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ABSTRACT

We briefly review recent progress in treating phase transitions to

ordered states driven by Coulomb interactions. Wigner crystallization of the

one-component plasma, both in the degenerate Fermi limit and in the classical

limit, is the foremost example and developments in its theory are discussed

in some detail. Attention is also given to quasi-twodimensional realizations

of the plasma model in the laboratory. The usefulness of these ideas in

relation to freezing and ordering transitions is illustrated with reference to

alkali mytals, elemental and polar semiconductors, and various types oi ionic

systems (molten salts, colloidal suspensions and astrophysical plasmas).
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1. Introduction

It is now more than fifty years since Wigner1, in dealing with the exchange and

correlation energy of conduction electrons in simple metals, introduced the idea that

the degenerate electron fluid on a uniform neutralizing background can crystallize into

a bcc lattice under the effect of the electron-electron Coulomb repulsions. A very wide

variety of theoretical estimates has been produced over the years for the coupling

strength at the phase transition2. The electron-electron coupling strength is in general

defined as the ratio of average potential to average kinetic energy and is conventionally

measured in the degenerate electron fluid by the parameter rs, equal to the radius of

the electron-volume sphere (rs = (4itn/3)"'1'3 where n is the electron density). The best

current assessment of the location of Wigner crystallization comes from quantal

simulation work of Ceperley and Alder3, which yields rs = 100 ± 20 Bohr radii at the

phase transition from a fully spin-polarized fluid state to a bcc crystal.

Wigner crystallization in the fully classical equivalent of the electron fluid (the

one-component classical plasma, or OCP) appears to have been first noticed in Monte

Carlo work by Brush, Sahlin and Teller4. The coupling strength is measured in the

OCP by the plasma parameter V = eVfrgkjjT), since the classical thermal energy kBT

replaces the Fermi kinetic energy (which is proportional to rs~
2). The latest assessment

of crystallization in the OCP from computer simulation work-5 puts it at P = 180 ± 1.

A clear identification of instances of Wigner crystallization in real laboratory

systems has been elusive for a long time2. The situation has changed to a considerable

extent in recent years. Firstly, quasi-twodimensionat physical systems closely

approaching the ideal plasma model can now be prepared and their fluid-to-solid

transition can be experimentally revealed. Of course, solidification in reduced

dimensionality has a profound physical interest of its own. Secondly, Wigner's idea

has been extremely useful in providing simple yet deep insight into freezing and

ordering transitions in several types of condensed-matter systems. At the same time,

the availability of computer simulation data on crystallization in the ideal plasma

model has motivated progress in the microscopic theory of this phase transition. The

purpose of this article is to give a brief review of these recent developments6.
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2. Freezing under pure Coulomb repulsions

In genera], the state of a many particle system can be described through a suitable

thermodynamic potential, which is a functional of the one-body density and attains its

minimum in correspondence to the stable density distribution7"9. Crystallization in

equilibrium conditions is microscopically characterized by the change of the one-body

density from homogeneous to periodic across the transition from liquid to crystal. For

the sake of simplicity we shall restrict ourselves to systems with only one type of

particle, whose density profile we denote by n(r), the generalization to multicomponent

systems being straightforward. In particular, in a periodic solid the density is

represented by the Fourier series

n(r> = n + 2 J n exp(iG.r) (1)

where the G 's are the reciprocal lattice vectors (RLV).

The relevant functional is the Helmholtz free energy F[n(r)], reducing in the

limit of vanishing temperature — which is meaningful only for a quantum system — to

the ground state energy functional Eg[n(r)]. To be more precise, in the presence of an

external potential v(i) it is the internal free energy F(,

F|[n(r)] = F[n(r)]-Jdrn(r)v(r), (2)

which is a functional soiely of the density n(r). Possible constraints on the many body

system can be taken into account by introducing suitable Lagrange multipliers. Thus,

in order to fix the number of particles one introduces the chemical potential u and

minimizes the grand potential £i = F-N(i. A mechanically stable density must

therefore satisfy the equilibrium condition

5F,

5n(r) 5n(r)
- u + v(r) = 0 (3)

whereas thermodynamic stability requires the stronger condition that ii[n(r)] be at its

absolute minimum.

It should be noticed that some subtleties arise in the definition of thermodynamic

functions when dealing with systems with long range forces. In particular, the

chemical potential of a single-phase plasma on a uniform background (jellium model)
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is discussed in detail in the Appendix, showing that in the thermodynamic limit it is

necessarily referred to the spatial average V|^ of the Madelung potential. Indeed, owing

to the long range of Coulomb interactions, the value of VM depends on the boundary

conditions assumed in taking the limit. However, the distinction between the full

electrochemical potential |i. and the quantity u* = u - VM for a single-phase plasma

becomes crucial in phase equilibria10. Referring specifically to the freezing transition of

jellium as investigated in numerical experiments3'5, namely at fixed background

density, coexistence between the solid (s) and liquid (1) phase at constant temperature

evidently requires Fs = F[ and us = Up Hence, equilibrium between the two phases is

maintained by an interfacial potential drop equal to AVM = VS
M - V'M = - (us* - u,*) =

- AJJ.*. This balances an in terfacial pressure drop P s-P] = nAu*.

