

Vkl(z, z) = eikX{z) e^V. (2.8)

Let us now consider the possible values for k and k. For the uncompactified

(R = oo) case, the left and right momenta k and k are equal and can take any real

value. However, for finite radius R the pair (k, k) is confined to a lattice TR. This

lattice is determined by the following two requirements. First of all, the field A'

should be single-valued modulo 2TTR. This gives the constraint: k — k = 2TrmR,

where m is an integer called the winding number. Secondly, the vertex operator V̂ £

must be invariant under X —> X + 2TTR and so we get: ^(k + k) — ̂ . Combining

the two restrictions we obtain the following momentum lattice:

(*, *) € TR = { (a + Imfl, § - \mR) ; m, n e z } . (2.9)

Note that the quantization of the integers m and n have classical and quantum

16



origins respectively. In the Coulomb gas picture, they correspond to the magnetic

and electric charges. An important feature of the lattice FR is its invariance under

the substitution

i?->2/fl. (2.10)

This transformation interchanges m and n and is therefore often called electric-

magnetic duality. One can show that this symmetry indeed extends to a complete

equivalence of the corresponding models[3]. In fact, in two dimensional field theory

there are many other examples of such quantum equivalences. One of these, the

equivalence between the gaussian model and the Dirac fermion, will be explained

and exploited in chapter 4.

A drawback of the radial quantization procedure is that, because of the special

role of the origin 2 = 0, translation invariance is not manifest. Translation invariance

can be restored by working with the local operators instead of the states in the

Hilbert space H. For the same reason we prefer to replace the mode expansions

and commutation relations by the operator product expansion of the local fields.

Another advantage of working with OPE relations is is that, since the OPE describes

the short distance behaviour of the correlation functions, it is insensitive to global

properties of the two-dimensional surface.

As an illustration we give here some OPE's involving the current and the vertex

operators

dzX dwX ~ — -2

(z-w)

„ „ it.yi,,,\ ik eikx(w) (2 11)
z — w

eikX(z) jk'Xiw) ^ (z_w}kk'€i(k+k')X{w)_

The first OPE is equivalent to the canonical commutation relations of the modes

(2.4). This can be shown by representing the modes as contour integrals of idzX,

and by applying Cauchy's theorem io evaluate the commutator. From the OPE

between idzX and the vertex operator we conclude that e%kX carries a momentum k
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In order to clarify this last remark, we investigate the momentum operator in

some more detail. As can be seen from the mode expansion (2.3) of the field X we

can write write the momentum p as a contour integral

p{c) = ± fdz dzX{z), (2.12)

where c is some contour surrounding the origin z = 0. It is clear from this rep-

resentation that we can define a momentum operator p(c) for any cycle c on a

two-dimensional surface. Furthermore, since idzX is analytic, the integration con-

tour can be deformed, and hence p(c) depends only on the homology class of c.

Momentum conservation is translated into the relation

p(c + d) = p(c) + p(d).

Now, by applying Cauchy's theorem to the second OPE in (2.11) we find, when

we insert the vertex operators etkx inside a contour c, that the momentum p(c) is

increased with an amount k. These operators p(c) will be very useful tools in the

analysis of the partition and correlation functions on higher genus surfaces.

This concludes our description the Hilbert space Ji of the gaussian model. For

the next sections it will be useful to keep in mind the decomposition (2.7) of H, since

it will help us to understand the analytic structure of the partition and correlation

functions.

2.2 Partition functions for arbitrary genus

In this section we will calculate the partition function for the gaussian model on

Riemann surfaces, with any number of handles. The partition function is defined as

the functional integral over all field configurations X, i.e. maps from the surface to

a circle with radius R.

ZR = J[dX] exp(-S\X)). (2.13)
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For the plane or the sphere this is not an interesting quantity to compute, because

as usual one can normalize the functional integral such that ZR — 1- However, for

genus g > 0 the partition function depends in a nontrivial way on the conformal

geometry of the Riemann surface, and as we will see it gives important information

about the spectrum and the interactions of the theory.

Before we discuss the computation for a general Riemann surface we start, as a

warming up excercise, with the torus. For this case we can compute the partition

function using the operator formulation of the preceding section, namely by taking

the trace of the evolution operator. Using the fact that the Hilbert space H is of

the form (2.7), this trace can be decomposed as a sum of products of characters

) = £ XP(T)X¥(T),

XP(T) = ^ ( e 2 * ^ " - ^ ) . (2.14)

The trace over the Fock space Tp is easily evaluated, using the expression for LQ in

terms of the modes. It gives the familiar result for the characters

V\T) n>0

The Dedekind ^-function represents the contribution of the oscillator modes.

Note that the analytic structure of the partition functions reflects the zero mode

(=rnomentum) part of the spectrum. The label p of the character Xp iS equal to

the momentum flux p(a) through the a-cycle, and can be interpreted as the loop

momentum. This interpretation is even more clear for the uncompactified case,

because for R —> oo the sum over the loop momenta is replaced by an integral:

fdpdp S(p - p) for R -> oo

Although the resulting gaussian integral can easily be performed, we prefer to keep

the explicit momentum dependence, since this allows us to identify the separate

terms with the different sectors of the Hilbert space.
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Now, we turn to the discussion ' ' v partition functions for a Riemann surface,

with arbitrary genus g. First let us introduce the period matrix T;J of the holo-

morphic one-forms. It encodes the information about the geometry of the Riemann

surface and will play the same role as the modular parameter r for the g = 1 case.

Similarly as for the torus, we can choose a set of homology cycles a,-, b< ( i=l , ..,g),

as show in fig. 2. There exist g holomorphic one-forms u>,(z), (i = l,..,g), and of

course g anti-holomorphic one-forms w,(?) [4]. The w,- are normalized by their peri-

ods around the a-cycles, while their integral around the b-cycles yields the period

matrix r,j

fi
a,

fuj = Tij. (2.16)
Jb,

The matrix r,j is symmetric and has a positive definite imaginary part. However, not

every matrix with these properties corresponds to the period matrix r,j associated

with a Riemann surface. The set of r;j's corresponding to Riemann surfaces form a

space of dimension 3g-3, known as Teichmiiller space, and can be used to parametrize

the conformal geometry of the surface.

Next let us consider the partition function Z(T,T), defined on Teichmiiller space.

Intuitively, one can think of Z(r, r) as a generalized trace over all states propagating

around the g loops, bi, ..,bs . From this intuitive picture, we expect that ZR has a

similar structure as for the torus, and can be written as a sum (or integral) over g

pairs of loop momenta [pi,p~i) i = l,--,g corresponding to the momentum flux

Fig.2 A surface of genus g=3 with a basis of homology cycles a,-, b,\
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through the a-cycles. We will now evaluate the partition function, using its repre-

sentation as a functional integral, and study whether we can recognize this expected

structure in the final result.

First consider the possible field configurations of the gaussian field X(z,~z) on

the Riemann surface. Because X is compactified on a circle, it can have nontrivial

winding numbers around the a- and b-cycles. Symbolically

. (2.17)

The winding numbers m, and n,- do not change when the field X is varied continu-

ously. This implies that the configuration space is divided up into distinct topological

sectors labelled by ra; and n,-.

By minimizing the action in a given topological sector one obtains classical in-

stanton solutions Xmn(z,~z) = Xmn(z) + Xmn{z). Because, by the equation of mo-

tion, the derivative dzXmn should be holomorphic, these instanton solutions can

be expressed as line integrals of the holomorphic one-forms u>i(z). The classical

instantons are given, in terms of w; and T{j by [5,6]:

Xmn{z,J) = -nR{n - m-r)-(ImT)"1- A> + c.c, (2.18)

where the dots denote the contractions of the several ^-component objects. It is

easily verified using the periods (2.16) of the one-forms that Xmn has the correct

winding numbers (2.17).

To perform the functional integral, we split the field X(z,~z) in a classical and

a single-valued quantum part X(z, z) = Xmn(z,z) + X?u(z,2). The action S[X] is

just given by the sum of the classical acion S[Xmn] for the instanton solution and

5[X,U]. Accordingly, the partition function factorizes into a product of a classical

and a quantum part: ZR = Zc\Zqu , which can be treated separately.

First let us discuss the quantum contribution Zqu. It is given by the functional

integral over the single-valued field Xqu and is clearly independent of the radius. 'T"

It has the form of an infinite dimensional gaussian integral, which can be expressed j
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in terms of the determinant of the scalar laplacian:

zqu =

~ \ A

where A is the area of the Riemann surface. The subscript 0 indicates that the

differential operator do — d$ acts on the space of functions or "O-differentials". Its

adjoint is simply d0 = —dz , and acts on (0,l)-forms.

The quantum partition function Zqu can be thought of as containing the contri-

bution of the oscillator modes. We expect therefore that, just as for the torus, a

part of Zqu factorizes into the product of a left moving and a right moving piece.

Indeed, naively the determinant of the scalar laplacian is the absolute value squared

of the chiral determinant of do- However, we also have to take the zero modes into

account, and furthermore specify a regulization scheme to define the determinants.

We postpon' the discussion of these aspects to chapter 3, and just give here the

result. The quantum partition function (2.19) can be rewritten as [7]

Zqu = (detlm-r)-2|detaor\ (2.20)

where we have used a Weyl invariant regulator, which is from the view point of CFT

the most natural choice. We like to mention that for infinite radius this result (2.20)

is equal to the complete partition function. However, it will be illustrative to treat

this case as a limit of finite radius case.

Next let us consider the classical part of the partition function Zci, representing

the contribution of the instantons. It is given by a sum over the winding numbers

(2.21)
m,n

where Xmn is the instanton solution given in (2.18). The prefactor is determined by

the requirement that the partition function has the correct factorization properties,

and furthermore that for the sphere ZR = 1. Also, we will see that, with this nor-
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malization, the partition function is invariant under the e.m.-duality transformation

R -> 2/R.

The next thing we need to know is the classical action for the solution Xmn.

Inserting (2.18) into the action (2.1) and using the identity JuJiuJj = Imr.-j we get

S[Xmn] = \*R\n - m-rHImiO-'-e* - r-m). (2.22)

The result (2.21) is not yet in accordance with our intuitive expectation, since we

don't have a sum over loop momenta, but instead over winding numbers. There is a

way to convert this into a sum over loop momenta, namely by applying the Poisson

resummation formula

to the sum over the integers n;. Although this is quite a standard procedure [5,6,8],

it is illustrative to discuss it in some detail. We get

Zd = (-^YY, fd3xexp[-^R2(x -m-THlmr)- 1 -^- r-m) + 2xin-x) (2.23)
m,n

= (detlmrjs ^exp(-ijr.ft2m-(ImT)-m + 2xi?~2n-(Im r)-n + 27rm-(Rer)-m)

In order to simplify the algebra, it is convenient to first shift the integration variable

x —» x + (Rer)-m before performing the gaussian integral.

Now we observe that the sum over the integers m and n has precisely the correct

structure to be combined into a sum over g pairs of loop momenta over the lattice

F^: {pi,Pi) = («• + \miRi ^ ~ \miR). In this way we obtain the following final

answer for the instanton sum [9]

Zci = (det Im T) « E expi/r(p-r-p — p-T-p). (2.24)

For R — oo the sum is again replaced by an integral. Since for this case there are no

instantons, and one should have that Zc\ —* 1 for R —• oo. This is easily checked,
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by explicitly performing the gaussian integral. Note that this result is manifestly

invariant under R —> 2/R.

Combining (2.24) with (2.20) we finally arrive at an expression for the partition

function of the gaussian model on a genus g Riemann surface. It is given by a sum

over g loop momenta p^ each running over a copy of the momentum lattice TR. The

individual terms factorize into a product of generalized characters

ZR(T,T)= £ XV(T)MT) (2-25)

These characters are a straightforward generalization of the the g — 1 characters

XP(T) = (detdo) = expixp-r-p (2.26)

Note that the momentum dependence is again very explicit, and is therefore easy

to study. On the other hand, the oscillator contributions, represented by the chiral

determinant detc?o , are much harder to analyze. However, it is possible to derive

some more explicit expressions for this type of chiral determinants, that allow us to

analyze their properties in more detail. This will be postponed to chapter 3, since

in the next sections we are mainly interested in the momentum dependence of the

partition function and the characters.

2.3 Correlation functions

The knowledge of the partition functions for every genus is a very powerful result and

is sufficient to determine all correlation functions. This is done by factorization of the

partition function Z [10]: we analyze the behaviour of Z, when one or more cycles is

pinched (i.e. when its length shrinks to zero). If we know the decomposition of the

partition function into generalized characters we can identify the contributions of

the different representations, and, in this way, obtain the correlators of the primary

fields. Then, finally, by using OPE relations it is straightforward to get all correlation

functions. In this section we will apply this idea to the gaussian model.
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2.3.a Factorization

First let us give a precise description of the pinching process [11]. We construct a

family of surfaces S ( , labelled by a parameter t € C with \t\ < 1, such that for

t —> 0 one of the homology cycles, say ag, is pinched, and S ( degenerates into a

singular surface with a node. The construction is as follows.

One starts with a genus g — 1 surface So with two punctures (= removed points)

x\ and X2- One chooses local coordinates Z\ and 22 in the neighbourhoods of these

points, such that zf = 0 corresponds to xt. Next, two small discs {z; |z,-| < \t\}

are removed around each point, and , finally, the boundaries are glued together

according to Z\Zi — t. In the limit t —• 0 the two punctures x\ and x<i become

identified, and in this way form the node. In many respects the pinching parameter t

plays a similar role as the exponential e2mT in the case of the torus. The construction

we have just described is often referred to as the "plumbing fixture".

Let us consider the factorization of the gaussian partition function (2.25). To

obtain the correlator of two vertex operators we project the loop momentum (pg,pg)

onto a given value (k,k), and start pinching the cycle a9. For the case g = 2 this

procedure is depicted in fig. 3. Since only the states in the Fock space J~k ® ^

contribute in that particular channel, the leading contributionin t comes from the

ground-state corresponding to the vertex operator Vk^. The power of t is determined

by the conformal dimension of the operators, and the coefficient multiplying these

powers of t are equal to the correlation function of the corresponding operator. In

this way we find that the factorization expansion of the partition function ZR

Fig.3. By pinching a cycle we obtain the two-point function of the vertex operators.
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should contain the correlator of the vertex operator Vkj and its conjugate

+descendants. (2.27)

We will use this equation and the result (2.25) for ZR to get an expression for the

two-point function of the vertex operators.

