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ABSTRACT 

The limiting behavior of a general three-dimensional MHD equilibrium 
near a separatrix is calculated explicitly. No expansions in 0 or assumptions 
about island widths are made. Implications of the results for the numerical 
calculation of such equilibria are discussed, as well as for issues concerning 
the existence of three-dimensional MHD equilibria. 
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I. INTRODUCTION 

1 lie presence of closed magnetic field lines puses difficulties for ihe compu
tation of three-dimensional MHD equilibria.1 and even raises questions about 
the existence of such equilibria.2""1 On rational magnetic surfaces (that is, 
surfaces having a rational value of the rotational transform) every field line 
closes on itself. This loads to an apparent singularity in the pressure-driven 
current at such a surface. In a more realistic treatment of three-dimensional 
fields, the rational surfaces break up to form islands. Questions about the 
nature of the equilibrium solution near a rational surface are replaced by 
questions about the behavior in the neighborhood of a separatrtx. The rota 
tional transform becomes rational there, and the x-lines are closed magnetic 
field lines. In this paper we calculate explicitly the limiting behavior of a 
genera] three-dimensional MHD equilibrium solution as it approaches a sep-
aratrix. Our analysis assumes a nonzero toroidal field at the separatrix. In 
the light of our solution, we examine some of the issues concerning existence 
of three-dimensional MHD equilibria. We also discuss some implications for 
the numerical computation of such equilibria. 

MHD equilibria near a separatrix have been calculated analytically for a 
simple model field,5 and for narrow islands at low 0.6-1 The analysis of this 
paper is based on the observation that the behavior of the MHD equilibrium 
near a separatrix is dominated by the x-point, so that considerable infor
mation about the leading order behavior can be extracted quite generally, 
without making any assumptions about island width or /3. 

The plasma equilibrium equation, assuming a scalar pressure, is 

j x B = Vp, (1) 

with 
V x B = j . (2) 

In the absence of a pressure gradient, the equilibrium equation implies only 
that the current density is aligned with the magnetic field. No particular dif
ficulties arise at closed magnetic field lines. Adding a finite pressure gradient 
produces a component of the current density perpendicular to the magnetic 
field. 

j^BKVp/B2. (3) 
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The component of the current density parallel to B must now adjust itself to 
satisfy the constraint that the total current densitv is divergence-free. That 
is not possible on a rational magnetic surface unlet?, fdliB is constant on 
the surface, where the integral is evaluated along the closed field lines. This 
condition is generally not satisfied except in the presence of a symmetry such 
as axisvmmetry. [f fdl/B is* not constant on a rational surface, and if Vp 
does not vanish, the magnitude of the parallel current density that must be 
added to make the total current divergence-free becomes infinitely large as 
the rational surface is approached. 

In a more realistic treatment of three-dimensional magnetic fields, the 
rational surfaces are replaced by chains of magnetic islands. We will see 
that the singular nature of the equilibrium solutions does not persist in the 
neighborhood of the separatrices. A finite pressure gradient at the separatrix 
does not give a singular current. 

Figure 1 is a sketch of the neighborhood of the x-line. (The x-line inter
sects the plane of the picture at only one point, so it is, of course, represented 
as an x-point.) The immediate neighborhood of the separatrix is stochastic, 
and therefore has a flat pressure profile. Outside this narrow stochastic layer 
is the region of interest, which has good fiux surfaces, and is therefore capable 
of supporting a pressure gradient. 

We will use magnetic coordinates to solve for the pressure-driven current 
near the separatrix. In Sec. II we calculate the magnetic coordinates in tht 
neighborhood of the x-line by an expansion about the x-line. The q profile 
is calculated in Sec. III. The calculation of the pressure-driven current is 
completed in Sec. IV. In Sec. V we calculate the self-consistent constraint 
that comes out of Ampere's la 7. Finally, the significance of the results is 
discussed in Sec. VI. 

Several appendices provide additional detail and consider the solutions 
in particular limits. In Appendix A we verify that we recover the proper 
expression for the magnetic coordinates near a narrow island. In Appendix 
B. we use the Grad-Shafranov equation to give an alternative derivation 
of the constraint due to Ampere's law for helical and cylindrical systems. 
Appendix C gives expressions for the metric elements of the helical-hyperbolic 
coordinate system adopted in Sec. II. 
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II. Magnetic Coordinates Near an X-Line 

In Sec. IV it will be seen that the equations determining the pressure-
driven current simplify greatly in magnetic coordinates. In this section we 
obtain the solution for the magnetic coordinates near the x-line. In the next 
section we use this solution to determine the limiting behavior of q near 
the separatrix. In Sec. IV we complete the calculation of the current in the 
neighborhood of the separatrix. Finally, in Sec. V we take the curl of B and 
set the result equal to our expression for the current near the x-line to obtain 
a self-consistent constraint on the parameters that appear in our solution for 
the current. 

