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(1) INTRODUCTION

In this lecture I will deal with collective and single-particle electron

excitations of solids with emphasis on the properties of metallic and

semiconducting materials1. However, some of the general properties of

long-wavelength collective modes to be discussed are valid for insulators as

well, and some considerations apply to nuclear excitations such as optical or

acoustical phonons, dipolar plasmons, etc.

The concept of elementary excitations in solids, pioneered by Bohm and

Pines2 almost 4 decades ago. has proved to be extremely useful in

understanding the properties of systems of many particles, especially in

respect to the response to the action of external probes.

Classically it originates from the notion of a "normal mode' of a system

for oscillations of small amplitude about equilibrium. The oscillations may

be mechanical, hydrodynamical, or electromagnetic and are small in that they

can be treated in a linear approximation. Deviations from linearity may be

introduced at a later stage, perhaps as a perturbation. The response of the

system to external disturbances is described by the excitation of these normal

modes with amplitude proportional to the strength of the disturbances.

However, in general the particles of the system are also capable of incoherent

motion which contributes, along with mode-mode nonlinearities, to decay of the
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amplitude of the excited normal mode with characteristic relaxation time T.

Thus the amplitude of a mode at time t. after the perturbation is turned off,

may be written.

= Re {+o(r)exp [-i(«r-i/T)t]} (1.1)

where 4 is some complex function of the space variables, and o is the
o ~

angular frequency of the mode If the oscillations are driven at frequency u

in the neighborhood of an isolated modal frequency u , the complex amplitude

will be proportional to
-1

The complex linear response function has a pole at u = <J -I/T in the

lower half of the complex frequency plane. Measurements of the response show

a Lorentzian peak of width 1/T centered at CJ .

Quantally the amplitude of (1.1) is normalized in such a way that

I • (Z) I i s proportional to n+1/2, where n is the number of quanta with

energy hu present. Classical theory applies when n>>l. One quantum,

whatever its character, constitutes an "elementary excitation' of the system.

It is also necessary to consider elementary excitations that do not

correspond to true classical modes. A relevant example here is a one-electron

transition from an occupied to an empty state. Here the response function may

still have the form (1.2), where nu is now the energy difference between

initial and final states.

The presence of surfaces will, in general, alter the whole excitation

spectrum of the system. However, some excitations known as 'bulk



excitations,' will be affected only marginally, in the sense that their

frequency and damping may be changed by terms of order 6/L, where L is the

dimension of the system and 6 is the thickness of the surface region. The

space-dependent amplitude <$> of (1.1) for bulk excitations, is changed

markedly in the surface region while through the bulk no essential change

occurs up to terms of 0(6/L).

A fraction ~ 6/L of the excitations, known as 'surface excitations' are

physically localized near the surface and have a frequency spectrum determined

by the presence of the surface and by its structure.

(2) BULK ELECTRONIC EXCITATIONS IN SOLIDS

A prominent bulk excitation in many solids, especially in metals, is the

volume (or bulk) plasmon. It is the quantum of electron (or hole) density

oscillation. It may involve essentially all of the valence electrons of a

solid, which exist at densities ~1022 cm"3. We consider excitations far from

any boundaries and suppose the solid to be of macroscopic dimensions.

(2.1) Classical Dielectric Theory.

Consider a classical, infinite, homogeneous solid characterized by the

long-wavelength, longitudinal dielectric function €(<u). According to

Poisson's equation, the scalar electric potential is a solution of

€(CJ) V2<t> = 0 (2.1)

in the absence of any imposed electrical charges. If we look for solutions of

this equation corresponding to a propagating wave with the form



then the eigenvalue equation is

e(u) = 0 (2.2)

This may be satisfied for one or more values <J = w . It is not enough to

coaclude that plasmons exist as well-defined excitations, since Im(€(u)) need

not be zero. If a forcing charge is present the resulting scalar potential

and the relevant response function is proportional to l/€. Expanding near

the point CJ = u we have

e ~ ae^T) (2-3)

If we employ the familiar expression

€(u) = 1 - u 2/u 2 (2.4)

for the long-wavelength dielectric function of a classical metal, we

find that

r 2 t
CJ =<j = 4 i r n e / m (2.5)

where n is the electron density and m is the mass of the electron. This is

the resonant frequency of a system of free electrons oscillating in a

neutralizing background of positive charge, and is called the classical plasma

frequency3.



