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ABSTRACT

The recent significant advance in superconductivity at high

temperatures has raised an important problem in biophysics, in view

of the underlying interest that has arisen in experiments in which

very high magnetic fields are needed ( in the multi-tesla range ).

This is occurring against a theoretical background in which there is

no reliable way of estimating the effect of magnetic fields on the

central nervous system. This has led us to discuss the problem of

the coupling of magnetic fields with the coherent propagation of the

polarization of the plasma membrane along the axon. Our work lies

within the context of the phenomenological model of nerve impulse

propagation due to Hodgkin and Huxley. Using the concept of gauge

invariance we find that the magnetic field has a non negligible effect

on the velocity of propagation of the action potential in the limit

of the Fitzhugh-Nagumo equation without recovery, but more realistic

cases do not change the main conclusions of this work.
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INTRODUCTION

(a) A new challenge to the understanding of electrophvsiology.

With the advent of a new generation of superconductors

capable of sustaining very high magnetic fields at reasonably high

temperatures ( Bednorz and Muller, 1987 ), a new problem opens up

in the area of Biophysics, in particular in Neurophysiology: Experi-

mental scientists are going to be exposed during their routine work

to magnetic fields which may lie in the multi-tesla range. This is

occurring at a time when there is no theoretical framework in which

to estimate reliably the effect that this new hazard may have on

the central nervous system ( CNS ).

However, the question of biophysical effects of steady

magnetic fields has been approached in the past from a multitude of

angles, as well as over a moderate range of magnetic field strengths.

Experiments that have shed some light on the propagation of the nerve

impulse along the plasma membranes of neurons on a nerve fiber are

particularly relevant for the understanding of the coupling of the

magnetic field with the CNS. Hodgkin and Huxley ( HH ) were able to

complete a long series of such experiments. This allowed them to

construct a phenomenological formalism, which allows calculations

of electrical responses of the plasma membrane ( Hodgkin and Huxley,

1952 ).

Rather than providing an understanding of the molecular

mechanisms of ionic channels, the HH model provides a phenomeno -

logy which is reliable enough to allow a description of the action

potential and t n e conduction velocity.
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(b) Classical Biophysics of weak magnetic fields.

While the electrophysiology of nerve impulse propagation

has been extensively studied ( Scott, 1975 ) and is in excellent

agreement with the HH model, the biophysical effects of steady mag -

netic fields have been studied over an extended period of time, and

in a variety of tissues and cells, but examples are needed to illus-

trate the point that our comprehension of this field of research is

not on equal footing with electrophysiology.

Under the effect of weak magnetic fields some alterations

in the electroencephalogram have been reported, most commonly

consisting of an increase in the amplitude and the number of spindles

( Kholodov, 1964 )• A decrease in the frequency-

pattern with the appearance of delta-wave forms has also been noticed

( Becker, 1963 ), as well as alterations in the dc electric activity

of the CNS ( Gualitierotti, 1963 ). There are also some reports of

some histological alterations, consisting of an increased glyosis in

rabbit brain exposed to steady magnetic fields in the range 200 to

300 orested (Alexandrovskaya and Kholodov, 1966). Oscillations have

been found in somatosensoric evoked potentials of man, in the range of 35

to 200 mT (Klitzing, 1986).

However, in spite of the various experiments already

mentioned, direct testing of the effect of magnetic fields on the

action potential, to the best of our knowledge, has only been probed

recently: Alterations have been found in the electrical activity

of different layers of retinal cells, exposed to alternating mag -

netic fields of values up to 8 X 10~ T ( El-Sayed e_t a_l, 1985 ).

Moreover, it was noticed that the electrical activity of the rat

cerebral cortex increased or decreased according to the magnet polarity

(El-Sayed et al., 1988).
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(c) Is there a response of the CNS in the presence of high

magnetic fields?

The upper critical field H beneath which superconductivity

survives, has been observed to be extremely high in the new materials,

In fact, in present day large scale applications of metallic and

alloys for superconducting electromagnets ( as opposed to oxide-

ceramic ones ), the fields involved range from about 2T for medical

nuclear magnetic resonance equipment, to about 20T in high-energy

particle accelerators.

