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ABSTRACT

The superfield formulation of the two dimensional (4,0) super-

gravity is developed using the harmonic superspace techniques. The different

sets of constraints are given and their solutions are expressed in terms of

a SU(2) self dual torsion superfield and harmonic prepotentials. The

pure auxiliary (4,0) Einstein action generalizing the (2,0) one is vritten

down and the most general (̂ t,0) matter couplings are given.
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I. INTRODCUTION

Recently, important developments have been realized In the unconstrained

off shell formulation of D = 4,N = 2 extended (conformal) supergravity in

superspace [1,2,3]. As for the N = 2 hypermultiplets, the N = 2 and N = 3

super Yang-Mills 14-7], the D = 4, N = 2(3) harmonic superspace has been

shown once more to be a powerful technique to deal with D * 4, N = 2(3)

extended supersytnaetric theories. Using this technique, Galperin et al.

have succeeded, as usual, in finding out the geometrical formulation of

D = 4, N = 2 (confornal)supergravity [1,2] as well as the natter couplings

in a curved background [8].

On the other hand, harmonic superspace techniques have been used

successfully in two dimensional (4,4) and (4,0) supersymmetric theories in

the flat case [9-11]. These theories, which are a class of two dimensional

(p,q) supersytnmetry, are of great interest because of the relation they shed

on the theory of superstrings [12,13]. Indeed, it has been shown that

superstringtheories are associated with non-linear sigma models coupled to

world sheet (p,q) supergravity [14). The peculiar (l,0)/(2,0) and (4,0)

supersymmetric non-linear sigma models have been studied in much detail in

the last two years [15].

Moreover, as for the ten dimensional heterotic superstring [16],

the two dimensional (p,0) world sheet exhibits a large invariance.that is.

a (p,0) local superconformal symmetry. The latter is of great interest,

at least in the p = 1 case, for the covariant quantization of superstring

theories [16]. Therefore, the study of (p,0) (conformal) supergravity in two

dimensions, though not propagating, has been attributed some attention

using in general a component field formalism [17,18], For the p - 1 and 2,

there exists also a superfield formulation. Explicit (1,0) and (2,0) Einstein

supergravity actions and matter couplings in curved background have been

written down [19,20], However, for p > 2 , only partial results have been

obtained [20].

In this paper, we complete these works for the (4,0) case. We develop

the (4,0) curved superspace approach using the harmonic superspace techniques.

In particular, we construct the (4,0) Einstein supergravity action in super-

space and derive the general matter couplings in curved background using

superfield techniques. Our results generalize those of Refs.2O set up for

(2,0) supergravity.

The presentation is as follows:

In Sec.II, we review the (4,0) supergeooetry of the flat and curved

superspace. The torsion and curvature constraints are given. As pointed

out by Ovrut and Evans the solutions of these constraints are expressed

in terms of a set of free torsion superfields carrying a Lorentz tangent
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space index. For (p,0) supergravity, there are p(p-l)/2 free torsion super-

fields. The unique torsion superfield T__ of (2,0) supergravity, and

whose first component field describes the spin one field of (2,O) super-

gravity multiplet (2, ̂  ,1), has been shown to be a fundamental superfield [20].

It is used to formulate the (2,0) Einstein supergravity action given by

where 6" is the inverse of the superdeterminant of the vielbein EA ,

In the (4,0) case there are six free torsion superfields transforming under

the antisymmetric representation of the S0(4) automorphism group rotating

the four supersymmetries. The simple extension of Eq.(l.l) to (4,0) super-

gravity is recovered by requiring a self-duality condition on the six

torsion free superfields. This condition leaves only three fundamental

superfields transforming as a triplet of SU(2) C S0(4) and whose first

component field represents, as for the p = 2 case, the triplet of spin one

fields of the (4,0) supergravity multiplet namely (2, j , 1 ).

In Sec.III we develop the (4,0) curved harmonic superspace as it is the

lell adapted superspace for extended supersymmetry and supergravity theories.

He start by giving the fundamentals of curved harmonic superspace for both

the so-called central basis CB and the analytic basis. Then, we set up

the different (4,0) supergravity constraints that are classified in three

categories. The pure harmonic one, the usual superspace one and finally

the mixed ones. The last type of constraints are important from the point

of view that they relate the usual superspace vielbeins to the pure harmonic

prepotentials. The solutions of these constraints are discussed. Then

we calculate the superdeterminant of the vielbeins in the suitable gauge

H++*' « 8*"*\ The latter has been used also in Ref.l and 2. Moreover,

the tundamental triplet of SU(2) self dual torsion superfields are described
I | +_

in (4,0) harmonic superspae by the superfields T _, T _ and T _ satisfying

different identities among them the peculiar one, written in the analytic

basis

(1.2)

where §) and $ are covariant harmonic derivatives. The upper and

lower charges are, respectively, Cartan-Weyl and Lorentz ones.