Returning to microscopic aspects, the equilibrium condition in eqn (3) can also be

put in a differential form by taking advantage of the one-to-one correspondence

between the density n(r) and the external potential v(r). One immediately obtains, by

considering an infinitesimal rigid translation of the whole system", that

V(u-v(r)) = -Jdr'x'V,r')Vn(r') (4)

reducing in the classical limit to

V (u - v(r)) = V n(r) / n(r) - f dr' c(r, r') V n(r') (5)

This form of the equilibrium condition emphasizes the role of the linear density

response function %(T, r') of the system at density n(r), or equivalently of the two-body

direct correlation function c(r, r1) in the classical case, in determining the density

profile. In relation to freezing, v(r) can be looked upon as an external potential of the

desired lattice periodicity, which is applied to the liquid approaching crystallization and

modulates it with density waves. At liquid-crystal coexistence the modulating

potential can be allowed to vanish, while the amplitudes of the density waves (the

quantities n G in eqn (1)) retain finite values as the order parameters of the new phase.

A further general result follows by separating out from F[ an ideal term F^ which

is the Helmholtz free energy for noninteracting particles at density n(r). Specializing to

the jellium model one writes
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F[n(r)] = Fo[n(r)] + Jdr n(r)v(r) + ^
Fc[n(r)] (6)

where riQ(r) = n(r) - n with n the background density, and Fc contains all effects due to

correlations and - in the quantum case - to exchange. Equation (3) takes the form

O2f "flO
v(r) + e Jdr' j - ^ — ; •

SF_
(7)

6n{r) ' ' J | r -r ' | " §n(r) 8n(r)

showing that the problem of interacting particles is equivalent to that of noninteracting

particles in an effective self consistent potential voff(r) defined by eqn (7)13.

The above considerations are formally exact. Hi wever, practical implementation

of a Density Functional Approach (DFA) to freezing requires suitable approximations

on the free energy functional. One can try to approximate either F[n(r)] or directly AF =

F[n(r)] - F[n]. We shall present below the consequences of the latter approach in

studying freezing of the jellium model, in both its quantal and classical versions. Here

we may stress that, if the properties of the liquid are known, the task of directly

approximating AF may be expected to be easier, since near the transition the free

energy difference is exceedingly small relative to the total free energy of either phase.

2J. Th^ One-component Quantum Plasma (OOP)

Ceperley and Alder3 have studied the freezing of the OQP in the full degeneracy

limit (T = 0) by Diffusion Monte Carlo. In their phase diagram crystallization is seen to

occur from a spin-polarized liquid. One has thus to find inhomogeneous densities (if

any) which make the ground state energy functional E Jn(r)] stationary and compare

the energies relative to such densities with that of the homogeneous state. In practice

one chooses to investigate the stability of given crystalline structures with respect to the

liquid. This requires the calculation of AEg = Es
g - E'g.

A convenient approach has recently been proposed14, resorting to a functional

expansion of the exchange and correlation part of AEg with respect to the density

difference nQ(r) = n(r) - n between solid and liquid. This is the quantal analogue of the

density wave theory of freezing for classical liquids proposed by Ramakrishnan and

Yussouff15 (see also Haymet and Oxtoby16). In the present quantal case one obtains
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AEg = T0[n(r)] - f ^ + } j j d r d l " nQ(r)n0(r') [v(r -1) - KJr • r')] +... (8)

Here, To denotes the kinetic energy of noninteracting electrons at density n(r), eF is the

Fermi energy of the liquid phase and v(r) the bare Coulomb coupling. Also, - K^c

indicates the second functional derivatives of the exchange-correlation energy

functional Exc with respect to n(r) evaluated in the liquid, while the dots indicate all

higher order terms in ng(r) originated by the expansion of Exc.

Let us consider only the terms of the expansion that are explicitly shown in eqn

(8) and assume for the moment that Kxc is known. Imposing the extremum condition

on the approximate functional for AE is equivalent to solving a problem of

independent electrons in an effective periodic selfconsistent potential, whose Fourier

components are explicitly given by

Veff(G) = nQ v(G) [1 - G(G)] (9}

with v(G) the Fourier component of the bare Coulomb potential and G(G) the

so-called static local field factor in the dielectric function of the homogeneous electron

gas17. Hence, one has to self consistently solve the Kohn - Sham equations13

(10)

for the Bloch orbitals vs, the density being given by n(r) = Z. I VjrCr) 12. In terms of the

Bloch eigenvalues £• and of the components nG of the seifconsistent density, the

energy difference between the crystalline and the liquid phase is given by

AEg =
e: - 1 <v - T X v(°) M - (11)

The coexistence point, characterized by the vanishing of AE locates the critical rs for

crystallization. At larger rs one should find AEg < 0, since the crystal should be stable,

while AE > 0 at smaller r s , the liquid being stable.

