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I. INTRODUCTION

Non-linear o-models on arbitrary Eiemannian manifolds have long been

known to have interesting geometric properties. However, it is well known

that the ultraviolet properties of supersymmetTic non-linear o-models can be

studied using the geometrical properties of Kahler manifolds [1,2]. A

particularly important result has been the ultraviolet finiteness of super-

symmetric non-linear c-models defined on Ricci flat manifolds. The proof

is based on the expansion of the action in the background field method in a

manifestly covariant way [2,3]. The definition of a quantum field which

transforms as a vector and the use of Rienann normal co-ordinates lead to an

expansion in which each term depends only on tensors on the manifold. There-

fore, the geometric property of the expansion implies a corresponding geometric

property of the counterterms.

Far two-dimensional N = 2 supersymraetric non-linear [j-model it is not

known how to formulate the normal co-ordinate expansion around a non-trivial

background field preserving the chirality constraint. Such a point was

surmounted by P.S. Howe et al. [4] by introducing an unconstrained complex

prepotential. This formalism allows the symmetries of the model to be

exploited to the full in the discussion of the ultraviolet divergences in

the quantum- theory. On the other hand, the finiteness of two dimensional

N = 4 supersymmetric non-linear a-model is proved by using different ways [5].

The most convenient Is the use of the harmonic superspace formulation in which

finiteness follows from simple power counting [6]. In this paper, we will

formulate a manifestly (4,0) supersymmetric covariant background field formalism

for two dimensional (4,0) non-linear a-model by using the parallel transport

equation.

We shall begin in SEC.II with a review of known results concerning two-

dimensional (4,0) supersymmetric theory in harmonic superspace. The (4,0)

supersymmetric a-model is given for the matter multiplet which is equivalent

to Fayet-Sohnius representation of d = 4, N = 2 supersymmetric theory. In

Sec.Ill we detail the background superfield method of two-dimensional (4,0)

non-linear a-model by using the parallel transport equation. The Feynman

rules are constructed from- the background superfield expansion of the two-

dimensional (4,0) supersymmetric a-model action which is written in the full

(4,0) harmonic superspace. As a consequence, this yields to manifestly covariant

divergences which can be removed by counterterms which are integrals over the

full harmonic (4,0) superspace of globally defined scalar functions. Furthermore,

the action of the model has a quantum gauge invariance which we have fixed by

using the BRST argument leading to Faddeev-Popov ghost terms. Finally in

Sec.IV we present the conclusion and outlook.
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II. TOO-DIMENSIONAL (4,0) HARMONIC SUPERSPACE

In this section we recall the concept of d = 2 harmonic superspace

given explicitly in Ref.7 by using the light cone co-ordinates

x++ = — (x° + x1) and x " = — (x° - x1) . However d » 2 (4.0) super-

space in the central basis is

, et) (2.1)

where the real Grassmannian co-ordinates 9* belong to the vector representation

4 of S0(4) if SU(2) ® SU(2). Therefore, 9* can be converted through

the isomorphic group SU(2) ® SU(2) as

where C1. ; a,p = 1,2 are Clebsch-Gordon coefficients chosen to be real.

Hence the chiral (4,0) superspace (2.1) becomes

(2.2)

The harmonic superspace is obtained by adjoining to the superspace (2.2)

extra harmonic variables

into U(l) one and satisfy

extra harmonic variables U— used to convert one SU(2) symmetry of 6_

= o
The d = 2 (4,0) harmonic superspace is given by

(2.3)

(2.4)

where

= B?
On the other hand, the (4,0) supersymmetric transformations in the'harmonic

superspace (2.4) are

o

o = SLJ* (2.5)
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As often happens [8,9] the following variables change:

(2.6)

form a subset of (2.4) closed under the following (4,0) supersymmetric trans-

formations:

This superspace (2.6) is called the analytic subspace of (2.4). Such analytic

subspace (A.S) is stable under the combined conjugations (—) already used in

d = 4, N = 2 sueprsymmetric theories [9], The spinor and harmonic covariant

derivatives on the (A.S) are given by

= 3- , T?

where d1^ = U T p . Furthermore,the measure of the integration on the
3U~ p

(A.S), (2.6) is defined as

(2.9)

carrying two plus Lorentz charges, Cartan Weyl charge (-2) and has a mass

dimension (-1). Insisting on dimensional analysis (Lorentz and Cartan Weyl

charges and mass dimension) the (4,0) supersymmetric Lagrangian for the (4,0)

matter multiplet is of the form [7]:

z . r (2.10)

where the mass dimension is equal to +1 and ^ (q and t are the Cartan-Weyl

and Lorentz charges, respectively) is the matter multiplet consisting of

four real scalars and four chiral real Hajorana-Weyl spinors. However, as in

d = 4, N = 2 supersymmetric theories there is also equivalent Fayet-Sohnius

representation for the two-dimensional (4,0) supersymmetry [9]. Indeed, the

matter (4,0) multiplet is described either by the scalar 4 or by the

minus spinor x_ • The corresponding non-linear o— models (4,0) supersymmetric

are given by [7]:
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(2.11)

where 4 and x, are superfields defined on (A.S) and consequently satisfy

the analyticity condition

>U 4?* = o
(2.12)

