
CONF-8804125 —1

DE88 010014

DRILLING HOLES THROUGH NUCLEI, HELIUM
DROPS, AND FERMI GASES*

STEVEN C. PIEPER
Argonne National Laboratory, Argonne, 1L 60439-4843
USA

Abstract The probability of finding a specified number
of nucleons in a cylinder passing through a nucleus is
calculated by Monte Carlo techniques. The resulting
distribution is compared to several analytical forms.
The distributions ere used to compute the distribution of
transverse energy production in ultra-relativistic proton-
nucleus collisions.

INTRODUCTION
Experiments at CERN and Fermilab have measured the
production of transverse energy, ET, in 200-800 GeV proton-
208Pb collisions.1 This data was analyzed3 by assuming that
the proton has independent interactions with each nucleon
that it encounters. The high-energy nucleon-nucleon inelastic
cross section is - 32 mB which corresponds to a disk of
radius 1 fm. Therefore it is reasonable to assume that the
proton will have an interaction with every nucleon within a
cylinder of radius 1 fm, and will ignore the remaining
nucleons. In this picture the transverse energy distribution
resulting from a proton with impact parameter b is

1 dN A= 5 ,00 Fn(Bj) (1)
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where J\ is the number of nucleons in the nucleus, Pn(b) is
the probability of finding n nucleons in a cylinder of radius 1
fm and impact parameter b, and Fn(Erp) is the transverse
energy distribution arising from n independent nucleon-nucleon
collisions. In Ref. 2, Poisson statistics were assumed for Pn;
the present research is aimed at improving this assumption.
The form of Fn is discussed later.

Consider the distribution of nucleons P (V) in a
subvolume, V, of a nucleus. The mean number, n, is just
the integral of the nucleon density over the volume V:

= T. n PQ(V) = Jy d3r p(r)
n

d3r <lT(r)f(r)> - (2)

In the last line we have written the number operator in
terms of nuch;on creation and destruction operators. The
mean-square number fluctuation is

a2 = <(n-n)2>y = <n
2>Y - « n > y )

2 = <n2>y - n
2 . (3)

We can compute <n > v by using the anticommutation rules
for f*-(r) and f(r):

<n2> = J ^ r j Jvd3r2<f+(r1)^(r1)^(r2)^+(r2)> , (4)

In the last line we have expressed the two-particle density in



terms of the pair correlation function g2- We can write Eq.
(6) as

, 2. - - 2<n >y = n + n

and thus

a2 = n - Jvd3rJvd3r2 p^p^) f l"^^.^)] • (8)

[Eq. (8) also holds for Bose statistics.]
If Poisson statistics holds for Pn:

P (Poisson) = e~n n^/n! , (9)

then we would have a =n and the double integral of g2-l
would have to be zero. One way of achieving this would be
to have g 2 =l , but this would imply no nucleon-nucleon
correlations; not even correlations required by Fermi statistics.
In fact from the known g,2(r) for nuclear matter, it is clear
that the integral in Eq= (8) must be significantly different
from 0.

Before describing our results for Pn , I will give a brief
overview of planned calculations of the ground states of finite
nuclei. With V. R. P&ndharipande and R. B. Wiringa, I am
involved in the development of a program to compute the
ground states of closed-shell nuclei. We intend to make
variational calculations for a realistic Hamiltonian consisting of
two-nucleon potentials, such as Argonne v , . , fitted to N-N
phase shifts and three nucleon potentials, such as Urbana
model VII, that give good ground states for both nuclear
matter and A=3 and 4 nuclei. We are using a variational
wave function of the form



• = S. ? . F. • * , (10)

where
* = A Iptl Ipil lot I I nil (11)

is a product of four determinants for the spin-up protons,
spin-down protons, spin-up neutrons and spin-down neutrons.
The antisymmetry operator, A, acts on the part icles in
different determinants. Each determinant contains the lowest
A/4 eigenstates of a Woods-Saxon well.

The nucleon-nudeon correlations are

in - f ^ ) [i • £ .p^j) OP.J _ ( 12 )

where fc and up are radial functions and the operator terms
are

We will use

U^ = Z UP(r..) OP. (14)

to designate the non-central parts of the nucleon-nucleon
correlations. In Eq. (10) S^- designates a symmetrized
product of all N-N pairs.

