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I have been asked by the Organizers of this Workshop to talk about the theory of

the quark mixing matrix, which I shall do after making a few general comments.

Experiment forces us to believe that the Standard Electro weak Model gives the

correct description of Nature, at least at energy scales studied up to now. Within

the Model, the top quark must exist because experiment tells us that the b-quark

in not an isosinglet, under the weak isospin.

You are ail familiar with the quark mixing matrix.for three families. The specific

form of this matrix has gradually grown out of fundamental work by Gell-Mann and

Levy ; Cabibbo ; Glashow, Iliopoulos and Maiani and Kobayashi and Maskawa .

In addition many authors have studied the structure of this "GLCGIMKM" matrix

and the topic has been frequently reviewed in the past. There are also several
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recent reviews and at this Workshop Sheldon Stone will soon tell us about the

present status of the entries of this fascinating matrix. ThereforeJ have decided

not to give yet another review. Instead I wish to focus my attention on

INVARIANTS

of the quark mass matrices and the quark mixing matrix.These invariants are jseful

for a deeper appreciation of the structure ol the theory and CP-vioiation. After

all, in our field, we are not satisfied by just measuring quantities which happen

to be measurables. We endeavour to understand the deeper significance of what we
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measure. In addition to providing a better understanding of what is going on, the

invariant approach aiso gives exact results (see however the comment after eq.7)

which any interested theorist or experimentalist can employ, on the computer or

otherwise, in order to test models of quark mass matrices. The outline of my talk

is as follows:

The origin of the quark mixing matrix

Super elementary theory of flavour projection operators

Equivalences and invariances

The commutator formalism and CP violation

CP conditions for any number of families

The "angle" between the quark mass matrices

Application to Fritzsch and Stech mass matrices
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THE ORIGIN OF THE QUARK MIXING MATRIX

It is important to keep in mind where the quark mixing matrix comes from. In the

Electroweak Model, one starts by introducing the quark fields

up-type: u j , u2 , u3 , . .

down-type: d3 , dg , d3 , . .

in appropriate left-handed doublets and right-handed singlets. To begin with, these

quarks are all degenerate. Thus the up-type quarks are indistinguishable from each

other because they have the same quantum numbers ( baryon number, weak isospin,

and weak hypercharge). What distinguishes them from each other is their (different)

masses. The masses arise from the Higgs mechanism. The Higgs acts as a "pertubation"

which splits the "levels" . The situation is very similar to the way in which in an

atom, for example, the degenerate levels are split by applying external fields. In



order to find the physical states, in quantum mechanics, we had to diagonaiize the

perturbation matrix <j{H|i>, where H is the Hamiltonian and i , j are the degenerate

states. In the Electro weak Model the corresponding matrix is called the mass matrix.

There art two such matrices, one for the up-type quarks and one for the down-type

quarks. Furthermore, the mass matrices are, in principle, "nonperturbative". Anyhow,

we must treat them as such, because, within the Standard Model, we have no way of

knowing whether they are perturbative (i.e, they arise from some kind of perturbation

in a small parameter) or not. I will denote the mass matrix of the up-type quarks by

m and that of the down-type quarks by m'. Thus

m=

m
n 2 - m

m
m 2 2 "

\ nl mn2"' mnn

m'=

12~ m l n

m 21 m 22" m 2n

m nl m n2 • m nn

(1)

The trouble with the Standard Model is that all the entries in the mass matrices

above are arbitrary parameters. Each entry comes from a term in the Lagrangian

which is invariant by itself and thus is not restricted by the presence of other

terms, in the Lagrangian. Furthermore, the entries are, in principle, complex numbers

which means that ro and ra' represent 4n2 real parameters. The number of independent

measurables is only 2n + (n-1) , where the first quantity is the number of masses

and the second is the number of the angles and phases in the quark mixing matrix.

It turns out that, in the Standard Model, one can always take the mass matrices

to be hermitian the reason being that there are no right-handed charged currents.

In the following, 1 shall assume that the mass matrices are hermitian. This is a

convenient assumption, but is by no means necessary. The generalization, of the

results obtained, to the nonhermitian case is trivial (see below).
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The hermitian mass matrices ra and m' are diagonalized through unitary rotations.

In other words, if we had known m and in' we couid have found unitary matrices U

and U' such that

I! m Uf = D U' m" Ul1>= D1 (2)

where

D = diag. ( mu> mc mn)

D = diag. ( md, mg, ... mn>.

