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ABSTRACT

On the Lie groups S3xR and H'xR a two-parameter family of left-

invariant metrics g. and right-invariant metrics g is introduced.

The resulting space-times admit a five-parameter group of motions; in

the family with topology H3xR the case occurs in which g. = gR -

this particular space-time admits a seven-parameter group of motions,

with the 3-dimensional section H3 maximally symmetric. Global causali.

ty problems are easily characterized and it is shown how they can be

avoided by the introduction of a line of singularities (strings) in

the space-times. A coordinate system is defined where the left-inva-

riant metrics g and right-invariant metrics gR differ by a coordina-

te inversion - equivalently g. and gR correspond to rotating universes

with opposite matter vorticity- and it is discussed how weak interac-

tion processes could allow distinguishing the universes physically

(this is the subject of a companion paper, where we introduce neutri

nos as test particles in these universes). Coordinate transformations

are also presented where both metrics g. and gR can be recast in the

form of a Gõdel-type metric.

Key-words: Antipodal universes; Left and right-invariant space-times;

Rotating universes; Causality and strings.
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1. INTRODUCTION

In the geometrical study of cosmological models some power-

ful methods were developed and extensively used, to construct invariant

Lorentzian metric over space-time manifolds which are Lie

groups Q-"5]]. As well known the action of the Lie group on it-

self can be divided into two independent subgroups, namely the

left (L) and right (R) action of the group on itself Ql,6,7j.

In this context two sets of invariant Lorentzian metrics can be

introduced, denoted L-invariant and R-invariant geometries in

which . the bilinear metric form is constructed with vector

fields/forms which are invariant under the left, and right

action of the Lie group,respectively [6]. Our purpose in the

present paper is two-fold. First we examine global properties

of a two-parameter family of solutions of Einstein equations

which are L- and R-invariant Lorentzian metrics over the Lie

groups S3xR and H3xR . The metrics are constructed according to

the above prescription, after properly deforming the associated

Lie algebra of the L- and R-invariant 1-forms and vector fields

of the group manifolds (the deformation depending on two para-

meters) . These 1-forms and fields are obtained by standard pro

cedures using the algebra of quaternions to charac ârize the

seiri-simple Lie groups S3 and H3 Q6,83- By coordinate transfor

nations the resulting metrics can assume the form of a

Gôdel-type geometry which has been examined in the literature

mainly from the point of view of local properties (see Ref. Q9]

for a review; see aláo £10,11]). The methods used here also

clurify from the global point of view some of the results of
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the existing literature. Second we examine the geometrical and

physical relation between the L-invariant and R-invariant geome-

tries. We exhibit a system of coordinates in which the L-and R-

invariant vector fields, forms and the bilinear metric forms are

related by an improper transformation of coordinates. A possible

physical distinction between L- and R-invariant universes is dis

cussed. This in fact is the subject of the next following paper

where we introduce neutrinos as test particles in these universes.

We organize the paper as follows. In Section II we charac-

terize globally the space-time manifolds S3xR and H3xR, and introduce on

these manifolds the two parameter family of invariant geometries.

This construction gives us directly the isometries of the space-

times as shown in Section III. Also we discuss the causality pro

blems from a global aspect and some possible modifications in the

topology to circumvent these pathologies. In Section IV cylindri-

cal coordinate transformations are exhibited which recast the

metrics in the form of a Gfldel-type geometry. Possible sources

of curvature for the space-times are also discussed.

2. THE SPACE-TIME MANIFOLDS S3XR and H3xR, AND THE CONSTRUCTION

OF INVARIANT GEOMETRIES

The methods used in this Section are adapted from oszváth

and Schükincj £lj and are presented here concisely. Calculations

are not given in detail/ but they can be checked without dif-

ficulty.

