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ABSTRACT

In high-beta systems, such as Extrap and other Z-pinch

configurations, kinetic large Larmor radius (LLR) phenomena

introduce strong phase-mixing and dispersive effects and a

corresponding "kinetic damping" which cannot be treated in

terms of MHD theory. In this paper a first attempt is made to

include these effects by proposing a hybrid LLR-MHD model in

which the kinetic phenomena enter as constraints on the possible

forms of the plasma perturbations. The latter then become

restricted to a lifted class which can be treated in terms of

MHD theory.

The presen ojel does not claim to produce stability

conditions whici a? e exact in all details, but should merely

provide a pictur» of the general relationship between the basic

plasma paramet^ -; in a state of marginal stability. For kink

perturbations \ Extrap stability relations have thus been

obtained betwet:, the pinch and conductor currents, the pinch

radius and the .xial conductor distance, and the number of

contained ion L. rmor radii. These relations appear to be con-

sistent with so Tar obtained experimental data. A short

discussion on the effects of a superimposed axial magnetic

field has been included.

At this stage only experiments can verify whether or not

the present simple model becomes relevant to Extrap stability.



1. Introduction

During the pertiod from 197^ up to the present date a number

of theoretical investigations have been devoted to the Extrap

concept, as summarized in a recent review [l] . Part of these

investigations have been performed in terms of MHD analysis.

However, on account of the relatively large ion Larmor radii

of Z-pinches and other high-beta systems, MHD analysis cannot

give a full description of the plasma behaviour.

There are two ways to proceed towards a more relevant

treatment of time dependent plasma perturbations and their

stability. The first is to tackle the problems in terms of

a fully kinetic approach. For Extrap geometry this appears to

be a difficult task at the present stage. The second way con-

sists of a compromise between kinetic and MHD theory, as

proposed in this paper. Such an approach implies that the

main kinetic effects are included as constraints on the form

of the plasma perturbations which then become restricted to a

limited class which, in its turn, can be treated in terms of

MHD theory. The "hybrid" plasma model which results from this

approach does not claim to provide stability conditions which

are exact in all details, but it may still give a picture of

the general relationships between the basic plasma parameters

in a state of marginal stability.



2. Kinetic Effects in the Z-Pinch

The present discussion on kinetic effects is limited

to a Z-pinch in Extrap geometry [lj where the plasma is

confined by a purely transverse (poloidal) magnetic field B.

Two types of kinetic effects will be considered in terms of

general physical arguments, namely the phase-mixing large

Larmor radius (LLR) effects of ions and the dispersion effects

in coordinate and velocity space due to the particle guiding

centre drifts.

2.1. Phase-Mixing LLR Effects

In a high-beta plasma such as in the Z-pinch there are

phase-mixing effects due to the thermal ion motion across [2»3]

and along {jQ the magnetic field. For plasma perturbations

having the wave number lt=kx+Jiw these effects lead to strong

"kinetic damping" when kxa. :> 1 and klfu. > u). where a. is

the average ion Larmor radius, u. is the ion thermal velocity,

to. = eB/m. represents the ion gyro frequency at a magnetic

field strength B = |B| , and kx and k/f refer to the

directions perpendicular and parallel to £. The conditions

for these two phase-mixing effects to produce strong kinetic

damping, and for MHD theory not to provide a relevant descript-

ion of the dynamics of a perturbation having the wave length

A = 2fl/k, can be combined to (YJ

X v< A J * 8a. = 8a/6. (1)
N ci i i

where

(2)



is the number of ion Larmor radii being contained within

the average pinch radius a[l,5j, * . is the limiting

(maximum) wave length for strong LLR effects to appear, T

is the plasma temperature at the pinch axis, K Boltzmann's

constant, J the total pinch current, N. the line density

of the pinch, and f. and g. represent dimensionless factors

nearly equal to unity. It is expected, but not yet confirmed

by rigorous theory, that wave-lengths which even exceed the

limit \ . of eq. (1) may become subject to noticeable

kinetic effects Q - 4 ] . In this connection it has further

to be noticed that the LLR effects within the inner hot parts

of the pinch become stronger than what is being expressed

by condition (1) which represents an average taken over the

plasma body.

In the Extrap experiments performed so far Q-,6-8] the

number of ion Larmor radii has been in a range up to 6.=5.

For a number which even becomes as large as 6.=10 expression

(1) indicates that the entire perturbation fine-structure

within the plasma cross-section should become subject to

strong LLR effects. On basis of the present knowledge on

these effects, the following points are therefore postulated

on the behaviour of the plasma perturbations:

The entire fine-structure of the perturbations within

the plasma cross section is wiped out by LLR effects.

