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I. On Nonlinear Equations Admitting Soliton Solutions
with a "de Broglie Phase"

ABSTRACT

Some new classes of solutions are given for different families of nonlinear equations
which have a localized envelope and a complex phase factor. Energy and momentum
of these solutions and their possible applications as a model of a quantum particle are
discussed.
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1. INTRODUCTION

The original solitona arising in the KdV and sine-Gordon (sG) equations were
real physics object, for example, surface waves. In the nonlinear Schrodinger equation, the
soliton solution can have an additional phase factor which dlsappeara in the absolute value
|i/i|2 of the wave amplitude. Recently, attempts were made to interpret physically this
phase-factor, in the possible application of the soliton-like solutions to describe a single
localized quantum particle, as a "de Broglie phase" [lj,[2],[3]. If that is the case this phase
should be observable in the interference processes in the electron scattering experiments,
for example. Of course, nonlinear equations do not obey a simple superposition principle.
Rather, one should study the behaviour of one or two-soliton solutions around an obstacle
to see anything resembling an interference phenomenon. It is therefore, of interest, to
study other families of nonlinear equations which admit a phase factor and the definition of
energy and momentum via this "de Broglie phase" and to try to find a unifying solution by
transforming one equation into another. In the nonlinear case there are different definitions
of energy and momentum, the others coming from the integrals over the field energy
momentum tensor [3].

In this work we consider new classes of nonlinear equations which have single and
multiple sotiton-like solutions with a "de Broglie phase" factor and their relations to the
already known cases. The equations that we are considering are of five types

(A) sine-Gordon (sG) equation

O 0 -I— sin0 = 0

(B) double sin-Gordon (DsG) equation

• 0 - [ — - m?c* J sin 0 + a sin 0/2 = 0

(1.1)

(1.2)

(1.3)

(C) double sinh-Gordon (DshG) equation

• V> - f ^ - m V j sinh i> + a. sin 0/2 = 0

(D) polynomial equation

• * - m2eV - a4>2°+l - ^ 4 * + 1 = 0 (1.4)

(E) absolute valued polynomial equation

= 0, a - 1,2... (1.5)

There are some well-known relations between these classes of equations which we shall
exhibit for our solutions as well. Throughout this paper the symbols Oij> = h3(4tt ~<?<t>xz)
and d^^d^ = h.2(<$ - c 2 ^ ) , n = 0,1 are used, except in many dimensional cases.

3. THE PHASE FACTOR

Throughout this paper our solutions will have a complex phase factor of the form

exp(tf') = exp[i*'(z - lit) + 6'\ (2.1)

in a relativistic quantum mechanical notation of a "de Broglie phase" with phase velocity
u.

We introduce another exponential with a real exponent

exp(0) = exp[fc(z - vt) + 6]

with "soliton velocity" v, representing a moving wall (Fig. 1).

(2.2)

Our soliton-like solutions are expressible entirely in terms of the product of these
two exponentials

U = exp(fl + ifl'). (2.3)

The real and immagmary parts of U are moving oscillating walls (Fig. 2) with the factor
[±exp{9)j being the envelope of the oscillations (2.1). We shall see that there is a relation
between the parameter k of the envelope [± exp(0)} and the parameter k' of the de Broglie
phase exp(»0'):

{2A)

where m is fixed by the nonlinear equation, as we shall see. Although the parameters k
and k' do not occur in the wave equation, they characterize the solutions.

We need also the combinations [U'U} and U2

U'U = exp(20)

U2 = exp[2(fl + iff')],

and more generally the combinations

{U'U)" = exp{2a$)

t /2" = exp[2<7(0 + i$')]

(2.5a)

(2.56)

(2.6a)

(2.66)

which have similar shapes as in Fig. 1 and Fig. 2, respectively. Throughout this paper
U* denotes the complex conjugate of U. Note that the envelope and the phase are moving
with different velocities, namely with v and with e2/u, respectively; the product of two
velocities being equal to cs, analogous to the group velocity and phase velocity. In this
work we are interested in very special localized particle-like solutions. Such solutions
satisfy a large number of different equations by suitable transformations. So it does not
matter which equation we use, these special solutions seem to have a universal and unique
character.