Here U and U' are unitary matrices. Note that the eigenvalues of a hermitian matrix

are real but not necessarily positive. Thus, for example, the magnitude of m equals

the "physical" mass of the up quark but the sign could be positive or negative. The

matrices U and U' are not seperately measurables. However the product

V = 0 U1+ (3)

is the quark mixing matrix; V ^ i s Vud and so on. Their numerical values are given by

Stone7.

SUPER ELEMENTARY THEORY OF FLAVOUR PROJECTION OPERATORS

The diagonalization of the quark mixing matrix establishes "who is who" in flavour space.

In other words the "identity" of the quarks is defined in the "frame" or basis where the

mass matrix is diagonal. The up quark is, by definition, related to the element D with

the mass m^, and so on. Thus, in the frame where the mass matrix of the up-t.ype

quarks is diagonal, we can write

» V = I m p < xD " \ V »c V • = Imocp<

where the sum over a goes from 1 to a, n being the number of families and the P's are

given by (see eq.2)



Pu = diag U.0,0 0)

= diag (0,l,0,...,0)

p
n = diag (0,0,0 1).

(5)

H e r e Pu i s t h e Pr°Jection "operator" or matrix for the up quark, etc. One can easily

check that these projection operators have the familiar properties.viz.,

hermiticity

non-degeneracy

orthogonality

completeness

Pf =a

t r P«

Pot

= 1

= I.

(6a)

{6b)

(6c)

(6d)

Here I have assumed that the quarks, with the same charge, are non-degenerate. The

tr P =1 is telling us that there is exactly one quark with mass m . The generalization

to the degenerate case is rather simple , but will not be discussed here. Finally,

note that the powers ot mass matrices may be expressed as linear superpositions in the

projection operators,

p a r '- x' 2 "•

In addition

Similarly, in the frame where the mass matrix of the down-type quarks is diagonal

we have analogous relations for the projection operators of the down-type quarks

and we know who is who. This all looks very trivial but it is not because m and m'

do not commute. In other words, there is no frame where both of the mass matrices

are diagonal, simultaneously. Therefore, the projection operators for both types of



6

quarks can not be taken to be diagonal, simultaneously. What we can do is to derive

frame independent expressions for the projection operators. These operators will

keep track of "who is who" irrespectively of whether the mass matrix is diagonal or

not. Having obtained such expressions, it is easy to project nut the measurabies, of

the quark mass matrices, using the projection operators. Before doing so, however, let

us examine a little more in detail what different basis or frames, in the flavour space,

mean.

EQUIVALENCES AND INVARIANCES

If we had known the mass matrices m and m' we could have determined their eigenvalues

( the quark masses ) and the quark mixing matrix. Thus you may be tempted to ask the

following question.

Q, Which pair of the mass matrices (m,m) is the good one, i.e., the one which gives

the correct masses and mixings? The answer to this question may surprise you.

A. There is no such thing as the good pair (m,m). There is an infinite number of such

good pairs. The point is the following. Suppose that you have found one such good pair.

If you now rotate both of the mass matrices with the same arbitrary unitary matrix X

you will obtain another good pair. In other words the pair (m,m) and (X m Xt, X m' X )

are physically indistinguishable.The reason is that the eigenvalues as well as the quark

mixing matrix, V , are invariant under the rotation X. Thus "physics" does not know

whether X is there or not. This is similar to the situation in special relativity where

intertial coordinate frames are physically indistinguisabie. Thus, the unitary rotations

X correspond to change of coordinate frame, in the flavour space. Since the measurable

quantities can't depend on the choice of the coordinate frame they must be invariant

functions of the mass matrices.These invariants will, in general, be traces of products

of m and m'. The trace of a matrix ( the sum of its diagonal elements ) is trivially

invariant,

tr( m ) = tr( m X* X) = tr( X m Xf)



tr( m m' ) = tr( X m Xf X ra' X+), (7)

The determinants are also invariants but they are not "new" invariants because they

can always be expressed as functions of traces.

As we learned in quantum mechanics, the eigenvalues are obtained by solving the

eigenvalue equation, [ m - \ I I - 0 . Aii the coefficients in this equation are

functions of traces of powers of the matrix m, i.e.,tr( mr ), r=0,l,2,..,n. Unfortunately

we human beings can not soive the eigenvalue equation, analytically, if there are more

than 4 families (Abei's theorem). In the following, I shall assume that we have somehow

( perturbatively or otherwise ) solved the above eigenvalue equation and its primed

version and that we know the eigenvalues. Let us turn our attention to the construction

of the projection operators.