In order to distinguish things before and after factorization, we denote the various

quantities associated with the genus g surface (i.e. before factorization) with a prime.

Because Z'R is of the form (2.25), it is of course sufficient to study first the generalized

characters Xp(TY- So we need to know the leading behaviour of the period matrix

TIJ and of the chiral determinant det d0. The latter corresponds to the contribution

of the oscillators, and factorizes simply as [6]

det d'o —> det <90.

Since we are only interested in the leading behaviour we ignore, here and in the

following, terms of O(t).

The nontrivial features should come from factorizing the period matrix. Since

this is defined as the contour integral of the holomorphic one-forms, we first consider

those. The forms u>[ for i = 1, ..,<? — 1 give after factorization the corresponding one-

forms on the genus g— 1 surface. But ui'g, which is associated with the pinched cycle,

developes during the pinching poles at the positions xi and x2- The result can be

expressed in terms of the so-called prime form E(z,w). One finds [11]:

( 2 " 2 8 )

The only properties of the prime form we need for the following discussion is that

E(z,w) is a (—|,—|)-differential with a simple zero for z = w. In this respect, the

prime form is the higher genus analogue of the function (z — w)on the sphere or

complex plane.

By combining (2.16) and (2.28) it is straightforward to determine the behaviour
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of the period matrix T[J . We find

tx2

/ Ui
Jxi

T'gg -> -\ogE(xux2)t~*. (2.29)

where i, j = 1,... ,g— 1. Let us briefly comment on these equations. First of all, it is

intuitively clear that those entries which have nothing to do with the pinched cycle

just go to the corresponding entries of the period matrix of the remaining surface.

To derive the second equation it is sufficient to notice that the cycle b^ breaks and

becomes the contour from X\ to x2- Also note that r39 diverges for i ->0 , since part

of it is equal to the distance from Xj through the 'plumbing tube' to X2-

Substituting these equations into the expression (2.26) for xp gives the following

leading behaviour for the characters [9]:

XV'(T ) —* *2 (deta0) * exp[ iirp-r-p-\-2irikp- w } E(xt,x2) . (2.30)

Comparing this with (2.27) and (2.25), we conclude that the ^-independent part of

the r.h.s. of (2.30) is equal to one of the holomorphic building blocks of the correlator

\^4fc(;Ei)K.fc(a;2))- The complete two-point function is obtained by combining the

left and right building blocks and summing over the g— 1 remaining loop momenta

(pi,p;). We do not give the result explicitly, since it is just a special case of the

n-point function discussed below.

2.3.b The results

In order to obtain correlators involving more than two vertex operators, we have

to repeat the pinching procedure. Without doing the actual computation it is clear

that, similarly as for the case we have just considered, the resulting expression will

inherit the analytic structure of the partition function. By this we mean that the

correlation functions are given by a sum of factorizable terms, which are labelled by

the (remaining) loop momenta,
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To find the chiral building blocks of the correlation functions we need in addition

to (2.28) and (2.29) also the behaviour of the prime form under factorization. For

t —• 0 it behaves simply as

£'(z,u>)-» E{z,w).

where E' is defined on the genus g surface In fact, by repeatedly pinching cycles we

obtain only pairs of vertex operators with opposite momenta. To get a correlator

with arbitrary external momenta one also has to fuse some of the vertex operators

using the OPE (2.11). Combining all the results we obtain the following expression

for the blocks [9]

J

(2.32)

Note that for the case of the sphere there are no loop-momenta and (2.32) reduces

to the familiar result for the correlator of the vertex operators.

For string theory one is particularly interested in the 'flat space limit' R —* oo,

which gives a gaussian integral over the g loop momenta. After performing this

integral there is of course no momentum dependence left, which at first sight seems

to be a simplification. However, instead one gets (Imr)' s and (Im /Jw )'s all over the

place, spoiling the factorization of the correlation functions. We prefer to represent

the correlators as an integral over p,, because then the analytic structure of the

correlation functions, and also the relation with the Hilbert space of the model, is

more transparant.

We like to mention that the correlation function (2.31, 2.32) can also be derived

by explicitly performing the functional integral in a similar way as in section 2.2.
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The prime form enters in this approach through the Green function of the free scalar

field. By using an eigenmode expansion for the field X(z,J) prove that the Green

function is of the form

(X(z, z) X(w, «J)) = - log \E(z, w)\2 + zero mode terms (2.33)

where the zero mode terms include integrals of the u>i and aî vj metric dependent

terms, (see [6])

Next, let us descibe some of the properties of the chiral expression (2.32). Using

the fact that E(z,w) is a (~f'~2)~ differential, one easily checkes that the vertex

operators e'kX indeed have conformal dimension ^k2, as expected. Also, the only

zeroes of the correlator are the ones predicted by the OPE (2.11). An immediate

consequence of these two observations is that, since the number of zeroes and the

conformal dimension do not match, the chiral correlation function (2.32) cannot be

single-valued as a function of the positions of the vertex operators. Indeed, when

we move a vertex operator e'kx around one of the b-cycles, say b,-, it is intuitively

clear that the loop momentum pi increases with an amount k. Symbolically, this

can be written as

(...eikX<*+hiK.) = ( . . . e ' w r W . . . ) k (2.34)

When a vertex operator is moved around an a-cycle the momentum does not changes,

but instead, since one is actually moving e'kX around some other vertex operator

with momentum pi, the correlator gets multiplyed by a phase, as can be seen from

the OPE (2.11). Thus we should find

(. . . <!'•**<*+*>...) =eMk»{...eikXl*K..) . (2.35)

To derive the two equations (2.34) and (2.35) from the explicit result (2.32) one

needs, in addition to (2.16) also the fact that the prime form E(z,w) is single-valued
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around the a-cycles, while it is quasi-periodic around the b-cycles [11]

E{z + bi,w) = exp (-iVrj,--27ri y U ) E(z,w). (2.36)

The relation between the two equation can be understood by considering the mod-

ular transformation S interchanging the cycles a; and b;. This will be explained in

the next sections.

Finally, we like to show that the result (2.32) can also be used to find the chiral

building blocks of the correlators of other operators, such as dzX and stress-energy

tensor T{z) = — ̂ (dzX)2 by using OPE relations like (2.11). The complete correla-

tion functions are then obtained by combining the left- and right chiral blocks and

summing over loop momenta, as in (2.31). As an example we discuss the two point

function (dzXdzjX).

First let us determine the chiral building blocks. The operator dzX can be

produced by studying the first subleading term in the OPE of two conjugate vertex

operators. So, for our purpose it suffices to consider the two-point function (2.30).

By analyzing the limit x\ —* xi and keeping the first subleading term we obtain the

required chiral block. It is given by

(2.37)

This result will be useful in the next section, where it enables us to evaluate the

contour integrals of dzX. Now one can readily write down the complete correlator.

For distinct points, i.e. for z •£ w, one gets

(dtX(z)dSFX(w)) - 53 (dzX(z)) {d*X(w))_ (2.38)
( ) r « p "

To compute this correlation function for coincident points z = w, the Green function

of the scalar field X needs to be regulated. By using a covariant regularization, it

turns out that, in addition to the terms given in (2.38), one finds an anomalous term

proportional to the curvature scalar R(z,J).
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2.4 The commutator algebra of loop momenta

We have shown in the previous sections that the partition and correlation functions

can be decomposed into holomorphic building blocks labelled by the momentum

fluxes pi = p{a.i) through the a-cycles. An obvious question at this point is: What

is so special about the a-cycles? Why can't we specify the momentum flux through

any set of cycles? In fact, looking at fig.2, we see there is indeed one special thing

about the a-cycles, namely they are mutually non-intersecting. This suggests that

one can only simultaneously specify the momentum fluxes through cycles, which do

not intersect. But why?

In order to say these things more precise, we introduce the so-called intersection

product #(c,d) of two oriented cycles c and d [4]. It is defined as the number of

intersection points of c with d , each weighted with a plus or minus sign, depending

on whether the orientation makes a left or a right turn. It is easily seen that the

intersection product can only be non-vanishing for homologically non-trivial cycles.

It is furthermore anti-symmetric and thus gives a symplectic structure to the space

of homology cycles. The homology basis a; and b; is called canonical because their

intersection products are given by:

#(a,-,ay) = # ( b i , b j ) = 0

aj) = «5li (2.39)

We now would like to show that the momenta p(c) and p(d) can not be simul-

taneously specified if the cycles c and d intersect i.e. if #(c,d) is non-zero. The

reason for this is that these operators do not commute. To be precise, we will show

that the commutator of the momentum operators is given by [9,12]:

(2.40)

We give two derivations of this result. The first one, which is conceptually the

simplest, is to show that (2.40) holds within correlation functions. For the second,

and to our opinion more illustrative, derivation we shall define the loop momenta

p(c) as operators acting on the characters.

31



So, first let us consider the commutator of the momentum operators within some

correlation function. Because the commutator is given by a c-number, it is sufficient

to compute the expectation value of the l.h.s. of (2.40), without any other operators.

(27r)2([p(c),p(d)]) = jdz jdw ( 8,XdwX) ~ (c «-» d)

The two-point function has a second-order pole for z = w, which is in fact the reason

why the order of integration is important. We can compute these contour integrals

using the result we have found in the preceding section. The zero mode terms do

not contribute in the commutator, so the relevant quantities for us are the periods

of dzd-u, log E(z, w) . From the property (2.36) of the prime form E(z, w) we deduce

that for the homolog basis the periods are

dzdzdw\ogE(z,w) = 0

I dzd;dw\ogE{z,w) = 2iriu>j(w) (2.41)
Jbj

Using these equations the commutator (2.40) is easily evaluated for the momenta

p(a,) and p(b,-) associated with the homology basis. The only non-vanishing com-

mutator we find is

This is precisely what we had to show, and is sufficient to prove (2.40) for any pair

of cycles c and d.

Next let us discuss the second derivation. We want to interprete the label p of

the characters as some sort of eigen-value. In order to do so, we define the loop

momenta p(c) as formal operators acting on the space of characters. The definition

we take is

P(c)xP(r) = ̂  £{d>X)p (2-42)

By combining the result (2.37) of the preceding section, with the periods (2.16), it

is straightforward to evaluate these contour integrals explicitly. Again it is sufficient
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to restrict our attention to the homology basis. First of all, it is easily verified that

the characters are indeed eigenstates of p(a,). Next, the contour integral of (2.37)

around the b-cycles gives

( 2 - 4 3 )

Thus we see that the characters are not eigenstates of the operators p(b). Using

the expression (2.26) for the characters, we can rewrite (2.43) as a derivative w.r.t.

the momentum pj. In this way we find the following action of the loop momentum

operators on the characters

Note that this is very reminiscent of the action of the coordinate and momentum

operators in ordinary Schrodinger quantum mechanics. It is now evident that the

commutator algebra of p(a) and p(b) is indeed given by (2.40).

Let us try to give an interpretation of these formulas. According to (2.44) the

operator p(c) measures the momentum flux through the cycle c, but from the sec-

ond relation (2.44) we conclude that, at the same time, it changes the momentum

flux through the cycles intersecting c. Translated to the Coulomb gas picture this

statement means that p(c) measures and simultaneously creates magnetic flux. To

pursue this analogy a little further, we consider the exponentials

^t(c) = exp (2Trikp(c)) (2.45)

which play the role of the both the Wilson and the 't Hooft loop. Indeed, (2.40)

implies that these operators satisfy the following Heisenberg algebra, similar to the

dual algebra of the 't Hooft and Wilson loop [13]

(2.46)
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For the cycles of the homology basis, we find from (2.44) that these operators

act on the characters as

,T) (2.47)

Comparing this with (2,34) and (2.35) shows that we can give alternative definition

of the map

X(T) -> &(C)X(T)

by the following manipulation. We take the character x{T)i insert the identity

operator at some point on the surface and rewrite it as the OPE of the vertex

operator elkx and its conjugate. Then, after transporting one of these along the

cycle c, we again take the OPE to reobtain the identity. The result we get is then

defined to be the image of \(T) under ^t(c) . It is easily verified from (2.34-2.35)

that this definition coincides with the previous one. The main advantage of this

alternative definition is that it can be applied in more general situations, and, as we

will see in chapter 4, it will allow us to generalize many of the results we are about

to present to arbitrary CFT's.

2.5 Modular and canonical transformations

The modular or mapping class group consists of all global diffeomorphisms of the

surface (i.e. not connected to the identity), that respect the complex structure.

The characters of the gaussian model behave nontrivially under the modular group,

but the partition function is required to be invariant. This gives constraints on

the spectrum of the theory and, in particular for the gaussian model one finds that

the momentum lattice should be equal to TR for a certain for R. To determine

the modular properties of the characters one can use the explicit expression we

have obtained. However, we want to show that they can also be derived from the

commutator algebra of the loop momenta described in the previous section.
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First let us review some basic facts about the modular group of a genus g Rie-

mann surface [4,14]. It is generated by the so-called Dehn twists Dc defined as

follows: one cuts the surface along the cycle c and after rotating one side over 2ir,

the two sides are glued together again. The Dehn twist Dc acts nontrivially on the

cycles intersecting c. It changes them as follows

Dc: d ^ d + #(c,d)c (2.48)

It is clear that every modular transformation affects the homology cycles on the

surface. In particular a modular transformation yields a new homology basis a, and

bj, which is related to the old one by some 2g x 2g matrix with integral coefficients

Since this transformation respects the intersection prodm •.. (2.39) the new cycles

form again a canonical homology basis, and hence this matrix must be symplectic

c o)eSp(2g'z)- (2-50)

For g > 1 a modular transformation is not uniquely specified by its ixtion on

the homology cycles, because there exist a subgroup, known as the Torrelli group,

which leaves these cycles invariant. In other words, Sp(2g, Z) is not isomorphic to

the modular group, but is an unfaithful representation. However, for the gaussian

model it is sufficient to restrict our attention to this representation, since all relevant

quantities, such as the holomorphic 1-forms and the period matrix, feel the modular

group only through its effect on the homology basis. For example, the period matrix

transforms as follows

+ £>) . (2.51)

Our aim is to determine the behaviour of the characters XP(
T) under these Sp(2g, Z)
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transformations. The strategy we will follow is to consider the action of the modular

group on the loop momenta, and in this way map the problem onto a more familiar

situation.

