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ABSTRACT

Applying Fox's free partial derivative, the word problem of a

finitely presented group has been reduced to the problem of finding an

algorithm for determining the existence of a root of a system of linear

equations over the integral group ring. The solubility of the word

problem for torsion-free one-relator groups and torsion-free polycyclic-

by-finite groups has been deduced.
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INTRODUCTION

The object of this paper is to illustrate the use of a new technique
which nay be applied in attacking the word problem for finitely presented

groups. We show that, using the free partial derivative of Fox [4], the

word problem for a group can be reduced to the problem of determination of

an algorithm for ascertaining the existence of a root for a system of linear

equations over the integral group ring. We use such reductions 1 • prove that

the word problem is soluble for torsion-free one-relator groups id torsion-

free polycyclic-by-finite groups. Some of these results are kriuwn, but the

idea is to emphasize the new method.

In Seel we define the free partial derivative of Fox. In Sec.2 we

state some results of Gruenberg [6] on the generators of certain submodules

of the integral free group rings. Sec.3 reduces the word problem to finding

an algorithm to determine whether a given system of linear equations over

the integral group ring has a solution in the group ring. In Sec.4 we apply

the above reduction to solve the word problem for the above-mentioned classes

of groups.

1. Let F be a free group with a basis X, and let ZF denote the
3

integral group ring of F, Let X frX, and let — : EF -* EF denote the

free partial derivative with respt^t to x, in the sense of Fox [4]. The

is defined as follows: If w e F is represented by the wordmapping •£-
e. e. ** e
1 2 n ,

x, x- ... x , where e
1 2. n

defined by

±1, x, 6 X, k = l,2,...,n, then f51 >
K OX is

"1 e2
sl X2

Vi

where d(x,x. ) = 1 or 0, according to x = x^ or x

if

we define
3w.

i

W..F

More generally,

It is easy to show that this definition is independent of the choice of

representatives of the elements w e F .
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2. Let G be a group and let G = <C.X;Y y be a free presentation of

G. Let F be the free group generated by X and H the normal closure of

Y in F. Then G •a I/R. The canonical homomorphism F •» G induces a ring

honomorphism IT : EF •»• EG. Let (R, = Ker Tr and ^ = Ker & • where £ is

the augmentation homomorphism £ : EF -+ L. Then 3" is a left EF module free

on {x-1 : xeX} . If Z generates R, {z-1 : z(Z) generates $£. as a

left EF module. If Z is a basis of R , then Qi, is free as a left ET module

on {z-1 : zeZ} . For each w e F , w s R is and only if w-1 e 61. Since {R

and Tr" a i e ideals of EF, (R 'J' is defined and is an ideal of t¥ which, as a

left EF module is freely generated by {(z-1) (x-l) : x £X, zeZ} when Z is

a basis of E (see Gruenberg [6]). Since R is generated by the conjugates

of the elements of Y, (fc is generated as a left £F-module by {w yw - 1 :

w£F, yeY} . Now w"1yw - 1 - w"1(y-l)(w-l) + w"1(y-l). Hence (R/^Hf- is

generated as a left ZF module by {(y-1) + (R"?*: y tY} .

3. Let G be a group with a free presentation G = ^X;Y ^ . The word

problem for G is the problem of determining in a finite number of steps

whether a given element of G is equal to the identity element, or equi-

valently, whether a given element w € F belongs to or does not belong to

R. Now, let v^l. Then, w£R<=^w-le <R«*(w-l) + (R'J'fi <R.t (R'}$"<:=>

for each y e Y , there exists a 4 €tF (only a finite number of 4 's. say

4 , 4 ,...,4 , being non-zero) such that (w-1) + (ff^ " 4 (y,-l) +

* (y?-D + • • • + * , (y -1) + (ft 'J- <N> there exist 4 , 4 , . . . ,4
y2 L yn " yl y2 yn

such that for each X 6 X

there exist « , 4 ,...,4 e EF such that for each x £ X
yl y2 yn

3w
3x

3y 3y

for each xtX, the system of simultaneous linear equations

has a solution in EG, for some finite subset } of Y.

Therefore, if G is finitely presented, i.e. if X and Y are

finite, say X = {x^, jj xffl} and Y = [y^, y2,-...yn) . then the

word problem for G is soluble if and only if, given W6 F, it is possible
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to determine in a finite number of steps whether the system of s.multaneous

linear equations

(i - \,2t...,n)r in a, t ;i..,...ta has a solution in £G.
I I n

A. He now suppose that G is a finitely presented group such that £G

can be embedded in a skew-field, say K. Then the system of linear equations

(1) may be regarded as a system of linear equations over K. Since an algorithm

exists for determining whether such a system has a solution in K or not

(see Chapter II of [1]) and since it is possible to identify whether a solution,

if it exists, actually belongs to £G or not, the word problem for G is

soluble.

We mention below three such classes of groups for which this

discussion ensures the solubility of the word problem:

(i) Free groups

Although the word problem is almost trivial in this case, our

method is applicable (though far from being recommendable) to this class as

B, H. Neumann [10] has proved tha'' the integral group ring can be embedded in

a skew-field which is its ring of quotients, although the group ring does not

satisfy the ore condition.

(ii) Torsion-free one-relator groups

The solubility of the word problea for one-relator groups is

well known [9]. Our method can be applied here since J. Lewin and T. Lewin [8]

have shown that the group algebra of a torsion-free one-relator group can be

embedded in a skew field.

(iii) Torsion-free polycyclic-by-finite groups

Let G be a torsion-free polycyclic-by-finite group and let K

be a field of characteristic zero, Farkas and Snider [2] have proved that KG

has a ring of quotients which is a skew field. They have used the Noetherian

property of KG from Hall [7], the theory of the ring of quotients of prime

Noetherian rings from Goldie [5] and some useful arguments from Formanek [3].

So, in particular, DG has a ring of quotients which is a skew field. Hence

EG can be embedded in a skew field. Therefore the word problem for G is

soluble.
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