At variance from the case of classical plasmas, for which the direct correlation

function is available from simulation, direct tests of approximate forms for the local

field factor in the OQP are not possible. The so-calied STLS scheme1** has been
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employed, in which G is evaluated from the static structure factor of the electron liquid.

The latter is known from Quantum Monte Carlo19 at a few values of rs ranging from 2

to 100. The static local field factor at the same values of rs can readily be calculated and

then extrapolated to all relevant values of the electron density. An illustration of the

local field factor that one obtains for spin-polarized electrons is given in Fig. 1.

The calculation of the Bloch orbitals y. requires the solution of Kohn-Sham

equations for the crystal, i. e. a band structure calculation. However, on the grounds

that the electrons should be welt localized in the crystalline phase even at coexistence20,

one may first try to variationally calculate AEg by the Ansatz that the y.'s can be

constructed from a single Gaussian orbital <|>(r) = exp(- Cr2) per site, with C a variational

parameter. Bloch sums are constructed and overlap is exactly handled14, even though

expected to be small. This calculation yields a critical rs of 106 for the freezing of the

spin-polarized electron liquid into a bcc crystal. It is also found that the optimal value

of C at coexistence is indeed giving pronounced localization of the electrons on lattice

sites, yielding a Lindemann ratio of 0.30 which is in nice agreement with the value

found by Ceperley20 in his work on crystallization of quantum systems. Moreover, the

results appear to be practically insensitive to overlap and to the number of RLV stars

included in the calculation.

State-of-art band structure calculations have also been performed14 to transcend

the Gaussian Ansatz. They are based on plane wave expansions involving up to about

500 plane waves for each of the special points21 in the irreducible wedge of the

Brillouin zone, up to 40 such points being used. The calculation shows that solution of

the Kohn-Sham equations has only moderate quantitative effects in comparison with

the simpler calculation. The electrons are found to be very well localized at the melting

point. This is now found to lie at rs = 129, in satisfactory agreement with simulation.

22. The One-component Classical Plasma (OCP)

Soon after the problem of phase transitions in the OCP at large coupling strength

r was posed by the Monte Carlo runs of Brush ej al4, van Horn22 predicted from

Undemann's criterion of melting that the model would crystallize at T s 170.

- 7 -

Progressively more accurate simulation studies of bulk phases5 have led to the current

value T = 180 ± 1 for crystallization into a bcc lattice at constant mean density. Of

course, this result fixes completely the melting curve Tm « n1 /3 for the classical bcc

solid, within the stated numerical uncertainty. With reference to our earlier discussion

of the electrochemical potential and bearing in mind that simulation of a single-phase

plasma determines u*/kBT as a function of F, it follows from the results of Slattery et

al5 that the interface between solid and liquid at coexistence accomodates drops of

electrical potential AVM and of pressure AP of magnitude given by 1 0

-AV^ = AP/n = An* = -0.26kBT (12)

We shall see below how this interfacial property enters the determination of the

equilibrium density profile in the bulk crystalline phase.

As in the quantal case, eqn (6) can be used to obtain the difference AF of the free

energy functionals for the two phases, the important simplification for a classical

system being that the ideal term Fo[n(r)] is exactly known. Expansion of the non-ideal

terms around the liquid phase as in eqn (8) yields

• j ~ = Jdr n(r) In f -^- j - ^JJdrdr1 c(|r - r|)nQ(r)nQ(r) + ... (13)

where c( I r - r' I) is the direct correlation function in the liquid. The first term on the

r.h.s. of eqn (13) replaces the ideal kinetic energy contribution to eqn (8), while the

second term replaces the Harfree and exchange-correlation terms to the same order in

nQ(r) = n(r) - n. In this connection we recall that c(r) in the OCP contains a contribution

from the Coulomb potential and indeed reduces to - e2/(rkBT) in the limit r - * » .

The equilibrium conditions for the density profile follow as10

r ,

^ - = exp T-^T + Id. c(|r - r'|) no(r') +...| (14)
II I IVO I J

The contribution from the interfacial potential drop has been explicitly included and

the integral in eqn (14) is to be evaluated under the condition VM = 0. By taking

Fourier transforms and using eqns (1) and (14), the coexistence condition becomes

+ . . . . o (15)



which is to be compared with eqn (11). Ineqn(lS) c(G) denotes the Fourier transform

c(k) of the direct correlation function of the liquid, evaluated at the RLV's. Finally,

Fourier transform of eqn (14) yields a set of coupled equations for the order parameters

nG as well as an equation for Au* from the condition that the mean density be the

same in the two phases.

The coefficients c(G) as functions of V are the input of the calculation. Accurate

theoretical approaches are available for the evaluation of the function c(k) in the liquid,

which are known as the generalised mean spherical approximation23 (GMSA) and the

modified hypemetted chain approximation24 (MHNC). The high degree of agreement

with simulation data is illustrated in Fig. 2 at T = 160.