The neighborhood of the x-line is shown in Fig. 1. The x-line closes 
on itself after traversing the torus M times in the toroidal direction and N 
times in the poloidal direction. (This is the case, for example, if there is an 
island due to a resonant perturbation having poloidal mode number M and 
toroidal mode number N.) The trajectory of the x-line may be represented 
in cylindrical coordinates (R,4>,Z) as 

R = Rx(4), Z = Zx{<j>). 

We normalize <p to go from 0 to 2TT in M toroidal circuits. This preserves 
singlervaluedness of Rx and Z x , and it will be a convenient normalization 
when we Fourier decompose in the d> direction. 

In the region of good flux surfaces, the magnetic field can be written in 
the form 8 9 

B = V*< x V 0 + V l x V ¥ , (4) 

where 0 and $ are poloidal and toroidal angles, respectively, and 'ft is a 
function only of \P. A set of coordinates ( * , 0 , $ ) in which the magnetic 
field assumes this canonical form is called "magnetic coordinates." The flux 
surface label * t corresponds to the toroidal flux enclosed by that surface 
divided by 2ir. Similarly, 2ir* corresponds to the flux through a ribbon 
which coincides with a fixed value of 0 and which is bounded on one edge by 
the magnetic axis.and on the other edge by the corresponding flux surface. 
Equation (4) does not uniquely specify the angles. One of the angles can 
be specified for our convenience. We take $ to coincide with the cylindrical 
coordinate <£, with (f> normalized as above. 
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Even after specifying 4> =• 0. © is not uniquely determined by Eq. (4). 
The form nf the equation is preserved by a transformation ti> 

$ = *- i* t, 
where j is an arbitrary integer. The coefficient of the term linear in 0 has 
been chosen to preserve the single-valuedness of 0 in the toroidal direction. 
(Increasing 0 by 2Mn increases 6 by 2jn.) In the following it will be assumed 
that \P is analytic in the neighborhood of the x-line. We will see that >f is 
then uniquely determined by Eq. (4), as is 0 . Our 0 will wind around the 
torus at the same average rate as the x-line, corresponding to what is often 
called a "helical coordinate system.11 We will therefore denote 'P from now 
on with a subscript u h," corresponding to the helical flux *(,. 

To understand the analyticity properties of the flux functions in the neigh
borhood of the x-line, consider the flux through an arbitrary ribbon extend
ing from the magnetic axis to the separatrix. If the outer edge of the ribbon 
winds around the magnetic axis at a rate different from that of the x-line, 
it must intersect and cross the x-line, and must have corners at those inter
sections. On the other hand, if the edge of the ribbon winds around with 
the same average pitch as that of the x-line it can avoid crossing the x-line, 
and is then smooth. The flux through this ribbon is the helical flux. This 
argument shows why it is reasonable that our requirement that ty be analytic 
will uniquely specify \P = "P/,. 

We obtain the solution for the magnetic coordinates near the x-line by 
expansion. We expand */, about the x-line, 

** * * h f l f i ( » ( / J - Rzfl2 + Vua(MR - RX)(Z - Zx) T * W Z ( Z - Zx)2/2, 
(5) 

where the intersection of two flux surfaces at the x-line implies that terms 
linear in R—Rx and Z — Zx vanish, and where the value of # h on the x-line can 
be taken to be zero without affecting the magnetic field. For convenience, we 
shift our coordinate axis in the R-Z plane to the x-line and transform away 
the cross term in the Taylor expansion by a rotation of the coordinates in 
the R-Z plane. Thus 

** = ei*2 - T?!C\ (6) 
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where a and c are functions of <p. and 

fl = e > . s ( - 7 ) - . j s i n h ) - f l x . 
Z = f?cos(7) -£sin(-,J - Zx. 

In these expressions ~/(<p) is an angle determined by the second derivatives of 
•PA at the x-Iine. and the coefficients ."(<*) and c(d>) are similarly determined 
by these derivatives. 