3. EQUATIONS

Consider the polynomial equation

= 0, (3.1)

m3 ,e4 ,a and 6 are the only parameters in the equation. Eq.(3.l) has a known solution [4]
without the de Brogtie phase

4(2cr

i^bU** 1
1

"2^ (3.2)

k?
with U = exp(S) and — = —^-c4,f = (1 - i>2/c2) l / 2 . It can easily be shown that

the above solution is also valid when U is given by Eq.(2.3), with a phase, and then the

disptrison relation becomes Eq.{2.4). Moreover, this special solution for a = 1 satisfies

automatically another equation

eU - V - \<Sf = 0, n = 0,1. (3.3)

When a = 1, Eqs. (3.1) and (3.3) are related to the sG, DsG [4J and DshG [5]

equations as follows.

(a) The substitution

ip — 4 arc sin<#i

transform the DsG equation (1.2) into the following equation

2(1 - 2

(3.4)

-{a- 2m2c4){4> - 2^3)(1 - <t>2)'2 + a^(l - <ff = 0 , a = 0,1 (3.5)

Eq.(3.5) gives for our special solution (3.2) the Eqs. (3.1) and (3.3) for a = 1,

• + m2^^ - (a - 4 m V ) ^ 3 - (3m2c4 a)<j>& = 0 ,

[2 2m c ) (m c r

(b) With the transformation

I/I = 4 arc

5

(3.6)

(3.7)

(3.8)

the DshG equation (1.3) can be transformed into the following equation:

= 0 . (3.9)

Eq.(3.9) gives again for our special solutions of set of Eqs.(3.6) and (3.7). When a = 1

and 6 = 0, Eqs.(3.1) and (3.3) are related to the sG, DsG [4],[6] and DshG [5] equations.

(c) The transformation

• = 2 arc sin (

= 0

From the above correspondence we get a new solution of the sG Eq. (1.1)

U
i/> — 2 arc sin

1 +

where %{c*k2 + ^-fc'2) + a2 = 0.
-y2 c 2

(d) T h e transformation

in the DsG equation (1.2) gives

= 4 arc tan0

= 0

and Eq.(3.16) can be split for particular solution into two equations

c & — ct(p ==: 0 .

c © — —L (p == 0 .

(3.10)

in the sG equation (l.l) gives

Eq.(3.11) gives the special cases of Eqs.(3.1) and (3.3) namely for a — \, b = 0

(3.12)

(3.13)

(3.14)

(3.IS)

(3.16)

(3.17)

(3.18)
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This yields a new solution of DsG equation

ip — A arc sin
1 +

(3.19)

8h

(e) Finally the DshG equation (1.3) under the transformation

ip — 4 arc tanh tf> (3.20)

yields

- 2 [ - - m V ) 4>(l + <j>) + a<t>{l + 4?) - 0. (3.21)
\ 2 /

Eq.(3.2l) gives Eqs.(3.17) and (3.18} and so we get a new solution of DshG equation

= 4 arc tanh
( :

(3.22)

It is interesting to note that for arbitrary a there are no such simple correspon-
dence between the above equations. Moreover, the set of absolute valued polynomial
equations (1.5) cannot be transformed into any of the other equations. In spite of that the
solution of Eqs.(1.4) and (1.5) are quite similar in structure.

For the absolute valued polynomial equation

we give a new solution with de Broglie phase

4" = 0

- 1 / 2 I T

(3.23)

where U satisfies the following set of equations:

m2c4U* {d"V*){d,JJ>) =

= 0,1. (3.25)

It can be easily shown that Eq.(2.3) readily satisfies the above conditions. When a = 1,
Eq.(3.24) is also an exact solution of a nonlinear first order equation

• = 0 , (3.26)

When 6 = 0 the Eq.(3.23) and its solution (Eq.(3.24)) have been reported earlier
[3]. It is interesting to note that when 6 = 0, a — 1 the absolute valued polynomial
Eq. (3.23) is the well-known equation of motion corresponding to the <£4-Lagrangian.

The qualitative shape of the solutions <j> - UF(\U\2) or </> = UF(U2) is shown in
Figs. 3 and 4: F is kink-like and when multiplied with V of Fig. 2 produces the localized
oscillating lump of Fig. 4.

