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ABSTRACT : 
We introduce for the first time the effective finite range interaction of 

Gogny in the semi-classical description of heavy ion reactions based on the Landau-Vlasov 
equation. The characteristics of the flow for heavy ion collisions are studied as functions of 
the incident energy, the impact parameter and the mass number. The momentum 
dependence in the -mean field together with the non linearities in the collision kernel 
decrease the flow in contradiction with other calculations ; the origins of this discrepancy 
are studied in details. 

I. INTRODUCTION. 

Kinetic approaches of heavy ion collisions have been widely used 
during the last decade in order to simulate macroscopic behaviors in a self-
consistent microscopic framework. Among them, the introduction of an effective 
mean field acting on the test particles of cascade simulation was proposed for 
high energy collisions (Boltzmann-Uehling-Uhlenbeck in ref. [1, 2] and 
Vlasov-Uenling-Uhlenbeck in ref. (3D. On the other hand, starting from a 
semi-classical approximation of the time-dependent Hartree Fock equation (the 
Vlasov equation), the authors of ref. [4] have introduced the residual interaction 
with a Uehling-Uhlenbeck collision term. This later description is well shaped for 
low and medium energy collisions because ground state properties of each 
partner before the collisions are generated by an initial self-consistent 
procedure. Double counting between the effective interaction and the collision 
term can be ruled out by deriving a kinetic equation at the Brueckner level from 
the BBGKY hierarchy [51, if both contributions are derived from the same 
G-matrix. The real part corresponds to the effective mean field and the 
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imaginary part corresponds to the effective in-medium nucleon-nucleon cross 
section in the collision term. In practical applications, no explicit derivation of 
these two components has been up to now performed. The effective mean field 
has been taken as a simplified Skyrrae interaction, as proposed by Zamick in ref. 
(61. The parameters of this simplified force are fitted to the density, binding 
energy and compressibility modulus at saturation of nuclear matter. The 
collision term is chosen by scaling the free nucleon-nucleon cross section to take 
into account in medium effects [7, 8]. As far as the mean field is concerned, the 
main drawback of the simplified Skyrme interaction is to neglect the momentum 
dependence of the force and of the resulting effective mass, effects that one gets 
with a Brueckner interaction. A first attempt to cure this drawback without 
deriving field and collision terms from a bare interaction (which would be the 
final aim), consists in improving the functional form of the effective interaction. 
The effective interaction proposed by Gogny [91 allows to reach this goal ; this 
force relies upon dominant eichange terms. It allows a satisfactory description 
of nuclear matter properties [10] and of nuclear matter stability [111. 
Furthermore, we will see that the Wigner transform of. the Hartree-Fock 
potential can be parametrized in terms of gaussians ; then it constitutes a good 
Candidate for applications to dynamics, since the solution of the Landau-Vlasov 
equations has been obtained in ref. [41 by a decomposition of the one-body 
distribution function as a sum of gaussians in phase space. 

A typical macroscopic observable which should be sensitive to the 
effective mass is the flow observed in heavy ion collisions at few hundred MeV 
per nucléon. This dependence has been suggested in ref. fl2] and supported by 
recent model calculations in ref. (13, 14]. where a momentum dependence of the 
force was shaped for this peculiar problem. Along this paper we will present a 
derivation of the Gogny force in phase space representations. We will show the 
energy dependence of the resulting optical potential and discuss the 
implementation of the Gogny force in our semi-classical approach (section II). 
He will show a few results concerning the flow for comparison with those 
obtained with a simplified Skyrme interaction (section III). 

II. GOGNT FORCE AND SEMI-CLASSICAL APPROXIMATION 

II.l.flOBNr-roRCB. 

