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ABSTRACT

In this note we define an inner product on "reduced" Banach '-algebras via a
measure on the set of positive functional*. It is shown here that the resultant inner product
space is a topological algebra and also a completeness condition is obtained.
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1. INTRODUCTION

One of the Important method* in the study of Banach algebras or C*-algebras is
to introduce an inner product on them and study their structure through the properties
of the inner product. One such method is the celebrated Getfand-Naim&rk-Segai (GNS)
construction J5]. Cohen [3} defined an inner product on a unital commutative sembimple
Banach algebra and obtained several properties of the resultant inner product space. Re-
cently N. Mohammad and A. Verjovsky [7) introduced an inner product on a commutative
Banach '-algebra A with the condition that I * I = 0 implies * = 0, ( i e A). In the
notations of [5], the '-algebras with this condition are called the algebra* with proper
involution.

In the present note we define an inner product structure on (non-commutative)
reduced Banach '-algebras. Let A be a reduced Banach '-algebra with an approximate
identity bounded by 1 and let P be the set of all positive fiuictionals f on A with ||/|| < 1.
Let n be * probability measure on P. Then an inner product is defined (on A) by an
integral formula with respect to the measure p. Denote by A,, the resultant inner product
space. It is shown here, among other things, that .A,, is a topological algebra and is
complete (=Hilbert) if and only if the original norm£>n M)and the inner product norm
are equivalent. We also obtain some properties of ideals and discuss decomposition of
A relative to Ideals. In the end we observe that a reduced Banach '-algebra (with an
additional assumption} turns out to be a unitary algebra [6|. These results are obtained
in Sec. 3 while Sec. 3 contains some technical preliminaries.

2. PRELIMINARIES

We recall some bask definitions needed in the sequel. By a Banach '-algebra we
will mean a complex Banach algebra with an involution. In Banach '-algebras identities
will be assumed to have norm one, and approximate identities will be two-sided and
bounded by one. Let A = {A, \\ • ||) be a Banach '-algebra. Denote by A. the Banach
'-algebra obtained from A by adjoining an identity. A. is often called the unitiiation of
A. Denote by r(x) the spectral radius of x. Remark that if A has an approximate identity,
then every positive functional / on A is continuous, hermitian, and extendable to A. |G,
Corollary 27.5|. Let R denote tha set or all elements x 6 A such that /(x*x) = 0 for all
positive functional / on A. £ is a two-sided ideal, usually known M reducing ideal of A.
The algebra A is called a reduced algebra if its reducing ideal R = {0}. We assume that
a reduced Banach '-algebra A has a bounded approximate identity (without mentioning
it explicitly). Note that, if / is a positive functional on A, then there exists * > 0 such
that / ( Z ' I ) < kr(x*x) and |/(x)| < Jfcr(x*x)'/3 for all x G A. It follows immediately
that if x € radA, then /(x*x) = 0 and f(x) = 0, where radA denotes the radical of



A (5, Corollary 22.9). Therefore, the reducing ideal it of A contains the radical of A.
In particular, every reduced Banach '-algebra w semiairnple, and hence the involution ii
automatically continuous [2, p. 1911. For further details about reduced algebras we refer
to(8|.

If we assume that the spectral radius aatisflea the condition r{x*x) < r(x)3 for all
x € A, then |/(x)| < fcr(x), * > 0. The following lemma, now follows from (1, Corollary 3).

Lemma. 2.1 Let A be a Banach *-algebra with bounded approximate identity. As-
sume that r(x*x) < r(x)1 for all x e A. Then for any positive functional / on A,
/(xy) = / (yx) fora l lx ,yeA.

Let P denote the set of all positive functional* / on a Banach '-algebra A with
11/11 < 1- Then P is weak '-compact and convex In the weak '-topology of the dual
space A' of A (see for instance [4, p. 44)). If A is separable then P b metrizable and
hence separable [9, p. 6B|. We denote by n a probability measure on P which satisfies
an additional conditional of being positive on non-empty open seta. In fact, if {/„,} is a
countable dense subset of P, then one can choose ft = £™ = 1 «m*/_. where £™_i «m = 1,
«n > 0, <m € R and 6/m is the Dirac measure at fm. Evidently, ft aatisfiea the desired
conditions.

3. MAIN RESULTS

Our main purpose is to define an inner product on a Banach '-algebra A and
study this structure. Let A denote a reduced Banach '-algebra with an approximate
identity bounded by 1.

Definition 3.1 For any x,y € A, define

<».F) = / / ( / * ) * • ( / ) .

where / € P and the integration ia understood to be over P.

Proposition 3.3 (x, y) defines an inner product on A.