4. CONSTRAINED N-SOLITON LIKE ENVELOPE SOLUTIONS

If the soliton-type solution is a function of exponential factors, like, Eq.(2.3), then
there is a standard procedure [7] to develop N-soliton solutions for, such non integrable
equations. In this procedure we will replace U = exp(0 + i6') by

(4.1)

(4.2a)

(4.26)

(4.2c)

w h e r e Bj = (Pl,-x - poy i + fiy) a n d flj = ( ? 1 y * - qait + Sr). T h e n

PojPok - 2 2 f c 2 / 2

= 0 , -1,2...N.Po3Pok — <

The procedure can easily be extended to an arbitrary number of dimensions (n+l). For
arbitrary dimensions. We set

fl, = -py -x + 6s

Pi — (POjt cPlj< cP2i> • • • • cPnj)

qk = {ink,

x = (t,xi,x2 • ...-xn),

where g"" = (1,— 1, - 1 . . . , - l ) , such that the constraints (Eq.(4.2)) become

Pj -qk = 0, for all j,/c.

(4.3a)

(4.36)

(4.3c)

(4.3d)

(4.3.)

(4.4a)

(4.46)

(4 Ac)



In this case one has to figure out the possible number of independent of p and g vectors,
hence possible number of solutions in a given number of space—time dimensions (n -+• 1).
The set of constraints (4.4) implies that the dimensionality of the space—time (n+l) and
the maximum number of the possible number of solutions N are related by N < 2n — 1,
But in (1+1) dimensions only one solution can be formed aa there is only one independent
wave vector and any other wave vector should be parallel to it. Moreover, the constraints
highly restrict the degree cf freedom of the JV-solutions as such they are not really solitons
and we call them as constrained-N solitons like solutions.

5. FROM MASSLESS TO MASSIVE FIELD EQUATIONS

In this section we will describe a general procedure to develop soliton—like solu-
tions with a "de Broglie phase", whenever a soliton-like solution is known for an absolute
valued polynomial.

Let

be an absolute valued polynomial equation, then the coefficient of the first term of the
polynomial on may be identified with the mass of the field equation. For a nonzero aa we
get a massive ilcld equation, otherwise it is massless.

Let ^ ( T ~ {Z~ "0) o e a n e x a c t solution of an absolute valued polynomial equation
(5.1) then we can easily prove that

4>=• fj>cxp[ik'{z - at) + 6'] (5.2)

is an exact solution of an absolute valued polynomial equation

(5.3)

where
for all j > 0, = an + e2, (5.4)

where e2 - p2h2k'^/i2c2. This implies that, due to the gauge-like transformation (Eq.(5.2)),
the mass of the field equation is increased by t2 . In particular, if the original field equation
(5.1) is massless of a = 0, the resultant field equation (5.3) becomes massive by a factor

Using the above result, we will construct some new exact solutions of absolute
valued polynomial equations from the massive as well as massless field equations.

Example 1 The equation of motion corresponding to the massless $4-Lagrangian is
given by

• <£ + 2wVl4>|2 = 0- (5.5)

It is well-known [8] that SU(2) Yang-Mills theory can be reduced to the above equation

using some suitable ansatz. This equation has several singular solutions, for example

[91.110]
4> = 1 (5.6)

Obviously,

-^{x-vt) +S + A\

he

is an exact solution of the massive t£4 field equation

= o,

(5.7)

(5.8)

where e2 = f̂c 2. The solution (5.7) has a "de Broglie phase" and an envelope, which

has a moving singularity at the point

TJp(s- vt) +6 + A =0 (5.9)

This moving singularity may perhaps be interpreted as the position of the particle associ-
ated with this de Broglie wave, according to the original postulate of de Broglie [ll |.

Example 2 Another singular solution of the massive tf>A field equation

Z34, + w2<t> + a4>\<t>\2 = 0 (5.9)

can be developed from Eq.(3.1). The solution

= = (5.10)

1 -

is singular at (1 — g^j-j^,) = 0.

Clearly the new solution

v2 i 2

J2

{5.11}

10



becomes an exact envelope soliton-Uke solution with a "de Brogtie phase" of the equation

• 0 + (OJ2 + e2)4> + aiji\4>\2 = 0

where e 2 = h2k2'c2/02^2, w = m — .

E x a m p l e 3 We now consider a new solution

1

I S

where A is an arbitrary constant, of the massless <̂ c field equation [12]

• 0 + 2ui24,\4>\2 - 3w2<t>\4>\4 = 0.

