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I. Introduction

Safety analysis and control system design of nuclear systems require the knowledge of

neutron kinetics related parameters like effective delayed neutron fraction, neutron lifetime,

time between neutron generations and subcriticality margins. Many methods, determinis-

tic and stochastic, are being used, some since the beginning of nuclear power, to measure

these important parameters. The method based on the use of the 252Cf neutron source has

been under intense study at the Oak Ridge National Laboratory, both experimentally1 and

theoretically,2 during the last years. The increasing demand for this isotope in industrial

and medical applications and new designs of advanced high flux reactors to produce it

make the isotope available as neutron source (only few micrograms are necessary). A thin

layer of 252Cf is deposited in one of the electrodes of a fission chamber which produces

pulses each time the 252Cf disintegrates via a or spontaneous fission decay; the smaller

pulses associated with the a decay can be easily discriminated with the important result

that we know the time when vc neutrons are injected into the system (number of neutrons

per fission of 252Cf). Thus, a small (few cm3) and nonintrusive device can be used as

a random pulsed neutron source with known natural properties that do not depend on

biases associated with more complex interrogating devices like accelerators. This paper

presents a general formalism that relates the kinetics parameters with stochastic descrip-

tors that naturally appear because of the random nature of the production and transport

of neutrons.

II. Measurement of the Effective Delayed Fraction

In this proposed experiment the subcritical system is driven by a neutron source of

multiplicity vs, (i.e., vs neutrons are emitted per disintegration event in the source) and

it is monitored with a neutron detector. The stochastic variables are n, the number of

neutrons in the system, and r, the number of counts in the detector at time t. The

probability generating function



F(x,z,t) = ^P(n,rJ)rn:r (1

satisfies the following part ial differential equation that can be derived using tli<- detailed

balance of probabilities (see Rcf. 3 for details)

OF OF
— = C[f,(r) - l]F+ {o,(l - x) + Af[fF(T) - .rj + f\u(: - 1)} — (2)

wliere

/ . = ^p.im)!"1 (3)
m

and

fF = £>/,(*>'• (4)

In the previous equaitons, C(l/sec) is the disintegration rate of the source, o i( 1/sec) is the

fundamental mode decay constant of the neutron population, A/(l/sec) and Aj( 1/sec) are

the probabilities per unit time that a neutron induces a fission or a detection event, e is the

efficiency of the detector and pa(rn) and pF(i) are the probabilities for the emission of in

and i neutrons after, respectively, a disintegration event in the source and a fission in the

fuel. Because all neutron noise techniques are interrelated4 throughout the function F, it

would be sufficient to study one technique, for example, the reduced variance or Feynman

method,5 to see the effect of the multiplicity of the sovirce. The departure of the counter

statistics with respect to the Poisson distribution is denned by rb, the reduced variance

minus one; evaluating F and its derivatives one arrives at the following equation for xfi

(5)

where
eDj

and

(7)



In the previous equations, c is the customary efficiency of the detector with respect to the

total fission rate; va, DB and i>f, Df are the average numbers of neutrons and the Diven

factors for, respectively, a disintegrating event in the source and a fission event in the fuel.

The factor / is equal to one when we use a one-neutron-per-cvent source, thus / can be

measured as the ratio of the correlations measured first in the presence of a 2s2Cf source

and then in the presence of a photoneutron source. Because the reactivity in dollar units

can be measured independently, a fit of / as a function of $ allows a direct measurement

of the delayed fraction, 0ef.

III. Calculation of the Cross Power Spectral Density (CPSD)

In this section we calculate the CPSD's relevant to the ratio method to measure sub-

criticalit/. For this case, the 252Cf is within a fission chamber (labeled detector 1) that

measures the spontaneous fission in the 252Cf deposit, at the same time the system is

monitored by two neutron detectors (2 and 3). The CPSD's (G) between the fluctua-

tions of the responses of different pairs of detectors are then measured and the ratio R =

G
l2

G
13 is formed (the star denotes complex conjugation) which has to be related to the

multiplication constant. The method has been successfully applied by Mihalczo et al.1 to

a large variety of multiplicative systems, ranging from fast to thermal, heterogeneous to

homogeneous, and continuous to a collection of fissile lumps. In this section we summarize

the theoretical background of the method, essential for a correct analysis of the abundant

experimental data. We will use a Langevin-Schottky approach that reproduces results,

shown in Ref. 6, based on a more basic theory. The Fourier component of the neutron

flux, 4>w, satifies the equation

H<f>w + Sw = j—<f>w (S)
v

where H is the Boltzmann operator, Sw the Fourier component of a generic source, j the

imaginary unit, w 2n times the frequency and v the velocity of the neutrons.
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Because our system is monitored with detectors (labeled i) with cross section Ej,, it

is convenient to define the detector field of view 77, throughout the adjoint equation