Up to now, the effective forces used in dynamical V.U.U. 
calculations, were essentially of the Skyrme type due to the uneasiness to take 
properly into account the nonlocality of the nuclear forces. However, this 
property is expected to have some important and characteristic consequences on 
experimental observables in heavy ion collisions, and therefore it requires a 
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peculiar care in its description. Some attempts have been done to simulate the 
finite range of nuclear forces, introducing momentum dependent terms in 
addition to simplified Skyrme interactions. As mentioned already in the 
introduction, a simple and more appropriate way to describe these features is 
provided by the Gogny interaction where the finite range and thus the non 
locality in the mean field is given by the superposition of two gaussians with 
different ranges and spin-isospin mixtures. This force has been very successfully 
applied to static [101 and dynamic calculations, either for the giant resonances 
U5I or (more recently) for studies in the quasi elastic peak region at higher 
energies and momentum transfers [16]. Originally, the force has been adjusted to 
ground state properties and to phenomena which involve only low momentum 
transfers. However, due to the observation of some basic principles, such as the 
fulfillment of the sum rule for Landau parameters, the force is insured to be 
correct to relatively high momentum transfers. Indeed, the exchange terms for 
momenta at and above the Fermi momentum enter in the Landau parameters ; 
then, since the sum rule is very well obeyed by the Gogny force (at variance 
with usual Skyrme forces), its momentum dependence cannot be very false for 
momentum transfers, say below 2 for' . This is further substantiated by the fact 
•that, as shown below, the energy dependence of the real part of the optical 
potential, which reflects directly the range of the force, is very well represented 
with the use of Gogny force, up to energies of = 200 MeV, which correspond to 
momenta of roughly 3 fm"1 . On the other hand, at these momenta (see ref. 16). 
the effective mass approximation is not valid anymore and one is thus forced to 
use the full non-locality of the mean field potential which in phase space turns 
into a momentum dependence ; i.e. V H F - VH-F (R, p). Let us further mention 
that the Gogny force leads to a compressibility of 228 MeV, which agrees well 
with the usually adopted value. This however is relevant for the equation of 
state (E.O.S.) only in the vicinity of the ground state. In heavy ion reactions, in 
the range of hundreds of A.MeV, probably compression at twice the equilibrium 
density may be achieved. It is therefore important to know how the Gogny force 
performs in the region of these p values compared to EOS calculated from more 
microscopic and sophisticated models such as for instance the one obtained by 
Friedman and Pandharipande [171. 

In Fig. 1, is plotted by nucléon binding energy in infinite matter as 
a function of the nuclear density ; we thus see that the effective interaction of 
Gogny is quite well suited for the study of compression up to and around 200 to 
300 A'.MeV. For higher energies it becomes of course unreasonable to use this 
force. It also should be mentioned that in the initial stages of the heavy ion 
reactions the effective interaction should be calculated corresponding to a 
strongly non equilibrium situation, what also could alter the form of the 
interaction during this phase. On the other hand, recent calculations of ref [18] 



indicate that temperature seems to have little effect. With these preliminary 
remarks, we go on and derive the Hartree-Fock field using Gogny's interaction. 

Let us remind that the Gogny interaction, without spin-orbit and 
isospin dependent terms for simplicity, reads : 

v(l,2)= £e 
• i-i 

Y _ - (î  - rp2/n? 
(W i+B iP'-H iP

,-M iP
< 'P t) 

• t3«(r7-r^)(l + P*)p1 1/3 M r.T-
(2.1) 

where P° and P' are respectively the eichange operators of spin and isospin 
coordinates. The parameters are adjusted to fit the fundamental ground state 
properties of nuclei. Two sets of parameters are given in table I, related to the so 
called Gogny Dl-Gl and Gogny D1-G2 forces, and some characteristic nuclear 
matter properties are summarized in table II [19]. For static properties they 
have very similar behaviors, with minor differences for surface energy and 
compressibility. However, their dynamical properties progressively differ at 
higher energies (see below). 

A convenient representation of the Gogny interaction, consistent 
with a semi-classical approach, is provided by the Wigner transformation in the 
phase-space. Then the semi-classical Hartree-Fock potential is given by 

vwG:~p) = lhP*'H7]* I 
8 * ' 

2 r 
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(2.2) 

where the one-body Wigner distribution function f(r, p) is obtained from the 
one-body density matrix p(r, r') by the following relation : 

f(r. p) - A. 
dS , - > - • . , [-> S - , S 1 

rexp(-ip.S/ri) xp r * 7 , r - 7 (2)16)' 
(2.3) 

The local density is simply related to the one body distribution function by : 

p ( r î - dp f(r, p) (2.4) 

The coefficient a; and Pi are connected with the parameters of the Gogny force 
through the following relations : 
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/Wj B: H; \ _ , 
P I = [ T + T " T " M,Jx(yi(i,)' (2.5-b) 

The first term of the Hartree Fock potential (2.2) comes from the 5 
interaction part of the Gogny interaction (2.1). One observes that the second and 
third terms in equation (2.2) which represent respectively the local Hartree term 
and the non local Fock term, are expressed in terms of convolution products. 
Furthermore, it can be underlined that the non locality is interpreted in the 
phase space representation as a momentum dependence. 

Some simple remarks can be made when studying the third 
contributions of the Hartree-Fock potential in the nuclear matter limit case. At 
the saturation density, the repulsive 8 interaction part has nearly the same value 
either with Gogny Gl-Dl or with Gogny G2-D2 forces. The main differences 
between these two forces are seen in attractive contributions of the two last 
terms of eq. (2.2). In the Gogny D1-G2 force, introduced to reproduce more 
accurately the plutonium fission barrier, the absolute value of the local Hartree 
term is nearly threa times the maximum absolute value of the non local Fock 
term, whereas these two contributions are about the same in the Gogny Dl-Gl 
force. In this later case, due to the size of the non local Fock term, one expect a 
better representation of the real part of the optical potential for the highest 
momenta. 