FRAME INDEPENDENT PROJECTION OPERATORS; MEASURABLES IN INVARIANT FORMS

Given any pair of mass matrices m and m' you can immediately construct the flavour

projection operators. The operators for the up-type quarks will depend on m and those

of the down-type quarks will be functions of m'. Let us denote these operators by

Pu( m ). Pc( m ). Pt( m ), ...

P'd( m' ), P s ( m' ), P'b( m1

I shall shortly give you the explicit expressions for these objects. Before doing so,

however, let us see how the measurable* look like.

The most important measurables of the quark mixing matrix are the absolute values

of the elements of the matrix. These determine the probability of the transitions

W -> a + J where a is an up-type quark and j is down-type. The relevant measurable

is given by9"11



| V o c / - t r ( Pot p'j

Similarly, one may take the product of any four elements, appearing in the diagram

coi.j coi.k

row a O X

row |J X 0

In this diagram, which represents a 2 by 2 submatrix of the quark mixing matrix, four

elements have been singled out, i.e., the ones appearing in the intersections of the

12rows a and P with the columns j and k. Following Björken and Dunietz , I take the

0 to mean that we take the element appearing in that position as it is and the X

denotes that we must complex conjugate the corresponding eiement.Finally, we multiply

the four quantites thus obtained. It has been pointed out by several authors that

such quantities are phase convention independent. These quantities may be "projected

out" ,in manifestly invariant forms , viz.,

Votj ^otk'' V ( V * = t r ( Pot (m) p ' j ( n ) I ) pj i ( m ) p 'k ( m ) h ( 9 )

The construction exhibited in the above diagram is generalized by taking any product

of even number of elements of the quark mixing matrix, where there are equal number

of O's and X's on each row and each column. An example is given by the diagram

col.j col.k coi.l

row a O X

row t) X O

row 7 X 0

Q — 1 1

This product is again a measurable. It is given by



( P a P', P y -, ». (10)

etc. These traces of chains made up of projection operators can not get as long as

they wish, because we have only n different P a \f there are n families. Thus in a long

chain some of the P's must be identical. As soon as two identical projection operators

appear, in a chain, the chain breaks into two shorter chains , i.e.,

( p
a A Pj, B ) = tr ( P a A ) tr ( (11)

where a is not summed over and A as well as B are arbitrary n by n matrices. This

reduction formula is, sometimes very useful.

In order to construct the projection operators all you need to know is Alexandre

Theophile Vandermonde (1735-1796), the father of determinants. He taught us that his

determinant, v s v( xx Xn) looks as follows:

1 .... 1

•

x T'

X2

X2*
•

f l ' l
X 2

x3 ....

•

n-f
x3 ....

xn

xn

n*
xn

(12)

This quantity is well known to be given by

v = v ( x i (13)
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where oc, \f -•- 1-n with the restriction P > a. The quantities of interest to us will be

v( m m m., . .) and v( m., m , m. , . .). Note that these determinants vanish if
U C t Q S O

two quarks (with the same charge) would be degenerate. This would simply mewi that

those two quarks are indistinquishable. For n = 3 the Vandermonde determinant of

the up-type quarks is given by

v( mu, mc> mt) = (mt-mc)(mt-mu)(mc-mu). (14)

for the down-type quarks it is constructed in the same fashion. Now the projection

operator, for the quark a, is given by

P a = v a ( m ) / v

where v
a(m) is obtained from v ( see eqs. 12 and 13 ) by replacing the eigenvalue

n by the mass matrix ra. All other eigenvalues must be multiplied with the unit matrix.

For example, for n = 3, P which projects out the up quark, is given by

Pu = vu / v = (mt I - m )(mc I - m )/((rot - mu )(mc - mu )) (16)

Thus this quantity is a 3 by 3 matrix ( in general n by n ). Other projection operators

are constructed following the same prescription ( for more details see Rets. 9-11 ) .

What we have achieved is a manifestly invariant formulation of measurable quantities.

Comparing again with special relativity, we know that energy and momentum are "bad

variables" because they are coordinate frame dependent.But Moller-Mandelstam variables

are "good". Similarly, in the flavour space, the elements of the mass matrices m and m'

are bad but invariant functions of mass matrices are good. In Ref.14 an application

of this idea, to the concept of maximal CP violation , is discussed. Note also that

angles and phases , in the quark mixing matrix , depend on convention . Invariant
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functions do not. The general parametrization of a unitary matrix is described in

15detail in a book by Murnaghan and indeed thore are many ways of introducing angies

and phases. We do not know whether these different parametrizations will ever teach

us anything about physics. So far they have not. Of course the K-M parametrization was

historically very important as it showed that the charged current coupling constants

in the Standard Model are not necessarily real. For three families, the Wolfenstein

1 fiparametrization is also very useful as it is easy to remember and good for quick

order of magnitude estimates. In the long run it may turn out to be much better to

dispose of angles and phases and work with invariants.

