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ABSTRACT
The results of relativistic mean field calculations for non-spherical nuclei
are presented and discussed. The need ior non-linear scalar meson
self-couplings in order to describe the properties of a-d shell nuclei is
emphasized along with the importance of self-consistency in calculations
of magnetic moments of odd-mass nuclei.

1. INTRODUCTION
In recent yean relativistic meau field calculations have successfully reproduced

the properties of spherical nuclei using parameters that are fit to the empirical binding
energy and saturation density of nuclear matter. Specifically, the large scalar and vector
mean fields that are a characteristic of this model lead to a natural inclusion of the
large spin-orbit splittings that are present in real nuclei. Unfortunately, the restriction
to spherical symmetry effectively limits the application of the model to five doubly-
magic nuclei. In order to extend the model to non-dosed shell nuclei it is necessary
to include deformations. This makes it possible to determine if the model can provide a
good description of nuclei throughout the periodic table using the same parameters that
reproduce the properties of nuclear matter and spherical nuclei.

In contrast to the successful description of spherical nuclei, early calculations
for the magnetic moments of closed shell ±1 nuclei were in qualitative disagreement
with the experimental measurements. In these calculations, the additional particle or
hole was treated as a valence particle and was not allowed to effect the closed shell core.
This effectively sacrificed the self-consistency of the calculation in favor of simplicity.
Subsequent calculations have attempted to restore the self consistency by including
the effects of the valence particle on. the core through a variety of approximations. In
general, the results of these calculations are in reasonable agreement with the data
and are very similar to the non-relativistic Schmidt moments. In order to carry out a
fully self-consistent calculation for these odd-mass nuclei it is again necessary to include
deformations.

Another interesting feature of odd-mass nuclei is that there are additional mean
fields that are not present for nuclear matter or for spherical nuclei. These fields are the
three vector components of all of the vector fields (u>, p and photon fields) and the pion
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field. So in a very real sense, deformed nuclei provide an area for studying new effects
that are not present in calculations for spherical nuclei.

In the following section, we outline the basic model and describe the calculations
for deformed nuclei. Then, in section 3, we present the results of our calculations for
axially symmetric nuclei in the «-d shell ' ' and for light closed shell ±1 nuclei. For more
detail on the relativistic model see ref. 10 and for the detailed calculations of deformed
nuclei refer to reft. 7 - 9 .

2, DESCRIPTION OF THE MODEL

The basic starting point for these calculations is a relativistic quantum field
theory Lagrangian,

I

which includes the couplings of the nudeons (rp) to sigma (^), omega (V), rho (6) and
pi (w) mesons and the photon (A), and allows for explicit nonlinear self-couplings of the
scalar meson in the form of terms proportional to 4>3 and ^*. A» i» the free field Lagrangian
and includes the renormaluation counter terms.

In the Mean-Field or Hartree Approximation, the quantum meson fields are
replaced by their expectation value-.? which are classical fields. In this Umit, we can write
down a simple set of equations of motion for the various fields:

= -g,

( - Va + mi)T0(£) = - s , Tr [rw^Ga(^ *)] (2)

( - V1 + mjK(x) = -gPTT\irr3GH(£,x)]

( - ?»)A"(£) = -t Tr [,7^(1 + T3)GB(z, x)]

where
occ

*Gff(x,£) = ^I/a(x)&Q(£) (3)
a

and

[-iS • V + 7 O S H ( X ) ] ^ ( £ ) = eaUa(£) (4)

where

1 1 (5)

In eqs. (2) - (5), EH is the Hartree self-energy, GB i» the Hartree Green's function, Ua



and em are the nucleon orbitals and eigenvalues respectively and a represents a complete
set of quantum numbers for the individual orbitals. In the case of deformed nuclei, the
total angular momentum is not a good quantum number so a is limited to parity and the
third component of the angular momentum, m.

For spherical nuclei, the meson fields are angle independent and the angle
dependence of the nucleon orbitals is trivial. In this case, these equations can be rewritten
in terms of a set of coupled ordinary differential equations that only depend on the radial
coordinate. On the other hand, for deformed nuclei the mean fields have an explicit angle
dependence and eqs. (2) - (5) form a set of coupled partial differential equations. In
principle, these equations could be solved directly; however, in practice it is much more
convenient to use a few simple expansions which make it possible to separate out all of
the angular dependence.

For the nucleon orbital* we expand in terns of the usual relativistic spin-angle
functions:

where the sum over K effectively mixes components with different total angular momenta
but ia restricted such, that the orbitals have good parity. For the scalar field and the time
components of the vector fields we expand in Legendre polynomials:

(7)

where the sum is restricted to even values of /. And finally, the three vector components
cf the various vector fields are expanded in terms of vector spherical harmonics:

(8)

The resulting angle-independent equations may be solved using standard techniques to
obtain the self consistent Hartree ground state. For more detail concerning the solution
of these equations see refs. 7, 8 and 9.