It turns out that Im(-l/€(u)) is the part of the response function that

corresponds to the transitions induced by the probe. Figures 1-5 show this

quantity plotted as a function of the forcing frequency for a number of

different solids. One sees that aluminum metal shows a very well-defined

peak at a quantal energy of nu = 15.4 eV, corresponding to an electron

density equal to that of the conduction band in aluminum. Other solids

exhibit peaks representing collective modes that may be modified significantly

by one-electron transitions which shift the value of u from the free-electron

value Eq. (2.5) and give rise to appreciable mode broadening.

(2.2) Hydrodynamic Theory

A very useful treatment of the collective modes of nearly free electrons

in solids is afforded by hydrodynamical theory4. In this approach one

characterizes the medium as a charged fluid that satisfies the equation of

continuity and the classical equation of motion with an equation of state that

is appropriate to a degenerate electron gas. Linearization of these equations

yields an equation for the density fluctuation function n(r,t) satisfying

32/at2 + u 2 - /32v2| n(r,t) = 0 (2.6)

where CJ is again the plasma frequency of a system of free electrons with

unperturbed density n, and /3 is the propagation speed of disturbances in the

system. The latter is usually taken to be equal to the value found, from the

iz

Bohm-Pines theory, viz. , /? = (3/5) v_, where v_ is the Fermi speed in the
r r

electron gas. Propagating solutions of the form

n(r.t)=n exp(i9-r-i cot) (2.7)



give the following eigenvalue equation for the dependence of the plasmon

energy on q;

/32q2] • (2.8)

which agrees with the Bohm-Pines result2 for their electron gas model. It is

straightforward to derive an expression for the dielectric response function

of the plasma in this model. One finds that it now depends upon both the

wavenumber and the frequency of the disturbance and is

€ = 1 + (j 2/(/32q2 + (j((J+i-r)) . (2.9)

where -r is the damping rate of excitations in the plasma.

These normal modes may be quantized as described above, requiring that

the energy corresponding to the disturbance be proportional to nco (n+1/2).

One finds that the Hamiltonian of the noninteracting plasmon field is

H = y ha (b b + 1/2) (2.10)
L q a a

and that the scalar electric potential operator of this field is

exp(i9-r) . (2.11)

where b (b ) is the destruction (creation) operator of a plasmon with wave

2 2 2 3 3
vector £, a = 2irhco /w q L and L is the normalization volume.



(2.3) Quantal Dielectric Theory

The general representation of the allowed excitations in an arbitrary

solid must involve rather complex quantal theory. However, much progress in

understanding the response of metallic solids has been achieved through the

use of simple models, prominent among these being the slectron gas, which is

envisioned as consisting of a system of free electrons moving in a background

of compensating, uniform positive charge and occupying all possible states in

a spherical momentum distribution up to the Fermi energy. Ottvsr models

include a random assembly of atomic-like electronic states, treated on an

Orthogonalized Plane Wave (OPW) scheme, as well as more elaborate numerical

representations of the response of electrons in a crystal using the Random

Phase Approximation (RPA).

(2.3.1) The Electron Gas Model

The linear response function of the electron gas was first worked out by

Lindhard5 in analytical form and has been of great utility in the explication

of the collective and single-particle properties of real solids6. As in the

hydrodynamical model the longitudinal dielectric function depends on the wave

number of the disturbance as well as its frequency. It is fortunate that the

unbounded electron gas responds to a perturbation having wavenumber q at that

same wavenumber, resulting in a simple scalar response function. In a real

crystal lattice the dielectric function becomes a matrix operator6.

Lindhard originally derived his expression for € by using first-order,
q, G)

time-dependent perturbation theory, assuming a self-consistent Hartree field

in the medium. The connection of his approach with the RPA treatment of

others has been extensively studied and many efforts have been made to improve

on the accuracy of his result for the electron gas7. The main features of the



response function are conveyed well by his expression, a numerical

representation of which is shown in Fig. (6). This displays a plot of equal

contours of Im(-l/e ) in the u-q plane. The line labeled "P" represents the

plasmon resonance, and in the approximation here has negligible width in the

(j-q plane but has great amplitude. The region between the two parabolic lines

shown as having zero amplitude is that in which real single-electron

transitions are permitted according to the exclusion principle. Note that the

use of the hydrodynamic approximation to Im(-l/€ ) as in Eq. (2.9) above

gives good agreement with the representation of the line 'P.' especially for q

not too large.

