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ABSTRACT

The integrability of two dimensional time-dependent classical systems is exam-
ined in N = 2 superBpace using Dirac's second class constraints. The invariants involving
quadratic powers in velocities for super harmonic oscillator and super Kepler potentials
have been derived.
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1. INTRODUCTION

The integrability of classical dynamical systems (both time dependent and time
independent) in two dimensions his been widely discussed lK The guperspace formulation
of N = 1 and N = 2 pseudomechanical systems have been studied in the context of
dynamical invariance (super) symmetries associated with Pauli systems in the presence of
magnetic monopoles in one spatial dimension a ' . Such a study could be profitably applied
to the theories of spinning string or membrane having both bosonic and Grassmann degrees
of freedom 3>. We make use of "super" time variable which involves the usual time t and
the Grassmann variables 9t and ~9i. Correspondingly, the "super* position variable is given
by

(1.1)

The Euler-Lagrange equations satisfied by the superspace Lagrangian are set up. It is
noted that on applying the Dirac's constraints *>, the system effectively reduces to a time-
independent one. Thus, given the effective Lagrangian, or, correspondingly the Hamilto-
nian, one can construct the invariants in various order of velocities and positions (i.e., the
invariant is in general assumed to be a polynomial in position and velocity co-ordinates
1|i£l'. Here, we address ourselves to the construction of second order invariants involving
the position, velocity and Grassmann degrees of freedom for the super harmonic oscillator
and Kepler potentials. The recipe could be prescribed to construct any integrable systems
in two spatial dimensions and could be generalised to classical systems with an arbitrary
space and Grassmann (finite) degrees of freedom. The plan of the paper is as follows.

In Sec. II, we recapitulate some of the salient features of superspace formation
for classical dynamical systems. The equations of motion one derived and the general
structure of super potential is obtained. Involving Dirac's constraints (second class), the
constrained system reduces to a time-independent one. In Sec. Ill, we assume the existence
of the second order invariant for the superdynamical systems under consideration. Using
the graded bracket relations for the canonically conjugate variables, we obtain a set of
coupled linear equations. A consistent solution of these equations yield systems which
are integrable. Alternatively, knowing the coefficients in the polynomial structure of the
invariant, one can obtain a class of super potentials which furnish the integrable systems.
In Sec. IV we discuss the superhannonic oscillator and Kepler potentials in two spatial
dimensions.



2. EQUATIONS OF MOTION AND THE CONSTRAINED
HAMIITONIAN SYSTEMS

Let us consider the action

A = j dtL = (2.1)

where
). 9i,ti) = * W + « i

+ Si?iAj(t) (super position variables),

Dt = dg{ - iSidt, ~Di = de, - i9i9t, (the super derivatives)

satisfying [Dj,ZJy]+ = — 2t^yd«, and

(2.2)

, the super potential in (2.2) can be written as (by making Taylor series expansion)

(2.3)

The Euler-Lagrange equation

reduces to (using (2.2))

$».»!-.-££
Using (1.1), (2.2), (2.3) in (2.4), we have

and

(2.4)

(2.5a)

(2.56)

(2.Sc)

(2.SJ)

i.e.,

Alternatively, using (2.2), (2.3) and (2.4) in (2.1), we could have obtained the Lagrangian

1 1 I — • —

The Lagrangian (2.7) satisfies the following primary constraints

_ 1—

1 ,

(2.7)

PXi

and a secondary one
(2.8)

where p^,,pr ,PA, are canonically conjugate to Vi,i>i and A; respectively. The graded
Poisson brackets of these constraints are easily calculated from

where iv, w are canonically conjugate and \F\, \G\ are degrees associated with the dynam-
ical variables F and G respectively. It can be checked that the constraints are second class
ones and one fines after replacing the original Poisson brackets by the Dirac brackets

Using the constraints, one can obtain the Hamiltonian as

The equations of motion are given by

(2.9)

(2.10)

Note, (2.11) and (2.5) are equivalent as they should.