Finally, we apply a transformation to hyperbolic coordinates, 

£ = apcosh(a), tj = cpsinh(ct). (8) 

so that ^A assumes the simple form 

** = P1- (9) 

To leading order, the surfaces of constant p coincide with the flux surfaces. 
From Eqs. (6) and (7), it is seen that a and c are determined up to a 

multiplicative constant by the shape of the flux surfaces. The multiplicative 
constant is determined by the magnetic field through Eq. (4). Having as
sumed that 9h is an analytic function in the neighborhood of the x-point, 
we have been led to a unique specification of $/, in terms of B. We will later 
see that >Bh corresponds to the helical flux. 

Now we consider the toroidal component of the magnetic field. Equations 
(4) and (9) give 

B • Vtt> = 2 ^ ( 9 0 / 3 * ) / J', (10) 

ivhere <?h = d$ltjdSllh is the safety factor, 

J<-={Vpx V Q - V ^ ) " 1 

_dx Ox dx (11) 
dp 5a d<j> 

is the Jacobian of the transformation from Cartesian coordinates to the 
helical-hyperbolic [p, a, p) coordinates, and x = RCR ~ Zez is the position 
vector. The transformation Eqs. (7) and (8) allow straightforward evaluation 
of J r p , and give 

J" = -pRac. (12) 

r 
(7) 
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If we assume that the toroidal magnetic field does not vanish on the x-iine. 
and write RB • Ya = Ba(<b) to lowest order, then Eqs. (10) through (12) 
determine fc> up 1<> an integration constant as 

6 = -acBaa/(2qh) - Q^p.d)). (13) 

The integration constant is determined in terms of Ba from the equation 

<7h da 00 

This gives 
5 0 , _ 1 . acR , * d 
OP Qh 2<ft 2g h O0 

Now we make use of the relation 

{d/d<j>)(acB0) = 0, 

which states that if a flux tube is followed in the 4> direction, the toroidal 
flux through it must be conserved. (An analogous expression is valid in the 
neighborhood of a magnetic axis.) Another way to obtain this expression is 
to use the coordinate transformations (7) and (8) to show that, as long as 
the Cartesian components of B are analytic functions of position, the leading 
order piece of Ba can depend on a only through cosh(a) and sinh(ct), and 
cannot have a dependence which is linear in a. It follows that the term linear 
in a in Eq. (14) must vanish. The same analysis also shows that to leading 
order Ba is independent of p, Ba = Ba(4>). Equation (14) therefore gives 

0 1 = ~ ( * + \ £acRBadcl>') . (15) 

In this solution we have discarded a constant of integration which is a function 
only of p. and which does not affect the value of the magnetic field in Eq. (4). 

The multivalued piece of 0 must satisfy the condition that 0 changes by 
a multiple of 2n when 4> increases by 2;r. This gives a constraint on B^lfi): 

I acRBad<j> = MqJ - 1), 
Jo 
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for some integer I. Since the left-hand side is independent of p, I must be 
zero. (In the next section it will be seen that qh is a logarithmically singular 
function "f p in the neighborhood of the separatrix.) The constraint reduces 
In 

/ acRBad0= —Iff. (16) 
Jo 

For the special cases of axisymmetrv or helical symmetry, the integrand is 
independent of a? and we obtain an expression for BJ, 

B% = -2/tacR). (17) 

In Appendix A we verify that our solution for the magnetic coordinate 0 
corresponds to the known solution in the narrow island limit. 

We will see in the next section that qh — oc as we approach the separatrix. 
It follows that 0 ] can be neglected in that limit. It does not follow that the 
term in Eq. (13) proportional to a can be neglected, since a can be of the 
same order as qi,. 

III. Determination of q 

To deduce qh from our expression for 0 we need only impose the condition 
that 0 goes from 0 to 2ir in one poloidal circuit on any flux surface. This 

. may seem surprising, since qh is a global characteristic of a flux surface, while 
the expansion of the previous section was valid only in the neighborhood of 
the x-line. Near the separatrix, however, almost all the variation in 0 is 
occurring near the x-line. 

We express 0 in terms of £ and *;,. To do that, a is first expressed in 
terms of £ and TJ, 

a = t a n h {j- = - In 5 L ) 
£c 2 f c - tja 

where it has been assumed (without loss of generality) that we are working 
in a quadrant where <I>h > 0. For determining the boundary condition on 0 , 
we are interested in the limit where £z/a.2 > *h and n ' / c 2 > tyh- We use 
Eq. (6) to eliminate £ in terms of 77 and tyh, and retain only the leading order 
term in this limit, 

a*±b( -%=) . (18) 
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For a fixed <z>. the change in 0 in going from —£ to £ is 

acBtl 2£ 
A W - - n( — ~ ) . 

This expression shows that in the limit, as we approach the separatrix. nearly 
all the variation of 0 occurs near the x-line. 

