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ABSTRACT

Dynamic susceptibility of a diffusion system associated with the fractional Brow-
nian motion (fBm) was examined for the fractal property of the Non-Debye relaxation
process. The comparisons between fBm and other approaches were made. Anomalous
diffusion and the Non-Debye relaxation processes were discussed with this approach.
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1. INTRODUCTION

There have been & lot of research works on the relaxation phenomena, [1-4] which
exhibits complicated behaviour with relaxation function

,&(*) = exp[-(t/r) l-nl
(1)

The parameter n, infrared divergence index, is first introduced in the relaxation by Ngai
and his colleague in their initiative work on low frequency dielectrics response theory [5-
7]. They concluded that the excitation and de-excitation of the correlated states are all
infrared divergent.

Generally, the relaxation associated with diffusion transport may be described in
terms of Markovian process, i.e. the Debye type relaxation corresponds to pure-Markovian
process. However, the non-Debye type were related to non-Markovian process. In dealing
with the Non-Markovian process in the lattice network, the Master-Equation approach for
Continuous-time Random Walt (CTRW) in lattice network were always adopted [7].

The fractional Brownian motion {fBm), as a mathematics of fractal, was also
engaged to the study of Random Walk in Condensed Matter Physics. This approach, first
given by B.B. Mandelbrot and Van Ness (8), might be a new way to understanding the
anormalous time-dependent diffusivity.

In this paper, we will start with the properties of fBm and the diffusion of
the fractional Brownian particle, further we will study the transition characteristic of the
Brownian particle and the relation between n and H which characterize the fBm, Finally,
dynamic response or susceptibility of fBm system will be examined under approximation.

2. THE FRACTIONAL BROWNIAN MOTION (fBm)

Mandelbrot and Van Ness [8] have introduced the fBm in random fractal study
and give the anormalous diffusivity and the random walk on fractals. From the definition
of fBm, the random function X(t) is defined in term of pure Brownian motion X(t):

(2)

where the kernel Kit - t') = (t - t ' ) " " l / a .

The fBm defined above has several remarkable properties:

1) Variance

{\XH[h) - XH{t3)f) = 2Dr(\tt - ta |r)™ & I*! - t*

2

(3)



this indicates that the variance of fBm trail is not proportional to |ti - f-a| as in pure
Brownian motion which corresponds to if = 1/2.

2) Scaling of fBm trail:

(\XB[ti) - X* («a)|
3> - Aas{|XK(Ati) - A-w(Ata)|

3) (4)

this shows that the trail has self-similar property or fractal in the time domain.

3) Long-time correlation:

When if > 1/2, it exhibits persistence, H < 1/2 corresponds to anti-persistence,

4) Fractal Diffusivity:

DH = Dot™'1 (6)

the anormalous diffusivity is time-dependnt.

5) Fractal dimension of the fBm trail

D = 1/ff (7)

fractal dimension imply, physically, that the random walk is with memory or interaction.

In fact, the anormalous diffusivity in some random system is due to fractal nature
of the trail of random walker in Euclidian space. The fractal dimension of fBm for the H >
1/2 cas is less than 2, which imply that the trail of the walker is rather sparsely distributed
in the Euclidean space if the intersection could be neglected. Another important property
for the fBm is that the interpolation of trail is non-linear but related with whole trail
because it is of non-Markovian and with memory.

3. TRANSITION OF fBm PARTICLE

Consider a particle undergoing fractional Brownian motion, its transition process

may be described by the rate equation

(8)

where r " 1 is the transition rate, Q(t) the probability for a particle stay at a certern state.
Since the process we considered is of non-Markovian type, i.e. random walk memory, the
T~1 could be expressed as

(9)

where r<fl is rate without memory, <fr(t) memory function (This memory function is closely
related with transition time distribtion function or time correlation function ij>{t) which
we will diBcusB later). Therefore we have the solution for this equation as

lnQ{t) = -ro"1 (10)

In order to determine the memory function, we start with the Mater Equation for the
Continuous-Time Random Walker in the Lattice Network [7]:

3p(r,t)/dt = (aa/6) (11)

where p(r, t) is the probability of finding particle at r at time t which originate at r — 0,
t = 0, a is the lattice spacing.