Another important point to keep in mind is that in the Standard Model masses are

not just old fashioned kinematical quantities. They are coupling constants and

must be treated as such. In fact, angies, phases and masses have a common origin and

there is no reason to treat the masses differently from the angles and phases.

For example, the question of mass degeneracies is extremly essential in connection

with cancellation between various diagrams (GIM cancellation3) and when discussing

the presence or absence of CP violation. Note also that in the invariant approach

the masses, automatically, enter on the same footing as the angles and phases.

THE COMMUTATOR FORMALISM AND CP VIOLATION

From the fact that the quark mixing matrix is not diagonal ( i.e., |V |2 * & , )

we know that the commutator of the quark mass matrices is non-zero. The commutator

of the quark mass matrices is a very fundamental object when we wish to study the CP

properties of the Standard Model.

The commutator of the quark mass matrices is defined by

[m , ra1] s K 2 i C (17)

where by, construction, K (C) Is antihermitian (hermitian) and traceless. This commutator
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has some remarkable properties. In the frame where m is diagonal we have

moc -

In other words K is "essentially" the mass matrix of the down-type quarks, in the frame

in question. Similarly, in the frame where the mass matrix of the down-type quarks is

diagonal K is "essentially" m. Thus the commutator establishes a "link" between the

two types of mass matrices. The reason for its relevance to CP violation is that if in

the frame where m is diagonal m' would be real there would be no CP violation, as

follows. In the frame in question, the mass matrices are given by

m = D m' = V D' Vf (19)

m' being real implies that it is diagonalized by an orthogonal matrix. Thus V is real.

Note that the commutator does not determine the diagonal elements of the mass matrix

m' (see eq. 18) but those elements are real by hermiticity and thus irrelevant, as far

as CP is concerned. Also one must worry about degeneracies (see Ref.9).

17

In the case of three families one can show that the commutator is the "essence"

of CP symmetry. In fact CP is violated if and only if17

det £ m , mr J * 0 (20)

It is rather easy to compute1'*1" this determinant using the formula detA = (trA )/ 3

which is valid for any traceless 3 by 3 matrix A. One finds

det Cm , m' J = 2 i v v' J, (21)

where

V = (Vmc ) (mt~mu ) ( lVmu )' ( 2 ] a )
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v = ("Vms ) ( nV r ad ) ( lVmd ) ( 2 1 b |

and

lra ( Vaj V vak V s J I cajry cjkl <21c>

Here 7 and 1 are summed over while the other indices are not summed. Note that the

individual angles and phases are not invariants but the quantity J is. For example, in

the KM parametrization we have

2
= Sl S2 S3 C l C2 C3

Relation (20) is remarkable because it unifies the 14 known conditions for CP violation

in a single relation. We know that in order for the theory to violate CP, with 3 families,

no two quarks with the same charge are allowed to be degenerate.Otherwise those quarks

would be indistinguishable and the phase 6 will be not be a measurable quantity. Also

none of the angles are allowed to be 0 or ft/2 nor is the phase 8 allowed to be zero or it.

The quantity J may be written in terms of the absolute values of the elements of the

1Q

quark mixing matrix as follows . We have the "row formulation"

4 j 2 = [ < lv«jl lvakl + IV
WI I V )2 " |V7J'2 |V7kl2 J

x [ | v 7 / |vyk |2 -( |vaj | |vak | - |VW| \vm\ )2 ]

(23a)

where the rows a , p* and 7 can be any of the six permutations of (1,2,3). The column?

must also be different. For example, we may take a = i , P = 2 , 7 = 3 , j = 2 and k = 3.

O 1ft

There is also a column "formulation" for J* given by i ö

• |vak | |v^| ,2 - |va l |
2
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(23b)

Again j * k * i and a * {{.

It might seem surprising that one can determine a CP violating quantity (J) by just

measuring rates of W -> quark + anti-quark. These rates are not CP odd quantities.