The intersection of any flux surface with a fixed <t> plane defines a closed 
loop. Following the loop around once defines a single poloidal transit on 
that flux surface. The normalization of the expression for 0 must take into 
account the fact that in one poloidal transit on a fixed flux surface near the 
separatrix the same x-line may be encountered more than once. The x-line 
intersects the fixed tj> plane in a finite set of x-points. We let nx denote the 
number of those x-points that we pass near in one poloidal transit. If the 
flux surface does not enclose the magnetic axis (the surface is in the mag
netic island), the x-line is encountered twice (nx = 2). If the flux surface 
does enclose the magnetic axis, nx = N, (where N was defined at the begin
ning of Sec. II). We do not consider here the degenerate case where several 
independent x-lines lie on the same separatrix. 

The total change in 0 in one poloidal transit, to leading order in the 
distance from the separatrix, is 

AG = (n , f toc / 9 ) 1^1/^/51). (19) 

Requiring that this total change in 0 be equal to 2n, we determine the 
limiting behavior of qh for smaH"$h, 

qh = {nxBDac/ir)ln{l/J¥h). (20) 

Having Taylor expanded 9h near the x-line, we have obtained unique, 
explicit expressions for 0 near the x-line, and for qh near the separatrix. 
From the fact that qh —> oo as we approach the separatrix, it is clear that we 
are in a helical coordinate system, as claimed in the previous section. 

In Appendix A we verify that our solution for <jh corresponds to the known 
solution in the narrow island limit. 
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IV. The Current 
In this section we calculate the current in the neighborhood of the sepa-

ratrix. 
Equations (1) and (2) imply that the current is divergence-free and sat

isfies j • V<ih = 0. It follows that j can be written in magnetic coordinates 
in the form 

j = ( / ' (**) - ~ ) V¥„ x V e - f ^ - </'(#,,)) V0 x V * h . (21) 

Here f is a periodic function of ©and 0, while /'(>?/,) = dl/d^h and ^ (*h) = 
dgld^h. are the profiles of the net toroidal and poloidal current, respectively. 
Substituting Eq. (21) into Eq. (1) gives a magnetic differential equation which 
determines v. 

B-Vi / = p ' - o ' B - V t f > + J ' B . V 0 , (22) 

where p ' (* h ) = dp/dVh. 
Equations (21) and (22) hold in any flux-coordinate system, that is, in any 

coordinate system in which the radial coordinate labels the flux surfaces. In 
a general coordinate system of this type, the representation of the magnetic 
field is similar to that of expression (4), except that terms analogous to those 
containing v in £q. (21) must be added. In a magnetic coordinate system 
the field lines are straight (B • V $ / B • V 0 is a function only of ¥>,). As a 
consequence, derivatives along the field lines assume a simple form, 

B - V = y _ 1 ( i + * ^ ) ' 
vhere 

J - 1

 =

 dS*!±QS- = v i r h x V © - Y 4 > = B - V e (23) 
d[x,y,z) 

is the Jacobian of the transformation from magnetic coordinates to Cartesian 
coordinates. Fourier decomposition in a magnetic coordinate system reduces 
magnetic differential equations to trivially soluble algebraic equations. Writ
ing 

J[9h,e,<p) = £ l 7 n , m e - ( n * - m S ) (24) 
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allows the solution to Eq. (22) to be expressed in terms of the Fourier com
ponents of the Jacobian. 

v _ d p Y' ' ^ " ' m

 c ' l ( n a ' " m 0 1 . (25) 
rf*h ^ (n<3h - m) 

where the ' indicates that the m = r> = 0 term is omit ted. The n. = 77! = 0 
component of Eq. (22) gives a relation between g'. / ' . and p . 

p ' J o . o - < ? ' % - / ' = U. (26) 

Equation (26) is an averaged equilibrium equation on the flux surface. 
Equations (21) and (25) determine the equilibrium current, once the mag

netic coordinates have been found. Since q^ appears in the denominator of 
Eq. (25), there is no problem as we approach the separatrix. 