Let Eif bo the four dimensional Euclidean space with Cartesian
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coordinates a = ( a 0 , a 1 , a 2 , a 3 ) . We define the surface M as the

se t of points of E which sa t i s fy

( a 2 ) 2 + ( a 1 ) 2 - ( e a 2 ) 2 - ( ea 3 ) 2 = 1 , (2.1)

where e =i,l whetherM is S3 or H3, respectively. For every a =

(a0,a1,a2,a3), b = (b^b1 ,b2,b3) e M we define the multiplica-

tion law

ab = (a°b° - a 1 ^ + (e)2a2b2 + U)2a3b3,

a^ 1 + a 1 ^ - U)2a2b3+ (e)2a3b2,

a°b2 + a2b° + a3bJ - â^ 3,

a°b3 + a3b° + a 1 ^ - a2bx) (2.2)

Under (2.2) M becomes a group, acting on itself by left mul-

tiplication; namely, for a given v e M, a left motion of M into

itself is expressed as

a1 - va '2.3)

and we have a1 6H for all a e M. His simply transitive since

for each a ?0 there exists only one left motion v from a to a

given a* e M.

M acting on itself by left multiplication (2.3) is a Lie

group with the three independent left-invariant vector fields
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on M

= ((c)2a2/c)2a3,a°,a1) , (2.4)

- (U)2a3, -(£)?a
2,-aSa°) .

They are obtained by an arbitrary left motion a of the three

independent unit vectors (0,1,0,0), (0,0,1,0), (0,0,0,1) which

define the infinitesimal tangent space of M at the identity (1,0,0,0).

We have the analogous picture for right motions of the

Lie group M into itself, namely

a1 = a v , (2.5)

(cf. eq. (2.3)) with the corresponding independent right - in-

variant vector fields on M,

d(l) - <-a»,aO,-a3,a2) ,

= ( U ) 2 a 2 , - ( e ) 2 a 3 , a 0 , - a 1 ) , (2 .6)

= ( ( c ) 2 a 3 , ( c ) 2 a 2 , a 1 , a 0 ) .

We obvious ly have £ l 4 j

[ e ( i ) , d ( j ) ] = 0 , i , j = 1 ,2 ,3 . (2 .7)
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We introduce on M the coordinate system (x»n»r) by the trans

formations

er.a0 = cosh(—)cosx »

a1 = cosh(-y)sinx (2.8)

a

,3 . ±

For E =i we obtain a chart on S 3, the coordinates being Euler

angles with range 0 <_x»n < 2ir, 0 <̂ r/2 JCIT. For e =1 a chart is

defined on H3 with O^x^n K 2TT, -» <r '<». The invariant fields

(2.4) and (2.6) expressed as E. = e^.. —s— and D. =

have che form

a
3a'

E - -1 - -i
Ei ~ ax «n '

2sin(x-n)^

ar sin

sinh(rr) 2'3x

, (2.9)

,1

and
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. .2cos(x + n )_i

D 3 - 2 , i n < x + n ) ^ + « ^ cr, a + «,.,,2 <*£,_*.

(2.10)

L 3X r'3n

in the coordinate system defined by (2.8). They satisfy the al-

gebra

j ,E2]

(2.11)

Taking on the 1-dijtensional nanifold R the coordinate z (-• < z <»)

with vector f i e l d 3 /3z , the Lie group M xR can be characterized

by the invariant vector f i e l d s { E . , E 2 , E 3 , 0 /9z} and {D , D 2 , D 3 ,

3 /9z ) , which s a t i s f y the algebra (2.11) and

CE. ,9 /3ZJ = 0 , 0 f i - 1 ,2 ,3 ( 2 . 1 2 )

and which constitute bases for the vector fields on M xR.

Next We deform the algebra (2.11) by rescaling the vector

fields as

è», y, - 7

U.