However, in the rare earth oxide-ceramic YBa Cu 0 the

measured value just below the critical temperature is 42T, implying

an H value at 77K of about 80T and an extrapolated value larger

o
than 25OT at a temperature of 0 K ( Ousset et_ aj^, 1987 ). Although

these extrapolations only use the standard phenomenological theory of

low-temperature superconductivity, recent improvements that take

into account the properties of the high-temperature superconductors

do not change substantially the main issue that H is very high

( Chela-Flores et_ a_l, 1988 ).

It. should be observed, nevertheless, that at fields of the

order of hundredsof tesla, the Lorentz forces generated in the

magnets would have a tendency to tear them apart ( Garwin and

Campbell, 1987 ), since for a field of 200T one would expect stress

of the order of 1,730,000 p.s.i. This leads us to believe that

the biophysical range of interest is underneath 200T.

Due to the lack of understanding of the propagation of the

nervous impulse under the effect of magnetic fields of up to 200T,

we may raise the following question:
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How will the phenoroenological model of nerve impulse

propagation be modified so as to take into account the influence

of magnetic fields?

Before attempting to answer this question, we will review

briefly some aspects of the HH model.

THE HH MODEL

In properly chosen units of space, time, and voltage the HH

equation for the propagation of the action potential may be written

as follows:

V - R CV R F( V ) (1)
XX S t ' S

where t' denotes the temporal variable, and

R = The sum of the inner and outer resistances of
s

the electrolytes per unit length of the fiber,

C = The capacity per unit length of the fiber, and

F = . V ( l - V ) ( V - a ) ; this is a simplified

formula for the density of the electric current

flowing across the plasma membrane ( i.e., the

ionic current term ).

It should also be observed that Eqn. (1) represents an

empirical expression that HH were led to by considering an extensive

set of data, which was obtained by means of the voltage-clamp

technique. The constant a is a positive parameter. The spacial

derivative is denoted by the suffix x, and the temporal derivative

has been denoted by the suffix t'.
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An important observation regarding !he observed electrical

responses of the plasma membrane is chat the HH equation does not

display pulse recovery, necessary for the repeated firing of the

fiber. This difficulty may be overcome by considering, instead

of Eqn. (1), the following equation ( Fitzhugh, 1961; Nagumo et al,

1962 ):

V - V = F( V ) + r (2)
xx t

which is referred to as the Fitzhugh-Nagumo ( FN ) equation. In

Eqn. (2) the temporal variable has been rescaled according to:

= R C (3)

Since the action potential V is allowed to return to its resting

level, when it satisfies Eqn. (2) the variable r is called the

recovery variable, and it satisfies,

r = bV (4)

where b is a positive constant, and we have dropped, as usual, a small

contribution proportional to the recovery variable itself ( Scott,

1975 ).
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THE IMPULSE PROPAGATION AS A "MOVEMENT" OF NEGATIVE CHARGES ALONG

THE AXON

The impulse propagation along a nerve fiber is measured by

inserting a series of electrodes on the surface of the axon. This

allows the recording of the action potential with respect to the

extracellular fluid.

The recorded apparent motion of electrons along the inner

and outer surface of the nerve fiber underlies a more complex

phenomenon. Yet, the main feature of the action potential with

which we are concerned in this work is that of its constant velocity

of propagation v, as well as the maintenance of a constant amplitude.

Nevertheless, rather than representing real electron flow,

the action potential is caused by ionic flow through channels in the

membrane. From the point of view of the HH model, the molecular

mechanisms that still remain to be uncovered are no barrier to a

reasonable formulation of the theoretical problem of how to de -

scribe reliably the responses of the plasma membrane due to the

influence of an external magnetic field.

The first hurdle to solving the problem of magnetophysiology

is that there is as yet no clear guideline of how to couple the mag-

netic field in the framework of the HH formalism.