It follows from <}>, —> oc as we approach the separatrix tha t the n ^ 0 
terms in the solution for u, Eq. (25), become small there. The 4> derivative of 
v is, therefore, negligibly small relative to the © derivative. Retaining only 
the n = 0 terms in Eq. (25), the m ' s cancel in the 0 derivative, giving 

dv/ae = P ' (* h ) [x=o(©) - Jo.o], (27) 
where 

J n = o ( * h , e ) = ^ J 0 , m e ™ e (28) 
m 

is the average of the Jacobian over <t> at fixed values of 0 and *IV 
Figure 2 is a sketch of the behavior of Sn=o as a function of the magnetic 

coordinate 3 for n E = 1. (We first focus on n r = 1, and then generalize 
to arbi t rary nx.) On flux surfaces near the separatr ix © varies very rapidly 
near the x-line, while J displays no such singular behavior. It follows tha t 
if we express 3n=o a s a function of 0 , almost all of the variation occurs in 
the neighborhood of © = n (for nx = 1), giving the general form shown 
in Fig. 2. T h e dashed vertical line indicates the domain of validity of our 
expansion around the x-line. (The expansion is valid to the left of the dashed 
line.) Our expansion is valid for £/r0 < e <S 1, where r 0 measures the poloidal 
scale length of the flux surface, and e is a small number. Letting 0 - IT — 6@, 
we find from Eqs. (13), (15), and (18) that this holds for 

7T In t 
5 0 > 

2 1 n ( l / v ^ ) ' 
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Near the separatrix, Jo.o = Jo" Sn-odO is well approximated by 2T,7 n =o(0 = 
0). that is. by the value of J„=lj on the x-line. Recall that J = qh/B - Vd>. 
We therefore have 

For nx > 1. the average over t) is again dominated by 'he x-line. Equa
tion (29) still holds. 

Near the separatrix. the current density is given by 

J = {/'(*».) - A*h)\J«=ol&) - J o . o ] } V * A x V 0 - f f ' ( * h ) V ^ x V * h . (30) 

The fact that V * h is nonvanishing away from the x-line implies that p'(*h) 
cannot go to infinity at the separatrix, so the pressure-driven current remains 
finite there. The pressure-driven current vanishes on the x-Hne, but may be 
finite elsewhere on the separatrix. This is consistent with the results of Ref. 5. 

V. Ampere's Law 

In this section we complete our description of the equilibrium in the neigh
borhood of the separatrix by using Ampere's law to obtain a self-consistent 
relation between the parameters in our equilibrium solution. To motivate the 
work of this section, consider first the cylindrical!}- symmetric case, where all 
the parameters are independent of <t>. The poloidal components of Ampere's 
law involve derivatives of B* with respect to R and Z (the Cartesian coor
dinates in the poloidal plane). These derivatives are not determined by the 
lowest order piece of B*, which is a constant. The poloidal components of 
Ampere's law therefore serve only to determine the next higher order piece of 
B*. The d> component of Ampere's law for the cylindrically symmetric case, 
on the other hand, gives a relation between the derivatives of the poloidal 
components of the magnetic field and the current at the x-line. This is the 
relation that we seek. For a cylindrically symmetric separatrix in a vac
uum field, for example, it gives the well-known constraint that the separatrix 
comes into the x-point at right angles (a = c). Similarly, for the helically 
symmetric case, the component of Ampere's law along the helix gives a con
straint on the equilibrium solution near an x-line. (The helical case is solved 
in Appendix B.) For the general case, we find that the covariant 4> component 
of Ampere's law gives such a constraint. 
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The curl of B in our {p,a,4>) coordinate system is, 

J ' r f V x B h ^ B 1 ] , (31) 

where e'ik is the antisymmetric permutation tensor, with e p a * = 1/JP, and 
where dj is the partial derivative with respect to the j coordinate. The 
covariant metric tensor is 

gij = diX-djX. (32) 

The metric elements are evaluated using Eqs. (7) and (8), and are given in 
Appendix C. 

The evaluation of the lowest order piece of each of the components of 
Eq. (31) individually requires the evaluation of p and a derivatives of the 
order p piece of B*. If we form 

: 9*iJ'< (33) 

the coefficients of the order p terms of B* cancel, and we are left with an 
expression which, to lowest order, involves only the lowest order pieces of the 
magnetic field. To carry out this computation it is convenient to first express 
the metric elements in a form which explicitly displays their p dependence, 

Substituting this form into Eqs. (31) and (33), we can directly evaluate the 
p derivatives and determine the lowest order term in p, 

J" J* =pB* 

+pBa 

2 o ( ° y , ) - o ( 0 ) — o ( l ) + o ( 0 ) — o f l ) 

*9&,9a4, 9<M,A 9pt ^ 9fo p. 9w> >6< da* 

. am — all) + o ( 1 ) — o ( 0 ) - o ( 1 ' n

( 1 ) 

"dt* 
(34) 

^9^j,9aa. S # o Spo + 9$p gZ9a# ~~ (fl»*) • 

In this expression terms have been neglected which are known to be zero 
from our evaluation of the metric elements. 