In relation to freezing, the arrows on the horizontal axis in Fig. 2 mark the

positions of the first four stars of RLV's in the bcc lattice. High (low) values of c(k)

imply high (low) deformability of the liquid under modulation of its density by density

waves. One sees immediately from the Figure that the liquid phase of the OCP is soft

against modulation with a periodicity given by any G vector of the bcc lattice except

those in the (200) star. This rigidity is sufficiently strong to prevent crystallization in

the bcc lattice10, even if one extends the linearized theory that we have discussed so far

to include higher-order terms arising from the r dependence of c(k). However, one

expects that the corresponding order parameter is small in the crystal near melting and

one can therefore look for an approximate solution of the problem under the

assumption n^oo) = 0. With this approximation the liquid-solid transition is found at

r = 158 in the GMSA and at V = 142 in the MHNC. The calculation also yields an

entropy change AS/kB a 1.+ 0.8 on melting, against AS/kBs0.80 from simulation5,

and an interfacial potential drop AVM = 0.6 kBT, of the same sign and magnitude as

the simulation value quoted in eqn (12).

The above calculation highlights the role of microscopic couplings between order

parameters in stabilizing the bcc crystal phase. These are described in lowest order by

the three-body direct correlation function of the liquid, whose evaluation is a difficult

task. An approximate calculation of three-body terms for the OCP by Barrat et al25

shows that their inclusion yields a contribution stabilizing the bcc solid, even though

it does not lead to a completely accurate determination of the phase transition. Similar
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results have also been obtained by lyetomi and Ichimaru26, who analyze the problem

with the help of a Gaussian representation of the density profile.

2-3 Crystallization of the twodimensional electron liquid

Grimes and Adams27 were the first to realize a quasi-2D electron system closely

approaching the ideal jellium model and to observe its transition from a fluid to a solid

state. The system is a monolayer of electrons deposited on the surface of liquid helium,

which acts as a very smooth and essentially impenetrable substrate binding electrons

through classical image forces and constraining them to quasi-2D motion parallel to the

surface. An electric field is applied perpendicularly to the monolayer by means of a

capacitor, with the positive plate submerged in helium to provide a "neutralizing

background". The phase transition is observed by a variant of an experiment proposed

by Shikin28. He suggested that when the electrons have formed a crystal then driving

the crystal up and down against the substrate with an rf field should produce

resonances due to excitation of standing capillary waves (ripplons) on the helium

surface. The resonances occur when the driving frequency satisfies the capillary wave

dispersion relation to = ("r/p)1 ^2G3^2 with G an RLV of the electron lattice, y and p being

the surface tension and density of liquid helium.

The theory of the observations of Grimes and Adams was given by Fisher et al29.

At the low electron densities attainable in the experiment (105 < n < 109 electrons/cm2)

the Fermi energy is at most 0.03 K, so that at a representative temperature of 0.5 K the

electrons behave classically. The classical coupling strength in 2D is V = 7i1/2n1/'2e2/kBT

and the melting curve Tm « n1 / 2 is observed to hold, with P = 137 + 15 at coexistence.

The experimental results are consistent with freezing into a triangular lattice.

The experimental method for the realization of an almost ideal 2D plasma is of

relevant interest, since melting in 2D is still a controversial problem, as can be seen

from the recent review of Strandburg30. The usual positional long range order of the

solid phase should be destroyed in 2D systems by fluctuations due to long wavelength

phonon modes, as suggested by Peierls31 and Landau32 and demonstrated by Mermin33.

However, the existence of a 2D solid is not excluded, particularly for systems of finite

size. In simulations of classical 2D jellium, after early work by Hockney and Brown34,
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an ordinary liquid-solid transition has been reported by Gann et al35 at r = 11CM40 and

by Kalia et al36 at r = 118+130. The latter authors report hysteretic behaviour of both the

solid and the liquid phase and an entropy change of 0.3kB across the transition.

The density wave theory described in section 2.2 yields first-order freezing into a

stable lattice37, as expected from a mean field theory which does not take fluctuations

into account. The liquid is indeed structurally predisposed to crystallization into a

triangular lattice, as can be seen from Fig. 3 showing that the first three stars of RLV's

for this lattice are located in correspondence with the main two peaks of the direct

correlation function. First-order freezing is found in the theory to occur at F = 149 with

an entropy change of 1.2 kB. Thus, even if omission of higher order correlations

prevents safe conclusions, it appears that an ordinary freezing/melting transition

would occur at a lower temperature and with a stronger first-order character than are

compatible with the simulation data.