Since the loop momentum operators form a representation of the homology

group, p(a) and p(b) transform in the same way as the corresponding cycles in

(2.49). An important observation is now that the symplectic condition (2.50) im-

plies that on the loop momenta a modular transformation has the effect of a canon-

ical transformation! Furthermore, as we have argued in the preceding section, the

characters XP(T) c a n be identified with the states in the Hilbert space in which the

operators p(a;) and p(b;) act. So, the question now becomes to determine how the

canonical transformations are implemented in this Hilbert space. Phrased in this

way, it is a question we are all acquainted with, and the answer is equally well

known: Canonical transformations are implemented as unitary transformations. So,

under a modular transformation the characters transform as

XP(r) - UXp(r), (2-52)

where the unitary operator U is determined (up to a phase) by

C Dj\p{b)j- (2-53>

Canonical transformations can generally be obtained by exponentiating some in-

finitesimal transformation. Since the transformations are linear, we deduce from the

commutator (2.40) that the generator G(p(a),p(b)j of these infinitesimal canonical

transformations should be quadratic in the loop momenta. The unitary operator U

is given by the exponential of the infinitesimal generator

U = exp2xiG(p(a),p(b)). (2.54)

Because it requires an involved computation to determine the explicit form of G for

a general Sp(2g, Z) transformation we discuss some simple cases.
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First let us consider the Dehn twist Dc. This is allready an important case, since

these generate the full modular group. Also, for many questions such as checking

modular invariance of the partition function, it is sufficient to consider only the

behaviour under the Dehn twists. From (2.48) we see that Dc acts as follows on the

loop momenta

Dc : p(d) - p(d) + #(c,d)p(c) (2.55)

Using the commutator algebra (2.40) of the loop momenta it is easy to find the

infinitesimal generator Gc corresponding to the Dehn twist Dc- It is simply Gc =

\p{c)2 . In fact, we could have expected this result, because Gc should be equal

to the zero mode part of the Virasoro operator LQ (2.6). Note, however, that we

did not have to use this fact. Thus we find that the characters have the following

behaviour under Dehn twists (up to some momentum independent phase).

Dc : XP(T) -> exp(iirp(c)2)xP(r) (2.56)

Another interesting case is the modular behaviour under the special Sp(2g, Z)

transformation: S : T -^ — T"1 . It maps the a- onto the b-cycles, and vice versa,

and consequently it interchanges the momentum operators p(a,) with p(bj). Or, to

be more precise, it acts as

(9 57)
( - 5 7 )

Now, since p(a) and p(b) are canonical conjugate operators, it is like going from

the momentum to the coordinate representation in quantum mechanics. By this

analogy, it is clear how the modular transformation S : T —> T~1 acts on the

characters \v> namely as a Fourier transformation

ik*Xk(r) (2.58)

It is an illustrative excercise to try and write (2.58) as a unitary transformation
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X —*• U\ with U of the form (2.53). The generator G can be thought of as the

hamiltonian of a dynamical system, whose time-evolution interchanges the coordi-

nates and momenta after a time 2TT. A harmonic oscillator is an example of such a

dynamical system, and its hamiltonian has indeed the right quadratic form. In this

way we find that

Gs (p(a), P(b)) = J (p(a)2 + p(b)2) (2.59)

is the generator corresponding to the transformation 5.

To give an application of these results we determine which momentum lattices

give a modular invariant partition function Z(T,T). It will be convenient to write

^(r,?7) as an integral instead as a sum.

Z(T,T) = J<Pp<PpN(p,p)Xp(T)Xf(T) (2.60)

By requiring that the partition function is modular invariant Z(T,T) = Z(T,T)

and, using the fact that the characters transform as in (2.52-2.54) , we obtain the

following condition for N(p, p)

) = exp{2iriG(p, £-fe)} N(p,p) (2.61)

for all elements of the modular group. It is of course sufficient to check this for the

Dehn twists, because these generate the full modular group. Using (2.56) we find

that

only if ( « - » ! > f . M
7 P.62)

where N(p,p) is the Fourier transform of N(p,p). It is not difficult to verify that the

only solutions for N(p,p) satisfying these constraints, correspond to the partition

functions (2.25) of the gaussian model as given in section 4.2.

This concludes our study of the gaussian model on Riemann surfaces. The results

obtained in this chapter will be used through out the whole thesis, especially in the
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next chapter. Also, the idea of factorization and the discussion of the modular group

are relevant for the following chapters.
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CHAPTER 3

Chiral Bosonization and String Loop Amplitudes

In the path integral approach to string perturbation theory the g-loop contribution

to a scattering amplitude is given by the integral over all geometries of a two-

dimensional surface with g handles and over all embeddings of the surface in space-

time [1,2]. In the critical dimension string theory is described by a two-dimensional

conformally invariant field theory, which is free of anomalies. Due to this fact, the

functional integral over all geometries can be reduced to a finite dimensional integral

over so-called moduli, parametrizing the space of Riemann surfaces [3],

The integrand factorizes into the product of a holomorphic and an anti- holo-

morphic expression on the moduli space [4,5]. This factorization is directly related

to the decomposition of the string modes into left and right movers. Important

ingredients of the analytic components are the Green functions and determinants

of chiral differential operators. So, in order to get a better understanding of string

amplitudes it is important to have a good description of these ingredients. The main

goal of this chapter is to find useful expressions for the Green functions and the chiral

determinants in terms of quantities with well-known properties. In order to achieve

this we will make use of the remarkable fact that in two dimensions fermiorJc field

theories can be equivalent to bosonic theories. Alvarez-Gaume, Moore and Vafa [6]

were the first to realize that bosonization provides a powerful tool for computing the

chiral Dirac determinants. We will extend their analyzis to a larger class of chiral

determinants, including the Faddeev-Popov and the scalar determinants.

We start this chapter with a discussion of the string multi-loop arrplitudes.

After describing the gauge-fixing procedure, we give an expression for the integrand

on moduli space for the tachyon amplitudes. Then, in section 3.2 we apply the

bosonization technique to Dirac fermion, to compute the determinant and the Green

function of the Dirac operator. In section 3.3 we explain the bosonization of the so-

called (6,c)-systems, and use this to derive an expression for the chiral determinants.
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3.1 String multi-loop amplitudes

In this section »e will study the loop contributions to string scattering amplitudes.

We restrict our attention mainly to the tachyon amplitude for bosonic strings in flat

spue-time, but the aspects we discuss in the first part will be independent of the

external states and of the string background. We represent the #-loop amplitude

as the functional integral over all embeddings X''(£) and the geometries g(£) of

two-dimensional surfaces of genus g, i.e. with g handles [1,2]. Next we insert delta-

functions fixing the positions of certain points of the surface, and then by Fourier

transformating we obtain the tachyon amplitude in the momentum representation.

Before gauge fixing given

G[ki,.., kn) = j[dg cLYM] exp (— S[g, X11]

where*

%, X] = i - jd\^gahdaX^dbX, (3.2)

is the action describing strings in flat space-time [7]. The same action S[g, A'*1],

can also be used for toriodal compactifications. The multi-loop amplitudes for other

string states are given by similar expressions, where the tachyon vertex is replaced by

the appropriate vertex operators. For example, the graviton state with polarization

tMl/ and momentum fcM is represented by the vertex operator:

(3.3)

The first step in evaluating the functional integral (3.1) is to fix the reparametriza-

tion and Weyl invariance, by restricting the metric to a preferred gauge slice. In

section 1.1 we have already sketched the gauge-fixing procedure, but for loop ampli-

tudes there are some additional global aspects that have to be taken into account.

Therefore, we will now give a more detailed discussion of the gauge fixing, and de-
fWe have put the string tension equal to T=j^.
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scribe the new features associated with the non-trivial topology of the surface. The

most important new aspect is that for higher-genus surfaces the metric can not be

completely gauged away. The set of all gauge-inequivalent metrics <?„(, on a genus

g surface is known as the moduli space Mg of Riemann surfaces. It is a complex

space parametrized by 3<7—3 moduli ma, (a = 1, ..,3g—3). Thus after gauge fixing

the g-\oop amplitudes are given as integrals over M.s.

Before we describe the integrand on -Ms, we first want to get some insight in the

structure of moduli space. To this end we study its tangent space TMg. The tangent

vectors to Aig are given by the variations 6gab of the metric, which cannot be written

as (globally defined) infinitesimal reparainetrizations or Weyl transformations. We

consider these variations in some local neighbourhood on a given Riemann surface.

We choose complex coordinates z and z, such that the metric is ds2 ~ p(z,~z)dzdz.

However, on the Riemann surfaces, in the local neighbourhood on A4g, the metric

is different and is in general of the form

ds2 - p\dz + r)dz\2.

where p and r) are functions of the moduli.

Note that we can forget about the variations in the diagonal component p(z,~z),

since these correspond to Weyl transformations. An infinitesimal change in one

of the other components, say ?j(z,z), can only partially be compensated for by

a reparametrization z —> z + 6v(z,~z). The remaining part of 6T){Z,~Z) induces a

shift in the moduli ma. This shift 8ma can be expressed with the help of a basis of

holomorphic (2,0)-differentials ipa as

(3.4)

where (if>,<f>) = fd?zip<t>. The holomorphic differentials if>a are unique for a given

choice of coordinates ma on Mg. Equivalently we can choose a set of Beltrami

differentials p,a dual to ipa such that an arbitrary variation in i](z,'z) can be written
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as
_ 33-3

6r)(z,l) = d6v{z,z) + Yl Smafia(z,z) (3.5)
a=l

These Beltrami differentials are unique only up to terms of the form dv.

To extract the volume of the gauge group, we replace the functional integration

over the metric [dg] = [dp] [dr}\ [dff] by an integration over the reparametrization

group, and over the gauge slice. We restrict our discussion to strings in the critical

dimension so there is no Weyl anomaly, and we can savely omit the integration [dp]

over the conformal factor. Next, following the standard Faddeev-Popov procedure,

we replace [drj\ by an integral over the moduli ma and the reparametrizations v

39-3 _

[dq] = IJ dm« H d e t #-i (3-6)

where the subscript —1 indicates that d-i acts on vector fields. Since everything is

reparametrization invariant the integral J[dv] is just an overall infinite factor which

should be dropped.

The chiral determinant arising from the jacobian factor can represented as a

functional integral over a the Faddeev-Popov ghosts c with conformal spin — 1, and

anti-ghosts b with spin 2. These ghost fields are described by the action

>,c] = - jdhbd^c (3.7)
7T J

On a Riemann surface of genus g, the anti-ghost b has 3̂ —3 zero modes corresponding

to the holomorphic 2-differentials %l>a. These zero modes have to be projected out

by inserting an equal number of 6-fields in the functional integral, and integrating

them against the Beltrami differentials. So, the Faddeev-Popov determinant can be

represented as

detcU = ftdbdc] exp(S[b,c]) jf(/io, 6) (3.8)

44



Note that up to this point in the discussion we have not really used the precise form

of the action for the matter fields X^. The only features we have exploited so far

is the reparametrization and the Weyl invariance of the action. Also, the external

string states haven't played any role yet.

By combining the ghost and 'matter' part, we obtain the following functional

integral representation for the gauge-fixed g-loop contribution to the tachyon scat-

tering amplitude

, ••,*») = f[dbdc]exp(-S[b,c\)]l(fia,b)
* n

1=1

(3.9)

where the action for the matter fields X" is in local complex coordinates given by

(3.10)

Using (3.5) it is easily verified that the expression (3.9) is independent of the choice of

coordinates ma on the moduli space Mg. The integrand factorizes into the product

of the correlators of the vertex operators times the ghcst part, each of which have

been discussed in detail.

As we have shown in chapter 2, the functional integrals over the matter fields can

after projection on loop momenta pf (t = 1, . . . ,#) , be decomposed into holomorphic

building blocks. Using the fact that also the ghost part factorizes we find that the

tachyon loop amplitude can be written as

n-,K) = Jnd*Pi

where the holomorphic integrand is given by

3^-3 nndm* n'
a=l 1=1

(3.11)

(3-12)
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In order to symplify the notation, we have denoted the chiral part of the functional

integral over the fields .V, 6 and c by expectation value brackets.

We can now use our results of the preceding chapter to give an expression for

the holomorphic integrand W(ma, zi\ki,pi) . Combining the expression (2.31) for

the correlation functions of the vertex operators and (3.8) we obtain

W{ma,zi\ki,Pi)= (3.13)

det<9_l /. . v—\ , u f1'
w)

The holomorphic one-forms u>;(*), the period matrix r,j, and the prime form E(z, w)

have been introduced in the preceding chapter.

For 5 = 0 this gives the familiar Koba-Nielsen formula for the tree level string

amplitudes. In that case there is of course no integral over loop momenta. For

the derivation of (3.11) one needs the fact that there are no anomalies, and so the

dimension d should be equal to 26. In order to descibe strings in 4 space-time

dimensions we can for example compactify 22 of the string coordinates X^ on a

torus. It is easy to generalize the result (3.11) to torus compactifications: one only

has to replace the integral over loop momenta by a sum over a lattice.

The analytic structure of the amplitude (3.11) is mainly determined by the point

particle degrees of freedom of the string: the loop momentum. In fact, as we will

show in chapter 5., (3.13) has many similar features as the parametric representation

of the point particle amplitudes The oscillator degrees of freedom of the string are

contained in the chiral determinants and the prime form. In the next sections we

will study the moduli dependence of these ingredients.

3.2 Bosonization of Dirac fermions

One of the most curious features of 2D-QFT is the fact that certain fermionic theories

can be bosonized, i.e. are equivalent to bosonic theories. The basic example is the

equivalence between a free Dirac fermion and the gaussian model for R = 1. To

prove that two CFT's are equivalent, one has to show that for every operator in
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one theory one can find an operator in the other, such that corresponding operators

have the same correlation functions. To verify the latter statement it is sufficient to

check that the operator product relations of the corresponding fields are identical.

We are particularly interested in what bosonization tells us about the partition

and correlation functions of chiral (or Weyl) ferrnions*. Therefore, since a scalar field

theory is intrinsically non-chiral, we have to set up some sort of chiral truncation of

the gaussian model. In the canonical approach this can be done by just dropping the

right-moving modes, but this doesn't work in the path integral method. However,

after the functional integration it is possible to perform a chiral truncation, by

extracting the correct analytic part of the partition and correlation functions.

We start by reviewing the local aspects of the bosonization of cliiral fermions.