Finally, we substitute our explicit expressions for the metric elements into 
Eq. (34) to get the desired relation. A large amount of algebra is involved, 
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for which we have used MACSYMA.10 There are many cancellations The 
final result is 

J"J9 = (l/2)(c 2 - a*)(2Rl ~Rl- Z\) - (J/2)(a* - c*){k\ - ^ ) c o S ( 2 7 ) 
- ( a 2 - c 2 ) f l I Z r s i n ( 2 7 ) ! f i a 

+{aaR.Z, - ZtRt - 7{fl* + Z* + 2J?*)i 

-r (l/2)(ac - ca){Rl - Z\) sin(2 7) -r [ai - cd)fl,Z Icos(27)}B* 
(35) 

Taking the helical limit of Eq, (35), and using Eq. (17), recovers the 
constraint for the helical case, Eq. (B3). In the cylindrical limit all of the 
4> derivatives vanish, and the right-hand side reduces to R\{<? - a2)Ba. In 
particular, for a cylindrical geometry with vanishing current at the x-point 
we recover the well-knoivn condition that the flux surfaces must cross at right 
angles. 

VI. Discussion 

The derivative of the helical flux with respect to the toroidal flux, d$h/d9t — 
1 Iqhi vanishes at a rational magnetic surface. On an unbroken rational mag
netic surface, the gradient of the helical flux is everywhere zero. If the gra
dient of the pressure is finite at such a surface, dpjd^h is singular there (it 
goes like qh). It follows from Eqs. (21) and (25) that the current is singu
lar, unless the resonant Fourier components of the Jacobian vanish there. 
Vanishing of the resonant Fourier components of the Jacobian on a ratio
nal surface is equivalent to §dl/B being constant on the surface, where the 
integral is evaluated around a closed field line. This condition is generally 
not satisfied. There have been a number of discussions of this problem (see 
for example the discussion in Ref. 3). It has even been suggested that this 
problem implies that three-dimensional equilibria do not exist.2 

In a more realistic treatment of three-dimensional fields, the rational sur
faces break up to form islands. The infinite set of closed lines of the rational 
surface is replaced by a finite set of dosed lines (the x-l;nes and o-l'mes). 
On the separatrix, the gradient of »th vanishes only at the x-lines. A fi
nite value of Vp on the separatrix (away from the x-ltne) now implies that 
dp/d^fh is finite. Since p must be constant on the flux surfaces (that is, p 
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must be a function of ^h alone), it follows that Vp must vanish at the x-line. 
Our analysis shows that the pressure-driven current is well-behaved in the 
neighborhood of the separatrix and. in fact, vanishes at the x-line. 

These results suggest that MHD equilibrium codes that allow island for
mation will be, in at least some ways, better behaved than those that assume 
good flux surfaces. The constraint that flux surfaces be preserved forces the 
appearance of singular pressure-driven currents, unless artificial flat spots are 
placed in the pressure profile at the low-order rational surfaces. This effect 
is absent in a more realistic treatment. Even for codes that do allow island 
formation, however, accuracy can be expected to deteriorate in the neigh
borhood of a separatrix. The shape of the flux surfaces has a singularity, 
coming into a corner at the x-line. Flux surface averages near the separatrix 
are dominated by the x-line. The Pfirsch-Schluter current is forced to zero 
near the x-line. Our explicit analytical solution could be used by equilib
rium codes to improve their accuracy in the neighborhood of the separatrix, 
much as codes now often make use of expansions around the magnetic axis 
to improve their treatment of equilibria there. Codes using magnetic coordi
nates could directly incorporate our analytical solution for these coordinates 
near an x-line, where the coordinates are singular. Magnetic coordinates are 
presently used for both equilibrium 1 1 1 and t ranspor t 1 2 1 3 calculations. 

Our solution shows that pressure-driven currents are strongly modified by 
the presence of a separatrix. This can be expected to be an important effect in 
the determination of self-consistent three-dimensional stellarator equilibria, 
and in the calculation of saturated finite-/3 tearing modes. 
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Appendix A. The Pendulum 
The magnetic field line equations for a magnetic field of the form of Eq. (4) 

are Hamilton's equations, where <p plays the role of time, "P, and 0 are the 
canonical coordinates, and <P is the Hamiltonian. Magnetic coordinates cor
respond to action-angle variables. Our solution for magnetic coordinates near 
a separatrix can therefore be checked against soluble Hamiltonian systems. 
In particular, in the narrow island limit we should recover the action-angle 
variables for a pendulum. In this section we show that that is the case. We 
derive expressions for the magnetic angle, 0 , and the safety factor, g, of a 
magnetic system whose flux contours in the R, Z plane are identical to the 
phase portrait of a mechanical pendulum. 