(2.3.2) The OPW Model of a Solid with a Band Gap

It is thought that collective electron states, comparable in nature with

the plasmon in metals, can exist in insulators as well as in semiconductors8.

To represent the response function of a real insulator requires considerable

numerical work. However, we some time ago devised a simple analytical model

that displays band structure and predicts a plasmonic mode that is clearly

broadened due to single-particle effects9. We assume that the valence states

of the model solid may be represented in the tight-binding approximation by

simple orbitals. Conduction electrons are represented by plane waves

orthogonalized to the valence states. After averaging over nuclear positions,

from the irreducible polarization propagator for the system one derives an

analytical expression for the imaginary part of the dielectric function. From

the Kramers-Kronig relation, one may find the complete response function, which

we require to satisfy an important sum rule.

Figure (7) shows Im(-l/€ ) for a band gap of 9 eV, an atomic density of

4.05 g/cm and an orbital radius of 0.78 a.u. One sees clearly that a



collective mode exists for small q and that the damping of this mode becomes

larger as q increases. The dispersion of the plasmon increases with q, so

that the response function surface finally goes into the "Bethe ridge, '

corresponding to an asymptotic free-electron-like behavior. This model has

been used by our group to model the response of several different condensed

media to external probes

Other representations of the response function of a solid with a band

gap, based on the schematic Penn model of a semiconductor , have been used in

several applications, but give only qualitative information about such

systems.

(2.3.3) The RPA Applied to Real Solids

Numerical calculations of the diagonal component of the dielectric matrix

of a few crystalline solids have been made12. Comparisons of the results of

these calculations for silicon with predictions of the Lindhard RPA dielectric

response function have been made6, showing considerable differences due to the

occurrence of Umklapp processes and to the presence of an energy gap. Similar

comparisons of the more realistic results12 with predictions of the Penn model

show fair agreement for w = 0 but substantial difference at intermediate and

high frequencies.

(3) SURFACE ELECTRONIC EXCITATIONS IN SOLIDS

In recent years vast improvements in experimental techniques and

ingenious instrumental developments have resulted in a spectacular increase in

our understanding of the condensed state of matter. An important area of this

research is concerned with surface phenomena, where much interesting activity

occurs during the important process of catalysis, in diagnostics of materials.
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and in the study of the properties of solid state devices, etc. Elementary

excitations at surfaces of solids have been studied intensively in these and

other connections for some time. Here we briefly sketch some of the

properties of surface plasmons, the quanta of electron collective motion

occurring near a surface, in the nonretarded approximation, and as well,

single-electron excitations as modified by a surface. In the next lecture we

will discuss how these excitations show up in experiment.

(3.1) Classical Dielectric Theory

Again consider a dielectric body. Now let it be bounded by a surface S

and characterized by the scalar dielectric function €(u). Suppose that it is

immersed in a homogeneous medium with dielectric function € (u). Seeking

solutions of the homogeneous Poisson equation v*[€v$] = 0, assuming that the

time dependence is analyzed in a Fourier integral with frequency components u,

one writes <J>°(r) for the scalar electric potential inside of the body and

<t> (r) as that outside. The condition of continuity of the displacement vector

at the boundary reads

d<t>i
dn = e

s
o dn

o
(3.1)

where the spatial derivative is taken normal to the surface S at each point on

S.

A simple, illustrative solution of this may be obtained in plane geometry

by assuming that the potential has a trigonometric variation in the coordinate

g parallel with the surface between two different dielectrics, viz.,

$(r) = <t>(x) exp[iic-£]. Then



II

^(z) = A exp(icz) {z < o)

(3.2)

«°(z) = B exp(-fcz] (z > o)

if the plane z = 0 coincides with the interface. Imposing the condition of

Eq. {3.1} yieids13

(3.3)

as the eigenvalue equation for u . If € is constant in the range of

2 2

frequencies where €{«) may be represented as 1 - u A» . the classical free-

electron gas fora, one finds

a>r = a /[I + eoy* (3.4)

and the field lines sketched in Fig. (S) show a propagating wave bound to the

surface. A treatment that takes account of coupling with the radiation field

gives the eigenvalue equation1*

K - € ô /c + €. JK - e.a/c = 0 (3.5)
o 1 N 1 v '

which displays a field variation in the z direction with the e-folding

distance ~c/u •&. in the constant dielectric medium, and an e—folding

distance ~CAJ in the electron gas.p
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(3.2.1) Hydrodynamical Theory - The Plane-Bounded Semi-infinite Electron Gas

