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Following the pioneering proposal of Anderson1 on the RVB (Resonating Valence Bond)

model of superconductivity, the spin 1/2 quantum antiferromagnetic Heisenberg model in 2 space

dimension has attracted great theoretical interest According to this model, the elementary excitations

in such a system are spin 1/2 neutral fermions (spinons) and spin zero charged bosons (holons).

Dzyaloshinski, Polyakov and Wiegmann in a recent paper2 identified these neutral fermions with

instantons of an 0 (3) nonlinear sigma model in 2+1 dimension and argued that a topological (Hopf

invariant) term should be added to the action to stabilize the instanton state and to give rise to the

fermionic character of the instanton excitations.1 On the other hand, using the local SU (2) symmetry

of the Heisenberg model in the fermion representation, Zou4 has shown that an anomalous, parity-

nonconserving term should be added to the effective action to restore the gauge invariance. We will

show in this note that these two different ways of introducing the topological term are identical to each

other. This identification is dictated by the isomorphism of the homotopic groups /73 (S
 2 ) and

We start from the fermion representation of the Heisenberg model. As shown in Ref. 4, the

effective action of the spin 1/2 antifcrromagnetic Heisenberg model in the continuum limit can be

written as

S y <«? +/A
'it ft M

(1)

where the fermion field consists of "chiral" doublet (which is not connected with the chiral symmetry
existing only in even dimensions)

v = C° ). v -C\) (2)

Yt Cj

with C|. Cjt as fermion operators and indices "e" and "o " meaning even and odd sites in the

discrete lattice. Here the SU (2) gauge field A^ is dynamically generated by the constraints of

non-double occupancy * The v matrices with \i =0,1,2 in three-dimensional Euclidean space are

given by Pauli matrices ay c?2, and <T]% respectively. By integrating out the fermion degrees of

freedom, the effective action is obtained as follows

S n[A ] = l n D e t [ r (<? +i A ) \ .
(3)
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However, as shown by Redlich,6 this effective action is not gauge invariant under a large gauge

transformation gn with winding number n , i.e..

Slff [A] ±nn. (4)

In order to restore the global gauge invariancc, one has to add to the effective action a topological

Chern-Simons term,*-4 i.e..

S =S^ [A ] fcr W [A )

with

where

W[A]= —[<?x Ti(*F"A"--
8« J 3

A +A A ) .
v p v p

(5)

(6)

(7)

This Chem-Simons term is also not gauge invariant by ilself, but its variation under large transform-
ation cancels the change in (4).

Under a large gauge transformation

- l . - u <8>

the variation o f W [A ] is given by7

<oix) = w h>-l<?« ]=~L.jdixe>'vPTt(g-laiigg-is^g-1dpg) w

which is the winding number of g.

To calculate explicitly this variation, we introduce the following representation of ge SU (2):

with Zj*. z2* as complex conjugates and

(10)

(11)
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A lengthy but straightforward calculation using the normalization condition (11) and the antisymmetry

of c"*1" .yields

V fyg <>v«« dpg

On the other hand, if we introduce a gauge field

A =i (2*d z. +z2*d z2)

with 1/(1) symmetry, Eq.(12) can be rewritten as

with

F =d X -d A
pv ft v v It

(12)

(13)

(14)

(15)

Substituting (14) into (9), we find that the variation of the Chern-Simons term, i.e. to(g) is nothing

but the Hopf invariant

(16)

considered in Ref. 2. Thus we have established the identity of these two topological terms introduced

from different considerations.
Now we discuss the physical and mathematical origins of this identification. It is well known

that the spin 1/2 antifcrromagneb'c Hetsenberg model

(17)

W)

can be considered in both spin and fermion representations. In the latter case, there are four states,

i.e., empty, spin up and down, and double occupancy on each site. This redundancy of states

compared with the two states needed in the spin representation is responsible for the local SU (2)

symmetry.9 On the other hand, considering S as classical variables (at least good for large S ),

taking the continuum limit of (17), and using the correspondence of the d dimensional quantum

problem with the d+1 dimensional classical problem, we end up with a model considered in Ref. 2,

namely,
(18)



' where n is a three-dimensional unit vector which can be represented in the CP1 form as

(19)

Here the complex field z = (z,, z 2 ) can be identified with a point on the manifold S*-SU (2), as

in (10) and (11).

Using the gauge field A^ defined by (13), the action (18) combined with the topologies!

torn (16) can be rewritten as

= R* {— X 0 z,+iA~ zJ + l-eWX a X} (20)

which was used in Ref. 2 in order to stabilize the instantons in the O (3) nonlinear sigma model.

From the mathematical point of view, the topologies] term is the Hopf invariant

of the mapping of S i~SU (2) to the coset space

of the unit vector n . and it is usually called the linking number of the mapping. Here the 1/(1)

fibres are represented by A^. On the other hand, the Chem-Simons term is the topological invariant

a(g)enj(SU(2)) (22)

which is called the winding number. Although the physical and mathematical origins of these two
topological terms (linking and winding numbers, respectively) are apparently quite different, they are
identical to each other on the basis of a remarkable mathematical relation*

y n3{su (2)). (23)

This identification is possible due to the Hopf mapping of S 3 onto S a expressed by (21), What we
have done above was an explicit demonstration of this identification. No similar relations can be
found in 1+1 dimension, and that is why no linking number interpretation is available for the chiral
anomaly term in 1+1 dimension.4
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It is known9 that in 1+1 dimension the determinant (3) can be calculated explicitly and there
is a complete equivalence of the fermion and boson (the nonlinear sigma model with a lopological
term) representations. One may question whether such a correspondence also exists in 2+1
dimension. As shown above, the topological term in the boson (nonlinear sigma model) represent-
ation can be identified with the anomalous term in the fermion representation, i.e., the Hopf invariant
can be considered as a special case of the Wess-Zumino-Witten term. However, the connection
between the "normal" part of the effective action (3) and the "normal" part of the SU (2) sigma model

(24)

has not been clarified yet, at least they are ident i ca l to each other in a straightforward way.

We note that similar representation of g e SU (2) as given by (10) was used by Wti and
Zee10 to represent the Hopf invariant in a local form. By comparing their calculations with ours, we

find that the gauge field A^ is defined on the U(l) subalgebra of the SU(2) algebra. They also

showed10 that the nonlinear sigma model defined on the coset space S 2 is identical to the O (3)

model. The question whether the gauge field in the coset space has its origin in the fermion

representation, still requires a separate consideration.2-11

The anomalies in fermion systems described by Wess-Zumino-Wittcn terms, has been widely
discussed.7 These topological terms also play an important role in determining the global properties of
boson systems such as fractional quantum numbers of solitons in nonlinear sigma models.12 The
topological term discussed in this note should have profound physical implications. Previously, there
was some doubt about this term since it has not been derived in a convincing way. The identification
of the two different approaches in arguing the presence of this term makes us more confident that it
should be there. A direct derivation of this term from a discrete model is under investigation.11
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