- As a consequence, the remaining perturbations of physical

interest are those which correspond to nearly rigid

("incompressible")displacements of the plasma cross section.

2.2. Dispersion due to Guiding-Centre Drifts

There is also a dispersion in coordinate and velocity

space due to the guiding centre drifts of ions and electrons.

The zero order part ExB/B arising from an electric field

E is common to all charged particles and is not of interest



in this connection. The dispersion of interest in this

context is caused by the magnetic field inhomogeneity which

gives rise to the average drift velocities for ions (v=i)

and electrons (v=e)

un = 2(KT/q B3)B x VB (3)

as obtained from first order orbit theory. Here isotrcpic

ion and electron temperatures T have beer, assumed and

q = -q = e for a charge number Z = 1. In a high-beta

system the ion Larmor radii and the drift velocities u R

become comparatively large. Expression (3) is then at the

verge of its applicability, but can still be used in a first

examination of orders of magnitude. It has then to be remem-

bered that IMRVI cannot exceed the thermal velocity, and

that eq. (3) cannot be extrapolated to regions close to the

pinch axis. Further there are particles which cross the axis

and move in "meander-type" (snake-like) orbits [V]. The

velocities along the z axis of these particles are partly

of the order of the thermal velocity, and they are also in

certain cases directed oppositely to those given by eq. (3).

The drift velocities (3) are now estimated by assuming

a simple case of constant current density in a nearly circular

pinch for which

B * [0,Ba(r/a),0] B a = yQJp/2TTa CO

where a cylindrical frame (r,cp,z) has been introduced with

z along the axis of undisturbed pinch. To this is added

the Bennett relation



(5)

for constant current density where n is the electron particle

density at the pinch axis.

For a kink-like perturbation with the wave number

k = 2i\/\ in the axial direction the dispersion effects

are estimated as follows. The perturbation varies along z from

zero to its maximum within a quarter of a wave length X .

The time T which is required for ions and electrons to

drift apart the distance Xz/4 along z at a certain radius

r is then of the order of

T B * Uoe/32irK)(JpAz/To)(r/a)
2 (6)

This time should be compared to the time scale

TA ^ ^ ( p o , )
1 ^ ^ (7)

for an Alfvén wave signal to propagate around the axis of

the pinch, at any radius r. Expressions (5)-(7) yield

9BA E V T A = (eXz/l6TT)(yono/mi)
1/2(r/a)2 (8)

Combination of expressions (8) and (2) and averaging 8

over the pinch cross section results in

A = Xz/I * 32TT6BA/ei (9)



Finally, within the hotter parts of the plasma, the ratio

between T_, and the ion-ion collision time T.. becomes
B 11

V T i i = MQe
5(ilnAD)noJpAz(r/a)

2/1920^(7TKTo)
5/2/mT (10)

for Z = 1 and with Xn denoting the ratio between the

Debye distance and the impact parameter.

On the basis of expressions (3) and (5)-(10) the following

statements can thus be made:

When the ion and electron clouds drift apart along the

z axis by a distance which exceeds X /**, the plasma does

no longer behave according to an idealized one-fluid model,

and the forces which drive a possibly growing kink instabi-

lity become modified. This effect, which is similar to

that earlier described in connection with the gravitation

instability [loQ and which is related to the Hall effect,

increases with an increasing beta value. The time scale

of rapidly growing MHD instabilities is of the order of

T as given by expression (7). Thus, when the ratio 6 .

of eq. (8) becomes smaller than or equal to unity, the

instability growth is expected to be modified by the over-

lapping effects of the ion and electron density distributions,

as determined by the axial drifts (3).

The drift velocities (3) are in fact averages taken over

the velocity distribution. In a detailed kinetic description,

the energetic parts of the velocity distribution will

drift at a higher speed along z than the less energetic

parts. When there are spatial inhomogeneities in the plasma

along z, as being caused by a perturbation, the dispersion

of the guiding centre drifts in velocity space will also

produce a corresponding dispersion in coordinate space.

Also this overlapping effects tends to wipe out the axial
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inhomogeneities of the perturbation within a characteristic

time scale of the order of T It becomes fully pronounced

when T /T.. < 1 according to eq. (10), i.e. when ion-ion

(and electron-ion) collisions are unable to thermalize

the ion distribution during the time T . This holds as

long as the ion distribution does not become thermalized

by other stronger effects, such as by microinstabilities

having growth times which are shorter than x..