When we again introduce a "de Broglie phase" we get a new solution

which satisfies the massive field equation

1+ \jl(x - vt) + 6 + A

- 3ui2tj>\j>\4 = 0 ,

(5.12)

(5.13)

(5.14)

(5.15)

(5.16)

where e2 = . The new solution (5.15) is a nonsingular envelope soliton-like solution
i2?

with an internal degree of freedom.

We remark that in the above three examples, the new solutions Eqs. (5.7) and

(5.15) are not functionals of the purely exponential functions. The N-soliton-type solu-

tion of these equations are not so trivial as in the other cases, even though they can be

constructed in arbitrary number of dimensions similarly as the N-soliton-!ike solution in

(n+1) dimensions of the solution (5.11).

6 . ENERGY AND MOMENTUM

For nonlinear equations there are three definitions of energy [3]. If we assume

that a stationary state has a single frequency of the form

j) - A[x)

11

(6.1)

then hu can be called its energy. Another notion of energy arises from the classical field

theoretical definition of energy, as the field energy E, defined by

E = (6.2)

where T^ is the energy-momentum tensor. We will show that the energy-frequency

relations are different from the original de Broglie type and in general they do not satisfy

the simple relation E — kui. A third definition of energy is via the eigenvalue of a nonlinear™

Hamiltonian.

As an example, the energy E and momentum P of the absolute valued 0G field

equation (3.26) are given by

E =

and

P = J[-2H2<j>x<i>:}dz.

For the solution (3.24), when a = 1, we obtain explicitly

_ h ^ u a 3 ftfa3 h~ta f a 2 b \

P = - 2 1 — • 1 • i — [ 1 I
6c 128 6c 8we \ 6 4 C J 4 12UJ 2 /

2ftc, 3 hia4 1 hia2

H
be 512 6cw" 32 cw2 16 6c

and

* / a /3
arc tan I •-—\j —

c ) | 2 V 4w V b

1 „ 3 f fiuc ^ a c (a2 b \ l 3fea3c 3 hwac 1£; — p c
3 + ^ j 1 j k

2 I i 6wy \64w^ 12w2 / 2566^yw"' 8 67 |

c / a2 &

JT / a /3
arc t^-nl -

2 I 4w V 6

(6.3)

(6.4)

(6.5)

(6.6)

where e2 = h^c^k'2/^2/)2.

If M is the effective mass, then we can verify the relativistic relation

E2 - P 2 c 2 = J t f V . (6.7)

For the above case, the effective mass is a very complicated number given by (6.5)-(6.7).

12



Corresponding to the Eq.(5.16) and its solution (5.5), we find for E

E = y V V ( ^ ) +e2{Ut) + «;2(0<h2 ~^2{H*)3}dx (6.8)

the value

and for the momentum,

(6.9)

where e2 = h2c2k'2//32i2. Then from the relation (6.7) we get the corresponding effective

8 / 2-r3 ui* 4 c

where c2 = fcVfc'V/JV-

For the 04-field equation (5.12) and its solution (5.11) we have

E = J[hic'2(4>J:) + (^ + t?)U' + ̂ {4>i'?\dx (6.12)

E = -
40 16 few3c

with the corresponding momentum

(6.13)

(6.14)

where E2 = h2c2k'2/~j202. From Eqs.(6.13) and (6.14) we get the effective mass

' 3 c2 <n 3 o-fcj

80 , 3 1 2

3 c3
(6.15)

where £ = he.k'/iJ3. One can sec the complicated dependence of the effective mass M as
a function of the parameters.

7. DISCUSSION

H is interesting to recall that Einstein first introduced the quantum of light as a
"localized lump of energy". Since this lump has als,o a frequency we may visualize it as

13

something shown in Fig. 4. Thus one may revive, in the context of soHton-Hke solutions of
nonlinear equations, the discussions on wave particle duality of quantum mechanics, also
revive the interpretation of quantum mechanics as a classical field theory [13,14,15]. It is
well known [1,3,16] that nonlinear Schrodinger, sG, and <f>4 field equations have soliton-
like envelope solutions with internal degrees of freedom. In this paper we have shown that
there are many other equations which share this property with a rich class of particular
solutions. Our solutions can be divided into two types; the first type is a soliton-like
solution in which the phase factor exp(ifl') is not separable because of the structure of
the function. The solutions (3.2), (3.14), (3.19) and (3.22) are of this type. In the second
category, which is more important, the phase factor exp(t'fl') is separable and represents
an internal degree of freedom of the soliton-like solution. The absolute valued polynomial
equations have solutions of the second type. But this is not a general property. We know
[l] for example, that the sG equation is not an absolute valued function type, even then it
has a solution with an internal degree of freedom.