The action for a free Weyl fermion is given by

Sy>,1>] = - [foi'dnk (3.14)
TV J

The action (3.14) is invariant under conformal transformations and under the U{\)

transformations ip —> e'ai[) rp —• e~'aip. Note that these are the same invariances

as we found for the gaussian model in section 2.1.

By the equation of motion, the fields i/> and 0 are analytic, and consequently

their correlation functions are also analytic. This has the important consequence

that up to normalization the correlators are uniquely determined by the positions

of the poles and zeroes. From the OPE

(3.15)

we deduce that tp(iu) has first-order poles at the positions of the conjugate fields

4>(z). Furthermore, when two fields of the same type are taken at coincident points,

the correlation function will vanish, because of Fermi-statistics. These properties

are sufficient to fix the correlation functions, also on higher-genus Ricmann surfaces.

This fact will be important for the proof of the bosonization formulas.

'In this section we consider only chiral fermions, although this is not always stated explicitly
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In the bosonized theory the Fermi fields will be represented by vertex operators.

The spectrum of the gaussian model for R = 1 contains two vertex operators with

conformal dimension (| , ^) namely^ e'<* and e~"*. The chiral bosonization prescrip-

tion is that the fields tp and V; correspond to the chiral square roots of these vertex

operators. So,

$(z) <—> e-»l*) (3.16)

It is straightforward to verify that the fermionic operators and their bosonic equiva-

lents have indeed the same OPE and, therefore their correlation functions have the

same zeroes and poles (see e.g. [8]). If, in addition, the correlators have the same

global properties, this implies that they are indeed equal, i.e.

n ^ o n v-K-A = (n^ ( j i ) n ̂ *iw
!=I j = l / \i=l J=l

Using this fact we can show that also the partition functions are the same [9].

Now let us discuss some of the global features of Weyl fermions on a Riemann

surfaces. Because the Fermi fields have conformal spin j , they can have periodic as

well as anti-periodic boundary conditions. A specific choice of boundary conditions,

called a spin structure, is labelled by H , where a; (/?,-) = | or 0 depending on

whether rp is periodic or anti-periodic around a,- (b.) (i = 1,..,^). Symbolically,

V>(z + a;) = -e2™' 4>(z)

4>(z + bi) = -e2vf)<iP(z) (3.18)

The spin structure for the field ip should of course be the same, otherwise the action

would be ill-defined. The spin structures [o] are divided into even and odd spin

structures depending on whether Act • ft is even or odd.

The functional integral for the Weyl fermion depends on 1̂ 1. By the standard

rules of grassmannian integration the functional integral gives the determinant of

§In this context we prefer to denote the scalar field by <j>, since there is clearly no space-time
interpretation.

48



the chiral Dirac operator defined on the Riemann surface

]) = detgjSj, (3.19)

where the subscript ~ indicates that the Dirac operator acts on fields with conformal

spin \.

Now let us see what happens in the bosonized theory. The partition function

for the gaussian model with R = 1 cannot just be equal to the Dirac determinant,

because, as already mentioned, it is not a chiral theory and, secondly, the spin

structure „! has a priori no meaning for a scalar field. So, the best that can happen

is that ZR-I corresponds to the sum over all spin structures and contains both left

and right chiral determinants. Indeed, using the fact that the momentum lattice

^R=I (2-9) has a nice regular shape, we can write the gaussian partition function for

R — 1 as follows in terms of theta functions

\ b } \ (3.20)
a,0

where the theta function with characteristics « is given by [10]:

The obvious thing to do at this point is to identify spin structure 1̂1 of the Dirac

determinant with the characteristic 1̂1 of the theta function. To see that this is also

the correct thing to do, one can check by comparing (2.34-2.35) and (3.18) that the

vertex operators have the same monodromy properties as the fermions. In this way

we find the following relation [6]

(3.21)

Note that the spin structure dependence is entirely contained in the theta function.

Since many properties of the theta functions are very well known, this identity is

very useful for analyzing the Dirac determinants.
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As a first application we study whether the Dirac operator has zero modes, i.e.

whether there are globally defined solutions to d^ifr = 0. If this is the case the

determinant will of course vanish, because there is a zero eigenvalue. The iden-

tity (3.21) shows this happens precisely when I?|«|(0|T) vanishes. Now, from the

following property of the theta function

we conclude that for even spin structures the Dirac operator di has (generically)

no zero modes, however, if the theta function is odd under z —> — z the determinant

(3.21) vanishes and consequently the Dirac operator has at least one zero mode.

These facts are reflected in the structure of the two-point function of the Fermi

fields. If there are no zero modes the two-point function is as usual given by the

Green function of the Dirac operator

for [;] even (3.22)

where F D ( Z , W ) is the unique solution to d^Py\(z,w) = — xS(z — w) , and is

known in the mathematical literature [10] as the Szego kernel.

For odd spin structures there is however no Green function, since the Dirac

operator is not invertible in this case. Indeed, by explicitly performing the functional

integral one finds that the two Fermi fields are needed to absorb the zero modes and

are not Wick contracted. So we have

= </>fe] (*)</> fe] («0 detj.]3i for [*] odd (3.23)

where ^>njj(z) denotes the zero mode satisfying dj^njUz) = 0 . Note that the

normalization of >̂[°] is not fixed by this equation. Since the full correlator (3.23)

has a definite normalization, it is clear that the chiral determinant det'Sj. depends

on normalization addopted for the zero modes. We come back to this point in the

next section.
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Again, a lot can be learned by considering the corresponding bosonic two-point

function. We use the results of section 2.4 for the correlation functions of vertex

operators and apply the chiral projection on a given given spin structure. We find

the following expression for the two-point function [11]

( 3 - 2 4 )

An important observation is that nowhere in the calculation we had to distinguish

between even and odd characteristics, so the result is equally well valid for both

cases. Next we equate the bosonic with the fermionic two point function. This gives

for even spin structures the following expression for the Szego kernel

ri 1 ^ l ^ - H 1 ) ri
P\°\(z,w) = -T1 ifiLl 11 for \% even. (3.25)E(z,w)

For the odd spin structures we can normalize the zero modes VM Î in such a way that

chiral Dirac determinant is given by: detfoidi = (detc*o)~2 . Then by comparing

the results (3.24) and (3.23) we can solve the prime form in terms of the theta

function, and the zero modes

E{z,w) = ,LiJ ' with "1 odd. (3.26)

^]()V[;]H M

Finally, by studying the limit z —> w, we can even determine the zero modes. We

find

g odd (3.27)

One can prove that the derivative of the theta function has only double zeroes, so

that its square root is well-defined without any branch cuts. Substituting this back

into (3.26) gives an explicit definition of the prime form in terms of theta functions

[10].
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In a similar way one can derive expressions for all n-point functions of the fermi

fields. Since both the fermionic and the bosonic models are free field theories, one

can express the n-point functions in terms of the two-point function by applying

Wick's theorem. Because the Fermi and Bose fields have different statistics, this

leads to rather unexpected identities. One of these is known as Fay's identity [10],

and plays an important role in the theory of Riemann surfaces. At this point the

interested reader is referred to the literature [9,12].

3.2 Chiral determinants and bosonization of ghosts

In this section we consider the determinants of a class of chiral differential operators

dj (y=integer or half-integer), some of which we encountered in the previous sections.

In local coordinates they are all of the form

dj-.^z,!)—>d*p{z,z), (3.28)

but for different j they act on different spaces. Namely, the differential operator dj

acts on tensor fields with conformal spin (j, 0), or j-differentials. These ^-differentials

transform, by definition, under the conformal group as

(3-29)

Our aim is to study the properties of the determinants det dj and to obtain a useful

expression for them. The first step is to represent the determinant det dj by a

functional integral over a so-called (6, c)-system. Then we use the bosonization of

this system to compute the functional integral and express the result in terms of

theta functions.

3.2.a (6, c)-systems

A (6,c)-system is described by a pair of anti-commuting 'ghosts' 6(z,z) and c(z, z),
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with conformal spin (1— j) resp. j and with action:

S [ b ]
1T

(3.30)

Here, the spin j can be integer or half integer, and clearly we can restrict our

attention to j < | . The cases of interest to string theory are j = — 1,—j,0 and

| . Although the action S[b,c] is invariant under conformal transformations, it does

not describe a CFT in the usual sense [13] except for j = | . One way to see this is

to note that for j ^ | the two fields b and c have a different conformal dimension,

while in a CFT two conjugate operators must have the same dimension. In spite of

this fact, many of the techniques of CFT can stil be applied to these systems.

The (i,c)-systems were introduced originally by Friedan, Martinec and Shenker,

who studied their local properties in great detail [8]. We briefly mention some of

their results. One can define a ghost-number current and a stress-energy tensor

J{z) = -bc{z)

T(z) = {j-l)bdzc{z)-jcdzb(z) (3.31)

To compute the correlation functions of these operators we have to introduce a

regulator. By chosing a Weyl-invariant regulator it turns out that both J{z) and

T(z) have anomalous transformation properties under the conformal group. This

is most easily derived by investigating the OPE's of T(z) and J(z), and using the

conformal Ward identities. In a covariant regulization scheme we have to compensate

this anomalous conformal behavior by adding metric dependent counterterms to the

current and the stress tensor. These terms, however, give rise to other anomalies:

the conservation of J(z) is spoiled and the strrss tensor is no longer traceless

dgj(z,z) = ~\QjR{z,z) (3.32)

&{z,z) = CjR{z,z) (3.33)

where Qj = (1-2?) and cj = 2(6j2-6j + l).

Now let us consider the functional integral for the (b, c)-systems and its relation :' j "

with the chiral determinants. First we discuss the issue of zero modes. By integrating
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the anomaly (3.32) in J(z) one finds that on higher-genus surfaces ghost number

is violated. In the functional integral this is caused by the presence of zero modes,

and thus (3.32) allows us to determine the difference in the number of b- and c-zero

modes i.e. the index / of dy.

/ = #6-zero modes — #e-zero modes = Qj(g-l) (3.34)

As we have seen in the previous section, the actual number of zero modes for j — \

depends on the spin structure. In the case j'• = 0 there is one c- and g 6-zero

modes, corresponding to the constant function and the holomorphic one-forms w,(z)

respectively. For the other values of j only the 6-field has zero modes, which will

be denoted by ^a(s), a — 1)-,J- For definiteness restrict our attention mainly to

integer j ^ 0; the generalization to j — 0 and to half integer spin will be obvious.

To get a non-zero result for the functional integral we have to insert precisely I

6-fields to absorb the zero modes. The integration over the other modes will produce

the chiral determinant, thus we have

/ [dbdc] exp (-S[b,c]) J ] bM = det dj det 4>a[zb) (3.35)

This equation has already been used in section 3.1 for the special case j = —1. A

more detailed discussion of the functional integral for the (b, c)-systems will be given

below.

3.2.b The bosonization prescription

We now like to discuss the bosonization of the (b, c)-systems. The equations (3.32)

and (3.33) show that a (b, c)-system can not be equivalent to a gaussian model for

a certain value of the radius, because there is no conserved [/(l)-current and the

conformal anomalies do not match. But if one takes the following modified action
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for the gaussian field

^ j \QjR4) , (3.36)

and one identifies the current and the stress tensor with

J{z,z) = -id,<f>

T{z,S) = -\(dz<j>f + \QA24> (3.37)

then, by the classical(!) equation of motion, one recovers (3.32) and also the differ-

ence in the conformal anomaly between the gaussian model and the (b, c)-system is

is accounted for. Following the same type of argumentation as for the j — ^ case one

can show that the (b, c)-systems are equivalent to the bosonic theory described by

(3.36), and where (j> is compactified on a circle with radius R = 1. The fields b and

c themselves are represented by chiral vertex operators

b{z) «-> e''*w

c{z) *-> e -* w (3.38)

By studying the OPE with T(z) it is easily verified that these vertex operators have

the right conformal weights (1—j) and j , although they do not explicitly depend on

the value of j , but of course T(z) does.

Now let us see what this implies for the functional integral. In the functional

integral, it is not possible to define chiral vertex operators. Therefore, we have to

double the (6,c)-system by including right moving ghosts b and c and equate the

functional integral for this non-chiral theory with the bosonic functional integral:

r l

[dbdc] exp(-SM) n Hz.)
J 0=1

r
= ta exp(-S>M) II e'"*™ (3-39)

where the subscript cov indicates that we use a covariant regulator. Note that in the

bosonic integral the / vertex insertions are needed in order to compensate for the

background charge.
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3.2.c Evaluation of the functional integrals.

In this subsection we will evaluate both the fermionic and the bosonic functional

integrals given hi (3.39). Then by equating the results we will derive an expression

for the chiral determinants in terms of theta functions.

A striking difference between the two sides of (3.39) is that, in the action for the

bosonic field <j>, the conformal factor p enters in the form of the curvature R(z,~z) =

—iddlogp, while there is no explicit /J-dependence in the action for the field b and

c. However, in order to define the functional integral over the fermionic fields, we

have to make use of the covariant inner product on the space of j-differentials

= j z p ' -Vfz , *)V(*, *) (3-40)

and a similar inner product for the (1— ̂ -differentials. Hence, the conformal factor

is implicitly contained in the definition of the left hand side of (3.39).

Now let us evaluate the functional integral over the fields b{z,l) and c(z,~z).

To this end, we introduce the adjoint differential operators d1_j and dj, defined

with respect to the inner product (3.40), and expand the fields b and c in terms of

eigenmodes of the laplacians 51_J9i_J and djdj respectively,

n

and similarly for right moving fields b and c. The modes y>n and ipn with non-zero

eigenvalues are orthonormal with respect to (3.40), and satisfy

5i-i0» = -A»v»I (3-42)

We can see from these equations that the non-zero eigenvalues of both laplacians

dl_jdi-j and djdj are equal, and hence also their determinants are equal. The zero

modes ij)a are not normalized, but are chosen to depend holomorphically on the ' ' j '
i

modular parameters.
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We use the expansion (3.41) to define the integration measure by

[dbdc] [dbdc] = . n ; /yf" . n dbndcndbndcn (3.43)

We have included the extra factor to ensure that this definition is independent of

the choice of the basis ?/>„. Inserting (3.41) and (3.43) into the integral (3.39) and

by applying the standard rules for grassmannian integration we obtain the following

result for the l.h.s. of (3.39)

l.h.s. of (3.39) = . y ^ Adet4iza)\
2 (3.44)

det(V> rp)

Here we defined the determinant of the laplacian as the regularized product of the

eigenvalues |An|
2. Convenient regulators are the heat-kernel or ^-function method.