In fact, Morf38 has noted possible doubts left by the aforementioned simulation

work on the 2D plasma, in relation to the attainment of equilibrum near the transition,

and has devised simulation tests of the transition mechanism proposed by Halperin

and Nelson39 and by Young40 for a 2D system on a smooth substrate, starting from ideas

of Kosterlitz and Thouless41 (KTHNY theory). The 2D solid would be characterized at

low temperature by the presence of topological defects, which are dislocations bound in

pairs. On increasing temperature, as the en tropic terms increase, the dislocation pairs

start to dissociate, driving a continuous transition to a so-called hexatic phase, in

which translational order is lost but orientational order persists until a true liquid is

realized at higher temperatures. The me] ting temperature Tm for the loss of

translational order is related to the Lame elastic constants X and u by the criterion

(16)
4 l t kBTm

2u(T)+MT)
T-»tL

where aL is the lattice constant. For 2D jellium Thouless42 estimated T = 78 at melting

from eqn (16).

Morf38 has studied the temperature dependence of the shear modulus n, which

- 1 1 -

enters eqn (16). In the solid phase u is found to decrease linearly with increasing

temperature. A drop in the shear wave frequency and onset of particle diffusion occur

for 120 < F < 140. From the behaviour of u(T) and with an estimate of the core energy

of dislocations, Morf obtains P = 128 at melting from eqn (16). He also reports

indications for the existence of an hexatic phase.

Gallet et al43 have been able to measure the shear modulus as a function of

temperature in the quasi-2D system of electrons on liquid helium. Application of a

magnetic field makes it possible to separate the transverse and longitudinal branches at

long wavelengths. Resonances of the transverse modes in interaction with an

oscillating electromagnetic field are detected in the solid phase and disappear at

melting. A rapid decrease of shear modulus is observed near melting, in agreement

with the KTHNY theory and with Morf's simulation. Further relevant experiments

have been reported by Mehrotra et al44, who measure the electron mobility and by Guo

et al45, who study the scattering of electrons against ripplons.

The region of thermodynamic parameters where quantal effects would arise and

melting would take place at increasing density is not easily accessible experimentally for

the quasi-2D electron system. A crude estimate of the full phase diagram can be given46

on the assumption that the critical coupling strength (ratio of potential to kinetic

energy) for melting does not change much in going from the classical to the quantum

limit. Indeed, Ceperley20 estimates by simulation a value r s =33 fortheWigner

transition in 2D quantal jellium, which corresponds to about half the value of the

coupling strength for the transition in the classical limit. A similar approximate

relation holds also in 3D. The phase diagram would be appreciably modified47 by

depositing the electron monolayer on a thin helium film overlying a dielectric

substrate, owing to image-charge modifications of the electron-electron interaction. In

particular, in such a configuration the electron system would be maintained in a

quantal fluid state at low density and temperature.
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3. Multicomponent systems

Freezing takes place in jellium as a result of increasing strength of Coulomb

repulsions between active particles, while the role of attractions in maintaining

condensed phases is attributed to the incompressible neutralizing background through

the artifice of treating its density as a control parameter. We shall now turn to real

systems in which both attractions and repulsions are at play, in cases where the role of

Coulomb interactions in the liquid-solid transition hr <; been emphasized. These are

multicomponent systems of ions and electrons or of various ionic species.

In our discussion we shall bear mostly in mind the prototype system represented

by the OCP in 3D and the simple theory of its freezing that we have summarily exposed

in section 2.2. Our main emphasis will be on melting criteria (analogous to

e2/(rskBTm) = 180 for the OCP) and on the relationship between direct correlations in

the liquid and crystallization in equilibrium conditions. We stress at this point that in

a classical system this implies a relationship between liquid structure near freezing and

properties of the hot solid near melting. In particular, in a monatomic classical liquid

the direct correlation function c(k) is related by

1
nc(k) 1 - S(k)

(17)

to the liquid structure factor S(k), which is known in many systems from diffraction

experiments. A simitar relation exists for an ionic classical liquid between the direct

correlation functions for the various pairs of ionic components and the partial

structure factors, which can be resolved from the total diffraction pattern of the liquid

by the technique of isotopic enrichment in neutron diffraction6.

The import of the relation that we have just recalled is that simple matching of

the main structural features of the liquid from diffraction data with the location of

reciprocal lattice points for the crystal already allows qualitative inferences on

crystallization and hot-solid properties. Of course, the theory can be developed up to a

full evaluation of the phase transition from given interatomic pair potentials through

a calculation of bulk liquid structure and of the change in the free energy functional

between the two phases. Further contact between theory and experiment could then be

made through the order parameters nG of the solid phase, which yield directly the

values of the Debye-Waller factor at the Bragg reflections. We shall not dwell on such
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calculations, as our discussion of jellium in section 2 should suffice for an illustration

of the approach and of its quantitative limitations.