In a pinch there is also a strong spatial dispersion of

the drift velocities (3) over the cross section, as

represented by the factor (r/a) in eq. (6) and by the

radial temperature distribution. Thus, the axial drifts (3)

become much faster near the pinch axis, where the magnetic

field is weak and the temperature high, than near the

pinch boundary where there is a strong magnetic field

and a low temperature. This produces a shear in the drift

pattern of ions and electrons which further distorts and

smears out the perturbations within a time scale of the

order of T D. The meander orbits also contribute to this

effect.

Insertion of so far obtained experimental data p.,6-8]

into eq. (10) shows that the condition T /T..< 1 can be

satisfied in the experiments for 6gA = !•
 Tnus the kinetic

dispersion effects should not become weakened by ion-ion

collisions within the parameter ranges of the experiments.

As a consequence of the preceding discussion, a model

is thus adopted here in which the dispersion effects are

assumed to smear out the axial non-uniformities and stabilize

all perturbations for which ^ B A ^ !• In terms of eq. (9)

this can be expressed by the condition

A < Ac = 32TT/61 (11)

for the part of the axial wave length spectrum which becomes

stabilized by the present dispersion effects.



3. incompressible Kink Perturbations

The discussions in the previous section, indicate that

kinetic phenomena should have strong phase-mixing and dispersive

effects on large parts of the wave-number spectrum in the

Z-pinch, as represented by conditions (1) and (11). Assuming

these parts to be stabilized by a corresponding "kinetic

damping" O?-^, the discussion on pinch stability can thus

be restricted to a limited class of perturbations for which

the plasma cross section becomes subject to nearly rigid

displacements, and for which the range of axial wave lengths

X becomes bounded by the condition A = X /ä > A .

Based on these limitations a simplified stability analysis

can be developed in terms of the conventional MHD energy

principle by Lundquist QlQ and Bernstein et al. (j.2} which

is restricted to idealized single-fluid MHD theory in which

LLR and FLR effects, including the Hall effect, have been

neglected. Accordingly we can use the results of an earlier

performed analysis on kink perturbations in linear Extrap

geometry Q.3Q . A Z-pinch with the total current J is assumed

to be immersed in the octupole field generated by currents

of strength J in four conductor rods, as shown in Fig.l.

The currents J and J are antiparallel. The pinch cross

section is further assumed to have small deviations from

circularity, and the unperturbed plasma current density j.

to have a nearly parabolic profile given by

j = (2J /ira ) Ql-(x *y )/ä ] . The parameters

0 = J /J f = a/a M = B /B = 6/4f4 (12)
p v ' v pa va

are further defined, where a is the axial distance of

the rods, B and B stand for the strengths of the fields

generated by the currents J and J at the pinch surface
2 2 1/2 - P v

(x +y ) = a, and M is the corresponding field ratio.
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For cross sections which do not deviate strongly from

circularity and where the plasma does not extend all the way

to the magnetic separatrix [lj, the ratio M has to exceed

unity by a certain margin.

In analogy with an earlier analysis by Lundquist [ll}

on kink instabilities of the conventional Z-pinch,perturb-

ations are now studied for which the fluid displacement vector

has the form

L = E B c o s k
Y
x)( c o s k

z
zK°> c( s i n k

v
x) (sink zj] (13)

and C = k /k . With (k ä ) 2 << 1 and C 2 << 1 the condition
X Z X

of incompressible nearly rigid displacements of the plasma

cross section becomes satisfied. Inserting displacements

of the form (13) into the energy integral, an earlier derived

stability criterion for Extrap geometry is recovered Q-33

which can be rewritten in the form

F = M 2
 (±> 2LM - Q < 0 (14)

where

L = (5V3D/[l -(128ir^cV465A^)] (15)

Q = [(24/31) + (96A2/3lTf2)]/[l -(128TT 2C 2/465A 2)]

Here the plus sign in front of the term 2LM in the criterion

(14) applies to Fig.l where the perturbation is localized

to a plane between the conductor rods. The minus sign, given

within the brackets in the same criterion, is obtained when
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the kink perturbation is instead localized to a plane which

passes through two diametrically opposite rods. The plus sign

corresponds to the least favourable case with respect to

stability. This agrees with simple physical arguments accord-

ing to which the pinch current density j_ produces a radial

outward directed force j. x B at the maxima of a kink

displacement which takes place in the zx-plane of Fig.l.

A detailed physical interpretation of the terms included

in the criterion (14) has earlier been presented [l2\ and

will not be repeated here.