In quantum mechanics free particles are described by de Broglie plane waves. This
description is appropriate for obtaining the probability amplitudes in repeated scattering
experiments. On the other hand, a single particle is not a plane wave, but a localized
entity as can be seen in experiments where one observes a succession of single events on
a screen for example. The interference pattern emerge only if one collects enough single
events.

On the other hand, if we wish to describe a single localized dot on a screen, we
may use the localized solution of a nonlinear equation, albeit accompanied by a phase. In
electron theory the nonSinearity comes from the self-field of the electron. The self-field
effects in electrodynamics lead to nonlinear nonlocal integrodifferential equations. How-
ever, we may approximate these nonlinearities by the simpler polynomial noniinearities, in
order to see the localizing or self-focussing effect of tr ? nonlinearities. The passage from
linear to nonlinear wave equations shows that the plane wave solutions of linear equations
undergo a shift, but in addition new localized solutions appear in which nonlinear terms
(self energy terms) dominate. We call these solutions of type I and II, respect! ?ly.

For example, for the Eq.(1.5) the plane wave solution

b\A\A" = 0.
satisfies

h2(-k'2u2 + c2k'2) + m2c4 - ajA

Thus, the energy is shifted by the nonlinear terms with coefficients a and b. On the other
hand, the solution (3.24) of the second type is quite different.

In our study we gave more emphasis to the absolute valued second order polyno-
mial equations tike classical |0|4 and |^|0 field equations, because they are standard field

14
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theoretical models of many interactions. In fact, the absolute valued first order polynomial
equations (3.26) also share the property of having envelope solutions. One can calculate
the energy, momentum, etc. for the first order equations as well. As a first attempt, our
study was confined to the models for spinless relativistic particles. It would be interest-
ing to extend these investigations to the nonlinear Dirac equations for spin-l/2, and to
the nonlinear Dirac equation of integrodifferential type including stef-^energy tenn, and to
localized three dimensional solutions.

Whether quantum particles can be described by nonlinear equations and of which
type is still an open question [3]. But we believe that further studies in this direction will
be valuable towards understanding this fundamental issue.
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Fig. 1
Moving "wall" envelope.
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Fig. 2
For a fixed t,U defines moving oscillations bounded

by the envelope of Fig. 1.
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Fig. 3
The plot of F in <j> = UF(ll/|2)

where F has the shape of a kink.

Fig. 4rig. 4

The solution <j> = C/J^(|f/|2) represents moving oscillations
bounded by a localized moving envelope.
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II. The Relation between Rclativistic and Nonrelativistic

Solitons and Kinks

ABSTRACT

The solutions of the nonlinear Klein-Gordon (KG) equations and nonlinear
Schrodinger equations (NLSE) are usually dealt with separately. We study here some
consequences of the simple observation that these equations and the corresponding solu-
tions belong to the same family and the latter are the limiting cases of the former. This
study leads to several new exact solution for both the NLSE and nonlinear KG equations:
Eqs.(l.23), (2.8), (2.11), (2.15), (2.18), (2.21) and (2.25).

21

1. NONRELATIVISTIC REDUCTION

In this work we show that the well-known envelope soliton and kink solutions of
the nonlinear Schrodinger equation (NLSE) are the nonrelativistic limit of the correspond-
ing solutions of the nonlinear Klein-Gordon equation. To our knowledge, the nonrelativis-
tic limit of the nonlinear field equations and their solutions have not been discussed before.
As a result of this nonrelativistic limiting process, we obtain new solutions for the "double
nonlineaj Schrodinger equation (DNLSE)" and exact solutions for the perturbed NLSE or
Generalized NLSE. The dispersion relation for the phase of the solution differs from the
de Broglie relation by a negative internal energy e0 of the sotiton. In the limit
Eo —+ 0> these solutions disappear and we have the usual plane waves. Moreover, the
energy and momentum integrals of the solutions of NLSE are the nonrelativistic limit of
the respective solutions of the nonlinear Klein-Gordon equation. Conversely, we also show
that corresponding to all the envelope solutions of the NLSBs, there are envelope solutions
of Klein-Gordon equations, such that their nonrelativistic limit exactly reduce to the so-
lutions of the NLSEs. Using this method we produce new solutions for the Klein-Gordon
family. We further discuss the role of the internal degrees of freedom on the de Broglie
phase and the time evolution operator which when acting on the static solutions produces
time dependent solutions.