3.1 Alkali metals

The alkali metals, with perhaps the exception of Li, are ideal candidates for

parallelism with the classical jellium model, in view of the relative smallness of their

ionic cores and weakness of their electron-ion interactions. Standard-pressure melting

occurs from a bec crystal at values of the ion-ion coupling strength e2/(rskBTm) in the

range from 210 for Li and Na to 180 for Cs. The entropy change on melting (AS/kB =

0.80+0.85) is also close to the OCP value. However, a distinctly small but finite volume

change on melting (AV/V = 0.016*0.026) reflects the finite compressibility of the

"background" of conduction electrons. Measurements of the melting curve of Na

under pressure indicate48 that the coupling strength at melting tends to a value of

order 150 as the volume change on melting tends to zero with increasing pressure.

From the structural viewpoint, the OCP is preferable to the classical hard-spheres

model as a reference liquid for variational calculations of thermodynamic properties of

liquid alkalis49'50. Of course, account must be taken of screening of the ion-ion

interactions by the conduction electrons in calculating liquid structure and properties.

Starting from the structure factor of the OCP and treating screening by an optimized

perturbational approach, one finds that the direct correlation function of the liquid

metal is given by51

nu*(k)
c(k) = c(k) - (18)

where co(k) is the direct correlation function of the OCP, which was shown in Fig. 2,

and u*(k) is a perturbationally optimized form of the indirect ion-ion attraction via

electronic screening. The results of such a calculation of the liquid structure for

potassium near freezing are shown in Fig. 4 in comparison with diffraction data52.

Screening is indeed crucial at long wavelengths in order to recover a finite

compressibility for the liquid metal and hence a finite value of S(k) in the limit k-»0.

However, the structural consequences of screening are limited to the small-angle

scattering region. All the structural features that are seen in Fig. 4 above k = 1.5 A"1 are
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essentially unaffected by electronic screening and therefore closely follow those of the

OCP at the appropriate value of the bare ion-ion coupling strength. Since c(k) = co(k) in

this whole region of wavenumber, a detailed microscopic theory of freezing in the

alkalis should closely parallel the theory discussed in section 2.2 for the OCP, with the

important difference that attention should be shifted from the interfacia! potential drop

to the volume change across the phase transition in treating the k->0 contributions to

the coexistence and equilibrium conditions.

3-2 Elementai and polar semiconductors

Group IV elemental and group III - group V polar semiconductors crystallize at

standard pressure in tetrahedrally coordinated open structures. Melting occurs with a

negative volume change and a change of electronic transport character to metallic-type

conductivity. The first neighbour coordination number increases on melting to a value

of order 7. Yet the liquid structure of Ge and Si is quite distinct from that of other

liquid metals53. In particular, the first neighbour coordination is still relatively low,

but a second shell of neighbours is seen to lie at a short distance beyond the first shell,

in a region where the pair distribution function in other liquid metals shows its main

minimum. Similarly, the liquid structure factor shows a distinctive shoulder on the

large - k side of its main peak.

Although the above structural characteristics can be approximately accounted for

by means of effective interatomic pair potentials constructed by pseudopotential

theory54, one is clearly dealing with liquid metals which in a sense are at an opposite

extreme relative to the alkalis. The drastic changes in atomic and electronic structure

of these systems on melting are evidently associated with a release of valence electrons

from interatomic bonds into conduction states, and hence the electron-ion interactions

must be playing a crucial role in the melting/freezing transition.

A pseudoclassicat model for the liquid structure of Ge has recently been

proposed55, which allows one to qualitatively follow the structural evolution of both

ions and electrons with increasing coupling strength. The model extends to the liquid

state the bond charge model proposed by Phillips56 for crystalline semiconductors and

used by various authors57 in calculations of their phonon dispersion curves. Liquid Ge

is described as a mixture of atoms and point-like bond particles, with mutual attractive
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interactions which can induce localization of bond particles between pairs of atoms

under steric constraints limiting the coordination of an atom by bond particles to a

maximum of 4 in tetrahedrat configuration.

The partial structure factors of the model are shown in Fig. 5. The shape of the

atom-atom structure factor (full line) is in good agreement with the available

diffraction data on liquid Ge near freezing53. In addition the model yields predictions

on the structural behaviour of the bond particles. The main qualitative prediction in

this regard is that the degree of 'ocalization of bond particles inside interatomic bonds is

quite high in the liquid near freezing, though not complete. This result is consistent

with molten semiconductors being rather poor metallic conductors and should be

further tested by full quantal calculations.

The strength of the atom - bond particle attractions, which are responsible for

bond particle localization and for the consequent distinctive features of liquid structure,

can be measured either through the valence - conduction band gap in the crystal (in

units of kBT) or through the "plasma parameter" z2e2/(rskBT), where z is the charge

on a bond particle and rs = (47tn)'1/F3 with n the atomic number density. In either case

a melting criterion emerges from the theory. In particular, the characteristic atomic

structure shown in Fig. 5 arises in the model for z = 0.5, which is the value estimated

by Phillips56 for the bond charge in Ge as z = 2/\feo, with e the static dielectric

constant of the crystal. This value yields the melting criterion

4e2/(eorskBTm) = 20 , (19)

which is indeed found55 to be empirically satisfied in Si, Ge and the III-V compounds.