Let 
* h = ( l / 2 ) G ( f l - / y * - t f ( l + co S Z) (Al) 

(G, H,RX constant) define a poloidal flux function, and write the magnetic 
field in (R,Z,(j>) coordinates as 

B = VR x VZ + V<£ x Vih. (A2) 

The magnetic field lines satisfy 

dR_ BVR d*h 

d<)> ~ B • V(f> ~ dZ' 

dZ = B V Z = d*h 
d<j> ~ B • V̂ > ~~ dR ' 

which are Hamilton's equations for a mechanical system with Hamiltonian 
*h(/?, Z), canonical phase-space coordinates R ("momentum11) and Z ("po
sition") and the angle <j> interpreted as time. The Hamiltonian is that for the 
pendulum. Contours of the flux function $h have a separatrix connecting 
two x-points, at (R = Rx, Z = ir) and (R = R,., Z = —IT). The separatrix 
contour is described by ¥/, = 0. Flux contours with 9fl < 0 lie inside the 
separatrix; contours with •;, > 0 lie outside the separatrix. 

The problem of finding magnetic coordinates for the magnetic systeu 
defined in Eqs. (Al) and (A2) is equivalent to the problem of finding action-
angle variables for the associated Hamiltonian. That is, a magnetic angle, Q, 
and a magnetic flux function, ¥ ( , are sought in terms of which Eq. (A2) can 
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be written in canonical form Eq. (4), where $ ( * t ) = * h ; f l ( * , , 0 ) , Z ( * ( , 0 ) i . 
The magnetic field line equations then become 

d^ti'd0 = -d*h / ' d0 . 

and 
e = <j>/qh - e 0 . 

The derivation of action-angle variables for the pendulum Hamiltonian 
can be found in many of the standard textbooks of classical mechanics (ses 
e.g. Ref. 14). Results are conveniently expressed in terms of the parameter 

Jfc2 = 1 + Vh/(2H). (A3) 

Values of k < 1 label surfaces which lie inside the separatrix, while values of 
k > 1 label surfaces which lie outside the separatrix. Then 

Q(Z:k< 1 )= !±F(sm-l{l-Sin~)\k2), (A4) 

where F is the incomplete elliptic integral of the first kind, qa — l/VGH is 
the safety factor at the o-point (R — R^, Z = 0), and 

q < = F(TT/2 \k?)2q0/Tr (A5) 

is the safety factor for an arbitrary surface witi* k < 1. Similarly, 

&(Z:k > 1) = {q0/q>)F(Z/2l\/k2)/k (A6) 

where 
9> = F(»r/2|l/fc2)W(fcir)- (A7) 

The expressions for the © and q given by equations (A4)-(A7) are valid 
everywhere in the R, Z plane. To compare the general results in the main 
body of our paper with the specialized model of this appendix it is necessary 
to expand the exact equations (A4)-[A7) about the x-points [k ~ 1, Z = ±ir). 
Since the analysis for k < 1 and k > 1 are very similar, we present an outline 
only for the notationally simpler case k > 1, 

To calculate the safety factor in the neighborhood of the x-point, we use 
the well-known limiting behavior of the complete elliptic integrals in the limit 
as k — 1: 

F(TT/2 |l/fc2) = log^ /v / f c^T) , k - . 1 + . (A8) 
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Substituting into (A4) and (A6). using Eq. (A3) to write k2 in terms of <Ph, 
and identifying Eq. (Al) with Eq. (5) to give G - 2/a2, H = 2/c 2 . easily 
verifies Eq. (20) of the main text. In Eq. (20) we must set nx - '1 for fc < 1 
and nT — ! for k > I.' 

The limiting behavior of the magnetic angle is slightly more tricky. For 
this, in addition to using Eq, (A8), we must use an expansion of the incom
plete elliptic integrals about Z — TT and k = 1. To this end, we use the 
result' 6 

F(Z/2\l/k2) = F(n/2\l/k2) - F« l/k2) (A9) 

where 
cos(a) tan(Z/2)tan(0 = 1 (A10) 

and sin 2(a) = 1/A:2. Since it as 1, F(£ \k2) can be replaced, approximately, 
by logi/(l - s i n£ ) / ( I - sin £), where sin(£) is obtained from rearranging 
Eq. (AIO) in the form 

sm2(C) = fc2sm2(SZ/2)/[(fe2 - 1) + sin 2(£Z/2)]. 