With the earlier adopted condition C << 1 and with
2 2
A > A for the present range of wave lengths \ to be

considered, the terms containing C in expressions (15)

and (16) can be neglected with good approximation. The marginal

value of M for stability of kink perturbations in the zx-plane

of Fig.l then becomes

M(F=O) = - L + (L2 • Q ) 1 / 2 (17)

From expressions (17), (16)and (11) is further seen that

the most unstable case of these perturbations corresponds

to the smallest possible relative wave length A . = A .

This occurs when M - M where
c

Mc = -(54/3D • [(3660/961) + (983O4/316
20 1/2 (18)

In Fig.2 the corresponding marginal stability values
0 = (J /J ) and f = (ä/a ) have been plotted as

functions of the number 8. of ion Larmor radii and the

line density N. for g, - 1 in expression (2). The approx-

imations underlying eq. (18) and condition (14) are only

valid for ä/a < 0.7. The stable domain for a given number
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of ion Larmor radii 6. consists of the area situated

above the line representing the corresponding value of 0..

We finally observe that, for B. < 10, the two critical
i %

values of M obtained from the plus and minus signs in

relation (14) for F = 0 can hardly be distinguished

from each other. This is so because L << Q in this

range of 6., as can be easily confirmed by eqs. (15),

(16) and (18).
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4. Comments on the Case of a Superimposed Toroidal Field

Also the case of a superimposed homogeneous axial (toroidal)

magnetic field B should be briefly commented upon here. For
z

the plane perturbations represented by eq. (13), a stabilizing

effect arises from "bending" the field lines [l3j. However,

as already shown by Suydam Qlfl , kink stabilization by an

axial field alone becomes difficult, because there are always

spiral-shaped perturbations which match the helical magnetic

field structure over a finite region, and for which the corres-

ponding induction effects become weak. Moreover, in the case

where only a homogeneous axial magnetic field is superimposed,

there are no free-boundary modes which give rise to induced

surface currents at the pinch boundary. This is easily seen

from the results of a previous investigation ["13Q in which the

energy principle of Bernstein et al. [I'd} has been recast in a

form where induced surface current effects appear explicitly.

In the case where only the inhomogeneous transverse

"vacuum" field B of Fig.l is being superimposed on the

Z-pinch, stabilizing effects from induced surface currents will

on the other hand arise from the plasma motion across the field

B Q13J. This occurs for any spiral-shaped perturbation. When

considering almost rigid incompressible spiral-shaped perturb-

ations of the pinch cross section we thus expect a stabilizing

contribution from the field B being nearly of the same

form as that represented by the second term of the numerator

in the expression (16).

Proceeding now to the general case where both transverse

and axial external fields are superimposed on the Z-pinch,

the stability condition for incompressible (spiral-shaped)

kink perturbations should therefore become largely the same

as that given by expressions (14)-(17). Consequently, stability

only becomes weakly dependent of B as compared to the

dependence on B at least for moderately large axial field

strengths B . As a first approximation the influence of B
Z ~"Z



on stability then appears in the number

radii appearing in the marginal value M

. of ion Larmor

of eq. (18).

Expression (2) for

becomes

0. has to be modified accordingly and

e. . (19)

where f. and g. are profile factors of order unity.

As long as the axial field B remains weak as compared
z

to the transverse field B •, the dispersion mechanisms described

in Section 2.2. remain about the same. At stronger axial fields

the description leading to eq. (11) has to be somewhat modified.

A phase-mixing then occurs for ions moving at the thermal

velocity along the screw-shaped magnetic field lines (compare

Ref. [4] ) .

Consequently, we expect the stability conditions in presence

of a weak superimposed axial (toroidal) field to be nearly the

same as those in Section 3» with the modified expression (19)

for 6. being included. A rigorous analysis on the influence

of an axial fiel on Extrap geometry is desirable but can hardly

be performed within the frame of the present simplified model.
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5. Comparison with Experiments

Among the earlier experiments performed with linear

Extrap devices at plasma temperatures around 10 K, the

following results are of special interest to this analysis:

(i) For pinch radii a" between 6 x 10 and 8 x 10 m

and a conductor distance a = 2.8 x 10 m, the

stability limit of kink perturbations was found

to be reached at

6± * 4 D,6,7,151.
to be reached at 8 c = (J /J^) c~ 0.25 for

(ii) The kink instabilities arising at values of J /J

above the stability limit were observed to have

wave lengths in the range 0.2 < * < 0 . 6 m

(iii) The unstable modes were generally kinks with dis-

placements directed towards the rods, but kinks with

displacements towards the region between the rods

were occasionally seen

When making a comparison with the present theoretical

model, we first observe that point (i) above corresponds

to values of f between 0.21 and 0.29. For 6 i = 4

this leads to values of 9 between 0.12 and 0.35 according

to eq. (18) and Fig.2. This range of &c covers the

experimentally observed value ( J
D/

J
V) C - 0-25- Further,

with the same number 8. = 4 of ion Larmor radii, the

most critical wave-length according to expression (11)

becomes X = äA - 0.15 to 0.20 m. These values are
zc c J

of the order of those observed under point (ii). Finally,

point (iii) on the observed localization of the displace-

ments to planes which both can run through and between the

conductor rods doer» not contradict the present theory.