The corresponding melting criterion involving the band gap E is kBTm = E /I0.

Referring again to Fig. 5, we have marked at its top the locations of the allowed

Bragg reflections of the diamond crystal structure, which is based on the fee lattice. We

see that there is good correspondence between the (220) and (311) Bragg diffraction spots

and the shoulder in SGece(k). Furthermore, these RLV stars match the strong peak in

SBB(k) and the deep valley in SAB(k). The interpretation of the latter structural features

is that in the liquid near freezing there is strong short-range order in the subsystem of

bond particles and in their alternation with atoms in space.

Thus the Figure suggests that crystallization in Ge should be primarily looked
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upon as "freezing of bonds" driven by tetrahedrally constrained attractions between

ionic cores and valence electrons, rather than as a direct freezing of atoms into a crystal

structure. It remains a challenge whether this qualitative suggestion can be developed

into a microscopic theory of the phase transition, which should also account for the

uncommon sign of the volume change on melting. It is also interesting to note that in

the observed diffraction pattern of amorphous Ge58 the shoulder of the liquid structure

factor has evolved into a main peak at essentially the same wavenumber, whereas the

main peak of the liquid structure factor has become a prepeak in correspondence with

theUlDstarofRLV's.

3.3 Ionic systems

We shall pursue our main theme here in relation to freezing of ionic systems by a

brief discussion of two classes of molten salts59 and by an illustration of two further

examples taken from areas outside conventional condensed-matter physics.

It was noticed by Reiss et al60 that standard-pressure melting of alkali halides

satisfies the approximate criterion e2/(akBTm) = 70, where a is the sum of ionic radii of

the two species and hence, in essence, the first neighbour distance in the crystal. The

observed structure of a liquid such as molten NaCl is most simply described as a

superposition of strong short-range order in the charge distribution (i.e. alternation of

Na and Cl ions in space) onto excluded-volume effects due to the almost rigid ionic

cores. Charge ordering yields a partial structure factor with a strong peak in

correspondence with the (111) Bragg reflection of the crystal, whereas the partial

structure factor associated with species-averaged density fluctuations is essentially

gas-like except at low k, where its small value reflects the low compressibility of the

liquid. Charge ordering drives crystallization at standard pressure with the assistance

of a relatively large volume change61. The melting curve of alkali halides, on the other

hand, shows in its shape a rapid decrease of AV/V with increasing pressure. The

liquid structure evolves with pressure from Coulomb ordering to monatomic

dense-packed ordering, so that freezing at very high pressure and temperature is

expected to yield an fee crystal on which the two ionic species are disordered62.

Our second example from molten salts concerns a class of fluorite-type materials

which acquire superionic conduction properties in the hot solid phase below melting
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through a rapid continuous disordering of the anionic component. SrCl2 is the most

extensively studied system in this class, when one considers both the solid and the

liquid phase. The most prominent feature in the observed liquid structure of SrCl2

near freezing is the main peak in the Sr-Sr partial structure factor, which can be put in

correspondence with the (111) Bragg reflection from the fluorite structure. The Cl-Cl

structure factor shows instead a relatively broad and low peak overlying the (200)

reflection. Approximate account can be given63 of the measured SSrSr(k) by an OCP

model at coupling strength T = 70, as estimated from I" = 4c2/ (£MrskBTm) where EM is

the electronic dielectric constant accounting for screening of the Sr-Sr Coulomb

repulsions by the "background" of chlorines. Freezing of molten SrCl2 can accordingly

be described at an elementary level as an instance of classical Wigner crystallization of

the Sr ions into an fee sublattice, with the Cl component being strongly disordered

though modulated by the Sr sublattice61. The superionic-to-normal transition which

occurs in the crystal with further cooling can in turn be described as a process of

continuous freezing of the modulated Cl component, primarily associated with a

continuous growth of the (200) Cl order parameter from its finite value near melting64.

The calculated behaviour of this order parameter with temperature across the

continuous transition is in approximate agreement with diffraction data and directly

yields the characteristic peak in the heat capacity which marks the superionic transition

in fluorite materials.

After the foregoing examples from molten salts, it is of interest to briefly discuss

the ordering exhibited by assemblies of charged macromolecules or macropartides in

aqueous suspensions. Solid-like structures can be formed for sufficiently strong

interactions and short-range ordering can persist at relatively low ionic strength. These

ordering effects are known for both biological and inorganic materials and have been

studied in considerable quantitative detail in aqueous dispersions of charged spherical

polystyrene particles. Screening by ions in solution leads to an effective Coulomb

interaction between charged macropartides which can be described by a Debye-Hiickel

screened repulsion under conditions that the Debye screening length is much larger

than the particle diameters. To give an illustrative example, in the experiments of

Brown et al65 the particle diameter is of order 250 A, the Debye screening length of

order 3000 A and the mean interparticle distance of order 5000 A, yielding an effective
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repulsion between first neighbours of order 20kBT which is responsible for liquid-like

order in the macroparticle system as observed by light scattering. The phase diagram

under screened Coulomb repulsions has been evaluated by Shih et al66, who find the

fee structure to be dominant at high densities while the bcc structure can become stable

in dilute suspensions when the particle charge is high and the screening length is large.