The 6 expansions are

and (2.13)

Each component in (2.13) depends on the extra variables Us- . In order to
p

get the harmonic expansion on shell (2.13) must be supplemented by the following
consistency condition;

t»++4>+a = o = (2.14)

Furthermore, S-j.(* >? ) Is an arbitrary function and the holomorphic index b

runs from 1 to n: dimension of the hyperkahler manifold where the co-ordinates

are taken to be analytic superfields. Throughout the following section ve

develop a manifestly covariant background field formalism for the (4,0) super-

symmetric two-dimensional non-linear c model.

III. (4,0) SUPERSYMHETRIC QUANTUM NON-LINEAE a-MODEL IN TWO DIMENSIONS

The covariant background field method for the non-linear o-model was

first formulated by Honerkamp with applications byEcker and1 Honerkamp to

one-loop calculation for the chiral pion Lagrangian in four dimensions [1].

Study of the ultraviolet structure of the non-linear o-models is greatly

facilitated by use of the background field method [2J. The advantage of the

expansion of the background field in normal co-ordinates resides in the fact that

the splitting between the classical solution and the quantum field is made

in such a way that the latter automatically transforms as a vector on the

manifold; thus, the on-shell counterterms calculated are automatically

covariant [3]. For d = 2, N = 2 supersymmetric non-linear o-model the only

difficulty in carrying out this procedure explicitly is that it is not known

-5-

at present how to formulate the normal co-ordinate expansion around a non-

trivial background superfield in a uay which preserves the chirality

constraint. This problem was circumvented by P.S. Howe et al. [A] by

introducing an unconstrained complex prepotential. This formalism can be

used to set up a manifestly (4,0) supersymmetric covariant background field

formalism for (4,0) two dimensional non-linear o-model based on the parallel

transport equation. In fact, let us introduce the unconstrained complex

prepotential X"f(t) (0 < t < 1) defined along the non-geodesic curves

*+a(x,e!) as

(3.1)

which are taken to connect the background superfield with the total superfield

with

rl
(3.3)

The non-analytic superfield X * has a nice geometrical interpretation and its

transformation under holomorphic co-ordinate reparametrization is given by

(3.4)

where

(a)

(b)

(c)

(3.5)

dA
Eq.(3.4) ensures that transforms as a vector under the transformation

dAl!
(3.5) . Consequently, the equation of parallel transport for , is given

(3.6)

Eq.(3.6) is to be solved subject to the initial conditions:
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— -
(3.7)

t-0

where *__c» i-
s the background prepotential and £ _̂  is the quantum super-

field which is an unconstrained superfield. The solution is

-ax.*•r: -t
and consequently

where

(3.9)

In principle, therefore, we must insert the expansions (3.3) and (3.9) in the

action (2.11) to generate a covariant set of background superfield vertices

in powers of the quantum superfield £; a . However, the expansion of the

metric tensor s-iS^'^ ) °f t n e manifold is obtained by using the development

of Ref.2 available in any co-ordinate system by

where

and

>Ar*r*"

u r& J

v Vf + J
+

(3.10)

(3.11)
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One can now insert the expansions (3,10), (3.11) of the metric tensor and

(3,3), (3.9) in (2.11) to obtain the background superfield expansion of the

bosonic two dimensional (4,0) supersymnsetric o-model action:

is
Jd'rc ' itl..Bf f^

j

(3.12)

where

One notes that in (3.12) the coefficients at all orders in the quantum non-

analytic superfield £__ being constructed from geometrical tensors that are

functions of the background analytic superfield $ . . It is clear that the

Feynman ruLes constructed from the expanded action(3.12) will yield manifestly

covariant quantum corrections written as integrals over the full harmonic (4,0)

superspace. The divergences can be removed by counterterms which are integrals

in the (4,0) harmonic superspace of globally defined scalar functions of the

background superfield that are constructed from the Riemann tensor and its

covariant derivatives

(3.13)

As is precised in Ref.6 the Lagrangian counterterm 4 ^ is of dimension

zero, since the d 8_ d 8_ is of dimension 2 and dll is dimensionless, and

with Lorentz charge (-4). After taking out an insurance that the counterterms

take the form (3.13), let us now turn to the formulation of manifestly super-

symmetric Feynman rules. However, the non-analytic superfields £__ are not



quite suitable as quantum superfields in diagrammatic calculations. Their

propagators are not standard because of the presence of fcK(<ti >*b ) in the
i + *+

kinetic term. This can be eliminated by introducing an n-bein e a(*ji»+C£)

and n-bein e- (•«•• ») where n is the dimension of the manifold

by defining

after which the kinetic term in (3.12) becomes

f"j*a

(3.14)

(3.15)

(3.16)

that the action (3.12)has a quantum gauge invariance which must be gauge

fixed leading to Faddeev-Popov ghosts in an usual way. In fact, the gauge

transformations of quantum and background superfields are given by

(3.19)

vhere V__ is a parameter superfield. In order to obtain a covariant gauge

fixing term, we first define a Grassmannian operator Jb, with Jb = 0 (BRST [7])

and introduce an anticommuting ghost superfield C _ associated with the

£__ by changingparameter <y__

<Wl! into C"!