It is straightforward to solve the hydrodynamical equations for a charged

fluid confined by a semi-infinite plane at z = 0. The electron density

fluctuation function in this approximation that has the desired form may be

written13

fin (rt) = 6nQ e
1-** e F z (3.6)

where the amplitude fin depends on time and the electron gas is located in the

region z < o and where i = (u + p K - u )/p . The conditions that the
P K-

electric potential be continuous across the boundary and that the

hydrodynamical current normal to the surface shall vanish lead to the

eigenvalue equation

u 2 + p2*2) + PK (GJ 2 + p*K2/4)A (3.7)

For ic small enough, Eq. (3.7) predicts a linear increase of u as K increases,

beginning at the value u = w . Experiment1 shows decreasing function, or an

increase smaller than that predicted by Eq. (3.7). Bennett16 has shown that

qualitative agreement with the various experiments15 may be obtained by

solving the hydrodynamical equations numerically, taking account for the

gradual decrease in the static density of the electron gas across the surface.

(3.2.2) The Specular Reflection Model for the Plane-Bounded Electron Gas

A useful and relatively simple approach to the problem of obtaining the

response function of the bounded electron gas is to employ the specular

reflection condition at the boundary'*7- The idea here is to assume that
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electrons incident from the interior are reflected specularly at the surface

at z = 0. Considered as classical particles, the system of electrons in the

bounded electron gas responds in the same way as an infinite medium of

electrons at the same density but with a current sheet at the surface z = 0

with a strength chosen to make the fields symmetric in the z-variable. This

procedure yields a response function for the bounded system that may be

written analytically in terms of the dielectric function of the infinite

electron gas. Use of the quantal RPA dielectric function results in a

response function that, although having mixed classical and quantal aspects,

describes both collective and single-particle components of the system

dynamics. It has been used in many theoretical studies18.

The surface plasmon eigenvalue is found from the transcendental equation

00

dk
1 + - I ^ — ^ = 0

2 2 2

where k = K. + k , K being the wave vertor of the plasmon parallel with the

surface. Figure (9) shows a plot of numerical predictions of this relation

for various electron gas densities17. Unlike the volume plasmon in the

infinite electron gas damping of the surface plasmon is possible because of

the presence of the surface. The damping rate has been computed and presented

in Ref. (15).

(3.2.3) Quantal Perturbation Theory of the Surface Plasmon

Numerical work on a fully quantal theory of the dispersion and damping of

the surface plasmon at a plane-bounded electron gas has been done by a number
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of people. A comprehensive summary has been given by Wikborg and

Inglesfield19 of the various approaches. Beck et al.2° have used a model in

which the potential at surface is assumed to be infinitely large so that the

electron basis set may be taken to consist of sinusoidal variations in the

z-coordinate and momentum eigenf unctions in the coordinates parallel with the

surface. The response function was s.:.ive; by perturbation theory and the

dispersion relation determined numerically. A similar but somewhat mere

general approach to this problem was made by Inglesfield and Wikborg21 who

employed a basis set appropriate to a finite step function at the surface.

Feibelman22 used a still more realistic basis set, but computed only the

coefficient of the linear term in the expansion of u in powers of K. Figure
Kr

(10) shows a plot of various approximations to <o for Al and are identified in
fC

the caption. Tha computational problems associated with this approach are

such that relatively few applications of quantal perturbation theory (RPA) to

the more realistic representations of the surface response functions have been

made.

(3.3.1) Dielectric Theory of the Plane-Bounded Electron Gas

A transparent and useful representation of the eigenmodes of the surface

plasmon of a dielectric slab with thickness a may be obtained using simple

dielectric theory. Applying conditions of continuity of electric potential

and normal component of the displacement vector across the boundaries and

using basic solutions of the form e one finds two modes for each value of

the wavenumber K. One of the modes, the tangential one corresponds to the

appearance of polarization charges that are symmetrically disposed in the

z-coordinate. The polarization charges of the normal mode are antisymmetric

in z. Figure (11) shows a sketch of the potentials as they depend on z for a

vacuum-bounded electron gas with thickness a.
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The dependence of the eigenenergies is expressible in simple algebraic

form

tang.

normal
p ,, .— t — (l +

These relations are sketched in Fig. (12). A more general form involves the

transcendental equation for the eigenfrequency u , viz..

€(u ) + 1
-ica _ v

 KJ

K.'