? D3

X3 " A

3 3z

Í2.13)
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where a,S are c o n s t a n t parameters . From ( 2 . 7 ) and (2 .12 ) we have

A ' B = °*1'2'3 • (2.14)

The deformation of the algebra defined in (2.13) corresponds geo

metrically to a deformation of the 3-sphere (c=i) or the 3-hyper

bo Ibid (e =1) into an ellipsoidal or a deformed hyperboloiâal surface

immersed in E^. Since the deformation does not alter the topology

of the groups we still refer to them as S3xR and H3xR.

We now define invariant Lorentzian metrics on MxR. We make

a particular choice, by prescribing the following scalar product

rules for the invariant vector fields X. and y.,
A A

VyA,yB)

where n.n = diag(+1,-1,-1,-1). We shall refer to g, and gn as
AD L R

left- and right-invariant metrics, respectively. Prom (2.9),

(2,10) and (2.13), equations (2.15) can be equivalently expres-

sed as

g(e) = A(r)dx
2 +B(r)dn2 + 4 e (o 2 - £ - ) s i n h 2 (er)dxdn +

2 e2

2 (2.16)
- &j dr2 - dz2 ,

where

A(r) = 4
( 2 . 1 7 )
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B(r) = —^ sinhcr(thi^ ^ -

and c-*l for g, or g , respectively. It is to be'noted that the

left- and right-invariant metrics expressed in the coordinate

system introduced in (2.8), differ by the sign of the cross term

dxdn only; in other words, they are connected by a coordinate

inversion x -* ~X or n *-n. We have denoted these space-times

antipodal, in the realm of pure gravitational interaction the

geometries are indistinguishable if the covariance group of the

theory includes improper transformations. The possibility of

the physical distinction between the two universes is discussed

in a companion paper where the nature of these transformations

is analysed when we include neutrinos as test particles. W e show

also that improper transformations are no longer symmetries of

the system universe-plus-neutrinos of a given helicity. An in-

tuitive argument can be given in this direction. To the pcusivc

transformation n •• - n there corresponds the active transformation

o(e) >g(-e), or equivalently, the change of the sign of the vorti-

city associated to the velocity field of the matter content of

the universe (cf. Appendix). On the other hand neutrinos can be

used as an absolute standard for the sign of the rotation of

the universe because, as prescribed by waak interactions processes,

a massless neutrino is an absolute left-handed screw. Therefore

the active transformation g(e) -»g(-e) or, equivalently, the change

of the sign of the universe rotation,is no longer asymmetry of

the system univorsc-plus-neutrino because - to preserve the sym-

ir.etry - loft-harvlod neutrinos should then be transformed into

right-handed neutrinos, which is a forbidden configuration.
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3 . ISOMETRIES AMD CAUSALITY IN SECTIONS

From (2.14) and (2.15) it follows

r f
v9, = 0 ' v *R = ° ' A = 0,1,2,3 (3.1)
yA L xA R

This means that by construction,the left (right) invariant geo

raetry 9,^9R) has the four right (left)-invariant vector fields

{y }({x }) as Killing vectors. A direct inspection of the geo-
A A

metries (2.16) shows that 3/3n is an additional independent Kil.

ling vector. Summing up, we have in general

(a) Five Independent Killing vectors associated to g.

(3.2)

(b) Five Independent Killing vectors associated to g
K.

(3.3)

In another terminology the space-times with metrics (2.16)

are endowed with a G, group of isometries acting transit ively

Ql53 on the space-time manilfolds. These space-tiroes are said to be

homoQ oieruj in the sense that G, contains a subgroup of iso-

metric transformations which acts 0imply tiaiuitiv cly on MxR,

by construction. I t is however important to remark that the

space-times are not ifatiatZy homog enccui since there i s no

subgroup G_ of G, whose orbit in a 3-dimcnsional fjpacc-like surface.