The phase space representation of the Hartree Fock potential 
gives some clear insights in the physical mechanisms introduced by the non local 
term. A salient feature is the momentum dependence of the attractive potential 
which weakens with increasing momenta, leading to a less attractive giobal 
potential. Another important consequence is the influence of this momentum 
dependence on the nucléon motion inside the nucleus, the resulting effective 
mass implies a more faster motion of the nucléons inside the nuclear matter 
than in free space. Obviously, both effects may have competiting rôles in the 
transfer of longitudinal momentum to transverse momentum during heavy ion 
collisions. These general observations will be precised below, with quantitative 
results in real nuclei. 

11.2. SEMI-CLASSICAL STATICS 

We intend to use the Gogny force as effective nuclear interaction 
in semi-classical dynamics of heavy-ion collisions. In such a picture the nuclear 

—> —> 
phase space is described by its one-body density distribution f(r, p ; t) which 
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gives the probability of finding a nucléon at (r, pi point of phase space. If one 
requires the saturation properties of quantum mechanics, f(r, p ; t) is a positive, 
bounded function : 

0 « f(r!"p : t) « g/(2nfi)3. (2.6) 

where g is the spin/isospin degeneracy (here g - 4). We shall study dynamics 
via a kinematic equation which has the general shape of a Landau equation : 

D^lt?"? ; t) - G(i\ p*: U - L(r?"p : t) (2.7) 

which combines the effects of mean field via the differential operator of the 
left-hand side of eq. (2.7) and of individual collisions via the gain and loss terms 
of the right-hand side. At the lowest order in powers of fi, the differential 
operator is the Vlasov one : 

D t - i+{ .H(r?p}} (2.8) 

which is a specialization of the Liouville operaior to the case of self-consistent 
fields. 

Then, the initial conditions of any Landau-Vlasov (L.V) equation 
are provided by static density distributions of ground state nuclei such as their 
Poisson brackets vanish (gain and loss collision terras cancel out for ground 
states): 

{f(X fT), Hlrfp)) - 0 (2.9) 

The numerical solution of eq. 2.7 has lead us to consider among the large class of 
solutions of eq, (2.9), a particular subset obtained by projection on a continuous 
set of coherent (gaussian) states : 

ftfpi- (2nm3j<£d?8ery<H>- _)sf0-Zn,(7-Pj (2IQ) 

= (2it)fi3 6 (cp- < H > r - j « gx(7l g,(p*) 

(see refs. [4, 20, 21] for more details). It is a convolution product of a weight 
— » — » 

function 8 by gaussians in r and p (see appendix for notations) ; e F is the Fermi 
— • * — » 

energy and <H>JT jp is the energy of a gaussian centered at r, p. As discussed 
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elsewhere [4, 20, 21], the above expression allows to reproduce the bulk 
properties of nuclei, in particular, the density profiles, binding energies and root 
mean square radii. This is achieved by a self-consistent determination of Cp for 
a given number of nucléons with an appropriate effective nuclear interaction ; 
the variances of the gaussians (X for r-space and $ for p-space) are fixed by 
fitting the average diffuseness properties of the nuclear phase space distribution 
(fixed values of X - 0.4 fm2 and $ - 0.02 fm"2 allow satisfactory descriptions of 
medium and heavy nuclei). 

Since our objective is not to provide accurate semi-classical 
descriptions of nuclei but correct initial conditions of kinetic equations, we just 
discuss here specificities of Gogny force which are of importance for nucléon 
dynamics. 

In fig. 2, is shown the real part of the single particle optica] 
potential at the center of a """Ça nucleus. Its energy dependence is found from a 
self-consistent solution of eq. 2.10 with the semi classical expression of Gogny 
force (see appendix) including the Coulomb interaction. One sees that both 
parametrizatiDns Gl and G2 yield similar behavior till 150 MeV ; at higher 
energies, the G2 force becomes attractive again whereas the GI force goes 
steadily to zero, which is in better agreement with the experimental observed 
trend 1221. 

We then expect differences between the experimental signatures 
of the two forces in nuclear collisions with relative kinetic energies larger than 
200 MeV. Furthermore, as discussed in section II.!, there are strong indications 
that one can use safely the Gl force till 200-300 MeV ; at higher energies, one 
should take explicitly into account the pionic degree of freedom. The calculated 
values compare favourably to experimental results although one observes a 
slight underbinding which is not present in comparable results of ref. 23. [It 
must be mentioned that therei is an error in the calculations of ref. 23, the curve 
relative to the Gogny interaction fits very well the experimental results and is 
very close to the Perey and Buck curve], We can tentatively track back this 
underbinding to Coulomb effects which are not present in this last reference and 
are included in our calculations ; we notice too that the functional form of eq. 
2.10 is derived for dynamical purposes and may appear crude for detailed 
studies of nuclear properties. 