In fact.in general, measuring the RHS of eqs. (23a,b) and finding that one or both

of them are non-zero does not constitute a proof that CP is violated. It does so

provided that we assume the validity of the Standard Model. This is similar to, for

example, tests of parity violation in neutral currents when one compares the cross

sections of neutrino and anti-neutrino. Again cross sections are not pseudoscalar

quantities and parity is "tested" provided one assumes the validity of the model.

CP CONDITIONS FOR ANY NUMBER OF FAMILIES

Although, at present, there is no need for having more than 3 families one can not

exclude the possibility of existence of more families. Theoretically, the additional

families do not look "attractive". This is because going from 1 to 2 families gives

a novel phenomenon, namely family mixing. Continuing on from 2 to 3 again toads to

a new feature which is the possiblity of having CP violation. However, there is no

known novel feature associated with existence of more families. The number of angles,

phases and masses increases but. no new feature seems to appear.Nevertheless, further

families could be there waiting to be discovered. Therefore, it is interesting to find

the conditions for having CP violation with 4 or more families. It turns out that this

Q

is rather easy using the projection technique. In order to find the conditions one

may proceed as follows:

1) Go to a frame where one of the mass matrices (for example m) is diagonal

2) Write down the conditions for CP conservation/violation in that frame

3) Translate the results into invariants by using the projection operators.
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I shail not go into the details of this analysis and refer you to Ref.9. In case you

are curious, iet me just tell you that there are (n-l)(ii"2)'2 invariant conditions. This

number is equal to the number of the phases in the most general quark mixing matrix.

One finds that if

Im tr ( P a m- Pp m- P ^ m') * o (24)

for any a , J* and 7 , then CP will be violated. Here P iS the projection operator

for the up-type quark a, etc. In eq.(24) we may take a = 1 and 2 s 0 < y < n. For

n equal to 3 eq.(24) reproduces the determinant, viz.,

Im tr ( P1 m- P 2 m- P 3 m ) ^ det I m , m' j

For more details see Ref. 9.

THE ALIGNMENT PUZZLE AND THE ANGLE "BETWEEN" MASS MATRICES

One of the great mysteries in the Standard Model is why are all family-mixings small

and why is the mixing between the second and the third families much smaller than

the mixing between the first and the second families ? Expressed in terms of mass

matrices, this means that the mass matrices are highly aligned, as follows. We define

A a U/m t) m - (l/mb) m' (25)

We have normalized the mass matrices such that the largest eigenvalue of each of

them equals 1. We may use the Wolfenstein parameterization16 to study the properties

of A. In general, we would have expected A to be of order X, where X is defined

a la Wolfenstein. However, one finds8 that A is smaller and is of o(X2). By this

we mean that the largest eigenvalue of A is of order \ . Thus A is "smaller" than

one would have naively expected and this is a mystery. Note that for n = 2 the mass
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matrices are less aligned, i.e., A is oi order V

The quantity A involves the mass matrices themselves and is.therefore, not invariant.

The question is whether one can define an invariant measure of the alignment of the

mass matrices. The answer to this question is yes, as follows.

We may define an "angle" between the mass matrices, m and m , via

cos» = tr ( ra m1 m m' ) / tr ( m2 m'2 ) C>6)

One can easily show that

0 < » < Tt (27)

and

» - 0 iff £m , m' ] - 0 (27a)

and

» ••= ft iff { m , m j - - 0. (27b)

Thus H is an invariant "alignment" angle. It tells us how near or far we are from the

situation where the mass mass matrices are simultaneously diagonalizable. Estimating &

from experiment gives

( 2 8 )

Numerically, Ö * 3 g , which is easy t o remember. A few comments a re now in order:

1) One should be very careful with angles be tween mat r ices . We know tha t , for example

if two mat r ices A and B commute with a third matr ix C t h a t does not mean t h a t A and B

commute with each o ther . In o the r words, t h e alignment of the pair ( A , C ) as well as

the pair ( B , C ) does no t imply the alignment of t h e pair ( A , B ). Never the less , t he

angle defined above is a useful measure of s imultaneous non-diagonalizabil i ty of t he

mass matrices.
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2) As mentioned before, in many cases it does not matter whether we use the hermitian

pair (m,m) or the hermitian and positive definite matrices (m m , m m ) . We may translate

the results obtained for one pair into results for the other pair by performing simple

substitutions. For tro angle, defined above, there is a fundamental difference between

the two pairs. We know that two positive matrices can not anticommute. In other words

tt can not equal n. Therefore, the proper definition of the angle would be

c o s « H tr ( S S1 S S' ) / tr ( S2 S'2 )

where S = m ra and S' = m' m' . However, the numerical value of H in not affected by

this redefinition.