For the hyperbolic family (t =1) nn exceptional case occurs
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whcn a2 = 3? - inspection of formulae (2.15) and (2.17) yields

immediately g. = gD. It then follows from a trivial counting
I* R

in (3.2)-(3.3) that this particular geometry has seven indepen

dent Killing vectors, for instance (X ,X,,X2,y ^y^y^^y^)* I n

other words the geometry has a seven-parameter group of motions,

and the sections z = const, are maximally symmetric with a G^

group of motions generated by (X ,X.,X-,y ,y,,y2)- Il̂ -Ol.

The class of left- and right-invariant geometries (2.16)for

the hyperbolic case has the structure of the reflection group

of hyperbolae through their asymptotes |_16]]. In fact the cons

tant function (cf. (2.16)) y = e(o2 -62),defined in the plane

of metric parameters (a, 8), describes a congruence of hyperbolae

which are reflected through the asymptotes y =0, when we change

the sign of e, namely,when we go from g. to g and vice versa.

The asymptotes y = 0 correspond to the exceptional geometry dis_

cussed above with a G. isometry group.

Causality and Topological Defects in Sections

The space-times introduced here - the invariant geometries

(2.16) over the Lie groups S?xR and H3xR - present some patho

logical properties like the existence of time-like or null-like

closed curves. As we shall see this is connected to the fact

that the sections z = const, have,by construction,the struc

turo of S3 or Hs, and the restriction of the invariant geo-

metry (2.16) to S3 or H3 has signature ( + — ) . In some cases,

by a legitimate alteration of the topology, wo can avoid those a-

cnusal curves, but they are in general inevitably present.
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We examine separately the two cases

(i) H3xR.

The sections z = const, with the topology of H3 are des-

cribed, in terms Cartesian coordinates of the embedding Euclidean

space E,, by (2.1) with c =1. Let us consider the 2-dimensio-

nal sections of H3, which we shall describe in the coordinate

system (r,x>n) defined in (2.8), with - » < r < » , 0 <Lx»n <2ir.

Taking firstly the sections n = const, we choose for convenien

ce n=0 and obtain from (2.8)

a 9 = cosh (?) cosx ,

a1 = cosh(^)sinx ,

a2 - sinh(|) ,

(3.4)

a* - 0 ,

which represent the points of the one-leaf hyperboloid of Fig. 1

eosh t/t

Fig. 1 - One-leaf hyperpoloid embedded in E, corresponding to

the section n»z • const, of the manifold H3xR.
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For the sections x = const, choosing for simplicity x = 0

we have
a0 - cosh(|) ,

a1 = 0 ,

(3.5)

a2 = sinh(§)cosn »

a3 = sinh(|)sinn •

Equations (3.5) describes in E, the points of the two-leaf hŷ

perboloid of Fig. 2.

cosbr/2

tinhr/2

Fig. 2 - Two-leaf hyperboloid corresponding to the sections

X,z • const, of the manifold H3xR.

We are now ready to examine how the topology of the sec-

tions is related to the causality problem In these space-times.

To this end let us consider the invariant Lorentzian geometry

(2.16) with K » 1 defined on H3xR. We distinguish
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(a) Case o2. > 82 : in the sections n,z = const, we have A(r) > 0 for