There is broad agreement between these theoretical results and observations, although

the latter also show67 a reduction of interparticle spacing in colloidal crystals of highly

charged particles which is not consistent with purely repulsive interactions. It is also

remarkable that recent studies of 2D suspensions of highly charged particles by optical

microscopy and digital imaging68 have given evidence for a two-step melting process

occurring through an intermediate hexatic-type phase as predicted by the KTHNY

theory.

Finally, to mention a recent example with relevance to astrophysics, freezing in a

mixture of carbon and oxygen plasmas has been evaluated by Barrat et at69. The phase

diagram of the binary plasma is obtained by linearized density-wave theory with

exclusion of the order parameter associated with the (200) star of RLV's of the bcc lattice

(see the discussion in section 2.2). In contrast with earlier theoretical predictions, the

two nuclear species are found to be miscible in the solid phase, which is slightly richer

in oxygen than the fluid phase. The authors also discuss the astrophysical consequences

of this result with special attention to the white dwarf luminosity function.

4. Summary

We have emphasized in this brief review the special features of Coulomb

interactions in driving phase transitions from disordered to ordered states. The

discussion of the formal theory has been focussed for simplicity on the case of jellium,

stressing (i) the existence of freezing/melting criteria in the form of specific values for

the coupling strength at the phase transition and (ii) the relevance of the liquid-state

density response to the microscopic description of the phase transition. The usefulness

of these concepts has been illustrated by a number of examples regarding systems of

increasing complexity. Two main conclusions can be drawn. Firstly, melting/freezing
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criteria apply for classes of similarly bonded materials, which are "universal" as far as

this expression can be used in relation to a first-order phase transition. Secondly, the

relation between liquid structure and freezing in a classical system can be usefully

exploited even at a level of qualitative understanding. As a matter of fact, much more

abundant and accurate information is available on the structure of liquids near freezing

than on solids near melting.
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Appendix. Electrochemical potential in the jellium model

Here we consider the thermodynamic limit for the jellium model in the canonical

ensemble, in relation to its electrochemical potential. The temperature is taken as fixed

and therefore not explicitly considered. The potential energy function is

"•1 ' I ' v ' * v V V

with the background density given by nb = Nb /V, in terms of the number Nb of

smeared background particles.

We recall that for any finite volume V it is possible to consider systems that are

not neutral70, provided that in the thermodynamic limit (N, V - > « with N / V -> n)

the condition (N-Nh)/V
2/3 -* 0 is satisfied. Thus, for any finite volume we can define

electrochemical potentials for both electrons and background particles according to

(A.2)3N ' Nb, V N, V

From the expression of F in terms of the canonical partition function and exploiting

the explicit form of the potential function of eqn (A.I), it is immediately found that the

background electrochemical potential is given by

(A.3)

with <...> denoting the canonical average and VM being the spatial average of the

Madelung potential.

Once the thermodynamic limit is taken, the distinction between density of

electrons and density of background is lost because of charge neutrality. Thus, the

Helmoltz free energy density f(n) only depends on a single density n. This implies that

knowledge of the bulk free energy density f(n) only allows the calculation of

= u + K-H-VM ( / U )
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Figure captions

Figure 1. Local field factor G(k) for the spin-polarized electron fluid at increasing

values of the coupling strength parameter rs. In order of increasing peak height the

curves refer to rs = 2, 5,10,20, 50 and 100. From results of G. Pastore and G. Senatore,

ref. 14.

Figure 2. Direct correlation function c(k) for the OCP in 3D at r =• 160, from the GMSA

theory (full curve) and the MHNC theory (dashes) compared with computer

simulation results (dots). The arrows mark the location of the first four stars of RLV's

for the bcc lattice. From M. Rovere and M. P. Tosi, ref. 10.

Figure 3. Direct correlation function c(k) for the OCP in 2D at F = 90, from theory

(curve) and computer simulation (dots). The vertical bars mark the location of the

stars of RLV's for the triangular lattice. From P. Ballone et al, ref. 37,

Figure 4. Structure factor S(k) for liquid polassium near freezing, from theory (curves)

and X-ray diffraction experiments (dots and circles). The magnitude of S(k) in the

small angle scattering region has been amplified by a factor of ten. From G. Pastore and

M.I'. Tosi, ref. 51.

Figure 5. Partial structure factors San{k) for a bond particle model of liquid

Germanium near freezing. The various curves show the atom-atom (full line),

bond-bond (dashed) and atom-bond (dotted-dashed) structure factors. The vertical bars

mark the location of the Bragg diffraction spots from the diamond structure. From

results of A. Ferrante and M. P. Tosi, ref. 55. F i g . l
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