The critical values of M corresponding to the two signs

in front of the term 2LM in expression (14) are only

slightly different when 8, * 4 and can hardly be
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distinguished from each other.

Recent experiments on linear and toroidal devices

have been conducted under apparently stable conditions

and at current ratios J /J up to 3. in some cases

resulting in temperatures of about 7 x 10 K [8}.

Preliminary measurements also indicate that the pinch

radius is larger in these experiments than in the earlier

investigations mentioned under (i)-(iii). This appears

to be consistent with the diagram of Fig.2 which predicts

increasing critical values of J /J at increasing

ratios ä/a .

Finally the superposition of an axial homogeneous

magnetic field B in a linear Extrap pinch j_6j was

observed to weaken the stabilizing effect of the transverse

field B . This could at least be in qualitative agreement

with the discussion in Section 4 which predicts a decrease

in the marginal value for M when 6. is being increased,

as given by expressions (18) and (19).
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6. Concluding Remarks

The theoretical model described in this paper represents

a first simplified attempt to combine the kinetic and

magnetohydrodynamic approaches into a physically consistent

description of Extrap stability. The analysis has been

mainly concentrated to the special case of kink disturbances,

but a similar procedure could also be developed for studies

on a number of other perturbations.

The adopted model should in the first place be under-

stood as an indicator of the general relationships between

the current, pinch radius and Larmor radius ratios

(J /Jy, ^/a
v» 8.j) under the conditions of marginal stability.

On the other hand, the numerical values of the included

coefficients may very well become encumbered with limits

of error, as well as the exact positions of the stability

ranges given in Fig.2. Only further detailed experimental

data can show whether or not the present model gives a

relevant picture of Extrap stability.

When considering a fully kinetic theory on the present

problems of free boundary modes, at least three special

questions have to be kept in mind [2,3]- First, there are

indications from the exact solution of a simple special case

that an assumed time dependence of the form exp (lut) does

not become consistent with the behaviour of the perturbations

in presence of large particle excursions (LLR effects).

Second, the initial conditions appear to become important

to the treatment of a growing perturbation in presence of

such excursions. Third, the "kinetic damping" by phase mixing

is expected to become combined with collisional effects. The

latter are important also in a plasma of low collisionality.

Thus, even if the phases of a perturbation are randomized
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by collisions on a comparatively long time scale, this

still becomes sufficient for a macroscopic disturbance

not to be "revived" by echo effects. In this way the

"kinetic damping" by phase mixing can lead to e real damping

corresponding to an increased entropy.
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Figure Captions

Fig.l. Outline of cross section of a linear Extrap

configuration with four conductor rods, each

carrying a current J being antiparallel to

the current density j in the plasma.

Fig.2. Critical values f and 6 of pinch radius

ratio a/a and current ratio J /J as
' v p v

functions of the number 9. of contained ion

Larmor radii and line density N.. The diagram

applies to the class of plane incompressible kink

disturbances having axial wave lengths which exceed

the critical length ^ = aA in the configuration
zc c

defined in Fig.l. The kink stable domain for a

given number 6. consists of the area above the

line representing the corresponding value of 6..
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In high-beta systems, such as Extrap and other Z-pinch

configurations, kinetic large Larmor radius (LLR) phenomena

introduce strong phase-mixing and dispersive effects and a

corresponding "kinetic damping" which cannot be treated in

terms of MHD theory. In this paper a first attempt is made to

include these effects by proposing a hybrid LLR-MHD model in

which the kinetic phenomena enter as constraints on the possible

forms'of the plasma perturbations. The latter then become

restricted to a limited class which can be treated in terms of

MHD theory.

The present model does not claim to produce stability

conditions which are exact in all details, but should merely

provide a picture of the general relationship between the basic

plasma parameters in a state of marginal stability. For kink

perturbations in Extrap stability relations have thus been

obtained between the pinch and conductor currents, the pinch

radius and the axial conductor distance, and the number of

contained ion Larmor radii. These relations appear to be con-

sistent with so far obtained experimental data. A short

discussion on the effects of a superimposed axial magnetic

field has been included. '

At this stage only experiments can verify whether or not

the present simple model becomes relevant to Extrap stability.
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