Another characteristic feature of Gogny force is its effective mass 
which differs from unity and then may affect the dynamics of nucléons. In 
figure 3 we show a plot of m* /m as a function of the energy and the radial 
distance to the center of a 4 0Ca nucleus. There are substantial deviations from 



unity in the nucleus core, whereas the classical limit is found at the nucleus 
periphery and at high energies. These results reproduce in the average those of 
more sophisticated calculations given in ref. 23. 

i n . SEMI-CLASSICAL DYNAMICS. 

The static solution of eq. 2.10 is a particular case of a general set 
of functions : 

fir!p*; t) = wlr? p) * glr? p*; t) 

' _ _ _ _ _ _ - - (2.11) 
dr0(t) dpo(t) w(r0,p0) g(r- r0(t). p- p0(t)) ; 

where the time dependency arises from the motion of the gaussian centers in 
phase space. This class of functions has the nice characteristic to have the 
Ehrenfest equations as résolvant equations : 

0 m"'<V-H(r!p >)> 12.12a) dt - P r o . P o 

—Î = -<V-H(r, p)>_ „ ; (2.12b) 
dt r r 0 . p„ 

—» —* 
provided that w(r 0 , p0) is built on the constant of motion of the coherent state. 
Then, since the energy <H(r,' p)> is conserved by eqs. (2.12) ; w has the general 
form : 

w(?J,70) = iff<H>^ _ ) , (2.13) 

which includes the step function used to defines the ground states (see ref. 24 
for excited states). After a proper discretization of the folding product (see refs. 
20, 21) the.numerical solution of the mean-field part of the Landau-Vlasov 
equation can be found as the motion in phase space of swarm of gaussians 
(between 30 to 100 per nucléon, depending of the wished precision). One can 
find in appendix the analytical derivations of dynamical quantities with Gogny 
force. 

The weight function w of eq. 2.13 plays the rôle of a phase space 
occupation probability for the semi-classical orbits of the gaussian which is 
conserved as should be in a mean-field theory. The proper change in phase 
space occupation is provided by the gain and loss terms of L.V. equation. We use 
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in this work the Uehling-Uhlenbeck (U-U) (4] form ; since it has been discussed 
at length elsewhere we just recall that it is a Boltzmann-like collision term with 
quantum effects introduced in final states with Pauli blocking factors and in 
intermediate states by using free nucléon-nucléon cross section corrected for 
in-medium contributions [8) : 

W" ! if. V dp 2 dp 3 dp 4 8(e, • c 2 - e 3 - c4) 6(p, • p 2 - p r pj - m -
(2.14) 

[f 3 f 4 ( l - f )( l - f 2 )-f f 2 ( l - f 3 ) - ( l - f 4 ) ] ; 

with: fT= (2nfi)3f(r!p)/8-

This collision term is a provisional one, since in principle one should take the 
same effective interaction in both the mean field and collision term. When 
compared with L.V. equation with Skyrme forces, a special care must be taken to 
conserve energies during the collisions which change instantaneously nuclear 
momenta and then their potential energy. This has been numerically 
incorporated and a great stability of total energy has been reached. 

Let us emphasize here that our treatment of the U.U. collision term 
differs from other approaches. In our calculations, gaussians are not considered 
as real particles but as phase space cells, between which collisions may occur ; 
our method then amounts to a Monte Carlo evaluation of the multiple integrals 
of eq. 2.14, at variance with other works based on coupled cascade-like 
calculations which may not fully treat the high non-linearity of the collision 
term. 

III. FLOW EFFECTS 

The field of applications of the Gogny force is evidently the low 
and medium energy range of heavy ion collisions ; however, we first applied it 
to an energy range around 100-400 MeV/u. This is motivated by promising 
experimental and theoretical works which aim to extract the nuclear Equation of 
State (E.O.S.) In spite of limitations already underlined, the Gogny force leads 
actually to the best descriptions of the nuclear interaction ever used in 
semi-classical models attempting to account for the experimental evidence of 
collective flow effects above 100 MeV/u. 