3. RESULTS

In this section we use two versions of the relativistic model, which are summarized
in Table 1. The first uses the standard Finite Hartree parameters of Horowitz and Serot,1*
which have been fitted to the binding energy, saturation density and symmetry energy of
nuclear matter and the rms charge radius of 40Ca. The second is similar to the non-linear
parameterization of Reinhard ct al., in which the parameters have been phenominologically
adjusted to reproduce the properties of spherical nuclei.13' We should also point out that
all of the calculations presented here ignore the fact that the intrinsic ground state is not
an eigenfunction of J*. For a discussion of angular momemtum projection see ref. 7.
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Fig. 2. Binding Energies for nuclei in the s-d shell.

model tends to supress the deformation. For comparison, figure 1 also includes the results
of a non-relativistic calculation using a Skyrme interaction. Clearly, the calculations in
the non-linear model are very similar to the non-relativistic results.

Figure 2 shows similar systematic results for the binding energies of nuclei in the s-
d shell including some odd mass nuclei near closed shells. The general trend in the binding
energies is very similar to that which was seen in figure 1. The linear model systematically
underpredicts the binding energies by about 2 MeV per particle, while the agreement
with experiment is greatly improved in the non-linear modeL Here again, the predictions
from the non-linear model are also qualitatively very similar to the non-relativistic Skyrme
interaction calculations.

In order to look at the ground state nuclear currents and magnetic moments,
we must introduce an effective electromagnetic current operator as in refs. 2 and 10. For
elastic transitions, the three-vector current operator is

J(x) = JL

where a and 0 are the usual Dirac matrices and

(9)

(10)Q \(1 + T3), A s A p ( l + T l ) + A n ( l T i i ) , £ =

By evaluating this operator in the Hartree ground state, | J,), the current may be expressed
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in terms of the nudeon wavefunctions as follows:

JL (11)

The first term in eq. (11) is the convection current which is simply the proton contribution
to the three-vector source term in eq. (2), and the second term is the anomalous current.

Using these currents, the ground state magnetic dipole moment is given by

* -

where q is the magnitude of the three momentum transfer and

a"{q) = J tftJ (13)

specifies the transverse magnetic multipoles. In eq. (13), jj is a spherical Bessel function
and Ifjjx is a vector spherical harmonic.
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Table 1. Summary of the models used for the calculations described in section 3 (see text
for further explanation).
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Fig. 1. Quadrupole moments for nuclei in the s-d shell. The crosses
with error ban are the experimental results, the filled crosses and
the diamonds are the predictions using models L and NL respectively,
and the circles represent non-relativistic calculations using a Skyrme
interaction.

Figure 1 shows the predicted quadrupole moments for a series of even-even nuclei
in the s-d shell along with the corresponding experimental values.1** Clearly, the general
trend of the resul* i using the linear model is that the calculated values are smaller than
the experimental results, but more importantly, the linear model predicts that all of the
closed sub-shell nuclei (eg. liC, "Si,...) are spherical even though experimentally some
of these nuclei are strongly deformed. The situation is greatly improved in the non-
linear model. Both the signs and magnitudes of the quadrupole moments are correctly
predicted for the closed sub-shell nuclei, and the general agreement with the experimental
moments throughout the s-d shell is improved. The important difference between these
two models is that the non-linear model predicts a smaller spin-orbit splitting that is in
good egreement with experiment. The somewhat larger spin-orbit splitting in the linear
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39

41

Schmidt

.940

.187

.187

1.440

.636

1,940

Valence

1.126

.307

.343

1.570

1.012

2.253

RPA

.204

1.436

.661

1.950

Self-Cons.

.063

.182

.190

1.426

.060

1.042

Exp.

.862

.190

.218

1.414

.706

1.918

Table 2. Isoscalar magnetic moments in the linear model.

In fig. 3, we show the isoscalar contribution to the convection current of eq. (11).
The solid curve is the contribution from the valence particle only, which agrees with the
early calculations of ref. 2. The dashed curve is taken from ref. 6, in which the effect of
the valence particle on the core orbitals is included in the RPA approximation, and the
dash-dotted curve is the result calculated from the self-consistent ground state. Clearly
the core contribution ia significant and cannot be ignored; however, the agreement between
the dashed and dash-dotted curves indicates that the RPA is a good approximation for
including the core effects in the convection currents. Figure 3 demonstrates the importance
of calculating with a self-consistent ground state or at the very least accounting for the
self-consistency through an appropriate approximation.

Table 2 shows the isoscalar magnetic moments obtained from various closed shell
±1 nuclei. The column labeled Valence is obtained by including only the contribution
of the valence orbital, and the column labeled RPA is taken from ref. 6 in which the
effects due to the core modifications are included via linear response theory. Although
the valence moments are in clear disagreement with both the experimental values10' and
the non-relativistic Schmidt moments, both the RPA results and the moments obtained
from, the self-consistent ground states are in good agreement with experiment. This again
indicates the importance of including the modifications of the core due to the valence
particle.

4. SUMMARY

In conclusion, we have shown that relativistic Hartree calculations using parame-
ters that have been fit to the properties of nuclear matter can provide a good description of
both spherical and axially deformed nuclei. The quantitative agreement with experiment
is equivalent to that which was obtained in non-relativistic calculations using Skyrme in-
teractions. We have also shown that the equilibrium deformation is strongly correlated
with the size of the spin-orbit splitting, and that parameter sets which give roughly the
correct value for this splitting provide the best agreement with the quadrupole moments in
the s-d shell. Finally, for closed shell ±1 nuclei, we showed that the self-consistent calcu-



lations are able to reproduce the experimental magnetic moments. This was not possible
in. relativistic calculations which included only the eifects of the valence orbital.
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