Finally, we construct the (4,0) Einstein supergravity action

generalizing that of Eq.(l.l). It reads as
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m • as

(1.3)

It is bilinear in the torsion superfields and is very similar to that obtained

recently for the D - 4,N • 2 case [1,2] where T__ is in correspondence

with the harmonic prepotential of the fifth dimension.

Sec.IV is devoted to the natter coupling in (4,0) supergravity

background. First we extend the new approach of Galperin et al. to the (4,0)

curved analytic superspace. The main differencewith the D = 4,N = 2 super-

gravity matter couplings is that there exist interactions through covariant

space time derivatives us well as covariant harmonic derivatives. Thn

general matter interactions in the flat (4,0) superspace are given and

their extension to the curved case is worked out explicitly.

Our results are summarized in the last section.

II. GENERALITIES ON THE TWO DIMENSIONAL (4,0) SUPERGEOMETRY

In this section, we recall briefly the main ingredients of differential

geometry in the (4,0) superspace and examine the set of the f-jndamental

superfields describing the (4,0) supergravity multiplet (2, =• , 1 ) in super-

space. There are different ways of proceding. The more convenient way

perhaps is to formulate the problem through harmonic constraints in the (4,0)

harmonic superspace developed earlier [9,10]. This method has been shown

to be very powerful in the D = 4, N = 2 case [1,2,8]. We shall develop in this

study however, a standard approach used in Refs.14,20,21 for the (2,0)

supergravity oultiplet (2, ̂  , 1) usinp the (4,0) harmonic techniques and

leading to equivalent results. The harmonic method, besides its simplification

of the S0(4) tensor calculus, will serve to study the matter couplings to the

(4,0) supergravity multiplet. Before that, we start by recalling the super-

geometry of the flat (4,0) ordinary superspace, the curved one and the

underlying torsion constraints.

2.1 The flat (4,0) ordinary superspace

Two dimensional (4,0) superspace co-ordinate points Z are
• I

parametrized outside the two bosonic co-ordinates X and X , by four

real Grassmannian variables 8 , u = +. In general, these Grassmannian

variables belong to the vector representation of the S0(4) automorphism group.

The supersymmetric generators Q (u_ is a compact index) and the covariant

derivatives D read as
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(2.1)

T h e h e t e r o t i c s p i n o r i n d e x is r a i s e d a n d l o w e r e d b y t h e 2 x 2 a n t i s y m m e t r i c

tensor £ ; £ + ~ = 1,

(2.2)

(2.3)

or equivalently by introducing the combined index

Eqs.(2.1) satisfy the following (4,0) supersymmetric algebras;

Qa j ̂  j = --̂  Ŝ v ̂ W

M ,
(2.A)

In the flat (4,0) superspace Z , the hierarchy of covariant derivatives can

be written in a compact form by help of vielbeins e M

A = a, a is a tangent space index whereas M = m =

one. Eq,(2.5) reads more explicitly as

(2.5)

]JU and ii is a world

(2.6)

Int.roducing the vielbein one form e

(2.7)
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one can define another geometrical object; the torsion two form T" by taking

the exterior derivative of Eq.(2.7) namely

(2.8)

where d « dxm3 + d6 3 and where T.-, are the torsion conponents of

mixed indices. Converting to tangent space indices, one defines an equivalent

object

u
Using the expression of e, and Eq.(2.9) it follows that all components of

A
T

—P
(2.10)

Therefore the flat superspace exhibits a torsion even though all components of

the curvature tensor vanish.

2.2 The (4,0) curved case

The geometry of the curved (4,0) superspace generalizes the previous

one. It is specified in general by the vielbein superfields E and the

Lorentz connection S! . These are gauge superfields associated with the

two following gauge groups: i) The local superco-ordinate transformations

acting on the two dimensional world indices; ii) The local Lorentz trans-

formations acting on the tangent superspace indices A, B,... The Lorentz
B A A

connection i\, is Lorentz Lie algebra valued, i.e. S! = n A . A are

representations of the Lorentz group generators [14].

The covariant derivatives with respect to these gauge groups road^in

terms of the vielbeins and the connection as

(2.J1)

The other geometrical quantities are obtained by taking the covariant

differentiation of the one forms E and £1

(2.12)



The torsion two-form T = £)E [14>20,2l] has a similar expression as in

Eq.(2.8) and reads as

.me.
) (2.13)

where N + + = +1, N._ = -1 and N ^ = ~ .