Proof The properties of / ensure that the mapping (x,y) is linear in z, conjugate-
linear in y and (x,x) > 0. It remains to show that this mapping is non-degenerate. Suppose
that (x,x) = / /(x*x)d^(/) = 0. This means that f{x"x) = 0 Tor almost every / e P. In
fact, /(x*x) = 0 everywhere on P. In case otherwise, the set Pi = { / € / " : /(x*x) ^ 0}
is non-empty. Moreover, P t i* open because the mapping / —> f[x*x] a continuous
by definition of the weak '-topology of P, But ft is positive on non-empty open sets,
contradicting the supposition. Thus f(x*x) = 0 for all / € P and hence for all positive
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functional on A. Since A ia a reduced Banach '-algebra, therefore we get x — 0. This
completes the proof.

Henceforth we shall denote the norm derived from the inner product by || • ||M and
the resultant inner product space by A,,.

In what follow* we assume that all the Banach '-algebras under consideration
satisfy the "spectral radius condition" r(x*x) < r(x)* for all x € A, unless stated otherwise
explicitly.

First we mention some basic properties of the inner product for later use which
follow directly from Definition (3.1) and an application of Lemma 2.1.

Proposition 3.3 Let A be a reduced Banach '-algebra. Then

00 (*,V) = (V\T*);

(iii) (xy,M) = (x,zy*)\

for all I , I I , I £ A.

Remark that (i) ia, in fact, valid for any reduced Banach '-algebra (without
spectral radius condition). Also (z,y) is real if and only if x and y are self-adjoint and

Proposition 3.4 Let A be a reduced Banach '-algebra. Then A,, is a topological
algebra.

Proof It is enough to show that multiplication ia separately continuous, i.e., the
operator t/.y = xy is continuous on AM for every x 6 A. Fix x in A. Then for all y in A,

<r[x*x)f /(ir*

which implies that multiplication is continuous in y. Here we have used the fact that
{(y'x'xy) < r(x'x}f(y'y) |5, Proposition 22.7). Now if we fix y in A, then an application
of Lemma 2.1 yields that multiplication is also continuous in x.

As remarked above /(x*x) < kr{x*x) for any positive functional / on A, k > 0.
Therefore, it follows that j|x||M < a||i|| for all x € A,a > 0.

The following proposition gives a completeness criterion.
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Proposition 3.5 Let A be a reduced Banach '-algebra. Then J4M ia complete if and
only if the two norms || • || and || • ||M are equivalent.

Proof The sufficiency is obvious. To prove the convene, let A^ be a Hilbert space.
We know that ||x||M < o||x||, x € A, a > 0. Banach's bounded inverse theorem |8, p. 77]
now implies that the two norms are equivalent.

We now study some properties of ideal*.

Proposition 3.0 Let / be a non-sero right (resp. left) ideal in a reduced Banach
*-algebra A. Then the orthogonal complement Z1 is a right (resp. left) ideal of A.

Proof It is obvious that / x is a subspace. We only show that /•*-, is closed under
right multiplication by A. Let a € Ix, x £ A, b € /• Then it follows from Proposition 3.3
that (ax,b) = (a,bxf) = 0 because hx* 6 J. Hence /->- u a right ideal.

A similar argument works for left ideal (which la even true without the spectral
radius condition).

Proposition 3.7 Let M be a maximal closed right (reap, left) ideal in a reduced
Banach '-algebra A and Mx f {0}. Then M ia ^-closed and A = M © Mx.

Proof M 1 1 is a proper right ideal that includes M and by maximality M = M x x .
Hence M is ^-closed. Also M and M x are proper right ideals and M + M1 ia again
a right ideal. As Mx £ {0}, we get that M m properly contained in M + M x . Thus
A = M + M1 and hence A = M <B M x . A similar procedure applies to maximal closed
left ideals. This completes the proof.

We conclude the paper by giving a relationship between A^ (or simply A) and
the unitary algebras defined by Godement |6j (see also [7, p. 4O4|).

Definition 3.8 A '-algebra A is called a unitary algebra if

(i) A ia a pre-Hilbert space;

(") (zy,*) = {»,***} for arbitrary x,y,x in A;

(iii) {x,y) = (»*,x*) for arbitrary x,y in 4;

(iv) the operator Umy — xy \m continuous on A for every x € A\

(v) the elements of the form xy, x,y € A, form a dense set in A (for the pre-
Hilbert structure).

Denote by M{A) the weakly closed algebra generated by the operators VM,x e A.
Assume further that A2 is dense in A (with respect to || • ||M). Then Propositions 3.3, 3.4
together with Theorem 2 in |7, p. 496] lead to the following proposition which says, in
particular, that the inner product on A can be obtained by a trace.

Proposition 3.0 Let A be a reduced Banach *-a!gebr«. Assume that A"1 is dense in
A with respect to || • |jM. Then AUK unitary algebra. Furthermore, there exists a unique
trace T on Af(jt) such that (i,y) = T[U*Vm) for arbitrary x,» in A.
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