With local forces, flow effects in the Landau-Vlasov simulations of 
nucleus-nucleus collisions have a twofold origin. Firstly, there is a contribution 
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from the collision term ; in the overlap region an overdensity is built far above 
the saturation value at equilibrium : it results an internal pressure acting upon 
external part of the overlap zone. When derived from cascade calculations, this 
conU'bution is found generally much smaller than experimental orders of 
magnitude. In the Landau-Vlasov formalism, it is very likely that the 
contribution from the Uehling-Uhlenbeck collision integral will differ from the 
one calculated by cascade. In fact, the non-linearity of the gain term in this 
integral should induce strong deviations with respect to the linearized cascade 
simulation. Secondly, a side-splash mechanism is generated after compression 
of the participant region. The stiffer is the equation of state, the larger is the 
flow. 

The side-splash can be characterized by the flow angle 9 125) : 

8 - 7 . 1 * (3.1) 

—» —> 
where Z is a unitary vector along the beam axis and u is a unitary 

eigenvector associated with the largest eigenvalue of the sphericity tensor : 

O U - Z ^ P I P T (3.2, 

py being momentum components of the particle v with masses mv. The 
side-splash can be also characterized by the flow £ [26] , extracted from the 
mean transverse momentum < p x > : 

r- d < P x > 

«Wyproj) 
(3.3) 

y z=o 

where yz is the longitudinal rapidity and y p r o j is the projectile rapidity in the 
center of mass system. 

With non-local effective forces, the side-splash contribution 
should be substantially modified because of a lack of attraction in the entrance 
channel at energies above 200 MeV per nucléon where the mean field vanishes. 
Along this section, we will take advantage of the methods developed with the 
Gogny;force for solving the Landau-Vlasov equation in order to estimate the 
effects of the non-locality of the force on the flow, in comparison with local 
Skyrme forces. 
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III.l.CoHiaion dynamic». 

The time evolution of the mean density <p> (taken over the 
whole system*) indicates that some compression occurs for all kinds of effective 
forces. This compression stage is evidenced for the 93Nb(150 MeV/u) + 9 3Nb 
system with an impact parameter b-4fm (figure 4).Three forces are considered : 
namely a local Zamick interaction [6] with, either a large compressibility 
modulus (1C.-380 MeV) or with a medium one (!L-200 MeV) ; the third force is 
the Gogny Gl force described in section II (K.-228 MeV). For local forces, the 
attractive potential produces a growth of the central density when density tails 
of interacting nuclei are touching each other. 

For the stiff force, the maximum density is obviously smaller than 
the value obtained for the soft one. A significantly different behavior is 
observed with the Gl-force where a reduction of the maiimum density (as 
compared with the local force with the same stiffness) is due to the momentum 
dependence ; during first stages of the collision process, the cancellation of the 
mean field favors transparency i.e. makes projectile nucléons unbound in the 
target nucleus. [The net result is overdensities similar to those obtained with the 
stiff local force.] 

Figure 4 underlines that the influence of the momentum 
dependence, introduced by the Gogny force is important in the entrance phase of 
the reaction, due to the large separation of the nuclear fermi spheres in the 
momentum space. The mean density being lower with Gogny force than with 
local forces, this entails that fewer two body-collisions are undergone, mainly in 
the first stage of the reaction. Then, observables sensitive to the two body 
collision rate are expected to be influenced, especially the momentum transfer 
from the longitudinal component to the transverse one, should be diminished. 
These considerations are confirmed, when comparing the time-evolutions in 
term of the aspect ratio (figure 5) for the collision ^NbOSO MeV) + ^Nb at an 
impact parameter of b = 4fm. The aspect ratio is defined as the ratio of the 
greater eigenvalue Xz of the sphericity tensor (eq. 3.2) on the smaller one \ . It 
can be clearly observed that the kinetic energy tensor equilibration is noticely 
delayed by the Gogny force, according to a slower density build up during the 
initial stage of the col'ision. Indeed the particles moving faster, they create a 

* : we have chosen to define averaged values by integration in space over all the system, 
without trying too specify the overlap region in order to avoid ambiguities which would 
have been caused by a necessary but rather arbitrary troncation of the integration domain. 
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larger overlap area. The equilibration rate of the kinetic tensor, obviously lightly 
connected with the number of two body collisions, appears to be more sensitive 
to the momentum dependence of the interaction than to the stiffness of the 
E.O.S., at least in the intrance channel 

M1.2. Impact parameter, incident energy and mass dependence of 
the flow. 

We examine in this part some observables related to the collective 
sideward flow experimentally established in high energy heavy-ion collisions 
[25. 27J. Even if a detailed comparison with the data is beyond our scope, it is 
worth studying how our theoretical predictions can agree with the salient 
features of the experimental results. The choice of the observables has been 
guided by the kinetic energy flow analysis [281. and the transverse momentum 
analysis [33], which were used to give a quantitative measurement of this 
collective effect. 