Ferrell23 has shown that the normal mode is primarily responsible for the

strongly peaked emission of photons with the approximate plasmon energy when

thin foils are bombarded by swift charged particles. Evidence for the

tangential mode is seen in electron energy loss experiments of many different

kinds24.

In Fig. (12) the normal surface mode is shown as having a continuous

dispersion characteristic. When retardation effects are included14l2Sl26 both

modes are affected. The normal mode is drastically modified with those

oscillations corresponding to phase velocities dw/dic ~ c (= speed of light in

vacuum) most strongly changed. Detailed experimental and theoretical studies

of these modes in planar geometry with different dielectric configurations

have been made8'24.
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(3.4.1) Surface Plasmons in Spherical Systems

It has long been realized that small metallic spheres may support surface

plasma oscillations27. Fujimoto et al. z a have shown that an fi-pole

oscillatory mode in a sphere composed of an electron gas and surrounded by an

infinite medium with dielectric constant € has an eigenfrequency given by

The Mie theory29 contains an implicit description of these eigenmodes since it

shows that absorption and scattering of light by small metal spheres occur at

a frequency close to that given by this equation with £ = 1. These modes are

associated with the appearance of charge density multipoles of order € at the

surface of the sphere. Their effect is evident in optical absorption; they

give rise to increased absorption primarily at a characteristic frequency ~u
s c

in metallic systems, e.g., the characteristic color of colloidal suspensions

of Ag and Au is due to this phenomenon30. Doyle31 was apparently the first to

interpret this phenomenon in terms of plasma resonances.

Small metallic particles have been used in many electron energy loss

experiments. The results appear to be understandable theoretically in terms

of SP excitation. Koumelis et al. 3 2 have reported observation of X-ray

inelastic losses to the spherical SP in graphite particles.

(4) SUMMARY

In this lecture, I have had time to sketch only a small portion of modern

developments in our knowledge about surface and bulk electron excitations in

solids. Specialized reviews of these developments are available1.
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Fig. 1. The spectral dependence ot the real and imarinary
parts ot the dielectric constant and the energy tosi function
— Im l/i for Al calculated from optical data [26] (sect. 41

Fig. 2 . Spectral dependence of the real and imaginary parts of the

dielectric constant and the loss function , l . - ,
e i / ' i "T- ej lor Ag

Cu

Fie. 3. Enerey loss spectrum of a copper foil. - 1100 A thick, at « - 0. Electron energy 50 keV. Dotted
line calculated trom optical data i34] (sect. 41



FiK. •* The spectral dependence oi the reiecunce S.

the real and the imaginary parts of the dielectric

coaiunt«, and i,, ana tie energy loss function — lm l/j lor Si

Optical constants of water as a function of photon energy u.



Fig. 6. Gonorars of equal of Im{-l/€ ) in the z-x plane, where

•x. = q/2 k_, x = 6o/E_, k_ is the Fermi wave number and E_ is the

Feroi energy, liae -salmes are appropriate to an electron gas at the
density of the conduction band in Al metal. The calculations were
made nisimg the SPA dielectric function.
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Fig. 7. Plots of the function Im(-l/€ ) as it depends on w for several

different values of q. The calculations were made using the OPW
dielectric function of Kef. (9). Atomic units have been used for
w and q.



Fig. S. A schematic plot of the electric field lines associated with a
surface plasmon ?ode at a plane boundary between two dielectrics.
The surface plasmon varies in the x direction with wavelength 2TT/1CX

and the boundary coincides with the plane z = 0.
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Fig. <J. Surface plasmon dispersion in an eieciron gas as a function of the wave number of
the oscillation. The several curves are for various free electron gas densities. The ratio
£ P / £ F is equal to 0.938 r,', where rs is the radius, in units of the Bohr radius, of a sphere

which contains on the average one electron at the density of the gas.

Fig. 10. Surface piasmon dispersion curves for Al from different calcula-
tions: M) step-potential result: (fl) the Ritchie-Marusak approximation—
eq. (5-12); (O from eq. (5.12) without the branch cut contributions: (D)
Beck and Celli [ftl—dashed curve: (E) Feibelman (ifi; IF) experimental
results extracted from LEED data by Duke and Landman (G) the
cut-o:f curve w-iK)*• Kk^-r iK".
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Figure II. Dispersion relations for the surface modes.

ORNL-DWG 67-12096

•TANGENTIAL

NORMAL

Figure lZ Scalar potentials for the surface modes.