Similarly, the curvature two-form R is obtained by differentiating

covariantly the connection one form 0 as

ft
where

= ^ ̂ W - c-

(2.14)

(2.15)

Higher covariant differentiations of these two forms T and R lead to

Bianchi identities namely

(2.16)

The consequences of these two equations are the same. Moreover, constraining

some components of the torsion tensor TDf, to satisfy the relations

(2.17)

' ++ 4

and following Refs.14 and 20, the solution of the Bianchi identities (2.17)

Leads to two sets of equations. The first one reads as

(2.18)

= o
The second set is completely specified by one torsion superfield component

T.-_w
a»S f fi as follows:
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R. (2.19)

In curved (2,0) superspace case, the unconstrained objects T_ — T -^

plays a determinant role in building the (2,0) supergravity action [20].

Indeed, supplemented by a reality condition, the superfield T , describes

a vector supermultiplet whose first component b _ = T j represents the spin-

one field of the d « 2 (2,0) supergravity multiplet (2, f, 1).
We will show later on that this unconstrained torsion superfield

T _ " supplemented, besides the reality condition, by a selfduality condition

leads to analogous results. Furthermore, the resulting (4,0) supergravity

Lagrangian is similar to that obtained by dimensional reduction of D ~ 4^N = 2

off shell supergravity formulated recently by using the harmonic superspace

techniques [4]. The latter have been shown to be a powerful method to deal

with extended supersynmetry and supergravity theories [1,2]. We want to

benefit from this formalism to study the present problem and especially when

discussing matter couplings to (4,0) supergravity in the curved analytic basis.

III. CURVED HARMONIC SUPERSPACE: THE SUPERSPACE DENSITY

We start by describing briefly the curved (4,0) harmonic superspace

with S0(4) automorphism group. The flat case discussion may be found in

Refs. 9-11,22.

The main idea of the (4,0) harmonic superspace consists in

adding new bosonic co-ordinates u s , s - 1,2 to the ordinary (4,0) super-

space. This procedure allows one to simplify the S0(4) 2i SU( 2) x SU(2) tensor

calculus at the level of the Grassmann variables 9 ^^ 9 . This is

achieved by projecting one of the SU(2)'s down to its Cartan-Weyl subgroup U(l)

as follows:

(3.1)

As a consequence, the resulting (4,0) harmonic superspace reads as



(3.2)

which is known in general as the central basis (CB).

General co-ordinate transformations in the CB oiay be deduced

from those of the ordinary superspace. They read as

%DCMM = "
(3.3)

where and 5* satisfy the following constraints:

1
d and d are the harmonic derivatives in the CB given by

, Q" =
(3.S)

The remarkable feature of the harmonic superspace is that exactly as for the

flat case, one carv define a curved analytic basis. This is obtained by a

co-ordinate change as follows:

u* u* (3.6)

where VW(Z) and 1T**(Z) are bridges relating the CB and the future

analytic one C&>,&f~)'

Similarly as in Eqs.(3.3), one can define general co-ordinate trans-

formations on the new superspace (3<,>&~*) preserving the analyticity

structvire, namely

( 3- 7 )

Notice that the new general co-ordinate parameters X do not satisfy any

equation of the form (3.4).

Furthermore, as a consequence of the change (3.6), the harmonic

derivatives acquire vielbeins. They read as:

-9-

sr = W
(3.8)

where

and a similar relation for H . Sj is the Cartan-Weyl operator counting

the U(l) charges. It is chosen to coincide with its flat analytic super-

space form namely

(3.9)

It is clear that these harmonic vielbeins vanish or go to a fixed value when

we turn back to the CB or to the flat analytic basis, we shall see later

on that the prepotentials H and H are not independent superfieids.

They are related to each other through a linear harmonic differential equation.

For the moment, let us complete this discussion by specifying all the

varieties of (4tO) harmonic superspace derivatives. The concerned covariant

derivatives are the space time and spinor ones given by

(3.10)

oi .

where

(3.U)

V AJ

Notice that we have made an appropriate choice, dictated by the analyticity

requirements; in the third decomposition of Eq.(3.11).

Now we are in a position to explore the constraints imposed on the

varieties of (4,0) superspace covariant derivatives. These constraints are

classified in three sets. The first one, which relates H and H , is

given by

[tf.sr'
= o

(1)

(2)

(3)

(A) (3.12)
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As mentioned earlier, Eqs.(3,12) and (2.A) show that S)

counting the Cartan-Weyl charges. Eq.(3.12.1) leads to

= o

is a U(1) operator

These equations are very similar to those of the D = 4,N = 2 supergravity case.
^ ̂  I i

The solution H in terms of H , vhich is noirlocal in the harmonic

variables, vias worked out in detail in Refs. 1 and 23.