The first observable we examine is the flow angle defined within 
the kinetic energy flow analysis [28]. As expected, the flow angle (figure 6) 
exhibits a rapid decrease with increasing impact parameters. Independently of 
the force used in our Landau-Vlasov calculations, we remark the lowering of the 
flow angle with the enhancement of the incident kinetic energy from 130MeV/u 
to 400MeV/u. This reveals that the longitudinal momentum component 
increases faster than the transverse component. However, it can be stressed that 
this effect is more pronounced with the Gogny force than with the other local 
forces. For instance the soft E.O.S. and the Gogny interaction exhibit practically 
the same magnitude and same evolution of the flow angle versus the impact 
parameter at 150 MeV/u incident energy, but at 400 MeV/u they differ 
drastically. This effect can be understood by the fact that with increasing energy, 
the potential field vanishes and cancels out practically in this range of energy, 
otherwise the effective mass introduced by the momentum dependence implies 
an increase of the effective longitudinal momentum transport through the 
nuclear medium. Therefore these effects entails a noticeable reduction of the 
flow angle. 

Contrary to other works [29 -31). based on microscopic VUU 
calculations, and which claimed the evidence of a stiff equation of state to 
reproduce the experimental data, we observe that within our model, the flow 
angle provided by the soTt E.O.S. is rather high compared with the results 
obtained for 9 3Nb (400 MeV/u) • 9 3Nb system in the plastic bail experiments 
(25, 32]. The Gogny interaction yields also relatively reasoneabie results which 
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keep the general trend of the data. These discrepancies between models based 
on similar microscopic approaches, have certainly to be tracked down in the 
treatment of the contribution due to the two body collisions, and require to 
investigate more closely the resolution of the Uheling-Uhlenbeck collision term. 

We studied another observable which is connected with the 
transverse momentum analysis 133 i introduced to overcome some expérimental 
drawbacks of the kinetic energy flow analysis. This observable is the flow, the 
definition of which has been given previously (see eq. 3-3). Figure 7 gives the 
impact parameter dependence of the flow for the 9 3Nb (150 MeV/u) • 9 3Nb 
system, and the comparison between the outcomes of the Landau-Vlasov 
calculations with different phenomenological interactions. We find out that the 
trend already observed with the flow angle (figure 6) is also present, the Gogny 
interaction eihibits a weaker flow than the soft E.O.S.. However, the magnitudes 
in theses two cases are not very far from each other, this can be understood as 
follows : the behavior of the compressional energy (figure 1) for these 
interactions is nearly the same in a range of compression up to p-4p 0 , leading to 
mean-field flow contributions which are quite close to each other. Due to a 
lower mean density build up (figure 4) during the reaction, the two-body 
collisions contributions to the flow are diminished in the Gogny interaction case. 

The study of the computed observables connected with the 
collective sideward flow effects, indicates that the momentum dependence of the 
Gogny interaction results in a practical cancellation of the mean field near 200 
MeV/u of incident energy. In contrast with other works, we do not observe that 
the momentum dependence of Gogny force can produce results which simulate a 
harder equation of state. However, it must be pointed out that, if the Gogny force 
well fits the momentum dependence of potential depth (figure 2) up to 300 
MeV/u, it fails to do it for higher energies, leading to a weaker repulsive 
potential, than the one expected from the data. Then, keeping in mind this 
drawback, a comparison (figure 8) of the Landau-Vlasov results with data for 
the 9 3Nb + 9 3Nb system at different incident energies and with an impact 
parameter b-4fm, have been made. Obviously, we do not tried to perform a 
direct quantitative comparison, but to extract some caracteristic features. In 
contrast with VUU calculation in the energy range from 150 MeV/u to 400 
MeV/u, the results obtained with the soft E.O.S. are rather high, and the 
influence of the Gogny interaction seems to diminish the flow in better 
agreement with the data. Using the Gogny interaction, the mass dependence of 
the flow has been studied with nuclear mass between those of'"'Ca and 9 3Nb, in 
this mass range we clearly observe an A 2 / 3 dependence in agreement with 
experimental trends [26]. The flow is sensitive both to the mean field and to the 
two body collision term, further investigations are certainly needed for a better 
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understanding of the different contributions and their interplay, based on more 
reliable comparisons to experimental results. 

CONCLUSIONS 

This work aims at clearing two points in the field of kinetic 
equations applied to heavy ion collisions : i) proper accounting for the non local 
character of the effective nuclear interaction and ii) search for signatures of this 
non-locality in collective flow effects. Concerning the first point, we have shown 
that the Gogny force, whose functional form had restricted till now the domain of 
applicability, can be readily incorporated into the Landau-Vlasov formalism ; 
this enlarges the domain of semi-classical transport equations to dynamics of 
low energy modes (as induced fission) where good surface properties are 
particularly needed. 