On the right-hand side, we use the small argument approximation to the sine 
function, write &2 in terms of $>, using Eq. (A3), and expand *2h about the 
x-point as 9h =s (SR)2fa2 - (6Z)2/c*. Pulling these pieces together obtains 

F(CJfcz)^log, cm+isz) ( A 1 1 ) \c(SR)-a(SZy 

The leading order behavior of the magnetic angle in the vicinity of the x-
point obtained in the main text is verified by direct substitution of (A8), 
(A9), and (All) into Eq. (A4). 

Appendix B. Helical and Cylindrical Symmetry 

In this appendix we use the Grad-Shafranov equation to give an alterna
tive derivation of the constraint due to Ampere's law for helical and cylin
drical systems. We adopt the notation of Ref. 15 for the magnetic field in 
helical geometry. In terms of cylindrical coordinates {r,6, z) we define the 
variable u = 1$ - hz and the vector 

u = (li + hr9)/{l3 + h2r% 
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where / and h are given constants. All quantities are taken to be functions 
of r and u. The magnetic field can be expressed in terms of two arbitrary 
functions. f(r.u) and F(r.u). 

B = / ( r .u)u -r- u x VF(r ,u) . 

It follows that Ampere's law may be written 
, \l2 - h2r2 „ „ 2hl 

-LF = / 
P+h2r*J 

u - u x V ( - / ) . (Bl) 

where 

C , = rdrli + h.2v2dr + fa2' ( B 2 ^ 
In this formalism, F is a helical flux function (it is proportional to our 

* h , but not equal to it). To apply the formalism to a separatrix, we take 
F to be of the same form as the M>h of Eqs. (6) and (7), with a —• A and 
c —> C. In this geometry, R and Z are Cartesian coordinates, 

R - rx = r cos(0) — rx cos(0 r), 
Z — Zx = rsin(fl) — rxsin(9x), 

where rx is the (2 independent) radius of the x-line, and 6X = hz/l is the 
angular location of the x-line as a function of z. (Ii> dropping an additive 
constant from the expression for 9Z we have chosen our coordinate origin in 
the 2 direction.) It follows that 

f =r cos(9 + 7) - r x cos{6x + 7) 
n =rsin(0 + 7) — r ^ s i n ^ + 7). 

For a helically symmetric field, 7 takes the form 7 = -hz/l + 70, where 70 is 
a constant. 

Substituting our expression for F into Eqs. (Bl) and (B2), we find 
J u , 1 1 ,h2rl ,n , , 1 1 h2rl + 2P 2hl r ,„„, 
— = -(^ + ^)-p £ e - ( ** ) + ^-^-^r- + P T 7 ^ ( B 3 ) 

where the .4 and C in this expression differ from the a and c in the rest of 
the paper only by an overall normalization. Equation (B3) is the desired 
constraint. If we set I = 1 and h = 0, we get The equation for cylindrical 
symmetry. In particular, for a vacuum field (</ = 0) we get the well-known 
constraint that A ~ C for a separatrix with cylindrical symmetry. 
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Appendix C. Metric Elements 

We calculate the elements of the covariant metric tensor by substituting 
Eqs. (7) j.nd (8) into Eq. (32). The results are as follows: 

gpo = cosh('2a)(c ! - a2)j2 - [a2 - c2)<2 

9 p a = sinh(2a)(c 2 -r a2)p/2 

g^ = [sinh(a)sin(7)c + cosh(a) costal,/!, . 

- icosh(a)sin(7)a - sinh(Q)cos(7)cjZ! 
+• (cosh(2a )(cc + ad) — aa — cc\ p/2 

gaa = [cosh(2a)(c* + c2) + c2 - a2]p2/2 

9adt ~ p{[cosh(a) sin(7)c + sinh(a) cos(-y)a]Rx 

- [sinh(a)sin(7)a — cosh(et) cos(-y)c}Zx} 
+ p2 [sinh(2a)(cc + aa)/2 - -yac] 

9* = Rl + Z\ + Rl 
+ 2p{[— cosh(a)sin(7)7a + sinh(a) 005(7)70 

+ csinh(a)sin(7) +• acosh(at) 005(7))^ 

- [sinh(a) sin(7)7c -f- cosh(a) 003(7)70 

+ acosh(a)sin(7) — csinh(a)cos(7))Z x} 
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! Figures 

FIG. 1. Magnetic geumetrv in the neighbor hoi id of an x-point. 

FIG. 2- A sketch of the behavior of Jn-o as a function of 0 for nz ~ I. 
Almost all of the variation occurs in the neighborhood of 0 = ir. 
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