Given the wave function of Eq. (10), we must evaluate

<•!*>

We are using a cluster expansion in U- to do this. As an
example, the expectation of the N-N potential is



<v 2 > = Z v + Z v „ * . . . , ( 16 )

where v-. consists of the contributions of just the two-body

clusters:

v . . = n . . / ( I + d. .) , (17)

f-ia\

X <f j ( r i . . .rA) I ( i + U ^ M i , j) (1+lL.) l t J ( r 1 . . . r A ) > / l t j l 2

- / d 3 r 1 . . . d 3 r A l t J l !

rh) ' ^ + ^ i j - ' v vxi J ; v4™^./ I T J v ± l " * 'lKjy/ I T J '

(19)

where

The expression for d-- ia the same as that for n-- with u(ij)
replaced by unity.

The integral in Eq. (10) is evaluated by a Metropolis
random walk controlled by I t j l . In this manner, the
central part of the nucleon-nucleon correlation is t reated
exactly (up to Monte-Carlo statistical errors) and only the
operator parts of the correlations are expanded.

A few comments on the computational aspects of this
program are relevant. The determinants in 4 are small (4X4
for O, 10X10 for Ca) and hence their evaluation is not
very efficient on supercomputers. However, there are A(A-
l ) / 2 (120 for 1 6O or 780 for 4 0Ca) pairs in the pa i r -
correlation functions and much of the evaluation of these



terms can be done with vectors whose length is the full A(A-
l)/2; this results in quite good speeds. The calculation of
pair exchanges in 4 requires the evaluation of ratios of
determinants such as (for O)

I? 5 , r 2 , r 3 , r 4 I / I r x , r^ , r g , r 4 I , (21)

in which the position of the fifth particle replaces that of the
first particle. This is a simple update of one row of a
determinant and, once the inverse of the original matrix is
available, can be computed as one dot product. Furthermore,
all of the A(A-l) updates can be evaluated in a single
[AxA/4] X [A/4XA] matrix multiply which can be done very
efficiently.

We used the random walks generated by this program
to compute Pn in the following manner. Periodically during
the walk, we counted the number of nucleons in cylinders of
various radii and impact parameters. These counts were
binned and then converted to the probabilities Pn . To get
improved statistics, we used cylinders oriented along all three
axii and for impact parameters b>0, we used several non-
overlapping cylinders. We made enough samples to measure
probabilities down to 10 and in some cases 10" .

The present program is limited to equal numbers of
neutrons and protons. We made calculations for Ca, but
because much of the data are for Pb we also considered
the fictitious nucleus 112. The parameters of the wave
function were adjusted to give a reasonable density profile as
shown in Fig. 1. To study the effects of the N-N
correlations we made calculations with the correlated wave
function of Eq. (20) (CWS), with a wave function containing
only the • (UCWS), and finally a wave function containing
Slatter determinants of spherical Bessel functions, j / ( k n r ) .
The kn were chosen such that



^(knRQ) = 0 , (22)

with Ro adjusted to give the desired rms radius for the
nucleus. This last wave function is that of a finite Fermi
gas (FFG).

In addition to the nuclear calculations, we made some
calculations using ground-state wave functions for liquid drops
of 3He and 4He atoms. We considered systems of 40 and
240 3He atoms and 40, 240, and 728 4He atoms.

Figure 2 shows a /n as a function of n for various
cylinders of radius I fm passing through the nuclei. For
Poisson statistics, the ratio a / n= l . As can be seen, the
values fall into a band dropping to about 0.7 for the largest
n possible in these cases. The values for the uncorrelated
wave functions (FFG and UWS) are somewhat above these
for the CWS cases. There is only a small nuclear size effect.
Figure 3 shows similar results for cylinders of radius 0.8 a
(2.0 A) passing through the helium drops. Again there is a
narrow band containing both the He and He results; in this
case most of the correlations come from the very strong
repulsive potential in the He-He interaction. The He-He
correlations are stronger than those for nucleons, and this
a /n for a given n is lower than in the nuclei.

