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Using the semiclassical extended Thomas-Fermi (ETF) density variational method, we 
derived aelfconsistently the liquid drop model (LDM) coefficients for the free energy of hot 
nuclear systems from a realistic effective interaction (Skyrme SkM*). We expand the tem
perature (T) dependence of these coefficients np to the second order in T and test their 
application to the calculation of the fission barriers of the nuclei 2û8Pb and 2A0Pu. 
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The properties of hot nuclear systems formed in heavy ion collisions are under extensive 
experimental and theoretical study [1,2]. The equation of state of hot nuclear matter is also 
of great interest in astrophysics in connection with the formation of supernovae [3]. We shall 
use here a selfconsistent mean field approach to calculate the binding energies of hot nuclei 
from an effective nucleon-nucleon interaction. This can be done in a very economical way 
in the density variational approach [4] using the recently developed extended Thomas-Fermi 
(ETF) density functional for finite Fermion systems at finite temperatures [5,6,7]. It was shown 
that this approach yields numerically the same results [5,7] as the microscopical Hartree-Fock 
(HF) approach [8,9] for temperatures T 1 larger than 2.5 - 3 MeV where the shell effects have 
disappeared. 

The purpose of this paper is to use the ETF density functional approach to determine the 
coefficients in a liquid drop model (LDM) type expansion of the free energy of a hot nucleus. Such 
expansions have been very successful, mostly in the form of the droplet model [10], in describing 
the average binding energies of nuclei in their ground state (T=0). They have recently also been 
applied in calculations of supernovae formation [11] and of the fragmentation of hot compound 
nuclei [12]. But in such applications, the temperature dependence of the LDM parameters is 
required as an input. This is precisely what can be derived systematically from ETF density 
variational calculations at finite temperature [4]. Here the free energy F of the (spherical) 
nucleus is written in terms of its local density p(r) as 

F = E-TS = jf[fi{r)]d3r = F[p} , (1) 

where E is the internal energy and S the entropy. For the potential energy part of the functional 
f[p\ we use the Skyrme interaction SkM* [4,13], for the kinetic energy and entropy densities 
the T > 0 ETF functionate [6], We refer to ref.[4] for the technical details of the leptodermous 
expansion of eq.(l) which follows from the assumption that the surface diffusivity of the local 
density p(r) is much smaller than the radius R at which the surface is located. The essence is 
that all the LDM or droplet model coefficients can be related back to those obtained from a 
variational calculation with one-dimensional geometry, usually referred to as the (asymmetric) 
semi-infinite nuclear matter case (see also ref.[10]). 

A word should be added here about the static treatment of a highly excited nucleus. Such 
a system is known not to be stable but to evaporate nucléons. However, at temperatures below 
about 4 MeV, the evaporation times are long enough [14,15] so that the nucleus may be treated 
statically as a metastable system [15,16], not unlike a superheated classical liquid drop [17]. 
The scenario is somewhat different in the astrophysical context of a collapsing star, where finite 
condensed nuclei may coexist with a gas of nucléons (and leptons) in local ther- modynamical 
equilibrium [3,11] under an external pressure- Such an equilibrium has been assumed also in 
recent HF calculations for finite nuclei at T > 0 [14], where special attention was paid to the 
continuum contributions which are important in establishing the density of the surrounding 
nucléon gas. In refs.[4,15] the leading LDM coefficients (i.e. the surface, curvature and constant 
terms of the symmetric case, see below) have been calculated for both situations: the equilibrium 
case with constant external pressure, and the metastable case corresponding tc zero external 
pressure. It was found that for temperatures T up to about 4 MeV, the difference in the results 
could be neglected. (For a more detailed comparison of the two situations, see ref. [IS].) We 
have performed our present calculations in the metastable situation; the results, however, hold 
also for the equilibrium case as long as T is not much larger than 4 MeV.In acy case the present 
approach should not be used for temperatures higher than about 5 MeV because of the onsetting 
of an instability of a nucleus against sudden break-up as indicated in different theoretical models 
(12,14].(Note that no experimental evidence of compound nuclei above 5 MeV has so far been 

1 We use MeV units for the temperature T, putting the Boltzmann constant k=l . 
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reported).In our present static approach where the external gas phase is totally neglected [4] the 
instability shows up at T = 5.3 MeV for 20sPb. Beyond this limiting temperature, no minimun 
of the free energy F can be found for the spherical nucleua.This temperature is lower than that 
of ref.[14] mainly because of the absence of an external pressure. 