H+rii + i:di=j^T}i (9)

From Eqs. (S) and (9) and using the property of the adjoint operator, we obtain

Rwi =< Edi4>w >=< TjiS'u, > (10)

where /?„,, is the Fourier component of the reaction rate of detector i and the bracket

indicates integration in phase space p. — yf, v). The detector field of view can be expanded

in adjoint kinetic eigenfunctions

n=l

where \ t satisfies

H+xt = -^xt (12)

where an is the decay constant of mode n. After introducing Eq. (11) in Eq. (9) and

multiplying scalarly by Xm(£)> the direct kinetic eigenfunction, we obtain

bmi = d 7 ' . ; (13)
a +jwa

m

where dmi =< vT.jiXm >» in the process we used the property < XmXt >= &nm- The

contribution to the fluctuation of the signal from a source of noise around jt is

(14)

and the cross power spectral density (CPSD) between detectors i and £ is

Git = I « t}i{P)ne(ii')SS'w(ir}SSw(fi') » I (15)

where the double bracket indicates integration in phase spaces ft and p.' and the vertical

lines indicate ensemble average; because the 77's are deterministic the ensemble average
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can be made before the integration. The ensemble average of the source of noise can

be calculated using the Schottky presciption. Considering that the detectors remove the

neutrons the result is7

where

v)vc(vc-l) (17)

and q(f) and C(f*) are, respectively, the distribution of the fission rate induced by the

neutrons in the system and the distribution of spontaneous fission rate in the 252Cf source,

Xj and \c are the respective spectra of the fission neutrons, vc is the number of neutrons

per fission in the 252Cf and the average over uc is made over the distribution of the number

of neutrons per fission. The index p in Eq. (17) refers to the prompt approximation,

i.e., we assumed the frequency is well above the typical frequencies associated to delayed

neutrons, thus the average over up in Eq. (17) refers to the distribution of prompt fission

neutrons in the fuel, \fter substituting Eq. (16) into Eq. (15), the CPSD between neutron

detectors is

Gu =< tfmGM > • (18)

After expanding the r\'s according to Eqs. (11) and (13), we have the modal expansion for

the Git
(n) oo , („)

where the common multiplicative constant A is

A = dudu < fxt >2 IF (20)

with / = /(/?) = q(r^Xf(v) a n ^ F the total fission rate F =< f{p) >• The other

parameters of Eq. (19) are given by the following set of equations.

oo
,, ' ^ : \ _ — ^ _ — _ I t ' , y M _1_ r* M j+ . 1 ft l " l )



-renrim)gnm (22)

fnm , V*{V. - 1) _= Sn
9nm = VV{VV - 1) — - + ~ pWYk ~ f (23)

;?= T (25)

(26)

; ̂  =< sw > (27)

r,-» = endni/du (29)

Because we have introduced in Eq. (23) the static reactivity

(30)

where Arx is the multiplication constant associated with the static fundamental mode, it

appears the kinetic distortion factor 7* defined as

>< ttf >

where (f>f is the adjoint static fundamental mode.

The previous equations for Gu are valid for the neutron detectors i and £ which have

in common the fluctuations induced by the source and the neutron field. By contrast, the
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CPSD Gu between the source and the detector depends only on the fluctuations of the

source. The fluctuations of the signal in detectors 1 and i (^ 1) are given by

SR^if) = ec6C(r) (32)

6Rwi{U') = rji6Sw{yi') (33)

where ec is the efficiency of the fission chamber. The only fluctuation in common between

detector 1 and i is the fluctuation of the number of fissions, 6C, in the 2l2Ci which is

spatially uncorrelated, then

Gu = ecuc < r]iS(p) > (34)

or expanding rfi in eigenfunctions

Gu = vcecdu^ < fUZ)xt > 1

With similar arguments

Gn=e2
cFc. (36)

IV. Measurement of Kinetic Parameters. The Ratio Method

The calculation of the CPSDs in the previous section shows that the ratio R is, in

general, a frequency-dependent complex number whose relationship with the reactivity is

not obvious. In this section we propose a method to make this relationship clear.