Figures 4 and 5 show Pn for a number of cylinders
through nuclei, all with radius 1 fm. The curves show the
following probability distributions:

Poisson (dashed)

P = e 'n n! ; (23)
n



Binomial (dotted)

a n , r
1

( N _ n ; 1 ) , n S N ,
(24)

Pn = B (1-a) a n , r
1

( N _ n ; 1 ) , n S N ,

= 0 , n > N ,

Normal (dash-dot)

_ I fc-n12
P = C e 2 l d J ; (25)

n

Reducing Poisson (solid)

rt()/ n
P = D ̂  r — p - . (26)

In all cases the parameters were adjusted to reproduce the n

and a of the Monte Carlo values (for Poisson only n is fit).

As can be seen, the Poisson distributions are always too

broad. Because the values of N in the binomial distribution

fits usually turned out to be rather small, these distributions

often fall to zero at values of n for which the Monte Carlo

Pn>0. The normal distribution works well only for cases

with large n.

As can be seen from the solid curves, the reducing

Poisson distributions are always a good representation of the

Monte Carlo Pn. The standard Poisson distribution is

obtained by assuming that there is a large number of

nucleons available to put in the cylinder, and that the

probability of any one being in the cylinder is independent of

how many others are there. The reducing Poisson

distribution is obtained by assuming that this probability is

proportional to a1 where i is the number of nucleons already

in the cylinder. Because a<l, this quite naturally represents

the fact that the presence of some nucleons tends to exclude

other nucleons.



The Pn for the uncorrelated nucleons (UWS and FFG)
and the helium drops have the same features. The reducing
Poisson is always a good distribution and the other
distributions fail in the same ways.

I now return to the calculation of the ET distribution.
To compute Fn(ET), we assume that each N-N collision is
independent and thus Fn is a folding of F±:

..?^) • (27)

F<(Erp) is measured in pp collisions and is well represented
by an exponential distribution. To allow us to study the
effects of different Fv we consider a more general form:

, [7 ELI 7-1 -7 E-/e
= m [-Pi * •

Here e is mean value of ET and

7 = e2/a2(ET) (29)

is a parameter that allows us to adjust the width of the
F1(ET) distribution. The experimentally observed F1(ET)
correspond to 7=1. Figure 6 shows FJ(EIJ) for e=1.8 GeV
and 7=1, 0.75, 0.5. As is explained in Ref. 2, £=1,8 GeV is
a reasonable value that takes into effect rescattering in a
208Pb nucleus.

Figure 7 shows the computed ET distributions using the
FX(ET) of Fig. 6 and Pn for n=3.6 (this corresponds to the
average over impact parameters for p- Pb collisions). For
each pair of curves, the upper curve is obtained using the
Poisson distribution for PQ while the lower is based on the
reducing Poisson distribution. The solid curves correspond to



7=1. As can be seen, the strong difference between the
Poisson and reducing Poisson distribution for Pn (Fig. 5) is
largely eliminated by the broad F 1 ( E j ) distr ibution
determined by the pp data; the difference between the two
solid curves is probably not experimentally observable. The
sharper distributions for F1(ET) given by the dashed and
dot ted curves in Fig. 6 i o , of course , resu l t in
correspondingly larger differences in the ET distributions
shown in Fig. 7.

In conclusion, we have demonstrated that number
distributions of nucleons in a sub-volume of a nucleus is
substantially sharper than that given by Poisson statistics.
However, this difference does not seemed to have a practical
effect on the predicted ET distribution for proton-nucleus
collisions. We have also studied the expansion of P n in
powers of n analytically; this and other results of this work
will be published elsewhere.
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FIGURE CAPTIONS

FIGURE 1. Density profiles for the nuclear wave
functions used.

FIGURE 2. Values of a2/n versus n for cylinders of
radius 1 fin through nuclei.

FIGURE 3. Values of a2/n versus n for cylinders of
radius 2 A through liquid drops of He and Hs. The curves
show the CWS nuclear results for cylinders of radp« 1 fm,

FIGURE 4. Pn for cylinders of radius 1 fm through
nuclei with CWS wave functions. See the text for a
description of the curves.

FIGURE 5. See Fig. 4.

FIGURE 6. Distributions of E™ produced in N-N
collisions as given by Eq. (28) with e=178 GeV.

FIGURE 7. Distributions of ET for a proton passing
through a cylinder with n=3.6. The curves are explained in
the text.
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