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ABSTRACT

Positive energy bound states (PEBS) at higher order (than the 0th) partial waves
have been studied using a particular form factor. The phase shifLs have been calculated
in detail for the cases of £ = 0,1,2. It is found that for a rank-1 separable potential the
expected behaviour, at the PEBS energy, is obtained.

Finally, some important conclusions have been drawn regarding some problems
previously studied in connection with s-wave positive energy bound states.
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1. INTRODUCTION

The question of positive energy bound states (PEBS) is fundamental in theoretical
nuclear physics and the subject has been of interest for a long time (Gourdin and Martin,
1957; Martin, 1958) where it is found that for a certain class of non-local potentials the
s-wave Schrodinger equation:

= I
Jo

k(r, r

has solutions 0(&o,r) BUch that

i/i(fco,r) -+ 0 as T —> oo

at the energy k2 — k^. Such a solution is called a positive energy bound state.

(1)

(2)

These PEBS have been interpreted as zero-width resonances (Borsterli, 1969;
Beam, 1969), however, recently (Husain and Suhradbuddin, 1980; Husain, Suhrabuddin
and Awin, 1985) and for a rank-rc separable potential, some general conditions have been
given and discussed for the existence of zero-width resonance or scattering phase shifts at
PEBS and hence it was concluded that a new interpretation was needed.

Moreover, all studies concerning PEBS made use of the s-wave Schrodinger equa-
tion and no attempt has been made to study cases with higher order /-waves.

Therefore, we think it is worthwhile to generalize our study of PEBS to cases of
any l-wave (i = 0,1,2,...). In this case we take the <-wave Schrodinger equation with the
non-local separable potential

(3)

The solution of the above equation can be seen as

where N is a normalization constant and <j>i{r) satisfies the equations

(5)

(6)

T



and X( is given by

,r) can be determined from Eqs.(5) and (6) as

Gt(r,r')gi(r')dT'

with the Green function G((r, r') given by

G((r,r') = kr<r>jt(kr<)T)l(kr>),

(8)

(9)

(10)

where jt[kr) and fj<(A:r) are the spherical Besael and Neumann functions and we can get a
PEBS at the energy k2 = k\ when tfr{kt, r) -» 0 as r -+ oo.

2. A FORM FACTOR

To demonstrate how to obtain PEBS for any t-wave we consider the form factor

= r e .

This is to be compared with the modified-Yukawa form factor used by Cattapan, Pisent
and Vanzani (1975) as a suitable, physically reasonable, potential in their study of nucleon-
nucleous scattering with the exact treatment of Coulomb interactions. Moreover, the choice
of this particular form factor will lead to exact solutions as will be seen later.

Taking now this form factor into account, we can solve Eq.(4) for PEBS at

and with a wavefunction

provided that

1
1 (1 + 2) (-2cQ

[ t ) ( <
-2cQ"+ T

(12)

(13)

(14)

3. THE FORMAL SCATTERING SOLUTION

Adapting a similar procedure to that of Husain and All (1970), we see that the
asymptotic form for <j>t{k,r), as r -+ oo, is

<t>t[k,r) - ain{kr - tw/2) - cos (kr - y ) At\t H gt(r')r'Mkr')dr' (15)

with

A'=kf" 9t(r')r'Mkr')dr'I [l - Xt j™ j™ Gt(r, r-)gi{r)gt(r')drdr^ (16)

and therefore

tan 6t = -\tA[ f gi{T')r'Mkr')dr'
Jo

- \ t j j Gt{r, r')gi{r)gi(r')drdr') .

(17)

Now with the appropriate form factor ff<(r) we can calculate the phase shift using
Eq.(l7) as will be seen in the next section.

4. SAMPLE CASES

Working with the form factor given by Eq.(ll) we can calculate tan 6t for
I = 0,1,2,... Below we show the calculational results for I = 0,1,2 as sample cases. Note
that in all cases we assumed a rank-1 potential.

Case 1 (s-wave) In this case go(x) = r se~o r ,A0 = -^<*T , and if we put x = k*/a2

then the PEBS is at the energy ZQ — 3. Moreover, the phase shift is given by

tan So =
[x - 3) {Z(x - 3)(x + I)4 + 8[2(x + I)3 + 48a; - 16]} "

(18)

Fig.l shows the phase shift So as a function of energy x, where we see that we
get the expected jump of % at x = x0. However, it is to be noted that the phase shift does
not tend to zero as x tends to infinity but instead it attains a value of ir.

Case 2 (p-wave) g{r) = r:'e-ar,X1 = -§<*8, and the PEBS is at Xi = fcj/a* = 5
while tan 6i has the form

- 5)

{* + : + 9x + 6) -
(19)

Again, in Fig.2, we give the phase shift Sx as a function of energy i . In this case
the phase shift drops from JT to a minimum at about x = 0.1; then it rises to a maximum
at x = 1.0, approximately, and gradually it goes down to zero as x —* 5, For x > 5, St = jr.



Case 3 (d-wave) In this case g2 = r*e-"T,X-2 = ^ a 1 1 , and the PEBS is at s2 = 7,
with tan 62 given by

an 2 (20)

with

5 .

35(x+l)*(3i-5)-32ZJ(a:)

D(x) = (x+ 1)5(21 - 15i2 - 2x) + 128(1 - 17x + 35i2 - 1113). (21)

The results are shown in Fig.3 where the same sort of picture, as in Fig.2, emerges.

CONCLUDING DISCUSSION

From the results obtained for the particular form factor rt+ae~ar and for the
rank-1 separable potential, it is clear that the phase shift exhibits the expected behaviour
at the PEBS energy for all partial waves studied and, of course, this corresponds to the
situation used to be interpreted as zero-width resonances.

Moreover, as noted before, for x > xt (xt is the PEBS energy) the phase shift
attains a constant value of K as z —> 00, which is peculiar to the normal behaviour of the
PEBS phase shift in that region. This might be owed to a characteristic of the form factor
chosen.

Accordingly, many problems studied in connection with PEBS (s-wave) need to
be re-investigated for the case of any partial wave; to mention in particular the general-
ization of the Levinson theorem.

However, one also expects that some of the conclusions drawn before about PEBS,
still hold for the case of any 1-v/a.ve, e.g. one expects that when a rank-2 potential is used
then scattering phase shifts may be obtained at the PEBS energy. Therefore, a thorough
revision of all these problems, for any £-wave, is necessary.

Finally, one notes that for our form factor and for the ^ -par t i a l wave one gets
the expression 2 2 ' +7xi+1/2(x — xt)

2 in the numerator for tan 6f.
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FIGURE CAPTIONS

Fig.l A plot of the phase shift 60 (s-wave) versus the energy x with go = r2e~ar.

Fig.2 A plot of the phase shift Si (p-wave) versus the energy x with gt — r3e~ar.

Fig.3 A plot of the phase shift 62 (d-wave) versus the energy i with g% = r*e~ar.
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