We use the following expansion of the total free energy F of a spherical nucleus with nucléon 
number A = N + Z: 

F = Fâi/m + ^o» + Fcoul- (2) 

The sym-netric part is expanded in the usual LDM series in powers of A~1'3 up to the constant 
term: 

F^A) = avA+ o , A 2 / 3 + *cAxls + aa. (3) 

The coefficients Oj hereby are functions o f the temperature T which we approximate by: 

a,(r) = a , ( 0 ) ( l - x i . T 2 ) . (4) 

The parameters a,(0) and x,- are given in table 1. It was shown recently [19] that the trun
cated expansion (3) reproduces the exact variational ETF energies of symmetric nuclei (without 
Coulomb interaction) at T = 0 within less than 1 MeV for A > 10. (If three more terms are 
added, going up to the term proportional to 1/A, the accuracy is better than 0.1 MeV [19].) We 
have confirmed in our present calculations that the quadratic approximation (4) leads to errors 
smaller than 1 MeV in the total F up to T = 4 MeV. 

It is a wrll-known result of the droplet model [10], confirmed also in the ETF variational 
calculations [4], that the asymmetry energy may not be expanded in a Taylor series in powers 
of A-1/*. In accordance with the findings of refs. [4,10], we thus write FaB in the form 

Fa,{A,I)^JAI1/[l + {9J/4Q)A-1/s] , (5) 

where 
I = (N-Z)/A (6) 

and J and Q are the volume asymmetry energy and the surface stiffness coefficient [10], respec
tively, which both are again fitted to the quadratic T dependence (4). 

Finally, the Coulomb energy - including the exchange part as U3ual in the Slater (or local 
density) approximation - is fitted by the following two parameter formula: 

FCml(A,Z) = c1Z2A-1>s + c2Z1A-1 . (7) 

We found that this simple formula reproduces the total Coulomb energies for nuclei with 6 < 
A < 250 within less than 1 MeV in the temperature range considered here. The parameters <:,-, 
with their quadratic T dependence according to eq. (4), are also contained in table 1. 

We include in table 1 also the incompressibility parameter Ki„f of symmetric infinite nuclear 
matter and its temperature dependence in the quadratic approximation (4). This parameter, 
as well as the volume energy av and the volume asymmetry energy J, are obtained analytically 
in terms of the Skyrme force parameters and the saturation density p;nf which is equal to 
0.1603/m" 3 for the force SkM* [4]. The parameters a, and ae are obtained from semi-infinite 
nuclear matter calculations in which the surface energy is minimized; the parameter a0 contains 
also the so-called compression energy [10] and should be identified with the quantity a\ of [4]. 
The first three terms of eq.(3) therefore are those of a strict asymptotic expansion in the large 
A limit (see ref.[19]). The constant term no is adjusted such [19] that eq. (3) reproduces the 
variational ETF free energies within less than 1 MeV for A > 10. According to the results 
of refs. [4,5,6], the total free energies eq. (2) should also reproduce the exact HF results for 
temperatures T above 2.5 - 3 MeV where there are no more shell effects [7,8,9]. Even for 
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low temperatures, the parametrisation by eqs.(2)-(7) may be used, together with temperature 
dependent shell corrections, to yield an excellent approximation to the microscopic HF free 
energies by exploiting the Strutinsky energy theorem at T < 0 [20]. 

The coefficients K;„f, a,, ac and ao all go to zero at the critical temperature Tc [4] which (for 
the SkM* force) equals 14.6 MeV in the equilibrium case. The quadratic approximation to the 
temperature dependence of the first three parameters is excellent and illustrated in fig. 1, even 
up to temperatures of about 8-9 MeV (see ref. [4] for ao which is quadratic only up to T = 4 
MeV, and for the metastable situation where the above coefficients vanish at T = 11.6 MeV). 

It Î3 straightforward to calculate the entropy S of a finite nucleus from the above results by 
the canonical relation S = - dF/dT, and from it the level density parameter ai„ by the Fermi 
gas relation S = 2aj„ T which was found to be well fulfilled for 2 < T < 4 MeV also in the 
ETF model [4,5] and the T > 0 HF calculations [8] (note that at large temperatures the mean 
field estimate of oie„ obtained here is expected to be the correct one [21,22]) 

As an application of our "hot" LDM coefficients, we finally want to discuss the temper
ature dependence of fission barriers of heavy nuclei. In ref. [4] some preliminary results of 
fission barrier calculations at T > 0 have already been presented for li0Pti. We have repeated 
these calculations, incorporating now also the correct temperature dependent 4th order gradient 
corrections of the kinetic free energy density [6]. 