. Furthermore, we define the action of Jb

in (3.19)

r: = c:
(3.20)

To define a gauge fixing (4,0) supersymmetric action with ghost number zero,

ve introduce a superfield antighost C^_ and a commuting superfield b__

such that

. ^i * r — a
with

= o
(3.21)

(3.17)

to"1, is the spin connection on the manifold carrying (-1) Cartan-Weyl charge

and (-2) Lorentz charge. Therefore the propagator of the quantum superfield

f, is given by

.18)

where 6( ) < V Z 2 5 = S^x^Xj) «2(e+_ - 9jJ <5*'(9~_ - 6~J is the full

(4,0) harmonic superspace 6-function and 6 ' (U.,UT) is the harmonic

6 -function [8],

The above procedure is adequate to establish a covariant background

superfield expansion but the use of the unconstrained superfield £__ means

We assume that A commutes with space-time and spinorial derivatives. If

we postulate BRST invariance for the action, S* ' , it is possible to add

the following ,A-exact and thus ̂ -invariant gauge fixing action to S^

(3.22)

where a and 3 are coupling constants.

£q.(3.22) is obtained by using the dimensional arguments. However,

the operator A is of mass dimension +1, ghost number +1 and less Cartan

Weyl and Lorentz charges. Since the quantum superfield £_ is of mass

dimensions -1, the ghost and antighost superfields have less mass dimensions.

It is not possible to obtain in (3.22) a BRST variation term of the superfield

b jj because its mass dimension is +1 and the Lorentz charge cannot be

conserved. In fact, if such a term exists it will be in the following form:

-9-
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[iW
(3.23)

C__ is introduced in order to conserve the ghost number. ~i a and +

or D introduced to preserve the Cartan-Weyl U(l) charge. Unfortunately,

the mass dimension of these terms is +2 and if we want to exceed this by

the derivative (3__) the Lorentz charge will be effected.

The expansion of (3.22) by using Eqs.(3.2O) and (2.21) leads to

(3.24)

With the help of (3.14),Eq.(3.24) becomes

o

(3.24')

In Eq.(3.24') one recognizes the kinetic term of the ghost superfields and

the BRST auxiliary superfield b"_ which is the Nielsen-Kallosh ghost [101,

However, eliminating b__ by using its equation of motion one obtains the

following constraint:

(3.25)

Note that for a = p = 0 one obtains the constraint (2.14) which puts the

harmonic expansion on-shell. Furthermore, b ^ appears as an unconstrained

LaKrange multiplier superfield as it happened in Ref.6.

Since only scalar quantum corrections are computed, the spinor super-

field x. ""ay already be considered as quantum analytic superfield. By

using (3.10) one finds

(3.26)

There are elegant proofs in the literature [11,5] that the two-dimensional

N ^ A supersymmetric o models have vanishing p functions to all orders

in perturbation theory. The proofs are based on the geometrical and topological

properties of hyperkahler manifolds. There is also an explicit superspace

power-counting proof [12] of finiteness of this model to all orders. On the

other hand, with the use of this background development, the discussion of

ultraviolet finiteness of two dimensional (4,0) supersymmetric non-linear

o-model may be treated by following the procedure of Ref.2. But this

development may not be straightforward since we do not know if the dimensional

regularization preserves manifestly (4,0) supersymmetry. Nevertheless, this

difficulty can be overcome if we use the BRST argument. We defer a fuller

discussion of this point to a later publication [13],

IV. CONCLUSION

In this paper we have developed the background superfield formalism

for two dimensional (4,0) supersymmetric non-linear o-model. In view of

the absence of normal co-ordinate systen this manifestly (4,0) supersymmetric

reparametrization covariant background superfield formalism is based on the

parallel transport equation and the introduction of an unconstrained super-

field f;"a . The manifestly supersymmetric Feynman rules are obtained and we

have seen that the quantum corrections are integrals in the full harmonic

(4,0) superspace. Furthermore, the two dimensional (4,0) supersymmetric action

has a quantum gauge invariance which we have fixed by using the BRST argument

leading to Faddeev-Popov ghosts. The Nielsen-Kallosh ghost appears just

linearly and looks like the Lagrange multiplier superfield introduced in

Ref.6. The use of its equation of motion for a particular choice of

parameter couplings puts the harmonic expansion on shell.
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