However, in the spirit of the HH model, we may approach this

problem by restricting our attention to the point of view of experi-

ments: Since there appears to be an "apparent" motion of electrons

along the surface of the axons, we may attempt to describe such

motion by a Schrodinger equation:
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(5)

where "fi denotes the Planck constant, and *f denotes the wave

function of a single electron of mass m. Evidently, the external

potential U denotes as yet an unspecified function, though it is

clear that it should describe the somewhat complicated electron-

electron interaction suitable for the propagation of the many elec-

trons that proceed with constant velocity v along the HH axon.

Following the standard procedure, we write the electron wave

function as:

R exp ( -i 2mV/ t» ) (6)

This is a normal procedure in quantum mechanics ( Davidov, 1976 ),

but it is particularly advantageous in physical cases in which a

a large number of particles move coherently, i.e., with a common

velocity ( Chela-Flores, 1975 ), as in the well-understood case of

liquid helium underneath the lambda-point ( for a large number of

references on this topic, we refer the reader to Chela-Flores and

Ghassib, 1986 ).

By taking real and imaginary parts of the Schrodinger

equation (5), once the wave function has been substituted by the

expression given in Eqn. (6), we obtain essentially the continuity

equation ( in one dimension, which is the case in which we are

interested in what follows ):

R = (1/2) R V + R V (7)
t XX XX
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which should be satisfied for the electron propagation, and we also

obtain in this manner the Bernoulli equation:

V = -[Ti2/ ( 2m ) 2 R ] R + ( V ) 2 + U/ 2m (8)
t xx x

The analogy with hydrodynamics is gained when the gradient of the

phase of the wave function is interpreted as velocity:

V = v (9)

and the square of the modulus of the wave function is interpreted as

the electron density Q *

R2 = P (10)

However, if the coherent phase of the wave function is

indeed identified with the action potential for the apparent pro -

pagation of electrons along the axons, under the external potential:

( 2m ) 2 R ] R - ( V ) 2 + ( V ) 2

XX X XX

F ( V ) (11)

then, Eqn. (8) becomes the FN equation without recovery:

V - V = F ( V ) (12)
xx t
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THE FN EQUATION WITHOUT RECOVERY IN THE PRESENCE OF A MAGNETIC FIELD

We next observe that the coupling of the magnetic field

on the quantum equation (4) is a well-understood and straightfor-

ward procedure. This consists of the minimal coupling of the

magnetic field through the principle of gauge invariance:

- ( e/ v ) A (13)

where v denotes the velocity of propagation of the quantum

electronic excitation ( in the case of vertebrates v = 1 - 100

m/ sec ). We emphasize that the excitation consists of a localized

region of negative charge on the plasma membrane of neurons on a

nerve fiber.

Thus, performing the minimal coupling (13) in Eqn. (5), and

repeating the procedure that led to Eqns. (7) and (8), we are led to

the following modified FN equation without recovery, working in one

dimension and retaining terms which are linear in the vector

potential A:

V V - F ( V ) - [ ( e / 2 m v ) A ] V (14)
t xx x

We now use the independent variable transformation ( Aronson and

Weinberger, 1975 ):

- Vt

(15)
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Then, we must have:

' - -r f (16)

so that Eqn. (14) becomes:

V
T = V - F ( V ) - [ ( e / 2mv ) A ] V + v V

^ * (17)

Eqn. (17) may be written as:

V = V - F ( V ) + u V (18)
1 U T

where u, the velocity of propagation of the action potential in the

presence of an external magnetic field is given by the sum of two

contributions:

(19)

Here, u denotes the velocity of propagation of the action poten-

tial in the absence of an external magnetic field ( i.e., in the

presence ot the negligible magnetic field of the Earth ), and u

denotes the contribution to the conduction velocity of the action

potential due to the presence of a non negligible magnetic field:

(20)

( e / 2mv ) A (21)
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Changes in the polarity of the magnetic field would produce

consequently, different values of u, since

v, for positive values of A,
s

and

v, for negative values of A.