The nonrelativistic limit [l|,l2], or the transformation for constructing a nonrel-
ativistic Schrodinger equation from a Klein-Gordon equation of motion, is defined by

limitexp(tmc2t/ft)tf>{£,f) -*tl>[x,t),

c—n»

where <j>(z,t) is the field variable of the Klein-Gordon equation
Vtf> - acVl^l2" - &e24#!4" = 0

(1.1)

(1.2)

and o is any real number^ a, b are parameters and 0(r,i) is the field variable for the NLSE
J JL t2r A 2 J. 1

ana \zi<p — ri ypit — c v^^j-

Inserting Eq.(l.l) into Eq.(l.2), we get

= 0. (1.3)

where Ai/i = ^ + -0W!/ + ^ « - Eq.(1.3) is a NLSE but with two nonlinear terms, and we
shall denote it as the double nonlinear Schrodinger equation (DNLSE).

Recently [3], we reported exact envelope soliton like solution of Eq.(1.2) in one
dimensional space in the form

( L 4 )

22
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where

e'{x,t) = k'(x-ut)

6(x,t) ^k(x-vt)+

(1.5)

(1.6)

(1.7)

with u as the phase velocity and v as the aoliton velocity. There is a relation between the
parameter k of the envelope and the parameter k' of the de Broglie phase

where

If we define

then we obtain

w = khc/i, e = k'

Since er has the dimension of energy it can be written in the form

e = mc2i + (B/2)mv2

where £iv^ is a nonrelativistic energy parameter. Using Eqs.(l.8)-(1.11), we get

,f2 2m B7 , d Bmv2

V

= A2

We now have the following limits:

limit k2h2/i3 = ( 1 - B)m2v2-

limit hk' — mv — p

vhcre

with

limit(Jfc'~ - mc^/h] -•= h-l[(B/2)mv2 + eNr!} = p0c-°° V P J
limitU(x,t) ^ Un[x,t),
a—"jo

Ua[x,t) = exp(ff0 + i6'a)

8n = [qx - qnt + 6\0'n - [pi - pot + *']

q = ±\jh, gn = ±>.v/k
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(1.8)

(1.9)

(1.10)

(1.11)

(1.12)

(1.13)

(1.14)

(1.15)

(1.16)

(1.17)

(1.18)

(1.19)

(1.20)

such that

pq = (m/h)qa

p2 - q2 = (2m/h)pn, q2 = X2/h2.

(1.21)

(1.22)

Consequently by our limiting procedure we obtain the new exact soliton like envelope
solution of the DNLSE Eq.(l.3)

ii!ir
1)A2/

(1.23)

For E0 = (-l/2m)A2, b — 0 this solution reduces to the known solution [4]-[l4]

1 a- m u a j

eh 2 sech o — v/-2me0(x — yt)

which satisfies the NLSE

= 0.

(1.24)

(1.25)

When B = 1 we have ffo = ĵvi?- and if en — 0, then our solution vanishes identically.
For v = 0 we get the static envelope soSution with a time dependent de Broglie phase, or
internal oscillations.

The (3+1) dimensional extensions of the DNLSE and its solutions are possible, in
fact they are just the nonrelativistic limits of the Klein-Gordon solutions that we reported
earlier [3j. It is given by

(h2/2m)A4>

and the solution has the same form as Eq.(1.23), but with

4 " = 0

P = ( P 1 , P 2 , P 3 ) , 9 = ( ? i , ? 2 , ? 3 ) . x - ( x , y , z )

p.x = pLx + p2y + pzz, q.x — qtx + qiy + qsz,

l t = m2tJ2/ft2

+ il

and

(P? + P% + Pa) - (ii + 4 + it) = (2m/£)p0

(1.26)

(1.27)

(1.28)

(1.29)

(1.30)

(1.31)

(1.32)

(1.33)
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The constrained N-soliton like envelope solution is also possible, they are the limiting cases
of the constrained N-soliton like envelope solutions of the Klein-Gordon equation. In this
case we set [15]

Uo =

°'QJ = [P\.ix + PliV + P3/2) - Poy* + S'j

N

y=l

such that

iy + Ply

Ptj?iy + P2y?2j + Payday = {m/ft)gOy, j == 1,2, - -. JV.