The second set of constraints reads as

(3.14)

and similar constraints for dJ

Using Eqs.(3.10) and (3.11), one obtains for the constraints (3.14.1)

(3.15)

p

and another set of equations given by

(2)

(3)
(3.16)

Before going ahead, let us briefly make some comments. Eq.(3.15) means that

the Lorentz connection SI is covariantly constant with respect to the

harmonic derivatives. £qs.(3.16) show that the vielbeins E take a simple

form in the central basis

and finally which is valid in the CB only. Notice that

and ^^ describe respectively the spin 2 and four spin =• of the (4,0)
3^ 33^ 3

gravitational multiplet (2, j , 1 ).

-11-
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The constraints (3.14.2) and (3.14.3) lead, respectively, to the

following:

(3.18)

and

s= O

VJ
(3.19)

/

The important consequence of Eqs.(3.19) is the analyticity of the vielbeins

H"H"VJU and H++'*'+ . It tells us also that in the gauge [1,2]

(3.20)

*£ (3.21)

where £) F = 0.

Now, using Eqs.(3.20) and (3.21), the last equation of (3.18) leads to

the vielbein £ . take the form

(3.22)

showing that E " can be gauged away.

Furthermore, Eq.(3,22) and the second equations of (3.11) and (3.18)

implies the following form of the vielbein E *

E* =
(3.23)

Consequently, the supermatrix vielbein superfield E,M takes the following

form in the gauge (3.20):

(3.24)



We shall turn to this equation. For the moment let us give the last set

of constraints. It reads as

, Vc} = (3.25)

where u)Rf, is given by

olec -

The torsion coefficient TB(;
A is related to Eq.{3.26) as

(3.26)

(3.27)

Using Eqs,(2.18), It has been established in Eefs.14 and 20 that all the

components of the torsion, which are superfields, can be expressed in terms

of an antisymmetric six dimensional S0(4) representation free torsion

components as shown by Eqs.(2.19). In terms of SU(2) representations these

torsions can be described by two S(J(2) triplets T_^' and S _ ^ ' .

Requiring a self-duality condition, one is left with an SU(2) triplet only,

e.g. T<^> .

Moreover, such a triplet can be described in the central basis by
I I

three superfields carrying ±2 and 0 Cartan Weyl charges: T , T and

T_ . These superfields satisfy in the CB different constraints among

them the particular one

o (3.28)

ir, equivalently, in the A basis (3»> fiv ) '

(3.29)

where the upper and lower charges are, respectively, Cartan - Weyl and

Lurtmtz ones. Notice also the analogy between Eq.(3.29) and Eq.(3.3) of

Ref.12 for the fifth component.

In the rest of this section we derive the superspace density and

give the (4,0) supergravity action by following the standard method. To

that purpose, recall the infinitesimal superco-ordinate and Lorentz trans-

formal, ions of £. and
A in the CB:
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(3.30)

where 6 and A are the superparameters. Using this freedom, one can

gauge away some component fields of the vielbeins E and the connections

S3. We have already given the farm of E^ in the gauge (3.20). Here, we

would like simply to emphasize that Eq.(3.24) contains many gauge freedoms.

For instance, expanding (, and ^ in the CB using Eqs.(3.4), (3.16)

and (3.19):

•Ar (3.31)

then making use of Eqs.(3.3O), one sees that n. can be used to make the

following choices:

The component field e

the fundamental objects in e.

The inverse

(3.32)

however cannot be gauged away. Therefore,

(3.33)

(3.34)

Eq.(3.3A) describes the spin two and the four spin ^ tne gravity

multiplet. The isotriplet of spin one fields is described by the first

component of utuj in the on-she11 limit.

HFinally, the superdeterminant of E, reads as [14,20,21]

(3.35)

n-1Notice that E carries four lower (+) tangent space Lorentz indices and

four (+) upper world indices. Under superco-ordinate transformations

-14-



the inverse of E transforms as

(3.36)

(3.37)

Eq.(3.37) is exactly the transformation lav for density superfield [21].

Using this density, one can construct invariant actions. The infinitesimal

volume element is

Therefore, any action must be of the form

'u £"

S =

(3.38)

(3.39)

where (-) is a tangent space index.

Furthermore, the non-vanishing torsion superfield combinations carrying

four (-) Lorentz indices, a zero Cartan-WeyI charge and satisfying the mass

dimension requirements is given by

(3.40)

(3.