As a consequence of this regularization the determinant of the laplacian does not

simply factorize into the product of the chiral determinants. One can show that ,

taking the zero modes into account, the precise relation is [4,16]

det(^,06) ' Jl V

where the Liouville action

SL = 7TT- fd2zdz\ogpd^logp
247T J

carries the Weyl and conformal anomaly. Furthermore, according to (3.45), it also

forms the obstruction to holomorphic factorization of the chiral determinants [16].

An important property of the chiral determinant is that it depends holomorphi-

cally on the modular parameters. This determines which square root of det djdj

corresponds to detdy, up to an moduli-independent phase.

Next let us consider the bosonic functional integral on the right hand side of

(3.39). The gaussian field <f>(z,l) is not necessarily single-valued and enters in (3.36)

without a derivative. Therefore, in order to get a well-defined action, we have to

cut open the surface and include boundary terms. These boundary terms serve
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several purposes. First of all, they are needed to ensure that the result is insensitive

to small variations of the position of the cuts. Secondly, when we perform the

functional integral over <j> we will get a sum over all spin structures, just as in the

j = 2 c a s e- However, we would like to get a single spin structure. Also this can be

achieved by adding the appropriate boundary terms. For the precise descriptions of

these boundary terms we refer to the literature [9,14].

The calculation is analogous to the computation of the correlators for the Dirac

fermion. Skipping the details we just give the result. We find

r.h.s. of (3.39) = ( ^ J T ^ J e ; T ( £ a ^ - QA\r) H E{za,zb) \\a(za)^
(3.46)

In comparison with the correlators for the Dirac fermions the only new features in

this expression are due to the background charge. First of all, the Liouville action

Si represents the self-coupling of the background charge. Then, the A ocurring in

the argument of the theta function is a divisor of degree (g—1) and is known as the

Riemann class [10]. It shows up in the classical action for the instanton solution in

the form:

^=vJdwRL^ (3-47)
Finally, the differential a(z) describes the coupling of the background charge to the

vertex operators, and is a holomorphic |-differential, without zeroes and poles.

Next we equate the result for the functional integral over the ghost fields given in

(3.44), with the bosonic result (3.46). Then, by reshuffling the equations in the right

way, we find that the determinant of the laplacians have indeed the structure (3.45).

And, furthermore, we obtain the following expression for the chiral determinants

[9,12]

a<b a.

It is instructive to check that the bosonic expression has the same conformal dimen-

58



sion and the same zeroes as the left hand side.

The expression (3.48) for the chiral derterminants det dj is the main result of

this section. Particular interesting is the spin 0 case since it allows us to determine

det d0- The result (3.48) is slightly modified in this case, because of the presence of

a c-zero mode. We find

( 3 4 9 )

An important remark is that, since the c-zero mode corresponds to the constant

function, both sides are independent of w. This fact can be used to express the ratio

of two cr's in terms of theta functions and the prime form

There is in fact a good reason why it is not possible to give a(z) completely in

theta functions, namely it carries the confcrnal anomaly. Indeed, by counting the

number of <r's in the final result for det dj one finds that this number is proportional

to the anomaly: ^Cj(g-l) . Therefore, in an anomaly free combination of several

chiral determinants there should be an equal number of cr's in the numerator and

denominator, and hence we can use (3.50).

Finally, let us apply our results to the expression (3.11-3.13) for the tachyon

multi-loop amplitude. In the previous section we have already given a useful rela-

tion (3.26) between theta-functions and the prime form E{z,w). Let us therefore

concentrate on the ratio of chiral determinants. Combining (3.48), (3.49) and (3.50)

gives an explicit, but quite complicated, expression for this ratio (cf. [15]). In or-

der to simplify the final result we absorb all the zero-modes in one point w on the

surface. A pleasant coincidence is that in this situation the differentials a(w) in

the numerator and denominator cancel, because the anomalies cancel. The only

ingredients that are left are theta functions and the wronskians of the zero modes.
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We find

det9_! I ? (3AJT)
= - 1 3 = I : I (3.51)

(detflo) detfl«¥»*\ d e t dlu3 I

The expressions we have obtained for the chiral determinants are very useful for

studying the factorization and the modular properties of the integrand for string

amplitudes. These results can also be applied to other string theories, and for

example we have checked that the heterotic string [17] is free of global anomalies

[18,9]. Finally, since the ghost sector is independent of the background, we can use

the expression (3.48) also for strings in curved backgrounds described by conformal

field theories.
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CHAPTER 4

Fusion Rules and Modular Transformations

in 2D Conformal Field Theory

ABSTRACT We study conformal field theories with a finite number of primary fields

with respect to some chiral algebra. It is shown that the fusion rules are completely

determined by the behavior of the characters under the modular group. We illustrate

with some examples that conversely the modular properties of the characters can

be derived from the fusion rules. We propose how these results can be used to find

restrictions on the values of the central charge and conformal dimensions.

4.1 Introduction

In conforma! field theory local operators are characterized by their behavior under

conformal transformations z -+ z'(z). In particular, primary fields transform as

conformal tensors under these analytic coordinate transformations [1]. Since the

patching functions on Riemann surfaces are by definition analytic, CFT allows a

very natural formulation on the moduli-space of Riemann surfaces [2]. This turns

out to be an interesting and also very fruitful approach to CFT. The analytic and

modular properties of the partition and correlation functions provide a powerful

means of probing CFT and finding restrictions on the operator content [3]. This

idea has lead to a successful classification of the modular invariant partition functions

for the r < 1-discrete series [4].

The situation for c > 1 is completely different because of the existence of con-

tinous marginal deformations, and an infinite number of primary fields w.r.t. the

Virasoro algebra. However some CFT's with c > 1 have similar properties as the

models of the discrete series, in the sense that their partition function can be de-

composed into finitely many analytic building blocks, which can be interpreted as
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the characters of an extended algebra. These models all have the striking feature

that the central charge and conformal dimensions of the primary fields are given by

rational numbers, and are therefore often called rational CFT's [5]. RCFT's have

many other special properties, which make them an interesting class of models to

study.

In this paper we consider the fusion rules of the primary fields and the modular

properties of the characters of a RCFT. These are two at first sight separate aspects

of these models, but we will show there is in fact an intimate connection. A first

indication that a relation between fusion rules and modular transformations exists

was found in the operator formulation of the gaussian model on Riemann surfaces

[6,7]. For this model we found that one could derive the modular behavior of the

characters by studying the algebra of a set of operators in the Hilbert space. In

analogy with this we will construct using the primary fields and the fusion rules a

set of linear operators acting on the space of characters of a general RCFT. Then,

by considering the algebra of these operators and the role of the modular group, we

find that the matrix S describing the behavior of the characters under the transfor-

mation r —> — 1/T diagonalizes the fusion rules. Furthermore, the matrix S contains

sufficient information to determine the fusion rules completely.

An important ingredient of the derivation is the fact that the algebra of the

linear operators is given by the fusion rules. We indeed find that the fusion rules

are associative and have very similar properties as the product rules of the linear

operators. Furthermore, we will check for many examples that the algebra of the

operators and the fusion rules are equal, but we haven't found a general proof of

this fact'.

Our results give constraints on the possible fusion rules of a RCFT, but also re-

strict the allowed representations of the modular group. By considering the behavior

of the characters under the transformation T —> r +1, we find for a given set of fusion

rules powerful restrictions on the the central charge and conformal dimensions.

In section 2 we describe the definition of the fusion rules of a RC^T. The rela-

tion with the modular properties of the characters is explainec1 in section 3. This

"in the meantime the proof has been completed, a1 ' will b discussed in the app Ux
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also contains a dimension formula for the number of generalized characters. In sec-

tion 4 we discuss several examples, in particular the rational gaussian models, the

SU(2)—WZW-models and the c < 1 unitary series. In section 5 it is shown that

the fusion rules give restrictions on the values of the central charge and conformal

dimensions. Finally, section 6 contains some concluding remarks.

4.2. The fusion rules

We start by reviewing some facts about the analytic structure of the partition- and

correlation- functions of a CFT on Riemann surfaces. Consider some unnormalized

correlator G of n primary fields on a genus g surface. This n-point function G de-

pends on the positions z = {z\,..,zn) of the fields and the moduli m = (mi, ..,m3s_3)

of the Riemann surface. Here (z, m) are a set of analytic coordinates on the moduli-

space A4Sin of a Riemann surface with n punctures. The correlator G(z,m,z, fn)

has a very nice analytic structure, namely it can be decomposed into the sum of

factorizable terms [1,2].

G(z,m,z,m) = ^ 7 7 ( z , m ) h 7 j Jfj(z,m) (4.1)

where Tj and Tj are the (anti-)analytic building blocks of the correlation function

and hjj is an hermitean metric. For the case g=l and n=0 this equation gives the

decomposition of the partition function in terms of characters. The correlator G and

the blocks Ti depend on the representations of the primary fields at the punctures,

but this is suppressed in the notation.

The Tj have in general non-trivial monodromy and modular properties, but the

full correlation function G should of course be single-valued and modular invariant.

This gives constraints on the metric hj^ and in particular for the genus one partition

function one finds restrictions on the operator content of the CFT. In the remainder

of this paper we will only consider one chiral half of CFT. Issues like modular

invariance and crossing symmetry are not discussed, although the monodromy and

the modular properties of the blocks Tj will play an important role.
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For a rational CFT we can give a more detailed description of the J-\. Con-

sider some RCFT with N primary operators <j>{ (i — 0 , . . . , N — 1), corresponding to

irreducible representations [fa] of some chiral algebra. This algebra could be super-

conformal [8], affine [9,10] and parafermionic [11], but there are many other possible

algebras. Since we are only interested one chiral half of the RCFT, say the left,

we don't bother to write an index for the representations of the right algebra. The

label i=0 is used for the representation [1] containing the identity, and a multiplet

of primary fields in the same [<j>i\ will be denoted collectively by </>,. In this letter

only algebras generated by operators with integer conformal spin are considered.

We believe that this is not a restriction on the RCFT but only on what we call its

symmetry algebra.

An important property of the representations [4>i\ is the appearance of null states.

In combination with the Ward identities of the chiral symmetry algebra they lead

to a set of partial differential equations for the correlation functions of the primary

fields [1], These PDE involve derivatives with respect to the coordinates z and also

w.r.t. the moduli m [12]. The T\ are the analytic solutions to these PDE's, or to

be precise they form a basis for the vector space of analytic solutions.

From the viewpoint of RCFT there are only a few natural choices for this basis.

Because one can obtain any punctured Riemann surface by sewing 3-punctured

spheres, a complete basis of analytic blocks Ti can be constructed by sewing three-

point functions (cf. [13]). We can represent this sewing operation schematically by a

g-loop Feynman diagram for a y>3-theory, in which each propagator represents a sum

over all states in one of the representation [^]. At the vertices the representations

[&]>[&] a nd i^k) of the three propagators have to be fused together using a three

point function (<j>i<j)j(f)k). In order to decide whether a block Tj can indeed be

constructed in this way, we need to know the fusion rules, telling us not only when

but also in how many ways three representations can be joined. The basis of Ti one

obtains for a given <,p3-diagram is unique upto phases. This implies that modular

transformations which do not change the y>3-diagram are necessarily represented by

phases.

Before we give a precise definition of the fusion rules, we note that everything we
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discussed can be formulated in the language of vector bundles. Because the analytic

blocks Ti have a non-trivial behavior under modular tranformations, they should in

fact not be considered as functions but as the holomorphic sections of a vectorbundle

Vg^n over the moduli space Mg,n of the n-punctured surface. The bundle V9:n is

uniquely characterized by the fact that its holomorphic sections satisfy the PDE,

and is for a RCFT (by definition) finite dimensional [5], It has several components

which are distinguished by the representations of the fields at the punctures.

Now let us describe the definition of the fusion rules. Consider the components

Voil;r/t of the bundle Vb,3 corresponding to the sphere with the fields </>,, <f>j and cf>k at

the three punctures. Let the integers N^k be the dimensions of the bundles Vo,tJ/t-

We define the fusion rules in terms of these N^k as the formal product rule

&x^- = £ ; / (4.2)
k

where the integers Nijk are related to N^k by using one conjungation matrix C:J =

Nijo as a metric to raise the index k, These N{jk can be interpreted as multiplicities

counting the number of independent fusion paths from (j>i and <f>j to 4>k In this respect

the fusion rui. j are very analogous to the rules for decomposing tensor products of

representations of groups. However we want to stress that (4.2) has nothing to do

with the decomposition of [<̂><] ® [4>j], because taking tensor products changes the

central extension of the chiral algebra.

To determine the fusion rules in practice one has to analyse the three point

function (<£;</>j<̂ ), or equivalently the operator product expansion of two primary

fields <j>i and </>j. In a similar way as has been done for the Virasoro [1] and Kac-

Moody [10] algebras one can use the PDE's to find restrictions on the three-point

function and, at least in principle, determine which representations occur in the

OPE of two primary fields.(Note that, since there are no moduli z and m associated

with the 3-punctured sphere, the PDE must become algebraic.)

Let us return to the analytic blocks fj for an arbitrary surface. For a given set

of external primary fields the number of Tj {— dim Vg<n) can be computed by using

the if3- diagram and counting the number of ways the representations can be fused
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together. In this way one gets the following set of "Feynman-rules". One writes for

each vertex a factor jV,j/t, and contracts the indices as indicated by the propagators.

The result is equal to dimV î71 and should be independent of the way the spheres

are sewn together, i.e. of the choice for the 9?3-diagram. It is easy to see that it

is sufficient to check this for the conformal blocks for the four-point function. This

gives the following condition on the multiplicities Nij^.

(4.3)

A important consequence of this relation is that the fusion rules (4.2) are associative

and can be interpreted as an algebra of linear operators <f>i. Furthermore it implies

that the matrices (Ni)jk form a representation of this algebra. Because the matrices

N; are symmetric and mutually commuting, they can be simultaneously diagonal-

ized. Their eigenvalues form the N one-dimensional representations of the fusion

rules. These will play an important role in the next sections.

The fusion rules (4.2) don't seem to give any information about the central charge

and the conformal dimensions hi of the primary fields fa. It is even possible that

different CFT's have the same fusion rules. However, we will show in this paper that

a given set of fusion rules can only occur for a countable number of c- and h-values.