{1.34)

(1.35)

(1.36)

(1.37)

(1.38)

(1.39)

(1.40)

In this case the constraint Eq.(1.38) is a natural set of equations whereas, Eqs.(1.39)
and (1.40) restrict the solutions and so we call the solutions as constrained N-soliton tike
envelope solutions.

2. GENERALIZED NONLINEAR SCHRODINGER EQUATION

Using the limiting process we can also find the exact solution of the generalized
nonlinear Schrodinger equation (GNLSE), (or perturbed DNLSE) [20],[21]

where 0 is the perturbation coefficient. For 6 = 0 this is the well-known "perturbed NLSE"

It can easily be shown that Eq.(2.1) is the limiting form of the following Klein-
Cordon equation

C\(t> f [m2c* + 2mc'2f}}<}> + ac2ftt

The relation corresponding to Eq.(1.8) is now

k2 4 [k'/0)2 = ft-2-y2(m2e2 + 2m/J)

ami, instead of Eq.(l.ll), we finu

J1 + e2 ^ m'c4 + 2mc2p.
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= 0. (2.2)

(2.3)

(2.4)

Then Eq.(1.13) gives

and

2m

1

Bmv2

4c2
(2.5)

limit k2h2j^2 = (1 - B)mV - 2m(eNR - 0). (2.6)
C—»OD

This implies that the solution (Eq.(1.23) is still valid for the GNLSE but instead of A2 we

(2.7)
have the new value X2

\l=(l-B)m2v3-2m{ENR-f3),

so that the new exact envetope solution of the GNLSE,

(2.8)

This shows that the perturbation sustains the soliton envelope solution, or any
other solution of the DNLSE, provided that

{iteKR~(l-B)?£. (2.9)

When 0 is equal to the r.h.s. of the Eq.(2.9), the solution (Eq.(2.8)) vanishes. If/? is suffi-
ciently large and negative, the solution can even be purely immaginary. Another interesting
fact is that the perturbation never affects the "internal frequency" of the de Broglie phase,
which is constant under all types of perturbations.

Conversely corresponding to a soliton envelope solution of the GNLSE, there ex-
ists an envelope solution in the Klein-Gordon family of equation. The presently known
soliton and kink type solutions of the Klein-Gordon family of equations are without en-
velope except those given in our recent work [3],[29]. So far all applications are studied
using the nonenvelope type solutions, whereas, our solutions with phase factor contains
more information.

3. OTHER NONLINEAR EQUATIONS

We shall now discuss several other solutions obtained by the above correspon-
dence. We first find the envelope solution of Aĉ 4 equation which corresponds to the kink
envelope solution of the NLSE

= 0 (2.10)

and its solution

rt>{x,t] =
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The respective Klein-Gordon equation and its kink envelope solution are the following:

4Kr,t) = ±i
!-2kH.2

a~i2

and

= 0.

The known kink solution is without the de Broglie Phase [29].

The static A<£e equation of motion [30]

has a known kink type solution

When we introduce the de Broglie phase wo get

= 0

and which satisfies the equation of motion

• <fr + (2mc2eNR - e?NR)4, - 2c

The nonrelativsitic limit yields the DNLSE

and its kink envelope solution

(3c = 0.

= 0

exp(~\/-2mENRx)\ I'"

(2.13)

(2.14)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

In Eqs. (2.lfi) and (2.19) the factor exp(-ft it~rint) acts as a time translation

operator. When it operaters on a static solution, it produces the time dependent solution

of the same equation of motion in which the coefficient of the first order term of the field

variable is modified slightly.

For example the static \<j>4 equation of motion

(2.19)
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has a static solution

(a., o) = V ^ ^ sech
ĥ c

whereas

' *

is the solution of the time dependent A04 equation of motion

• <£ - e%R<t> - a<j>\4>\2 = 0 .