4

(2.U)



S. CONSTRUCTION OF SECOND INVARIANTS

Given,

We assume the invariant I to be of the form

-rv. . I

satisfying

i~[itx\ =

(2.10)

(3.1)

(3.2)

where [, | as usual denotes the graded bracket. Substituting (3.1) in (3.2) and setting the
coefficients of (<j,)" equal to zero for each n, yields a system of differential equations the
coefficients a,, at, out must satisfy. Thus, we have

= 0

and

PVom (3.3), we have

where, a n , /}kt are some constants. Let us substitute

an = /Sn = j-Q. 0132 = fe = -^

= 0

and

Then

012 = ^

Using (3.9) in (3.4), we solve for o t as

: -^31 = T 7 (say).

1,

(3.3)

(3.5)

(3.6)

(3.7)

(3.8)

(3.9)

Let us choose the constants d = 0 for sake of simplicity. Now, substituting (3.9) and (3.10)

in (3,5), we have

«o =T(?2?i ~ j f E K , < 3 + «C

f (*?
f KK + »C

Substituting (3.9), (3.10), (3.11) in (3.6), we could check the consistency between the

parameters a,^,f.

4. (a) Harmonic Oscillator

Let us take Lw'*(q) = ± A V ,

r{») =

Similarly,

Substituting (4.2) in (3.11), we have

2

A3 . 3 -i 3

Further, we have from (3.9) and (3.10)

-7(^1

(4.1)

(4.2a)

(4.26)

(4.3)

(4.4)



Thus 5. CONCLUSION

\fii*?%)\\%+ *•*£]

Correspondingly, we have the super potential

and

(4.5)

(4.6)

(4.7)

We just remark here that in (4.6), the first term on the r.h.s. a the usual bosonic part and
the second term u the fermionic part. The second term u A times the number operator.
In a certain sense, the potential V(q) behaves effectively like the 'Bosonic potential"!

(b) "Kepler" potential

Let us take

7- (4.8)

Our method furnishes integr&ble systems in superspace with spatial dimensions
> 2. Invoking Dirac's constaints, the dynamical system under consideration reduces to
a time-independent one. The super harmonic oscillator potential V(q) which contains a
bosonic part and a fermionic part has some nice features. The fermionic part which effec-
tively involves the fermionic number operator implies that the super symmetric formalism
could be envisaged as dealing with "scalar' spinon. Such an inference runs parallel to an
earlier observation by Barut and Pavsic in establishing the equivalence between a spinning
membrane or super particle and the scalar spinors. In case of super Kepler systems, the
potential (4.10) may yield extra degeneracies in the corresponding quantum systems.

Then,
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Thus,

Now,

a f ^ = a v? = «A(^

The super potential is given by

(4.9)

(4.10)



REFERENCES

1) S.C. Mishra, R.S. Kaushal and K.C. Tripathy, J. Math. Phys. 25, 2217 (1984);
ibid. 26, 420 (1984); Phys. Letters 1O2A, 7 (1984);
K.C. Tripathy and S.C. Mishra, "Integrable three dimensional systems*, in Proc.
XVII Int. Colloquium on Group Theoretical Methods in Physics, Ste-Adele (June
27- July 2, 1988).

2) E. D'Hoker aand L. Vinet, Lett. Math. Phys 8, 439 (1984);
L. Bouguiax, P. Dauby and V. Hussin, J. Math. Phys. 38, 477 (1987).

3) A.O. Barut and M. Pavsic, "Equivalence of the spinning super particle descrip-
tions with Grassmann variables or with C-number spinors", ICTP, Trieste, preprint
IC/88/82 (1988).

4) E.C.G. Sudarshan and N. Mukunda, Classical Dynamics A Modern Perspective,
(Wiley, New York, 1974).

5) H.R. Lewis and P.G.L. Leach, J. Math. Phys. 23, 2371 (1982).



Stampato in proprio nella tipografia

del Centro Internazionale di Fisica Teorica