Therefore, the (4,0) Einstein supergravity action is

***

This action, which generalizes the (2,0) supergravity action obtained by

Ovrut and Evans [14,20] is also very similar to the D = 4(N * 2 supergravity one

obtained recently by Galperin et al. [1,2]. In fact Eq.(3.41) should coincide

with the heterotic truncation of the D = 2 (4,4) supergravity action.

IV. MATTER COUPLINGS IN (4,0) SUPEHGRAVITY BACKGROUND

The action for general supersymmetric Sigma model in (4,0) curved

harmonic superspace is very similar to the d = 2 (4,4) one. The latter can be

obtained by dimensional reduction of the d = 4, N = 2 theory down to d - 2.

-15-

In four dimensional space time, the matter couplings have been formulated

in harmonic superspace and important results have been obtained [8] . Among

these matter couplings, there is a remarkable one using a SU(2) doublet of

unconstrained FS hypermultiplet as a compensator. The latter, which is pseudo-

real q 1 = £. . q ^ CV••*—) is used to compensate the SU(2) gauge transformations

of the N = 2 conformal superalgebra.

For the two dimensional (4,0) case, the method is quite similar and

may be summarized AS follows.

First, consider the flat space free action of the isodoublet q '

in the (4,0) flat analytic basis. It is given by [9,10,11]

(4.1)

where 3 = 9/Sx and the analytic integral measure is

(4.2)

In the curved (4,0) background, Eq.(4.1) is generalized as follows:

Eq.(4.3) is invariant under the following transformation:

where A is the infinitesimal transformation of the analytic supervolutne

element

X" - (4.4)

A has not been introduced in Eqs.(3.7). It is an unconstrained analytic

function representing a general co-ordinate transformation along the harmonic

direction u . \ contains the parameters of the SU(2) gauge group of

the conformal superalgebra.

The remarkable observation of Galperin et al. is that one can build an

ijivariant volume elsrrait for the analytic superspace. In the (4,0) case, it reads

as

i . (4.5)

-16-



Consequently, matter couplings to the (4,0) supergravity background is easily

obtained by covariantizing the matter Lagrangian and integrating over the

invariant measure of Eq.(4.5).

In flat (4,0) analytic superspace the general matter couplings reads

as [9]:

V.6)

where

.+. A A -t-

(4.7)

with * and fi are the two dimensional (4,0) extension of the FS and

HST hypermultiplets and x V + and yv are, respectively, (4,0) heterotic

complex and real analytic superfields. They are in one-to-one correspondence

with the * and £1 hypermultiplets.

The coupling of Eq.(4.6) to the q+ version of (4,0) supergravity

is obtained by making change

a

(4.8)

' x, —

where M and jj are, respectively, given by Eq.(3.9) and [2,8]

U =

Finally, the action for general supersymmetric sigma model in (4,0) curved

harmonic superspace takes the following form:

(4.10)

where if ' is given by

-17-

(4.11)

V. CONCLUSION

In this paper, we have studied basically the tvo following things:

1) We have formulated the (4,0) supergravity theory in superspace using the

standard method narried with the harmonic techniques; 2) We derived also

the general matter couplings to a (4,0) supergravity background by extending

the Galperin et al. approach to the (4,0) case. For the first point, we have

written down the d = 2 (4,0) Einstein supergravity action by examining the

(4,0) harmonic superspace constraints. The obtained action is bilinear in the

unconstrained SU(2) self dual torsion superfield contrary to the (2,0) super-

gravity one obtained by Ovrut and Evans [14,20] where it is linear. This

(4,0) supergravity action derived by using the standard approach coincides

with that given by making a heterotic truncation of the d = 2 (4,4) one.

Moreover, the free torsion superfield T__ , which is a heterotic Lorentz

vector is comparable to the prepotential H implied by the introduction

of the extra fifth dimension to the usual d = 4 harmonic superspace [1,2].

The two unconstrained superfields T and H seems to have the same origin.

The superdeterminant has been calculated explicitly without need of using

the building block method of Hef.l.

In the last section of this paper we have constructed the most

general (4,0) supersymmetric matter coupling in a (4,0) curved background.

The method is based on the new approach of Galperin et al. extended to the

two dimensional (4,0) case. The main difference with the D = A, N = 2

situation is that the (4,0) analytic superspace measure carries moreover

the Cartan-Weyl charge, two world indices.As a consequence the compensators

q and the (4,0) matter superfields couple to the curved background through

space time covariant derivatives as well as covariant harmonic derivatives.

Finally we would like to note that the interesting question of two

dimensional N = 4 superconformal theories in superspace is under stvidy in th<i

framework of harmonic superspace [26],
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