all r. Therefore the integral curves of the vector field 3/3x

are time-like closed curves (cf. (2.16)) on the hyperboloid of

Fig. 1. This violation of causality can however be circumvented

- in fact the hyperboloid of Fig. 1 is homeomorphic to the cy-

linder and can be continuously developed onto the plane. The

curves defined by 3/3x can thus be open into infinite lines and

the causality problem avoided. This procedure corresponds ac-

tually to modifying the connectivity-in-the-large properties|j/7,

18^ of the manifold - the connectivity in the large is changed

by identification of certain point sets, namely the manifold H3

differs from the present one by identification of the points

(x + 2mr,n,r,z), n = integer £l9j

In the sections x,z = const, the space-like, time-like or

null-like character of the vector field 3/3n depends on the

sign of the function B(r) (cf. (2.17) for e =1). The clo&td cur

ves defined by the field 3/3n on the two-leaf hyperboloid of

Fig. 2 are time-like or null-like for values of r such that

r 82

thz -x >_ s—, respectively. Contrary to the case of the sections

n»z « const, however, the presence of closed time-like lines

cannot be circumvented by modifying the topology without intro

ducing singularities in the space-time manifold. This is the

case since a branch of the two-leaf hŷ erljoloid of Fig. 2 is homcomorphic

to the cylinder only if one point of the hyperboloid is extrac-

ted. In other words,to eliminate the causality problem in these

sections - by developing the closed coordinate lines n into

open infinite lines - we must introduce topological defects (a

line of singularities) in the space-time manifold. A pos-
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sible way to implement the extraction of points of the space-time

is the introduction of a string in the sense of Refs.£20,21,22^ :

with the geometry (2.16) expanded about the point r =0, for instance,

the point r =0 is transformed in a conical singularity. The

neighborhood about r =0 of the hyperbolojd of Fig. 2 is approximated

by a flat conical space, and the conical singularity at r =0 con

tributes to the curvature tensor of the space-time with a term

proportional to a 6-type function which vanishes outside the sin

gular line defined by r =0 [^20,23,24].

(b) Caso a2<B2 ; in the sections n,z = const. the integral

curves of 3/3x) on the hyperboloid of Fig. 1 are time-like or

null like whether th2 £ > — , respectively. As in case (a) here
2 ~ 62

the curves defined by 3/3x can he open into infinite lines by

an appropriate modification of the topology, and the causality

problem avoided, without introducing singularities in the space-

time. In the sections \,z = const, we have B(r)< 0 for all r so

that no acausal curves occur in these sections.

In this sense the space-times of Case (b): a 2 < 8 2 , are said

to be causal.

(c) Case o 2 » B2: this can be considered a limiting case of (b),

and we have here A(r)> 0 and B(r) < 0 for all r. The only time-like

closed curves present are defined by the vector field 3/3x on

the one-leaf hyperboloid of Fig. 1, and can be eliminated as in

(b).

(ii) S 3 xR

The geometry here is given by (2.6), for e =i. On the sec-

tions z = const, with the topology of S* we introduce the co-

ordinate system (r,x,n) defined through the Cartesian coordinates
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of the embedding Euclidean space by formulae (2.8) for e = i, where

0 < r/2 <. TI , 0 <_ n,x < 2n. The two-dimensional sections of S3 cor

responding to y = const, or x = const, are spheroidal surfaces.

In the sections n = const [_x = constQ of S3 the-character of

the vector field 3/3xC3/3r0 depends on the sign of the function

A(r)£B(r)]. For values of r such that 1 * c o s \\ ̂cosrl i s 9 r e a t e r

1 - cosr *- • -•
than, smaller than on equal to 82/a2, the coordinate lines defined

by 3/3xQ3/3n3 are closed curves of time-like, space-time or null-

like character respectively. The causality problem in these sec-

tions cannot be circumvented unleAò we extract two points from

each twcMiLmensional spheroidal surface z,r, =const. [z,x =const.] to produce

a topological cylinder. This can be done by a procedure analogous

to the one discussed in case (i.a), and,in this sense,the space -

times discussed here with topology S3xR can be made free from the

presence of the above mentioned closed time-like curves only by the

introduction of at least two strings in the manifold.

4. THE CYLINDRICAL COORDINATE SYSTEM AND SOURCES OF CURVATURE

The class of invariant geometries (2.16)-(2.17) introduced on

S3xR and H3xR can be cast in a simpler form by the use of cy-

lindrical coordinates defined below. Let us consider the right in

variant geometries g and a new coordinate system (t,$,r,z) given

by the transformation equations

r - f r , „ . ji t - • , (4.1)

ro2

X » 77



CBPF-SF-OO4/8H

-16-

where

i/02 , m = 2e/B • (4.2)