In fig. 2 we show the temperature dependence of the height of the fission barrier of 2 0 S F 6 
and 2 4 0 Pti.(see ref.[4] for the parameterisation of the deformed nuclear shapes).Note that the 
SkM* Skyrme force was specifically chosen to reproduce the empirical LDM fission barrier of 
2 4 0 P u [4,13].The semi-classical fission barrier of M 8 P 6 at T=0 is found to be slightly lower (by 
about 1-2 MeV) than the empirical LDM one [23] .It is now a very crucial test to see whether 
these results can be fitted by the simple liquid drop model.In this model the deformation energy 
of the nucleus is written: 

FiD{def) = F,{0).B, + EcM-Bct , (8) 
where F,(p) and Ecb(0) are the sur' ce and Coulomb energy of the equivalent sharp edged liquid 
drop,respectively.The coefficients B. and Bci contain the deformation dependence [10].Since the 
total nuclear free energy in eq. (2) certains more than surface energy terms we define an effective 
surface free energy of the splierical nucleus under consideration,which incorporates curvature, 
higher order and asymmetry effects (see also ref. [24]) : 

Fi!' = a,A*l* + acAlls + Fa.(A,I)-JAI* , (9) 

with the parameters given in table l.The deformation dependence of the curvature energy is, 
in fact, not too different from that of the surface energy for typical saddle-point shapes of 
actinide nuclei [25].The equivalent sharp proton radius appearing in the Coulomb energy is well 
approximated for heavy nuclei by the quadratic relation: 

S;-(T) = raA1's[l + xsTi] (10) 

with ro = 1.15 fm and ZR = 0.710~ 3AfeV - 2 . The fission barriers found in this way are shown 
by the dashed lines in figure 2. Note that the discrepancy of ,1.2 MeV observed at T=0 in 
2 0 8 P 6 corresponds to an error of less than 2 parts in 1000 of either the surface energy or the 
Coulomb energy at the saddle-point. The accuracy required to obtain the correct semi-classical 
barrier height at T = 0 therefore is clearly beyond what can be achieved in a simple sharp-edged 
liquid drop picture. Note however, that the LDM curve in figure 2 correctly reproduces the T 
dependence of the ETF barrier height. 

For practical use,we have checked that the well-known LDM formula [10] for the barrier 
height: 

Bf = 0.83F;ff{T) [1 - i (T) ] 3 (:n MeV), (11) 
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reproduces very well the LDM curves in figure 2 up to T = 4 MeV. The temperature-dependent 
fissility parameter x(T) is then defined by : 

= i(0).(l + r / r ! ) ; i / = 7.1.10- 3AfeV- 2. (12) 

To summarize we want to stress that the aim of this paper was not to give a mass formula with all 
the sophistications necessary of the droplet model,but rather to give an useful parameterisation of 
the T-dependence of the leading LDM and droplet model coefficients, derived in self-consistent 
way from a realistic effective Skyrme interaction. We have shown that also the temperature 
dependence of fis^on barriers can be correctly reproduced in terms of these coefficients and 
parametrisations. For the calculation of the total average energies and fission barriers at T 
— 0, we still advocate the use of the variational ETF model which incorporates ALL surface 
diffuseness effects and interactions of Coulomb and nuclear parts in the energy which we ignored 
in the above simple LDM expressions ( see also conclusions of ref [4]). 

The authors are grateful to Kim Sneppen for his interest in this work and for stimulating 
discussions. Two of us (C.G. and M.B.) acknowledge the hospitality of their mutual institutions 
and that of the Niels Bohr Institute in Copenhagen, where this work was completed. 
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FIGURE CAPTIONS 

Figure 1: Incompressibility K^o, surface energy a* and curvature energy ae obtained from the 
SkM* force, versus temperature. Solid lines : equilibrium between gas and liquid phase assumed. 
Dashed lines : quadratic approximation eq.(4) with parameters in table 1. 

Figure 2: Fiasion barrier heights obtained by semi-classical ETF variational calculations (details : 
ref[4]) with the Skyrme force SkM* (solid lines). Dashed-dotted lines : LDM barriers, calculated 
is described in the text. The cut-off of the 2 0 8 P 6 curves corresponds to the temperatures T = 
5.3 MeV above which no variational minimum of the free energy F is found. 
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0v a, Oc oo J Q CI «2 Kinf \ 

o,(0) -15.776 17.22 10.24 -8.0 30.03 35.4 0.737 -1.28 216.7 | 

103x; -3.36 5.53 5.43 -12.3 1.04 12.8 0.763 -13.2 5.99 | 

Table 1: Liquid drop and droplet model coefiBcients obtained from the SkM* interaction. The 
first row gives their values at zero temperature (in MeV), the second row the second row the 
coefficients z,- (in MeV" - 2 according to eq.{4)). 
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