As to the second point, the answer is somewhat provocative since 
the main effect of non-locality is to cancel the mean field around and above 200 
MeV at variance with Zamicks [61 s' forces which are energy independent. The 
flow characteristics at 200 MeV and above are mainly determined by the 
collision term (351 in the first stages of the reaction ; we then conclude that 
velocity dependent forces diminish the collective flow relatively ;o the energy 
independent forces. 

A side result of the calculations may reveal itself very important 
for the understanding of transport phenomena in nuclei ; it concerns the 
absolute scale of the flow characteristics that we find in comparison with those 
of apparently similar approaches. Since we find results larger by a factor two or 
more with identical forces, this discrepancy could be tracked back in the 
treatment of collisions ; in our approach, the non-linearity of the 
Ulehing-Uhlenbeck is fully treated at variance with other approaches based on 
cascade models, where collisions are treated in subsets of the particle ensemble, 
non linearities being reintroduced only via the Pauli blocking. Since at these 
energies, the Pauli blocking starts playing a minor role, calculations based on 
cascade model amounts to a oter linearization of the collision term, contrarily to 
the correct one which should have a non-linear Boltzmann form. This treatment 
certainly deserves further refinements ; however it allows to understand the 
discrepancy with other approaches. The agreement found with experimental 
results when using non-local force coming, somewhat surprisingly, from the 
reduction of mean field contributions on top of a bulk behavior generated by the 
collision term when its full linearity is taken into account. 
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APPENDIX 

I. CONVOLUTION OF GAUSSIANS 

The coherent state basis and the form factors of Gogny force are 
built, on normalized gaussians : 

-> -> -3/2. i (i*- £ )* 
gv(x - Xj) - (2nv) e x p - T — — — ; (A.l) 

centered in Xj and with a variance v ; the variable x stands either for r in 
coordinate space or for p in momentum space. The inclusion of Gogny force in 
L.V. equation leads to extensive use of convolution products for expectation of 
operators ;on a gaussian centered in x;, it reads : 

;Q(x1>- <tiQ(i> g v ( v xi (A.2) 

more compactly written as : Q(xj) * gv(Xi). 

In the simple case, when is another gaussian centered in x j , 
one gets first the familar product : 

I ~* ~* \ 
_ , X j + x k _ , _ , 

, | ^ x - — j — J g V l < V 2 ( X i - x k ) , (A.3) 
g v , ( x - x J g v ,(x-Xi) 

where v is the reduced variance v = v,v 2/(v, +v2) ; whence the well known 
convolution product of two gaussians : 

The evaluation of forces implies the expectation values of gradient operators 

namely : 

F - < V- g^ ( ? - ?„ )> - = vL g^x*-^ ) *g V 2(^) (A.5) 

which immediately gives : 

F - ' - ^7V2^i'^rxi) ( A 6 ) 
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IL EXPRESSIONS RELATED WITH THE POTENTIAL AND FORCES 

As defined in sect II. 1. the Gogny one-body potential reads : 
7 2 

VCrTpi = i t, PÏ\7) * Io, g , G) «p(r1 
8 '•' n n (A.7) 

2 

i-1 2/fi 

where p and f are obtained as folding products : 

f(i\ p) » fT F(t\~p)'z tG)s f(p) (A.8a) 

and p(r) = p T F ( rVg x ( r l (A,8b) 

and ITF being the densities at the Thomas Fermi approximation. We then rewrite 
eq. A.7 as : 

7 2 -

V(ïT pi = 4 1 3 p
4 / 3(7) * I a, g . (ri • pTF(7i 

8

 2 '• ' " " ' / 2 (A.9) 

Such an expression is used in dynamics with a discrete approximation to the 
folding products : 

_ i N y" J 2 N 

V(7! p) = 4 w w 4 / 3 I sjT- Z) • 2 X or,w g , (f- r) 
8 3 ^|-i l ' J i.i j . i ' x.pf/2 i 

2 N 

+ 2 T PjWg , . 2 ( F - P ! ) . 

The N gaussians are equally weighted by a factor w - A/N such as p and f be 
normalized to the number A of nucléons. Expression A. 10 for r -0 gives 
immediately the real part of the nucléon'nucleus potential of sect II.2. 

The Ehrenfest equations of section II.3 relies on the 
evaluation of average forces on the gaussian states ; namely the calculation of : 

<(V^_V(7>,7))> 
r.P r . p 

le k 

The two non local contributions are straightforward when using formulas of 
section Al ; the only difficulty arises from the p'"'3 term coming from the 6 part 
of the interaction : we actually use the approximation : 
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k t 

W 
4/3 

N 

\ k - i / 

(A.ll) 

and the corresponding evaluation of the force : 

N 
tw, . 