In this coordinate system g is written
R

g = (dt + H(r)d$)2 - D^rjd^^ - dr2 - dz2 , (4.3)

where

H(r) = — sinh 2^) , D(r) = - sinhm? . (4.4)
m2 2 m

In terms of the new parameters (m,£2) the family of geometries

g over S3xR or H3xR are obtained by taking m2 <0 or m2 >0

respectively. Although the geometry g does not assume a simple

form in the coordinate system defined by (4.1), an analogous

cylindrical coordinate system can be introduced where g takes

the form (4.3)-(4.4). The transformation equations are obtained

from (4.1) by the substitution n -»--n or x ^ ~x# ^oi instance

(4.5)

m2

x = " 4fl

where n and m are defined through (4.2). The difference here

lies in that (4.5) Is a discontinuous transformation involving

an. inversion operation.
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The space-times characterized by a line element of the form

(4.3) without specification of the functions H(r) and D(r) are

denoted in the literature as Gfldel-type space-times.When H(r)

and D(r) are given by (4.4) the space-times are denoted Gfldel-

type homogeneous. We have obtained the functions (4.4) by cons

truction, starting from the global Lie group structure of the

space-times plus the choice (2.19). The functions could be« e-

quivalently derived if space-time homogeneity is assumed, that

is, if the geometry (4.3) is restricted to admit a simply tran-

sitive isometry group. This was the point of view taken in Ref.

Q9J . The GOdel solution £8^ can be recognized in the cylindrical

coordinate system to correspond to the particular case

m2 = 2i>2.

We must finally comment on the possible physical sources of

curvature compatible with geometries (2.16) via the field e-

quations. We start with the model proposed by Gfldel in 1949, '

the geometry of which is obtained taking a2 = 2 B 2 , e = l in

(2.16) and (2.17) (or m2 = 2fi2, as mentioned above). The metric

is a solution of Einstein field equations with the cosmological

constant term, and incoherent matter. In this respect Oszváth

£253 proved a theorem stated without proof by Gfldel [_&"} >

saying that the metric of the Einstein static universe and the

Gfldel metric are the only space-time homogeneous solutions of

Einstein equations with incoherent matter and rigid rotation.

Later Dnmpi and Zordan |~263 showed that - for Gôdel-type me-

trics (4.3), without specification of the functions H|r) and

D(r), and for the energy-momentum tensor of a perfect fluid - ail

resulting solutions of Einstein equations are isometric to the
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Gõdel solution.

Let us consider again the homogeneous space-time characterized

by the metric (2.16) (or (4.3)). For a2 >.2B2, e =1 (or 0 <̂ m2 <̂ 2fl2 in

cylindrical coordinates), and for c =i and arbitrary a, 0(or-°°<m2<0),

the corresponding classes of metrics are solutions of Einstein and

Einstein-Maxwell equations with charged dust [27,3]]» or neutral

dust plus a free electromagnetic field d28,33« The admissible range

of parameters can be extended by adding to the energy-momentum

tensor of dust and free electromagnetic fields, the energy mo-

mentum tensor of a free scalar field £ 9 ^ • For a2 =8 2 (or m2 = 4fi2)

only a pure massless scalar field is allowable. The spectrum of Gfidel

type homogeneous solutions was further extended QU-3 to 02>o2,e=l

(or m2 >4n 2), in the context of Einstein-Cartan theory \22^1 • T n e s e

models have as source a perfect fluid with spin in rigid rotation,

the spin distribution being uniform and parallel to the rotation

axis.

In the above examples where a perfect fluid distribution is

present, the kinematical parameters [̂ 5,303 characterizing the

models can be unambiguously defined Q3l]] / associated to the

four-velocity field of the fluid. The velocity field of the fluid

has zero acceleration, expansion and shear, but has a non-null

vo-ticity

u = (e c2 — ) -L , (4.6)
02 d*

relative to the local compass of inertia (cf. Appendix).