This fact will be a consequence of the relation between the fusion rules and modular

transformations, which we are about to discuss. In the following we will mainly

restrict our attention to the genus one case, although many of the presented ideas

can be generalized to higher genus.

4.3 Relation with modular transformations

Let us consider the characters \i °f the chiral symmetry algebra. To describe their

definition we choose two oriented cycles a and b on the torus. The b-cycle indicates

the direction of the time evolution, which is generated by /-o, while the cycle a con-

nects points of equal time. The character x> ls denned as the trace of the evolution
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operator over the representation [<̂ ,]:

where q = e2mT and e = —c/24, and r is the modular parameter of the torus.

The moduli space A4i of genus one surfaces is obtained from the upper half of the

complex plane by dividing out the action of the modular group generated by T : T ^

T •+• 1 and S : r —• — 1/r. For chiral algebras generated by operators with integer

conformal spin the characters \> transform in a finite dimensional representation

of the modular group and form a basis of the holomorphic sections of the vector

bundle Vi over M\ [2]. For other algebras one has to specify boundary conditions

and consequently has to consider coverings of the moduli space. For example the

characters of the superconformal algebra are naturally defined on the spin-covering

oiMi.

The behavior under T : r —> r + 1 depends only on the central charge c and the

conformal dimension hi of the primary field <j>i. It follows directly from its definition

(4.4) that Xi transforms as:

T: Xi —^e2^h'+^Xi (4-5)

The behavior of Xi under S : T —* —1/r gives additional information about the

CFT. On the characters this modular transformation is represented by a unitary

matrix which is also denoted by 5:

5 : X.' — » I > J X i (4-6)
j

Using the fact that under r —y —1/r the cycles a and b are mapped onto —b resp.

a one sees that S2 inverts the time direction and consequently transforms x> into

the character of x* the conjugate representation. So in general the matrix S will

satisfy S2 = C, and only when all representations are real one has S2 = 1.

We now like to show that there is a connection between the unitary matrix S



and the fusion rules of the primary fields. The basic idea is to use the primary fields

to manipulate the characters and then compare the situation before and after the

modular transformation. First consider the character Xo of the representation [1] of

.he identity. We can obtain the other characters Xi from xo in the following way.

We insert the identity operator inside the trace (4.4) and rewrite it as the OPE of

the primary field 4>> a n d its conjugate field. Next we move <f>i along the b—cycle and

then after it has gone round once we let the two fields annihilate again. As a result

the trace is no longer over the representation*!/] but over [</>i]. To see this one can for

example map the torus on an annular region of the complex plane |̂ r| = < z < \q\~*

and pinch the a-cycle i.e. send q —> 0. In this picture the field fa is moved from oo

to the origin and thus changes the representation. We conclude that this operation,

which will be denoted by ^,(b), indeed transforms \o into \<-

(4-7)

What happens when we apply the same procedure to some other character Xj?

Using the same picture we see that in this case, when we move 4n to the origin,

we have to take the operator product with the primary field at the origin, which

is 4>j- Thus again the representation [<f>j\ over which the trace is taken will change,

namely precisely according to the fusion rules. So we find that under the operation

<f>i{b) a character Xj will in general transform into a linear combination of several

characters:

&(b)Xi = £ V x * (4.8)
k

where Aijk are some coefficients which are only non-zero if the three-point function

{<f>i(f>j(j)k) is non-vanishing, i.e. if N{jk ^ 0.

One can show that the operators <#,(b) mutually commute and as a consequence

the coefficients Aik have the following properties.

At* = A/ (4.9)

£>Mim = E V V (4.10)
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Using (4.10) one finds that the operators <̂ >,(b) satisfy the following associative

algebra:

^•(b)0>(b) = ^ A y
f c ^ ( b ) (4.H)

k

This algebra is very reminiscent of the fusion rules (4.2), and eventually we would

like to show that both algebras (4.2) and (4.11) are indeed the same.

The manipulation described above can be performed for any cycle on the torus.

In particular it is interesting to consider what happens when we transport <̂ , along

the a- instead of the b-cycle. One can easily convince oneself that in this case,

because the a-cycle consists of points with equal time, the representation [</>j] does

not change. In other words the characters \j a r e eigenstates of the operators < ,̂(a).

^(a)xi = A}j)Xi (4.12)

These eigenvalues A,- are real or complex numbers, not necessarily phases. The

operators &(a) will satisfy the same algebra (4.11) as <fo(b). This gives the following

multiplication rule for the eigenvalues A,-

(4.13)

Our description of the operators <&(a) and < ,̂(b) has been quite intuitive. It is

possible to analyse the different manipulations more carefully. In fact one finds that

in (4.7) there is in general a factor different from one in front xo- But, because the

<f>i(b) act as linear operators, we can normalize them so that (4.7) holds. In this

way we can express the coefficients Aijk in terms of the monodromy properties of

the conformal blocks of the four-point function. The resulting expression is however

rather unpleasant and doesn't seem to be very useful.

Fortunately, there is another way to get information about the coefficients,

namely by considering the role of the modular transformation S. This transfor-

mation interchanges the cycles a and b and hence also the operators <j>i(a.) and
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4>i(b). In particular the transformed characters (4.6) become eigenstates of 4>,(b).

Thus we arrive at the important conclusion that the unitary matrix S^ diagonalizes

the coefficients Aijk. This gives, by combining (4.6),(4.8) and (4.12) the following

identity:

V = E5iBA|B)5i* (4.14)
n

Note that the r.h.s. indeed satisfies the property (4.10). By using in addition to

(4.14) the fact that Aioh = 6* we can also express the eigenvalues A* in terms of

the entries of the matrix 5,n

A|n) = 5,"/5o" (4.15)

Together with (4.14) this allows us to compute the coefficients A^k if we know the

matrix S. In this way we have calculated the coefficients Aijk for many rational

CFT's for which the modular properties are known, and for all of them we have

found indeed found that:

Aijk = Nijk (4.16)

We conjecture that this is true for every RCFT, but a proof of this fact requires a

better understanding of the operators <f>i(b). We have shown that the coefficients

A^k have the same properties (4.9) and (4.10) as the multiplicities N^k. Furthermore

we know that Aijk = 0 iff N^k = 0 and that Aij0 — Nij0 , but all this is not

sufficient to prove our conjecture. Note that (4.16) implies the algebra (4.11) of

these operators has precisely the same form as the fusion rules (4.2) In particular it

allows us to rephrase (4.14) in a more notation-independent statement:

The modular transformation S : r —> — 1/r diagonalizes the fusion rules!

This is, in words, the main result of this paper. In an attempt to convince the reader,

that our conjecture is correct we will in the next section discuss several examples.

But first we like to mention one consequence concerning the number of general-

ized characters (=dimV^). For those RCFT's for which (4.16) holds (as we will see
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this includes many of the known models) we can use the result (4.14-4.15) to give

an very simple expression for the dimension of Vg, in terms of the entries Sno of the

matrix 5. Following the recipe of the preceding section we represent the surface by

a g-loop <^3-diagram, write a factor /V,-̂  for each vertex and contract all indices. By

choosing a convenient t^3-diagram we can write the result as a trace

(4.17)

which can be evaluated in terms of the eigenvalues A- of the matrices (A1,)/".

Finally one uses (4.15) and S2 = C to obtain the following expresssion for the

dimension of the vectorbundle Vg

d\mV9= Y,\Sno\-2(g~l) (4-18)

It is an amusing excercise to check that the r.h.s. gives integer dimensions for the

RCFT's for which the unitary matrix S is known. For example, for the Ising model

one recovers the familiar result dim Vj3™9 = 29~1(2S + 1) = the number of even

spin structures on a genus g Riemann surface [2].

4.4 Some examples

In this section we will illustrate the presented ideas with some concrete examples

and in particular we will check our conjecture (4.16). We explicitly work out the

c=l gaussian model, the 5£/(2)-WZW-models and the unitary series and we briefly

mention some other examples.

The simplest class of RCFT's are the rational gaussian models. They can be

described by a free scalar field ip which is compactified on a circle with a rational

value for the (radius)2. They have as symmetry algebra the //(l)-current algebra

extended with some chiral vertex -operator with conformal spin | N and momentum

(= f/(l)-charge) y/N (N is an even integer). There are TV primary fields [<j>p] being
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the vertex-operators with momentum J ^ with p £ Z/y. The fusion rules follow

directly from momentum-conservation:

</>„ x 4>v> = (/>p+p,, p,p'eZN (4.19)

For these models the operators < p̂(c) can be defined in a more precise way using the

operator formulation on Riemann surfaces. They can be expressed in terms of the

loop-momentum operators introduced in [6]; this is discussed in [7]. Their action on

the characters can be calculated by inserting the operator

(4.20)

into the trace (4.4). (Note that this is not the zero mode of a vertex operator.) This

operator measures the momentum flux through the cycle c but at the same time

increases the flux through the cycles intersectiLo c. This is reflected in the relation:

(4.21)

The operators 4>p(a) and <j>p{b) act on the characters \ p precisely in the way we

expect when we apply the results of the preceding section to this case.

= XP+P- (4.22)

The operator < P̂(b) shifts the momentum and according to (4.14) has to be diago-

nalized by modular transformation S. This implies that S should act as a Fourier

transformation on the characters xP-

(4.23)

Note that S2 maps \p onto \-p a n d s o °nly for N — 2 the modular transformation '" •

S has order two. The genus one (and higher genus) characters can be expressed in
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terms of theta-functions with known modular properties agreeing with (4.23). For

the gaussian models this method can be generalized to arbitrary genus. The analysis

for these models is rather easy in comparison with other CFT's because according to

(4.19) the OPE of two primary field contains only one representation. In a general

CFT this is usually not the case, as we can see in the next (less trivial) example:

the 5(/(2)fc-WZW-moc!els for arbitrary k.

The field content of these models is organized by the Kac-Moody algebra SU(2)k-

Gepner and Witten [10] showed that 5 (7(2)* has k+1 integrable representations [<f>i],

namely the ones with SU(2)-isospin £ < | . By making use of the null slates in these

representations they found the following fusion rules

where j • — \l — l'\ is an even integer.

Using the Weyl-Kac character formula one can express the afline SU(2)il- charac-

ters \i in theta functions. However, as we will now show, one can derive the behavior

of the characters under 5 : r —> — 1/r without needing these explicit expressions.

The first step is to determine the numbers A) which, assuming (4.16) is correct,

have to satisfy an algebra of the same form as the fusion rules (4.24). To find these

numbers we only need th« finite Weyl-character formula for the group SU(2). The

Weyl-character chi(0) of the isospin ~ representation of SU(2), not to be confused

with the affine 5rf/(2)jc-character \i, is defined by:

chtf) = E e*» = ™V±p° (4.25)
m=-l S l n t /

with m+l=even. The product of two Weyl-characters can be decomposed into a

sum of Weyl-characters

l+l'

chi(e)ch,,{9) = E chj[9) (4.26)
i=V-f\
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which is nothing but the well-known Clebsch-Gordan formula.

This multiplication rule is almost what we want to have for the numbers A;,

only in (4.24) the sum is over a subset and is truncated below k+l. This can be

achieved by choosing the variable 6 such that chk+i(0) = 0, which has precisely k+l

independent solutions, 9 = fQft, n = 0, . . . , k corresponding to the k+l integrable

representations [4>n]- So we get:

A<(n) = chi ( r r f ) • (4-27)

By repeatedly multiplying the equation chk+i(d) = 0 by cht=i(0) and using (4.26)

one finds that chk+i+i{0) = — chh+i-iiO) for 0 = f̂ *"- Using this relation it is easily

verified that the eigenvalues A, have indeed the correct multiplication rule (4.24).

Finally to find the behavior of the affine characters \j under r - » - l / r w e use

(4.15), which determines the unitary matrix Sin upto a sign. We obtain the following

expression

which is in agreement witli the modular behavior of the explicit expressions for the

St/(2)A-characters [10].

We briefly discuss the WZW-models for an arbitrary Lie group G. Also for these

theories the modular properties of the characters are known. Using the expressions

for the unitary matrix S given in [10] we can compute the numbers AJ and find

that also in this case they are equal to the finite Weyl characters of G, evaluated

for some special elements of the dual Cartan subalgebra. The Weyl-characters have

similar multiplication rules as (4.26) with integer multiplicities, which supports our

conjecture (4.16).

Now let us consider the unitary series of the Virasoro algebra. For c=l — .J^+1,

(m — 3,4,...) , the Virasoro algebra has ^m(rn — 1) unitary representations \4>pq),

where p=l,..,m-l , q=l,..,m and /H-<7=even [14]. The corresponding primary fields
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f>vq have conformal dimension:

4m(m + 1)

We will compute the eigenvalues \^'q^ starting from the modular properties of the

characters, and verify whether their multiplication rules agree with the known fusion

rules.

The representation theory of these models is related to that of the S£/(2)-WZW-

models by the GKO-coset-construction [15]. By considering the branching of the

representations of SU(2)1 x SU(2)m^2 w.r.t. the diagonal embedding of S(/(2)m_i

one finds the unitary representations 4>pq of the Virasoro-algebra

m

l^oli ® [̂ p—l] ~ / [̂ P<j] ® [̂ 9—l]
9=1

p+?=even
m

[^ijj ® [4>m-p-l\m_2 ~ E l̂ P»l ® [^m-g]m_] (4.30)
p+q=even

For the characters one gets of course the same decomposition [15]. Then by con-

sidering the modular behavior of both sides one can express the matrix S for the

Virasoro-characters Xpq m terms of the matrix S (4.28) for the 5f/(2),t-cha.racters

[4], The eigenvalues A can be obtained using (4.15) and are equal to the product of

two SU{2) Wevl-characters

Finally applying (4.26) gives the fusion rules for the primary fields (j>pq of the unitary

c <1 models:

min(p+p'-l,2m-p-p'-l) min(q+q'-l,2m-q-q'+l)

<£P,X<W= E E 4>» (4-32)
S=\q-q'\+l

where r and s are even (odd) when p + p' and q + q' are odd (even), respectively.