Another example is the A05 fieid equation in 3-dimensions

h2c2{4>zx + <b,jy + <f.A + 6A<6|^|4 = 0

which has a spherical symmetric solution [32]

0(z,O) = b{*2 + («» + y2 + z*)}V\ b =

This can be transformed into a time dependent solution

4l(x,t)=bexp[-1h-leNRt)\ai+x2+y2 + z2)}1/2, 6=

which is a spherical symmetric solution of the following equation of motion

• 0 - 4 n 0 - 6A0|04 = 0.

where

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)

4. ENERGY AND MOMENTUM

Using the limiting procedure (1.1) we can find the nonrelativistic Hamiltotiian

density of the Schrodinger equation from the relativistic Hamiltonian density of the Klein-

Gordon equation. The Hamiltonian density of the Klein-Gordon equation (Eq.(l.2)) is

given by

Using the transformations

4>{x,t) =

(2.27)

(2.28)
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and taking the limit t - t oo , we find the nonrelativistic Hamiltonian density

..„,_,-, . . . ^ , ^ , . , , , , , , 2 m » - " » • 2m{o + l)^v '

If M is the effective mass of the relativsitic system we have

E2 - p V = AfV,

2m(2(T + :

(2.29)

(2.30)

(2.31)

where E is the energy and P is the momentum of the respective solutions of the field
equation. There are three different definitions for the energy E [3,29] and for our purpose
we take the following:

E{x,0) = f X{x,0)dx, (2.32)

where )i(x,o) is the Hamiltonian density of the field equation in the static cae. The
momentum of the Klein-Gordon equation is given by

2 /•
P ( i , 0 ) = — 2h j <j>x<pxdx.

E ^ Me2 + Ea

Writing

where

the limit ( ->oo gives
An - p2/2M

which is the nonrelativistic relation between energy, mass and momentum.

(2.33)

(2.34)

(2.35)

(2.36)

Let us take the simple case b = 0 in Eq.(2.1), then we get A<£4 equation of motion
and its nonrelativistic form NLSE. Corresponding ti> the soiutions (1.4) and (1.24), we
have the following results. The momentum and energy of the Klein-Gordon equation are

2 —
c

~(l + Ah) +mV/-y

The momentum and energy of the NLSE, on the other hand

Po(i,0) = - ^ f t a - ^ m V A + A3/3)

(2.37)

(2.38)

(2.39)

(2.40)
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It is easy to verify that indeed

and

limit P(i,0) =JPo(x,0)
c—*co

limit E(xt0) = E0[x,0)

(2.41)

(2.42)

provided that in the second equation we subtract the rest energy term (4 m2e2) from

the relativistic case (Eq. (2.39)).

5. CONCLUSIONS

It is well known that NLSE in 1 + 1 dimension is an integrable system and its
inverse scattering transform is well studied, whereas the nonlinear Klein-Gordon equation
has no such property and so it is difficult to find exact solutions for this equation. Thus the
method of constructing the nonrelativistic limit of a relativiatic equation is useful in finding
any number of solutions of the nonrelativistic equation like Schrodinger equation from the
solutions of the corresponding Klein-Gordon equation. The converse of this problem is
a systematic method of finding the solutions of relativistic equation like Klein-Gordon
equation from the known solutions of nonrelativistic Schrodinger equation, is illustrated
with some examples in this work but a complete study will be reported separately. In
fact we give here a. new exact kink like solution,(Eq.(2.1l)), of Â >4 field equation which
corresponds to the solution of NLSE showing that the converse of the limiting procedure
is also possible.

So far relativistic and nonrelativistic equations have been treated separately with-
out taking into consideration that the latter is obtainable from the former by a limiting
procedure. Our study also reveals that envelope type solutions of nonlinear Klein-Gordon
equations are the natural relativistic form of the envelope solutions of the nonrelativistic
equations like NLSEs. If we exclude the de Broglie phase exp(ifl') from the solutions of
the Klein-Gordon equation, then the limiting procedure no longer gives the exact envelope
solutions of the Schrodinger equation.

For the GNLSE and DNLSE we have no systematic method of finding exact
solutions since they are not known to be integrable, except the group-theoretical approach
in some caes [21]. Recently, it is reported that these equations have also no Painleve
property [21]. So we are not in a position to use either the inverse scattering method, nor
the Backlund transformation. Our method of limiting procedure may be a substitute for
finding exact solutions of these cases.

Appropriate nonlinear field equation may be used to describe quantum particles
by their envelope soliton like solutions [29|. The present study continues the searches in

r



this direction [3,29] with this final goal in mind, a goal which is related to the original
thoughts of L. de Broglie [33].
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