APPLICATIONS TO MODELS OF MASS MATRICES

The invariant method and projections are very convenient to use if one wishes to analyze

specific models of quark mass matrices. The point is that the expressions for the

measurables (see eq.8) are exact and in closed forms. The method is also interesting

for keeping track of what is going on. I shall briefly give two examples. The first

on

one concerns the Fritzsch mass matrices and the second one, which will be very brief,
pi

will deil with the Stech mass matrices .

Recently Albright et al have studied the case of Fritzsch mass matrices using the

invariant approach. The Fritzsch mass matrices have been very popular in the past and

have been extensively studied . The reason for their popularity is the simplicity of

20
their structure. The Fritzsch mass matrices are given by

0 A' 0

m' = | A'* 0 Br

0 B1* C



where all the entries are constants. The mass matrices being hermitian, it seems as

if there are 10 free parameters in m and m' but two of the phases are not measurables

and can be removed ( see, e.g. Ref.8 ) as is easily seen by rotating both m and m'

by diajj( exp(-i<f>(A)), 1, exp(+i<J>(B))) , where «J»(A) is the phase of A, etc. Assume that

this has been done and that A and B have been made real and positive. We have

tr(m) = C = ni + m + m

tr(m2) = C2 + 2 ( A2 + B2 ) = m2 + m2 +

det(m) - - A2 C - m m m.

Similar relations also hold for the down-type quarks. One can determine, from the above

equations the magnitudes of the entries in the mass matrices. The magnitudes of the

elements of the quark mixing matrix are, from eq.(8), given by

|V |

Here a * 0 * 7 and j * k * 1 . Furthermore, J is given as in eq.(23).

Using the above formulas, we see that all the measurables are functions of the

two phases <J>(A) and <f»(B). In fact we may also determine the two phases in terms

of the measurables. For example,

tr(m2ra) = 2 C B B1 cos<|>(B') + C (B2+C2) = ]T m£ m\ |Vaj |
2 ,

Here the indices a and j are summed from 1 to 3. Again a-1 refers to the up quark, etc.

Note that the masses need not be positive. One can quickly get a feeling for the order

of magnitudes by using the Wolfenstein parametrization. One sees quickly that the
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phase <£(B') is small. Indeed the smailness of this phase was previously noted by Shin

who describes his work as "painstaking". The point is that in the invariant approach

the work to be done is much simpler and can even be left to the computer to do.

Here, I shall not go into details of the comparison of the Fritzsch mass matrices

22with the present data because the work has already appeared in print . The conclusion

is that the model is in agreement with all available data provided the top quark mass

is rather heavy (about 100 GeV). See also Harari and Nir (Ref.23). This does not mean

that the top quark mass must be that large. The conclusion is valid only assuming that

the Fritzsch mass matrices give the correct description of the "real world" and further

assuming that the "conventional wisdom" concerning the relevance and order of magnitude

of the box diagrams, etc, is not wrong.

Finally, let me make a few comments about the Stech model . It states that, in the

frame where the mass matrix of the up-type quarks is diagonal, ro = diag (m ,m ,m ),
u c c

the mass matrix of the down-type quarks is of the form

•n1 = p m + A

Here p is a constant and A is assumed to be hermitian and anti-symmetric. Thus the

diagonal elements of A vanish and its off diagonal elements are purely imaginary. It

is intersting to examine what the Stech conditions look like in the invariant language.

The constant p is an invariant as it is given by2 1 p=trm/trm'. The fact that the diagonal

elements of A are zero, in the frame in question, promptly translates to tr(mA)=tr(m A)=0

which in terms of measurabies reads25

tr(DVD'V+-p D2) = tr(I)2VD'Vt-p D3) = 0.

One can also write down the condition that the off diagonal elements of A are purely

imaginary, in manifestly invariant form , using projection operators. The invariant
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expression tor the J, in terms of measurabies, is also rather simpie. I wiii not go into

any details because the model has some difficulties with the present data. What is nice

about the Stech Model is that it relates m and m'. This is not the case in many other

models of mass matrices. We would expect a relation between m and m", if they have a

common origin.

I hope that you find the mass matrices as exciting objects as I do.

The mass matrices are

complex - otherwise there would be no CP violation

well balanced - viz.. tt(m,m') ~ 3°

intensely flavored - u, d, c, s, . . .

Therefore, they are as enjoyable as your Cabernet Sauvignon which is advertised to have

exactly the same characteristics. Thank you.
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