These contributions of high magnetic fields produce substan-

tial alterations in the zero magnetic field theory ( i.e., the FN

equation without recovery ). For instance, for u = 100 m/sec,

we find that u is a correction to u of about 87O , in the

presence of a magnetic field of 100T.

Consider the general solution to the Eqn. (18) to be written

as follows:

V ( J , T ) = V
o
(/

where V denotes the travelling wave solution of the FN equation
o

( cf., next Section for a discussion of some mathematically re -

levant aspects of the existence of V ). Then, substituting Eqn.

(22) into Eqn. (1M, we have:

u V

F ( Vn + V ) - F ( V ) (23)
P o o

The present approach would permit to study perturbatively the form

of V , as in the standard discussion ( Scott, 1975 ).
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DISCUSSION AND CONCLUSIONS

The possible modifications to the HH , or FN equations

that we have discussed in this work should be seen in the wider

context of the existence of travelling waves for the equations

of electrophysiology and magnetophysiology. In fact, perturbation

analysis provides a basis for discussing methods for the study of

travelling periodic waves and solitary waves for the FN equation

( Casten e_t_ a_l, 1975 ), Another area of research that may help

in our investigation is the related work fo walls in liquid

crystals ( for a general discussion we refer to Cladis and Sarloos,

1988 ). Such work leads to a nonlinear partial differential

equation that is similar to the FN equation without recovery, but

for which it has been shown that a unique solitary wave solution

exist s:

For describing the Brochard-Leger wall in liquid crystals

we have ( Wang, 1985; 1986; 1988 ) that a unique stable solitary

wave solution V exists (for a specific choice of the nonlinear
o

t e rm F ):

V " V ••' , x - u i ) = V* ( T )
o o o s

(24)

to the differential equation:

(25)
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However, the reader should appreciate the generality of

the results on nonlinear diffusion equations ( Aronson and Wein-

berger, 1975 ). In fact, solutions such as the one for Eqn. (25 )

should also exist for the FN equation , particularly, since we

have taken our Eqn. ( 18 ) to the standard form.

Appreciable changes in the conduction velocity of the

action potential, such as the ones obtained in this work, could be

the source of serious neurological disorders. Well known examples

are those of the abnormally prolonged action potentials observed

in axons of the shaker mutants of Drosophila, or in multiple

sclerosis ( MS ). In the case of MS the conduction velocity of

the action potential is slowed down considerably, due to the loss

of myelin ( Darnell et_ aj., 1986 ).

Since at higher values of the magnetic fields to which

scientists may be exposed to, the changes in u may be up to

207c ( in the biophysically relevant range of magnetic field

strengths ), we feel that the limitations of the present work

should be the source of further investigations in which, for

instance, more extensive discussions of the fuller FN equation with

recovery are undertaken. Besides, further experiments with, for

example, nerve propagation in the squid axon under magnetic fields

in the range:

20T ^ H <^ 100T (26)

should be envisaged.

For lower values of the magnetic field, we still feel that

new experiments should also be initiated, such as those already

mentioned ( El-Sayed e_t a_l, 1985; 1988 ). It should not be over-
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looked that in these experiments the conduction velocity u was not

measured, but instead the frequency of the action potential as well

as its deformation were measured, and some changes were observed

with respect to the results in a zero magnetic field.

Nonlinear systems, such as the full FN equation with recov-

ery, may allow an apparently negligible perturbation to yield sig -

nificant results due to the nonlinearity. This has been illustrated

recently and may throw some light on the analytic work that remains

to be done (Langer, 1986). In the theory of pattern formation in non-

linear dissipative systems, the solidification, the growth rates, and

shapes of dendritic tips are determined in terms of surface tension, which

appears at first glance to be a negligible perturbation, since the character-

istic length of the problem is orders of magnitude smaller than other

characteristic lengths that are retained in the problem. However, the

omission of surface tension leads to continuous families of solutions, and

thus to no explanation of the experimental observations.

Similarly, it is possible that at lower values of the mag-

netic field ( for instance, at values smaller than I T ) , the

velocity u may be playing some special and subtle role in the

propagation of the action potential.
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