With Green function method, the Green function for this equation obeys

8G(r,t)/dt = (oa/6) / <j>(t - r)VsG(r,r)<fr + d{r)d(t) (12)
Jo

Taking Fourier and Laplace transformation with respect to r and t respectively

G*(*,u) = / " ' « - " * * / " « -* rG(r,t)dr (13)
Jo J-aa

then we have
u*G*(k,u) = -(a2fc2/6)^*(u)G'*(fc,u) + 1 (14)

and solution
- ) ] " 1 (is)

» (is)

On the other hand, exp(-ikr) may be expanded as Taylor series of k powers, and the term
of k2 order of G(k, u) can be rewritten as

*«—<ra(t)} (17)

This relation shows that the memory is related to the variance of the fBm particle. Here we
take the anormalous diffusivity on fractal into account and use the deriniation of diffusivity

Idjr'jt)) ,„_,
= 2~dT~•-Dot (18)



so that

4>*(v) =

(19)

(20)

From these equations, it is clearly seen that when H < 1/2, ^(t) would be divergent, while
H > 1/2,4>(t) be convergent.

Compared with Ngai's work, following relation can be drawn between infrared
divergent index and the scaling exponnet H on fBm.

n = 1 - 2-ff 0<H < 1 (21)

The implication of this relation seems different from that of Ngai's. The n may be both
positive and negative, however, his approach discussed the case shown that n ia positive,
corresponding to here H < 1/2 or antipersistence. Therefore it might be more generally
way to deal with some complicated system with memory or interaction.

LOW FREQUENCY DYNAMIC RESPONSE

Bases upon Eq. (10) and (20), we could have the solution for the transition
equation:

where

= -r"1 r«p[-(
Jo

Do

under the approdimation of t » rp, we have

lnQ(t) = -t/T0 + I

where

(2JJ-1)'

1/(3* -1)

(22)

(23)

(24)

(25)

The second terra of Eq. (24) would be negative when H < %. This equation indicate
that the transition process of fBm particle with H > 5 is no longer of simple exponential
law but with superposition of a fractional power component. lnQ(t) could be negative
as the second term is smaller than the first one. With this formula we may determine
time-correlation function 4>{t}:

= [r^ - (2/T -

-(2ff - : (26)

It is clear seen that the results here is rather different from that of Ngai's. The formula
(26) shows that the two parts are all depends upon the fBm parameter H and each part
exhibit fractional power exponent. When H = 1/2, they reduced to classical exponential
law:

lnQ{t) = - r o - l t (27)

With the Fourier transformation, we may directly obtain the dynamic susceptibility as
follows:

fa

= /
Jo

(30)

where /? = l/k^T, p§ dipole polarization. From (26), under the assumption of t « rp l ,
we have

12H-11

-(1/2) ( (31)

We can see from the above integral that the first term is of classical Debye type, while
second term is just of Davidaon-Cole type [2]. The third and fourth term correspond to
more compicated relaxation, which is illustrated by mathematical simulation (see Fig. 1).
It is shown that the peak of the 7m[x(w)] shifts towards lower frequency and become more
asymetric with increasing of H - 1/2. This seems different from results obtained by Young
[2j. It is also worthy to note that previous works on low-frequency response theory [3-5]
only give result same as second term here, the higher order term here indicate tha dynamic
response of the fBm is rather of importance.



5. SOME CONCLUDING REMARKS

1. The fractional Brownian motion approach for non-M&rkovian process may be
used to deal with the dynamic properties of the complicated system such as that with
Infrared-divergent system.

2. The Infrared divergence index n is related with the fBm parameter H as

n = 1 - 2H

3. The dynamic dissipation corresponding to H > 1/2 may decompsed in term
of Debye type, Davidson-Cole type and other complicated type of relaxation.

4. When H = 1/2, the all results are reduced Into classical Debye case.
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Figure Caption

Fig.l log 1 0 ( /m[y^^] 2 H ) VB Iog10(ur0) for different H'B (from top to bottom,
H = 0.2,0.3,0.4,0.5,0.6,0.7,0.8).
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