< v _ p 4 / 3 ( n > _ = -=-w <(p*)>'2 2 -TT^gzx^-K"' < A.. 121 
r r k ^ k i • i '*• i 

This approximation, although being consistent in forces and potential, may be 
poor at the nuclear surface ; it is the first term of a série eipansion which has 
been investigated numerically 135) : the time-costly improvement appears to be 
necessary only when one studies surface collective modes. 

The average single potential and the potential energy have 
strongly correlated functional forms. The average potential acting on a gaussian 
is found using formulas of sect. À.1 and the above approximation ; it réduces to 
the expression of V(r, p) in eq. A. 10 where one changes X to 2Xand è to 2(j ; 

< V(r, p)> = V(rk, p J withX-> 11, 0-> 20 

The potential energy density is given by the functional integral of the single 
potential : 

U(7!p) = 4 t , P 7 / 3 ( n * I a i g 2 ( rVp 2 (7 î 
O - j , | (i;/2 

• XPig 2(p) -(2[T~pi•• 

(A.13! 

- . , _ J IT) * f^rTô*) : 
.1 ' 2/(if 

factorizing out a p(rt or f(r, p) term allows to express the total potential energy : 

"pot dr dp U(r, p) 

as a su'm of the average potential acting on the gaussians : 

^4\?, <V(r, p)> -—s— t, 
V l - i 

4/31 

(A.14) 

(A.15) 
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III . EQUATION OF DYNAMICS 

The leap-frog method generally used to solve numerically the 
equations of motion with local forces needs some modifications. Let us define 
time steps t n (resp. t n + 1 / 2 ) for position (resp. momentum) evaluations 

t n - n i t n - 0, 1 ;A.16) 

Up to order At, the equations reads : 

*n.i - *«• *" 'V?<rJ , i / i . ' PW. i /2k t 
-» -» 71 r* -* - IA.I7J 
P o . 3 / 2 = Pa. I / a " V r V ( r n . l - P n , . ) A t : 

further developments are needed to close the equations. 

However, since the dependence on p of Gogny force is very smooth 
(its width in momentum is of the order of the Fermi momentum) accurate 
results are found by shifting of half a time-step in the evaluation of the 
forces : 

«Vi = Z * m~' *y <?» 7 D , ,/2)At 
_ ^ _ * - (A.18) 

Pit. 3 /2= P n . l / 2 " V - V ( r n * l - P n . l / 2 ) A t 

The exactness of the leap-frog method up to the order two in At, is lost within 
this approximation ; however correct accuracy of the results is found using time 
steps At - 0.5 f m/c. 
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Gogny 
Interaction 

i h 
(Fm) (MeV) 

Bi 
(MeV) 

Hi 
(MeV) 

Mi 
(MeV) 

*3 
(MeV) 

Dl -G l 
1 0.7 - 402.40 - 100.00 - 496.20 - 23.56 1350 

Dl -G l 
2 1.2 -21.30 - 11.77 37.27 -68.81 1350 

D2-G2 
1 0.7 - 1720.30 - 1300.00 - 1815.50 1397.6 1390.6 

D2-G2 
2 1.2 103.64 - 163.48 161.80 -223.93 i 390.6 

Table I : Gogny interaction parameters 

Gogny 
Interaction 

a v 

(MeV) (fm- 1) mVm le 
(MéV) . (MeV) 

Dl -Gl - 16.3 1.35 0.67 228 20.2 

D2 -G2 - 16.0 1.35 0.70 209 19.0 

Table II : nuclear matter caracteristics with Gogny interactions ; 
respectively : volume energy, saturation momentum, effective 
mass, incompressibility, surface energy. 
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Figure captions 

Fig. I. Nuclear matter equation of state ; respectively given by a skyrme local 
interaction with high compressibility modulus (stiff), the Cogny 
interaction (Gogny) and the calculations of Friedman and Pandharipande 
(FP)froir.ref. 17. 

Fig. 2. Real nuclear optical potential obtained with the two sets of parameters 
for the Gogny interaction, compared with experimental results 
(compilation of ref. 22). 

Fig. 3. Effective mass m* /m as a function of the energy and distance to the 
center of a '"'Ca nucleus. The curves are contours of equal mass ; the 
dots indicate the area beyond the classical turning point where 
calculations are difficult. 

Fig. 4. Time evolution of the average density (normalized to normal value) of 
two interacting Nb nuclei (see text for the various captions of the 
carves). 

Fig. 5- Time evolution of the aspect ratio (defined in the text) for the same 
interactions as in fig. 4. 

Fig. 6. Dependence of the flow angle on the impact parameter for various 
incident energies. 

Fig. 7. Dependence of the flow on the impact parameter for various nuclear 
interactions. 

Fig. 8. Comparison with data (ref. 26) of the calculated flow for various nuclear 
interaction. 
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