The infinitesimal elements of the perfect fluid in these models

are therefore in geodesic, motion v/ith constant rigid rotation.
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5. FINAL CONCLUSIONS

In t h i s paper we- have constructed space-times with the topo-

logy of the Lie groups S3xR and H3xR, and studied t h e i r global

p roper t i e s . Lef t - invar iant metrics g and r i g h t - i n v a r i a n t metrics

g depending on two parameters are introduced on the group mani-

folds of the space-times. This global const ruct ion allows us to

conclude directly that the space-times admit a G. group of motions.

In the family of space-times with s t ruc tu re H3xR the re occurs a

pa r t i cu la r case when g = g which admits a G group of motions,
L R /

with the 3-dimensional sections corresponding to H3 maximally sym

metric.

Also the knowledge of the topology of the space-times allows us

to identify immediately the nature of the coordinates used, and

global causality problems. - associated to the existence of closed

time-like lines of coordinates - are easily characterized. The

basic result is that in the family with topology H3xR some of

the acausal curves can be avoided simply by the operation of de-

veloping one-leaf hyperboloids onto the plane while other acausal

curves can only be avoided by extracting points of the space-time.

The latter procedure corresponds to introducing a topological de

feet or a string (a line of delta-type singularities in the cur-

vature) in the space-times. In the family with the topology S3xR

the modification of the topology involves the introduction of at

least two strings (lines of singularities) to avoid the acausal

curves.

A coordinate system is introduced where the left-*invariant

metrics g and right-invariant metrics gD defined on the group
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manífolds differ by a coordinate inversion only, and we discuss

how weak interaction processes could allow distinguishing these

universes physically. This is the subject of the following paper

where the symmetries of the system univeiie flui neutxinoò (neu

trinos considered here as test particles) are examined; there it

is shown that the physical transformations on the system universe

plus neutrinos, corresponding to the passive operation of co-

ordinate inversion, are not a symmetry of the system if neutrinos

have one type of helicity only.
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APPENDIX

We assume now that the metrics g, and g are associated to

distinct space-times, both defined on the same manifold. We

shall prove in this Appendix that the material content (for

the cases it can be present as source of curvature) of these

space-times have opposite rotation, relative to the compass of

inertia ^1,32 J. In the coordinate system defined by (2.8),

let us consider for our calculations the vector field basis

(cf. (2.13) and (2.15))

(A.I)

x = - -2sin(x-en)~ +
 2cc°fn

({S"^n) (-sinh2 f̂- •£ +ecosh2 ^f -̂ -J
í pi ox sinner \ £ ox * '"/J

X3 = ai .'

which define local Lorentz frames in the space-times (2.16).

The four-velocity field of matter 1133} relative to this

basis is given by

V » VAX. = X . (A.2)
A O

We can then describe the motion of the matter with respect to

the frame (XA) by means of the equation
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where n=T nax is a vector orthogonal to X (cf. (2.15) and con
a=l

necting two neighboring fluid particles, one of them located

at the origin of the Lorentz frame determined by (A.I). De-

notating na = X6n
a we obtain from (A.3), (2.11) and (2.13)

(A.4)

The motion of the frame (A.I) along a material world- n n e

determined by X can be calculated by

XA = 7 XA
A x A

and we obtain

)X = e(e2 -2- - ̂ )X. , X - - e(c2 — - -)X , (A.5)
* ° 2 2 2 o 1

X, = o =
3

that is, the plane 1-2 of the frame (X } rotates with respect
A

to the local compass of inertia with a circular frequency

el^-^ - -)(the axes of the local compass of inertia being de-

termined,for instance, by gyroscopes). Since the shear of the matter

velocity field (A.2) is zero, the rotation of matter relative

to the compass of inertia i s given by the angular velocity
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uA = ( 0 , 0 , 0 , e c 2 —) . (A.6)

which changes sign as e -* -e# that is, as we change g. into

g and vice versa.
R
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