These are indeed the truncated fusion rules for minimal models [1,4]
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Recently it has become clear that the c < 1 unitary series are just special cases

of a much larger class of discrete series, which are obtained by generalizing the

GKO-construction to other G/H cosets [1.6]. This is reflected in the modular prop-

erties of the characters and consequently also in the fusion rules. We expect that,

similarly as for the discrete series, the eigenvalues A can again be expressed in the

Weyl- characters of G and H, and hence have a multiplication rule with integer

multiplicities. The only class of solvable CFT's we have not yet considered are the

orbifold models [17]. One obtains a rational orbifold model by starting with some

RCFT and dividing out a discrete symmetry of the model. The generators of this

discrete group can act as inner- or as outer-automorphisms on the representations

<f>i of the original model. So to give a systematic analysis for orbifold models one

has to distinguish several cases. Work in this direction is in progress [18], and seems

to indicate that also for orbifold models (4.16) is correct.

4.5 Restrictions on the values of c and h

Encouraged by the previous examples we will now assume that for every RCFT

Aijk = Nijk and study what the applications and implications are. In particular we

discuss how this fact might help in a possible classification of rational CFT's. One

starts by considering the possible fusion rules for a RCFT with N primary fields.

There are some conditions on the allowed fusion rules: each representation must have

precisely one conjugate representation and secondly they have to be associative.

Next one uses the relation with the modular transformations to find restrictions

on the central charge c and the conformal dimensions hi of the primary fields. Given

a set of fusion rules we can by reversing the argumentation of section 3 try to find

the modular behavior of the characters. First we determine the eigenvalues A; and

subsequently the unitary matrices 5 diagonalizing the fusion rules. Unfortuna

S is not completely determined by (4.15), because in general we don't know the

precise correspondence between the eigenvalues Â  and the characters Xn- This is

partially resolved by the requirement that, since S describes the modular behavior

under r —• — 1/r, its square has to map each representation onto its conjugate, i.e.
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S2 = C. Some of the fusion rules one started with are eliminated by this condition,

but foi the remaining cases there are possibly several matrices 5 with the right

properties.

The relations we gave for the matrix S leaves its sign still undetermined. There is

however a way to fix this sign, which is based on the following observation. Because

the transformation T —> —1/T has a fixed point r = i, we know that

(4-33)

From the definition (4.4) of the characters one easily sees that \j{i) is real and

positive for ail j . So the matrix 5 should have an eigenvector with eigenvalue 1 and

with positive real components. Since there are no other eigenvectors with the same

property, this indeed fixes the sign of S.

The final step is to consider the behavior of the characters under T —> r + 1

as given in (4.5) and impose the condition that they form a representation of the

modular group, i.e. that (ST)3 = 1. By r.Hinting the number of equations one sees

that the eigenvalues e
2jr>('l>+£) of T are in fact overdetermined. This means that, if

we want have solutions to (ST)3 = 1, the matrix S must have extra symmetries.

For those cases one finds in general only a countable set of allowed c- and A-values,

but sometimes some of these quantities remain unrestriced.

Let us make some speculative remarks on why we may expect to find rational

values for c and /it. The numbers \\ are for all known examples given by a polyno-

mial with integer coefficients in some primitive root of unity £. Because the unitary

matrix S is related to these numbers one can expect that the conditions (ST)3 — 1

restricts the eigenvalues g '̂C't+O of T to certain powers of (. This clearly gives

rational c- and h-values.

We illustrate the above program with the simplest cases. First of all if there

are no other primary operators than the identity, the representation must be one-

dimensional. For this case S = 1 and one finds for the central charge:

c=0(mod8) (4.34)
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Examples are the k=l WZW-modcls on the famous groups Es and 5pni(32)/Z2.

In the next case we have in addition to the identity one primary field <j>, with

conformal dimension h. Since <f> is necessarily conjugate to itself the possible fusion

rules are:

4>x<j>= 1 +n<t> (4.35)

These fusion rules are associative for all values of n. The eigenvalues A of <f> are the

solutions of the quadratic equation A2 = 1 + n\. The matrices 5 and T are of the

form:

T — <r>2lrlt I 1 (4 ?7\
1 = e

 n p2*ih (4-5 (j

with sinO > 0. The requirement that S diagonalizes the fusion rules (4.35) yields

the relation tan# = A. The condition (ST)3 = 1 is easily worked out, and gives for

c and h the following equations:

\2h-c = 2 (mod 8)

COS2TT6 = --nX (4.38)

We find that the value of the central charge is only determined upto multiples of 8.

This can be understood as follows. If one takes the tensor product of a RCFT with

the ^8-rnodel the central charge c is increased with 8, but the conformal dimension

h and the fusion rules are not changed.

Now let us give some examples of RCFT's with two primary fields. For the

case n=0 we have found as examples the k—l WZW-models on the group manifolds

of 51/(2) and E7, which have (c,h) = (1,1) resp. (7, | ) . Note that SU(2)k=1 is

equivalent to one of the rational gaussian models discussed in section 4, namely

for N = 2 in (4.19). In fact one can show with this method that any CFT with

fusion rules of the gaussian type (4.19) for arbitrary N must have an integer c-
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value. This suggests that such models can always be represented by free scalar

fields, compactified on some torus.

The condition (4.38) gives for the case n=\ as allowed values for the conformal

dimension of </>: h = ± ^ , ± | (modi). Again there are some k=l WZW-models

which fit the description, in this case on the non-simply laced groups Gi and F4.

For these models (c, h) = (y , §) resp. (y, | ) . Also one of the non-unitary minimal

models has all the right properties it has (c,h) = ( — — , —|) and describes the Lee-

Yang singularity. We like to mention that the representation of the modular group

for both cases n — 0 and n = 1 is finite. The transformations S and T act on the

ratio of the two characters z = XilXo a s fractional linear 5/(2, C) transformations,

which by identifying the complex plane with the two-sphere generate precisely the

symmetry groups of the octa- resp. icosahedron [4]. For multiplicities n > 2 the

relations (4.38) don't seem to give very nice c- and /(-values, and we don't know

of any RCFT corresponding to one of these cases. We expect that for some reason

multiplicities n > 2 are not allowed for RCFT's with two primary fields.

Finally we briefly discuss some CFT's with two non-trivial primary fields <j>\ and

<j>2. We only consider fusion rules with multiplicities Nijk < 1. The two fields <f>i

and $2 can be either conjugate to each other or to themselves. In the first case we

find that the fusion rules are necessarily of the gaussian type (4.19) with N — 3.

Examples are the k=l SU(3) and E6 WZW-models.

The Ising model is a well-known example of the second possibility. It is the first

model in the discrete series and corresponds to the case m=3 in (4.32). In a more

conventional notation the two non-trivial primary fields of the Ising model are a spin

field a and a majorana fermion rj> with h=^ resp. \. The fusion rules are

a x a = 1 + t/>

tp x y = ; (4.39)

cr x i{> = a

In fact, these are the same fusion rules as those for the SU(2):-2 and S0(2m-, l)*=i

WZW-models. All these models can be described by an odd 1 n. !^er of real fermions

with correlated spin structures. The matrix S is also fh<? same 1'or all models. The
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condition (ST)3 = 1 gives in this case only two equations for the central charge c

and the conformal dimensions hi and h2: hi = | and h.2 = \ (again mod 1). For

all examples the central charge is half-integer, but to prove that these are the only

allowed values one probably has to consider the modular behavior of the genus two

(or higher) characters.

The constraints of associativity combined with S2 — 1 allows only one other set

of fusion rules for a CFT with three primary fields and N ^ < 1. They are given

by:

4>l X (f>i = 1 + <f>2

(f>2X(f>2 = / + <t>i + fa (4.40)

Also in this case the eigenvalues of <j>\ and fa are elements of a cyclotomic field. We

find: Xi = -C - C"1 and A2 = 1 + (? + C~2 with C7 = 1- The relation (ST)3 = 1

permits the existence of a CFT with these fusion rules for c equal to any multiple

of | , except multiples of 4, but we have only found an example for c = — y , namely

one of the non-unitary minimal models.

4.6 Conclusion

The connection we have found between the fusion rules and the modular behavior of

a RCFT can be summarized by the statement that the transformation S : r —> — 1/r

diagonalizes the fusion rules. We have given an intuitive derivation of this result,

but in particular a proof of the fact that the coefficients Aijk are equal to the

multiplicities Nijk is still lacking. It is very likely that we have to use some extra

ingredients, for example the fact that the characters have a ̂ -expansion with integer

coefficients, or some other special property of the characters.

Another interesting question is, whether the method of section 3 can be gener-

alized to surfaces with higher genus or with punctures. In particular, one would

like to know if the fusion rules contain suffi'^nt information about the RCFT to
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determine the monodromy of the conformal blocks, or the modular behavior of the

generalized characters. If such a generalization to other topologies exists, it would

undoubtedly give new restrictions on the central charge, the conformal dimensions

and the fusion rules.

In this paper we have only considered RCFT's. The reason for this is more of a

practical nature than a matter of principle. Most of the quantities we worked with

can also be defined for CFT's with an infinite number of primary fields. There is no

reason why it shouldn't be possible to generalize the relation between fusion rules

and modular transformations to those CFT's. From the viewpoint of string theory

it is particularly interesting to see what this implies for models with a space-time

interpretation.

Appendix

In this appendix we explain the proof of the conjecture (4.16). As discussed in section

4.2, we can label the chiral blocks of the correlation functions by <^3-diagrains, with

propagators:

{ (4.41)

and vertices

(4.42)

where we have denoted the type of coupling by the index a — 1 , . . . , /V;jfc. Now let

us examine the definition of the operators <j>(c) described in section 4.3 somewhat

closer. In order to avoid proliferation of indices we concentrate on one coefficient

Nijk for fixed i,j, k. Also, for convenience, we restrict to self-conjugate fields, but the

proof is easily generalized to include complex representations. The operator 0,-(b) is

denned as a sequence of manipulations on the chiral blocks of the two-point function
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on the torus. By representing the blocks as ^-diagrams these manipulations can

be depicted as follows

i i

A B (4.43)

i i

where the normalization constant C is determined by (4.7). (Note that the first and

the last diagram represent different markings of the two-punctured torus.) The fact

that the operations A and B involve only a part of the (^-diagram, allows us to

give a realization of the operator (j>i{h) in terms of duality properties of four-point

functions. We introduce coefficients Aa0, Ba0 and C defined by the following duality

transformations

(4.44)

B Bn

C: C

(4.45)

(4.46)

where, a, f3 — l,..,Njjk label the possible couplings of i,j,k. These coefficients

depend of course on i , j , k but this is suppressed in the notation. The dots represent

terms involving other representations and are not important for us. These terms

are dropped in (4.43) and, consequently, the manipulations A, B and C are not
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invertible. From (4.43) we see that, in order to prove (4.8), we have to show that:

a,0=1
(4.47)

The fact that the l.h.s. gives an explicit realization of the operation <f>i{b) was noted

independently by other groups [19,20]. At first sight we don't seem to have gained

much, because in general we don't know what the A, B and C coefficients are.

However, as Moore and Seiberg showed [19], one doesn't have to know the precise

values of these coefficients to derive (4.47). They discovered that a special case of

the socalled 'pentagon' identity relates A, B and C and precisely does the job. We

will present here a slightly modified version of their proof.

Since for our purpose we don't need the most general case of the pentagon

identity, we will apply it directly to a special situation. We consider a sequence

of 5 manipulations on the chiral blocks of the 3-point function on the torus, with

external representations i, j and k. We have represented them diagrammatically in

the following figure.

id
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In seme diagrams one of the internal representations corresponds to the identity

operator. As a result, two of the manipulations are trivial, i.e. they act as the

identity map on the chiral blocks. The other three operations are precisely the

ones we are interested in, namely A, B and C. The direction in which they act is

indicated in the figure. Now we observe that there are two ways to get from the

top of the pentagon to one of the bottom corners, say the left. One is by applying

A and B, and the other involves C. The pentagon identity is obtained by requiring

that the coefficient one picks up is the same for both choices. It gives the following

relation:

Nilk

£ A°0B«0 = C (4-48)
0=1

Note that the unlabelled vertex of type (ijk) in the diagram gives rise to the summa-

tion over /?, while there is no sum over the coupling a. Furthermore C is independent

of a, so by summing over this coupling a = 1,.., A',^ and dividing by C, one derives

the desired result (4.47). This concludes our proof of the relations (4.15-9).
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CHAPTER 5

Strings and Point Particles

In conventional field theory amplitudes are usually calculated using the familiar

Feynman rules. The method we have used for computing string amplitudes is quite

different. However, in this chapter we want to show that the final expressions we

have obtained have many similar features as the amplitudes for point particles. The

basic string interaction is the splitting and joining of strings, and therefore, the

'string diagrams' look like the Feynman diagrams of scalar y^-theory. And indeed

we will find that the parametric representation of the loop amplitudes for ̂ -theory,

bares a close resemblance to the string result. In particular, the moduli parameters

play an analogous role as the Schwinger parameters. Furthermore, we will argue

that also in curved backgrounds string and point particle amplitudes are similar.

Finally, we make some remarks about the role of the modular group.

5.1 Comparison with <^3-theory

We consider a spinless point particle with mass m, which interacts by joining and

splitting. In relativistic quantum field theory such a particle is described by a scalar

field f(x), with lagrangian

(5-1)

where the cubic term describes the joining-spitting interaction. The scattering am-

plitudes can be calculated following standard pertubation theory. The different

contributions are represented by Feynman diagrams.

We now like to illustrate that the parametric representation of the one-loop

amplitude for this 93-theory looks very similar as the expressions (3.11-3.13) for



the tachyon multi-loop amplitudes. Let us consider the following 1PI (one particle

irreducible) one-loop diagram for rc-particle scattering.

where i t j , . . . , kn are the external momenta of the n particles. Applying the familiar

Feynman rules one gets for the contribution of this diagram

where

Pi =P + J2kj
3<i

is the momentum of the propagator connecting the ith to the (i+1 )st interaction point

and p = pn is the loop momentum, over which is integrated. The delta-function

for momentum conservation is implicit.

Let us now rewrite the expression (5.2) by introducing Schwinger parameters T,.

We use the following integral representation of the propagators

\ 2 /*too
— _ _ = _ / rfTj
pf + ml -|- it VK Jo

m2). (5.3)

Note that the integral is over the positive imaginary axis, which is in accordance with

the ie-presciption. The Schwinger parameter r,- can be interpreted as the difference

in proper time between the ith to the (i + l) i ( interaction point.

Next we introduce the new variables

= Zn.
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Then in terms of these variables the 1PI contribution to the one-loop amplitude can

be written as follows

(5.4)

where
e2"iz for z > 0

and where we dropped a constant prefactor.