The fit of the measured CPSDs according to Eqs. (19), (35), and (36) allow the

simultaneous determination of the decay constants and modal amplitudes like A12 and

J4LJJ , the fundamental modal amplitudes of, respectively, Gi2 and G13, and A23 , the

fundamental mode amplitude of the real part of G23- It is then possible to measure the

fundamental mode ratio defined as

RFM = T77- (37)



The relationship between the observables of Eq. (37) and the parameters of the system

are given by Eqs. (35), (36), (19) and related equations of the previous section. Thus, the

reactivity can be inferred from the experiment with the following set of equations:

l 3 S )

Jn iiffi^il ( 39 )
7k 11 vsv

Y2 = ̂  ^ ^ i i I (40)

R" = RFMh (41)

h = 1 + — f; —x—(r2re + r3n)gln (42)
9ll £l?2

al +an

where /?*, the ideal ratio, would be equal to the fundamental mode ratio (an observable)

if h = 1, i.e., if the detectors or the source are distributed according to the fundamental

mode. The equations for Yi, Yi and h contain known physical parameter like up and

uc, observables like an , r2n and r3n and functionals of the flux and source distributions

that have to be calculated; all the functionals are defined as adimentional numbers. The

expressioas for Yi,!^ a n d <7n contains functionals that depend on the fundamental mode,

they can be computed by standard transport codes. Extensive calculations by Mihalczo et

al.1 show that because of its definition, as ratio of functionals, Y\, for example, does not

depend on details of the numerical model. On the contrary, h depends, through gin, on

functionals of the higher harmonic that cannot be computed by standard codes.

The sequence to measure p is then the following, after computing Y\ and }'2 a first

estimation of p using the approximation R* ~ RFM c an be made, this value of p can be

entered into the definition of h (Eq. (42)) together with the measured an, r2n and
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and some estimation of the higher harmonic functionals, which would produce a second

iteration value for R* and so on. To minimize errors it is then better to keep h as close

to one as possible, either by minimizing the harmonic content of the source and detector

field of view, and/or by placing the detectors in symmetric positions in such a way that

r2n — —r3n for the first relevant harmonics.

V. Example of Application. Interaction Between Two Equal Multiplicative Systems.

The simplest parameterization in this case is a two-point kinetics model. The steady

state solution is, in general,

HN + PCS = O (43)

where the Boltzmann operator has, in this case, the simple form of a two by two matrix.

It can be written as H = P — D where the production and destruction operators are

where k and I are the multiplication constant and the mean life of a neutron in one-half

of the systems and £,„ is the coupling constant. The static eigenfunctions are defined by

(£,-*)*-"' (45)

solving Eq. (45) we obtain two eigenvalues and eigenfunctions subject to the normalization

< <t>txP4>n >= f>nm they are

and

b V [ I ] (47)
because the operators are self-adjoint <f>i = <f>\ and <j>2 = <t>2-

The kinetic eigenfunctions are, in the prompt approximation,

HpXn = -OnXn (48)
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where Hp is similar to H with the factor (l-(i) multiplying k. In this approximation wf

have again only two modes subject to the normalization < XnXm >— bum, they are

1 f l . (49)

a 2 = Q + 7 ; X2 = — _ (50)
V2. L J

and because the operators are self-adjoint, xj1" = \\ a n d X2" ~ X2', m Eqs. (49) and (50)

a = [1 — A'i(l — f3)]/C and 7 = kin/L The eigenfunctions and eigenvectors were already

defined so it is possible to apply the theory of the previous sections. If the detectors i are

distributed in region 1 and 2 with detector cross sections E<fj and T.d\ , the coefficients

defined in Eq. (13) are du = ( E d ^ + £<i|2))/V2 and d2i = (Edj11 - T,d\2))/y/2. After

specification of the intensity of the source in region 1, Si = -^-(l + e)E and region 2,

S2 = "^(1 ~ e)^r the steady state distribution can be calculated with Eq. (43). The factor

e is related to the distribution of the source, e = 1 implies S2 = 0, and E is indicative of

the effective source (note that Fc is a direct observable). After solving Eq. (43) and using

Eqs. (23) to (29) it is possible to calculate the factor h of Eq. (41); the necessary gnm are

(51)

+ _£LJL_ L pi/ (52)

where 7 can be measured as (c*2 — a i ) /2- This way of approximating h was successfully

applied to analyze the interaction between fissile systems.8

VI. Conclusions

A general theoretical background was presented to analyze experiments designed to

measure kinetic parameters using the 252Cf neutron source. The nonintrusive type of

experiment involved make the method ideally suited for a continuous monitoring of nuclear

S3 stems.
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