At this point we ask the reader to compare this paramatric representation for

G(k\,..., kn) with our result (3.11-3.13) for the string multi-loop amplitude and

notice the close resemblance between the two expressions. This fact is partly clarified

by the observation that the point-particle amplitude G can also be represented as a

functional integral over the coordinates x**

(?(&!,...,*„) = JdrY[dziJ[dx't]exp(-S[x't]) TTe'^X*''. (5.5)

Here the fields 2^(3) are defined on a circle with circumference 2irir and the action

S[x"} is given by

5[i"] = Jds {{x»)~ + m2}. (5.6)

An important observation is that, just as for strings, the coordinate x^ is described

by a free action. Therefore, by applying Wick's theorem, it is clear that we get

similar results. For other extended objects, like membranes, we can not expect to

get such a simple amplitude, because it is not possible to rewrite the 'world-volume'

as a free action for the coordinates x*.

Finally, note that the expression (5.4) gives just the one-loop amplitude , while

the string result (3.11) is valid for any genus. In fact, it is not easy to write a multi-

loop amplitude for <^3-theory in such a simple way, also, because there are many

y33-diagrams that contribute. We come back to this point below.
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3.2 Strings and point particles in curved backgrounds

At first one thinks that the similarity between strings and point particles holds only

in flat space time. However we now want to use our results of the preceding chapter

to argue that also in curved backgrounds there is a connection between string and

point particle amplitudes.

Let us consider the Feynman rules for point particle ^-theory in a curved space-

time. So, we replace the Minkowski metric ^ by a nontrivial background metric

9nv{x>1)- The lagrangian density for >t>{x) is then given by

±C = -\g^d^dv^ - imV + If3- (5-7)

In flat space-time the Feynman rules are usually formulated in momentum space.

Similarly, it is in this case convenient to introduce the eigen modes < ,̂(a;'1) of the

covariant Klein-Gordon operator (or scalar laplacian in an euclidean space)

Vff

and expand the scalar field <p(x) in these modes. Then, by substituting this expan-

sion into the action and we can determine the Feynman rules.

Using the fact the eigen modes fa are orthonormal, one finds that the propagator

is diagonal on the basis fa. In its representation as an integral over the Schwinger

parameter r, the propagator is given by

1 f*00

A, = — / drexpiirrfa + m2). (5.9)
l~K Jo

To obtain the vertices we insert the expansion of f{x) in terms of the modes <f>i(x)

into the cubic term of the action. In this way we find that the coupling Xriijk between
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the three modes fa, <f>j and <t>k is given by the triple overlap integral

i

\ j . : nijk = Jd4xyjg(x)(j>i(x)(f>j(x)<l>k(x). (5.10)

There is another equivalently characterization of these coefficients. Since the modes

form a complete set of functions the product of two <̂>'s can again be decomposed in

to a linear combination of them. Thus the fa's form a closed multiplication algebra

of the form

By applying these Feynman rules it is now straightforward to give the parametric

representation for the ^-amplitudes.

Next let us consider the string in a nontrivial background. As mentioned before,

string amplitudes in curved backgrounds can, after gauge fixing, be expressed in

terms of the correlation functions of a two-dimensional CFT. Symbolically,

~ _ y / ghost \ (
°String ~ Liuii [ part ) X {

correlation
functions

The ghost part is independent of the background, and gives just the Faddeev-Popov

determinant. For the following discussion we can ignore the ghost sector, since its

partition function factorizes trivially. The Hilbert space H of the CFT can, just as

in flat space, be decomposed into left moving sectors [fa] and right moving sectors.

The parameter i, that labels these sectors, is the generalization of the momentum

p. The decomposition of "H is reflected in the analytic structure of a string multi-

loop amplitude: the integrand on the moduli space is decomposed into analytic

and anti-analytic building blocks, that represent the contributions of the left and

right moving sectors of H in the various channels. In flat space-time this yields the

integral over loop momenta, and in this case we get an integral (or sum) over the

the various labels i for the different channels.
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To determine the 'Feynman rules' for this integral we can follow the argumenta-

tion of section 4.2. We represent the Riemann surface as a i/?3-diagram, and write

for each propagator an integral over the labels i. For each vertex we should include

a coefficient Nijk, as determined by the fusion algebra (4.2):

4>i X(j>j= Nijk<f>k. (5.13)

In flat space-time these coefficient N^k just give momentum conservation at the

vertices. Note that a Riemann surface can be represented by many y>3-diagrams,

but that the eventual answer for the amplitudes should be the same for all diagrams.

We now discuss the various similar features of the amplitudes for string and point

particles, and also point out some of the differences. First of all, the left moving

sectors [<̂ ,] of the string Hilbert space, should be compared with the eigen modes

4>i(x) of the scalar laplacian. Also the conformal dimensions A,- and the eigenvalue

of the laplacian <*< have the same role: both are equal to the (mass)2 of the string

or point particle mode, respectively.

The fusion algebra (5.13) is the string analogue of the multiplication rules (5.11)

for the eigen modes of the laplacian. Furthermore, for the coefficients TV,-.,* there is

an expression, similar to (5.10), that gives N^k in terms of the solutions <j>i{n) of

(5.13). It reads

Wi(n)&(")> (5-14)

where p(n) is determined by the 'closure' relation:

J2 <pi(n)<f>i(m) = - — - S ( n , m) , (5.15)
,• P\n)

and so, p(n) is analogous to Jg(x).

For point particles as well as for strings the amplitudes are given as an integral

over set of labels i corresponding to the propagators in a y>3-diagram. One important

distinction is that for point particles there are many different Feynman diagrams
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with a given number of loops, while for the string amplitudes there is only one

topology that contributes at each order in perturbation theory.

Both type of amplitudes allow a parametric representation: for point particles

as an integral over Schwinger parameters, and for strings as integral over the moduli

parameters. The number of parameters is the same in both cases: for a 5-loop

amplitude with n external states we need (3g —3+n) parameters, which are real (or

purely imaginary) for point particles and complex in the case, of strings. Finally, let

us give a symbolic expression for the amplitudes, indicating their generic structure.

The set of parameters i of all the different propagators collectively as P, and the

moduli or Schwinger parameters as r. Then, the amplitudes for point particles can

be written symbolically as:

GpaTticle= £ JdP Jdr W2(T; P), (5.16)
V?3 — diagrams

while the string amplitudes have the generic form

Gtring = JdP JdT<t?\W(T; P)f. (5.17)

So, roughly speaking, the string amplitudes are obtained from the point particle re-

sult by picking one >̂3 diagram, complexifying all Schwinger parameters, and taking

the absolute value squared of the integrand.

There is in fact an intuitive explanation for this resemblance. As already men-

tioned in the introduction, in the zero slope limit T —> oo strings start to be-

have as a point particles. In this limit the dominant contribution comes from Rie-

mann surfaces which really look like v?3-diagrams. These very singular surfaces have

(3</ — 3 + ra) pinched cycles, and correspond to the 'corners1 of moduli space, with

real (co-)dimension 3g — 3 + n. So, effectively, for T —> oo the modular parameters

become real r -» 7 (or purely imaginary), and the string amplitude breaks up into

many different point particle amplitudes. Therefore, since the other features are not

disturbed by this limit, we should expect similar expressions.

Finally, we discuss some issues related with the action of the modular group.
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The holomorphic blocks W(T; P) of the string amplitude have in general a nontrivial

behaviour under the modular group. The modular transformations act therefore in

the space of functions of the labels P. In particular, by considering the one-loop

vacuum amplitude, we find that the modular group of the torus should have a unitary

representation in the Hilbert space of a single point particle. As we have shown in

section 2.5 for flat space-time it is indeed possible to represent the modular group

on the momentum and coordinate operator />M and q11 of a single point particle. The

transformation

with a,b,c,d £ Z and ad—be = 1 is represented as:

V \ . (a b\(<f

The results of the preceding chapter, together with the remarks made above, show

that this observation generalizes to curved backgrounds.

In order to see what these facts could imply for string theory, let us review the

'old' derivation of the one-loop vacuum amplitude. In the operator approach the

string propagator is given by

A = ) - g(Lo-Io). (5.20)

where Lo is the Virasoro-operator, which in flat space-time starts with LQ — §p£ +

The one-loop vacuum amplitude is obtained from the propagator by taking the trace

over the Hilbert space Ti. Then, by introducing the Schwinger parameter and using

the integral representation of the delta function, one gets

GI-JOOP = trw(A) == Jdrdf t r^ (e*«Tioe-a«rZ,) , (5.21)

where the integral is over the upperhalf strip — \ <Rer < \ and Imr>0. Next, one
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notices that the integrand is invariant under the modular transformations (5.18).

And so, everyone says, in order to avoid multiple counting, the region of integration

should be restricted to a fundamental domain, for example by imposing the extra

condition \r\ > 1. However, this implies that the representation (5.21) of the one-

loop amplitude as a trace of the propagator is not correct. Since the naive trace over

H gives an infinite answer (even for superstrings), one expects that there is some

additional gauge invariance, or in other words, that the states in "H are over-counted

in (5.21). At this point our results may become useful. Namely, instead of changing

the region of integration for r, we can represent the modular group in the Hilbert

space fi, and define the trace only over a 'fundamental domain' of ft. In this way,

the one-loop amplitude can still be defined as a trace of the propagator.

Such a truncation of the Ililbert space would undoubtedly affect the space-time

interpretation of string theory. In fact, there are many other indications that strings

have a different image of space-time than point-particles. For example, as discussed

in chapter 2, a circle of radius R is from the view point of string theory equivalent to

a circle with radius (TR)~l. There exist several other examples of such equivalences

between a priori different spaces. We should therefore get a better understanding of

what is the invariant information about the structure of space-time, that is relevant

to strings.
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Samenvatting

In dit proefschrift worden verscheidene aspecten van stringtheorie bestudeerd. String-

theorie poogt de Natuur te beschrijven door alle elementaire deeltjes voor te stellen

als miniscule touwtjes (strings), die wisselwerken door samen te voegen of te split-

sen. Er zijn verschillende types strings: open en gesloten, bosonische en super-

symmetrische strings. Hiervan lijkt de theorie van gesloten supersymmetrische (of

super-)strings het meest veelbelovend. Met name zijn er aanwijzingen dat super-

stringtheorie een consistente quantummechanische beschrijving zal geven van alle

fundamentele krachten, met inbegrip van de zwaartekracht. Wij zullen ons in dit

proefschrift echter beperken tot de gesloten bosonische string. Deze is eenvoudiger te

beschrijven dan superstrings en daarom ook gemakkelijker te bestuderen. De meeste

van de verkregen resultaten kunnen worden gegeneraliseerd naar superstringtheorie.

De baan, die een gesloten string in de tijd beschrijft, bestaat uit een cilinder-

vormig oppervlak, dat de beginpositie van de string met zijn uiteindelijke positie

verbind. Echter, als er in de tussentijd wisselwerkingen plaatsvinden, zal dit op-

pervlak een geheel andere vorm hebben, en kan in het bijzonder gesloten lussen

hebben. In dit proefschrift worden de quantummechanische verstrooiingsampli-

tudes van strings bestudeert. Een van de methodes om verstrooiingsamplitudes te

berekenen is door te sommeren over al de mogelijke oppervlakken die de inkomende

en uitgaande strings verbinden. Hierbij wordt gebruik gemaakt van de defini-

tie die Polyakov voor deze som heeft gegeven, namelijk als een functionele inte-

graal over de coördinaten en de metriek op het oppervlak. Na een procedure,

die nodig is om de herparametrisatieinvariantie vast te leggen, worden de string

amplitudes uitgedrukt in correlatiefunkties van zogenaamde vertexoperatoren. De

stringroördinaten worden beschreven door vrije scalaire velden, en bovendien zijn er

een aantal spookvelden, die nodig zijn om de niet-fysische vrijheidsgraden te com-

penseren. Een belangrijke eigenschap van de actie, die deze velden beschrijft, is

haar invariantie onder conforme transformaties. Door deze eigenschap wordt het

mogelijk om de krachtige methodes van conforme veldentheorie toe te passen.

Een ander aspect waaraan in dit proefschrift aandacht wordt besteed is de

beschrijving van strings in gecompactificeerde of gekromde ruimtes. Ook in dit

97



geval blijken de verstrooings amplitudes uitgedrukt te worden in de correlatiefunc-

ties van operatoren in een conforme veldentheorie. Een belangrijk hulpmiddel bij

de bestudering van deze correlatiefuncties is complexe analyse op het oppervlak en

op de ruimte van de zogenaamde modulaire parameters.

De opbouw van het proefschrift is als volgt. Hoofdstuk 1 bevat een inleiding in

string theorie en conforme veldentheorie. Onder andere bespreken we de definitie van

stringamplitudes als een som over oppervlakken. De lusamplitudes voor strings in

de vlakke ruimte-tijd, worden behandeld in de hoofdstukken 2 en 3. Allereerst wordt

in hoofdstuk 2 de functionele integraal over één enkele stringcoördinaat bestudeerd.

We geven een uitdrukking voor de correlatiefunkties van de vertexoperatoren op

oppervlakken met een willekeurig aantal lussen. Verder worden in dit hoofdstuk

de zogenaamde lus-impulsoperatoren ingevoerd, welke een belangrijke rol vervullen

in de verdere analyse van de verkregen uitdrukkingen. In hoofdstuk 3 worden de

resultaten voor de volledige stringamplitude gepresenteerd. We laten zien dat de

amplitude geschreven kan worden als een eindige integraal over de modulaire pa-

rameters, en we geven een uitdrukking voor de integrand. Voor het berekenen van

de functionele integraal over de spookvelden gebruiken we een techniek, genaamd

bosonisatie, die deze anti-commuterende velden vervangt door een vrij scalair veld

gekoppeld aan een achtergrond-lading. Hoofdstuk 4 bevat een studie van de ope-

ratoralgebra in conforme veldentheorie. We definiëren de zogenaamde fusieregels en

bespreken hun relatie met het modulaire gedrag van de theorie. Vertaald in ter-

men van stringtheorie geven deze resultaten een verband tussen de selectie regels

voor stringinteracties en het massa-spectrum. Tenslotte worden in hoofdstuk 5 de

stringamplitudes vergeleken met de amplitudes voor puntdeeltjes. We tonen aan

dat er vele overeenkomsten zijn en bespreken enkele opvallende verschillen.
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